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Three very little problems {rommn Eindhoven

In "y corresFondencg with  Wim —Fégen, he
mentioned in the ]as}‘ mon-st +hree li-H-]e rob -
lems, which are nice enouﬁk not 1o be (or.
Sc'H-en. Hence this note, which is ']oureb {%,—
Yhe record , and ossibl {%r the inshrachon

Al o iz

OF m S-I'ucle.n,‘s. N ‘U'ﬁs note has been
"’)\Ob\j *' O€ )OJT O‘]’)’\er‘j biﬁﬁf‘e.

An #enc\o@nchon” is,b cle?fﬂ;})on,q
Gunction whose value an; whose erumeA-

ore op —H—\e same "JPC' Let {) be on endo-
@mc}-ion that s idemPo‘}'en'\' and surjec)rivc,

i.e.

(0) ()(fx) = ﬁx @r oll x , and

() {Fg= fLy=x) frall x.
Show ‘H"\Q'}' ? 1S —Hwe. 1den}|b gnﬂc)‘ion, l.e.

('2.) Cx = X ‘For* all x .

To Prove -nf\is, weé ohserve —Fpr‘ Cm(j X

?-X = X
- { @, e by sabfy Py =x)

CVERE
= i (o) with X:r-l_tj}

-‘-rue
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The Proof is not diﬁ—QSCuH- 4o des:’gﬁ
Q@-er‘ no}-icinj that

® 8iven (o) , like demonstrandum (2),
ec[u_c.'\‘e.s hvo ex]or‘essions —and‘ onb CliFlfer
ba A in ther number o? ?-c»]o]olfcc.\"nons,
o (1) s +the Onb iven “that ec'uocl'es
Some'“n}r:ﬁ do +the rigﬂ‘—hand Sicle o() (2) .

Finally, note Yhat we did not build the
roo? 3n 4he +erms ”iolemjbo}en‘]' ", "sur:.')ec._
Hve.” oncl ﬂ](:\éﬂ‘l‘l":j uf\c}'loﬂ,, butr on the {c).‘)i‘-

mal deF’n‘nHions of Jhese COﬂce?‘\'s.
¥ N *

Let N l:)e. Co na-ius‘o..l nurmber such ‘”‘uq-}-
,, N,?’1 , ond let -F be an enc\o@nc-)-ion
such that Y has exaelly 1 Pixpoint ;
S}’IO\D, '\'ka."' {) th‘ eXc:.c“'b 1 {Jixpoin‘i‘ .

4

Tn Yhe Pmb\em stetement , dwo “new’
elements entered the ickure: the hota-
hion ”?N" and 'H\e ﬁO'hor'\ ”Eixpoin‘} “ y
we C‘leo..\ M-Hq -\')')e. gr's* one

irs'} .

For eﬂdO({tnC‘}ioﬂ ]() ond natural n,
g" s an endofunchion defined by

(3 f?x:x  fer el x
(4) ?n‘m- X = {Jn(€><) Fof‘ &” X, N
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—ﬂwe @ﬁc}'ion " 5 sometimes Co.))ecl
Cu u?unchono\ i‘]'eraﬁon” o() gbou‘)‘
C\Aﬂc"}'iof‘lc\‘ iJre.roJ—\'on we shall need the

G’gnowinﬁ lemm o
(5 Pn(?){) = ?(fnx) -@r all x,n |

(Proo? o(’ (s). The recursive devﬁn}‘hon (3),
(4)  of " and the fach that (5) is

a PrOo? ob]t;}:;-\—ioa ’{ér all n', moke a

Pmof) _b\‘j mothematical induchon all but

mahc\o.’}‘cpf‘\j. Here we go.

Tor +he base we hove o c{_emons+ra+e
(5) with n:= 0
?O (?X) = ?-C‘?O)()

{(3), "]'lm'ce:ﬁ

(?.X) = FCX)
{redunc\anc:j og) Paren-l-heses_}

<

]

i

TFor +he sl-e]o , we hove *o _i_mplb (s)
Lith n:= N+1 bj (s with n<N
T+ is cus¥0ﬂr‘to~r:j not }to introcluce -Hﬂe
extro idem-}iﬁer N and o use n
.ms¥eac\, and {o label 4he QPFaals kz

(5) with n<N bJ the wmeogice clouse “ex
h(jr)'_oqii—)esmé#”.“\de shall ‘@:”ow Yhe custom,
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and observe .@;r any  X,n

‘Fn-n. ({?x) ? )3

= {(43 wi“ﬁ ><:==( C X

= {ex h..')oo—-\hese , 1-e. (5) with X:= (?x)}
0. (P (FxD

= {(4)}

?. (GJY\‘”. x) : (End cf"ﬂuof OF (s5).)

Note . The Proo(’ o() (5) has been included

For ’Puf‘e\:j ec[ucq-]—iOnal reasons:. i} 1€ one&
@](7 &”c\ass oF thousands and 'HﬂouSOmdS,
o-nd, }F) Yo have seen one op 'f""\em, Sou

have Seen them allf. The structure c;?_ lhe

chove Proof is +rad Fonally 'c'qp}uf-ecl bj
+he ex?ressmn //mo-l-,'\emai-ica \nc\uc.}-'yon

over n 7. (End of note)

Aside \,\hH-\ Cunc\-'uonal comPosi}ion ° de.
med
res B9 (g = RGO
(‘5’3 C an be ﬁ:rmu]o+ed as

Pref = -
Above | the 5)‘610 has heen proved with Jwo
o\.i@{?er‘enl' instantiations {)or X in (45.’:‘_‘31‘-
muwlate (4) and +the ‘Proof oF) the S&P

N terms o? the ?unc}iona\ COmPosi‘Hon
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opercal-or °© | and Yyou will discover Yo need

-Hch- Me \c:H-er" is GSS'OC%G}'IVE, r.e.

(feod*h = @=(g°h> For ol ok -
(Enad of Aside.)

Le} us now deal with the notion oF)c.,
”F‘)XPO'II\’}” : “ X is < ﬁxrboin‘)‘ OF JF),' means
F).X = X . A Verj simlole. \emmc.. connec‘\‘s

VX Poirﬁs and @nchor\cx] i;—era)-ic:ﬂ o an

Fixpoi\n} o is alse o Gx oint o%
Qn:j @nc-}'ﬁ:ncj) teralion o{? {f

(6 fa-q > la-q Bl fqn
The PrOOF) is bg mo.-]»herno‘l‘iCo\ induct+ion

over N, on ——a@-e,r the obove elabora-
Yion abouk W\QH'QMO-HCQ] induction - is le@-,

m Conﬁc\ence, Yo +he reader.

gﬁ'er ‘H”ese Pr’e‘im-’naries we return

‘o owur “dheorem to be Provec:l. We cc;r;)rure
'Hﬂe Siluc.+30n 'H")OJ' PN "1(15 eXac‘ng 1
%XPOEY\}’ bj Y\Qminj ;'}’ P SOLJ:

(7) ?N.P = p

(8 fPYgq =9 = q=p for ol q

Here (7) CXPV'QSSE’.S ‘\')’Mc,’}‘ TJ is o {?xroin]‘
O? FN and (&) Yhat i+ is the onb one,
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() the only occeprable
’ J <p
pro‘:n'}“ o? G

}o demonstrate

On Cuc:c:ou.r-.i' O

condidale f&r +the onb
1S e, we FroPose

P \ 4
u{’ has ZXGCHJ A P;xpcinl‘ \ij s}lowinj
() fFp =P

(10) (?c\ =c:l = Ol::P ?orc‘n q -
To show (9) , we observe
PP =P
<<= '{ (8) WJ‘H‘\ Ol:= {)PE

eu(epd = {p

{ (5) with n,x:= N,FS
£ C{Gy”-]o) - £p 3

Leibniz's /Pr';ncij:]e

<
N
\’) = ?
= £ (3
true
To ‘5\'\0\» (‘\o) we obser\fe %r‘ Qn:j Ci
9=y
< £C8N
N. = C’[
<& {¢6) with n:= N3
Pq=9 .
Quod erat demonstrandum,

This Pr‘ob]em wWas Communica+e.d Canc\ Fer‘-
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l’la?s de.signed p) bj M.L. Hautus.
* *

X

We consider & set on which is cle-Finec\
which 15 « ”Pc.r‘l'ia) order’,

o reletion <

i.e. < 1S

(1) reﬂexive: x < %

(2 Qn+isjmme¥ric: x5y A ysx D X=Y
(13) transitive xsy AN ysz = X£2

Al Hhree Proper}—ies will be used below.
Furthermore , our set is Pos’ru\c&ed +o be

such +hat %r any two elements %5 Y the
”in?\mumﬂ, deno%-ecq bj xL , exis‘f-s,- i+

has +he defininj Proper#:; +hat @r all W
(14) wg xby = wgx A Wy

IhS‘\'Gn'l'ic.-l"lnj (14) with W = X\L& and
using (1) ,viz. that < s reflexive, we
direc'}'b derive

(15) x4y sx A xiy sy ,

be used below.

c Propcr’rn that  will

. . # R
Endo?unc%on -FJ By monotonic ymean s

‘H’xc.'}' Far‘ c..n X,j
(16) xSy stﬁj



and ”F is o least Fre-ﬁ'x[:oin!- o? F” means

a4 Lpsp
(18) Px sx = pPs<x {for all x
Remark Let and 9 cach be o lecst

pre ?ixPoirﬂ- OTE) () . Thstanh cu)-inﬁ (18)
with  X:= 9 and bts'mj Fq 19 , we derive
P.scl : simflc\rb we derive Q<P and

on Geceount o€ (12), viz. +hat £ I1s anti-
symmetrric | We conclude that P=9 . In
other W?‘“ds , & -Punc_-}ion hes o most+ 7

least )’Jr‘ef)ix oint (it could have none ot

all). (End o Kemark. )

For o porticl order with \ﬂﬁmum and
o monotonic endofunchion «(’ with leas}
Prefixpoini' )o ..i.e'.-uncler' vc.\icli}:j 0{)
(11)  “4hrough (48) — we are reﬁues}-ecl +o
show ch,f ?2 has a Jeast Pr‘e)g‘:XPO'm}':

e, we hawve ‘}-oms'\ﬁow 4')'13 e:xis*ence o?

Ca c1 Such -Hﬂc.l'

(19) P(Fq) < q and
(200 L (fx)xx = g<£x @r ol x .
T 15 sweet reasonoble *o expec'P o

construcktive &’XiS'}'ence Proo?, e. & SPe—

C"t?ic choice '{:Df‘ 9 so thatl we can jarove
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(19) and (20)- Let u.s —ﬁrsl- look ot our
o}:\ijq-)-?on to prove (19) , since that s the
simples‘,* o{) the o

,Sfﬂirj;_e_.__ e haove Y!o‘}‘ tje‘,' S ecl +hed S is
transitive , we can clecide +o0 conclude (lﬁ9)

‘Por Sui%—ab\'b chosen Z ‘Ff'-om
PPq) s 2 A~ 259

Remark Because g s r‘e]ﬂexive , we
never need 40 reqret¥ +that decision:
the choices  z:= (Fcl) ond 2z:=9 con-
vert -}He O.]D.éve back into +he or'lgiﬂa)
(19) . (Ehcl oF) /]?ernczrk)

Because +he structura) novelt o{) (19)
1s 2 F—c. P]jco.-Hons more —)—o -T'Ee )e-ﬁ-
o? < than 4o its ri<j}1+ . we choose

to loridge thot gep, 2= (;.'r , with
‘o be Sui‘l‘“abb cfo.sen lo}er. _We Nhow

o):)sm‘ve -@r‘ szj q’r'
?-(f{-crz < q

< is +ronsi-}we}

P (F£q) < fr n {rsq
&= { -f’ is 'momy]'onic.;_ (“ﬂ with XY= q?cl.)’r}

fq £r AN Cr.{q »
Q TJT’OOP- 0‘31530‘1300 '”'161}‘ wWie can )’)alve

.
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‘Da choosin r ond 9 equo\ Jo each

other . Wit = we ore le with
the o‘)\'iﬁ orion 4o 'demonstrate 'Pci £9
{23:" Sui¥abb chosen g ere are

o w +wo recsons '{701”

(i) 8iven Q17) then ComP)e}‘es

e)\os;n q:=

)’3 :
e P)"OO?

of (19)
(i)  4he COHSEﬂu‘erﬁ- O? (20) ~shll 4o
be Provec\-— 'Huan bbecomes *”'\e Icme

os +he Cc»nse.cluen¥ o? given (1%)

| _Havihj established

(199 L (Pp) s p

our f{inal proof obligation is

(20") ?(ﬁx)sx = PSX% for &l x .

would be es-Fablis})ed bb a

(R0")
C&\Culaa‘io\n OP -“ne ‘Porm
£ X
< { (9}
Cox s x
<« {7297%
?(?.x) < X ,

but there s no waj in  wWhich +he hint
{7??} can \:}‘usli-ﬁj the \aost s*e)o. (There

exist coun ef'€>§o.m]9]€5.> This is —qu
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momenlr 4o ex ]oﬂ ca  Vveér sFecie| S%ruc}uf‘o\\
Pror)ertj o{) (18) : while s ccns"eé,si'éh?‘
[ sl—re.nS“ﬂened when X is T‘e}':]acec{

b o "smaller” N ~Lie. ”S’c«}is%{nﬁ 3sx3,
hl\g antecedent 1S mnot necessaril
S}‘ren3+hen ed \OJ th et rer:)c}cem en‘?

nd mighjr became Fmvc.]o]e.

/l?emo.rk The P}wew,omehen usualb O<CLrs
when o quo\n'\-i\ ~like ]o in Fhis
eXamPle—- has %een ivery o5 +the ex-
q—reme So]u.%ion oF) on ec’uo.-H on. We

en counter the Some Sijruo\-}ion When
an Induchon hJPoq']nesis s 54ren3—]-%3ned
in order do wmoke +4he induclion step
Provab)e. ’ﬂqis ‘)’].jrir)""o\ roblem s s'n;—___
cluded because it Pr‘esen}-s such o nice
eXQmT)\e 0? the F\nenomenoh. C End o€
“Remeark. )

We use -”’13 e_xis)-chc.e of the iﬁﬁmum'
in Po\r‘)ric-uhmr (15) 4o construetr an
express;on that is hsnno.]\er-” +h<;n X .
Rfter +he i;i")-rocluc')‘}on of) 1 . i+
hes o be eliminated G gain; Yo +he
riaM of < we do this via (14)

— tthet else?~ and Jto the ]e@' OF <
via (15) —~what else?—~

We observe @f‘ any x
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€ X
‘{(15} with (lj-': ex ; ‘}'T‘ans'v}"\ri}‘j OF) 5}

P
s xLFx
P{cmpwiw vim x1Px

(x1Px) < XL{?X
P{ (14) mith W,y = ﬁ(xlfx), Cx

Plxlfx) sx A f-(xtﬁx) s [x

'unc}‘s? —

& {08 with y= Ix  -both con ,
hqono}onicib o’? F, +ronsi}-3u—ij o? <5
?(?x) s X A -xsf.x

{ < s re?)ex;ve}

<

—
——

£. (Ex)
Quod erat demonstrandum.

/l?emqu The choice b:: ?x @f‘ (15) in
The

the @rsi' ste S not Surpr‘)sm,
' }o (18) s Yo

Purpose o? G Pea\in
e\iminc}e ‘PF gom "H’?e; }n—}-ermecl}ocl'e
DAY, S)lould not 3r'ls}o.n }ic.]'e

resul , so
with an expression C&ﬂ‘}'oiﬂinj P )
comn bination ©

. X ) “’1& SlmF,es‘l‘

Yhe two ‘ldenl-'aﬁe:*s le@, (End 0{7 “Re-
YY\Qr\'(.)

1n ‘Hne cbove Fro\:()
eﬁsen\'iallb Alowed  Wim H. _—Fef'jenl

the Y)roblem WAQsS COMMMniC’c\)‘ecl ( ond

TJOSS}H desiﬁhed) )DL«) Henk/:Dch'thS
o A\ j&@P C. .1 voar cler Woude; +he

develop men y T
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\ater cil_So constructed @ coun']-erermPJe

demms‘}‘ro\}}n\j thatr no {27927 could
exist.

T Jhank +the sludents that attend my
currenmt Lnderaraducte course {ér +he
incentive Jo “write this down  (ond
Mont Blone USAH, whi ch rechif‘e-O\ W‘j

en and made it O:ﬁa?ﬁ a F)easo.re
Yo handle.)

Qus}m, 4 Tebruarj 1996

f[';o‘ﬁ dr. Edsaer W-/:ngs)‘fa
epor}h\enp OP C\o,m_)ou}er Scien ces
“The Universi} o() lexcs ot Pushin
Auslin, TX F8712-188

ysa



