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a li+He bn)‘ oF) loHice -Hweory

The rimar urpose o this chapter is
+o FrOv'.l\De an&eximjf‘e o?i litHle ¥+ eory and
oF 'n)-s deve\o’:men-)-.' Thas it (93\/35 ws —Hﬁg
o or\-un',b ‘o discuss later the ra})e,nomenon
ot” theories —i.e. )‘;ow -H'nej <w<n be useﬁ,‘\ and
LO)D e Mij)\)' be worth Yhe Frouble — |
the no‘za)-‘»ona conventions we have
adoP)‘ed and the d'\SCiP];ne we have aod-
hered o in Yhe ]'JFeSer\“"o.-,'ions o?ow" Froof;.
A secondar urpose 1s Yo moke our
Teca der ami har W?‘H’n a ‘H'He. bit o()
laHice ”‘zeofj, a bequ\-%@) end enera |
i)QCe OF 3)\20)’3 ‘”}a)‘ (s ho)’ b&?? as we\l

nown as it deserves. Notations and
4er-m'.no\o§j wil be exr)\a‘mec\ as we go
o\onj; +the exrﬂc\no.)-}on.s will be brie ,
and we hoyse Hhot H'kz,‘] will be clarified,
i() necessary, \zj their wsage. -y

X x
*

Lattice 4)7eot3 decls w'r”n o r‘e}ou)'ion
)De"'ween Gleme,n)'s og) some b?e' ﬂ Vey
-fami[iar Yype is -)'hc\% OF) '”')e ﬂa)‘ur“a)

) . o
numbers) be} Here are in rmc;):‘e Gas

many bPes as we care 1o de@nez ?or
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instance, another -]-J)'oe would Yoe +hat OF all
the <ir cles n < ]o\ane C "in the rea)l BEu-
clidean )’J)Gne Y {or Yhose Hiot like more
Preci Sion . We s)’)a)\ use Yhe \laoter \etrers
OF) bhe lower-case g\rkaloe,}- , mos)rb, vi2,

w,w, x,:j,z , to denote variables 0() Yhe
4(7)9e n ques)—'.on.
The r‘e\o"ior\ in uesron s bhelween

on:J two elemenks oFJ Hie );Woe > iF is
denoted ba the sjmbo} C CPronOun ced Cis)
‘under” >’ which we wrike betveen the 3Iwo
elemenks ‘o which it \'s o]:)o\iecl ) 9. X Ecj .
':DePenol‘.n on the de?mi Yion o £ and

the chZes of X ancl \uj > x;b is

4Me or no)r

EXQmp\es I() H‘le b)’be s 4)106)" o? -H'\e

1]
nedural numbers and means is a
\g is x""u.e,

divisor OP/' » -H’\en 3 '
but & C IS s not Yrue (or is ‘?0152 ’
cs we are used Yo Soy )}

17 the {jy:e s +that o() '\hf Sircles

e Y
in Yhe Plc.ne , and o means lies inside’,
let X, Y, and 2 Yhen be circles:

)

@‘ ; N | 4‘\&3‘ case

=
c
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X C G4 1S Yrue , whereas Yhe other @\/e
Fosb-f?:)e exPressions . :) C X , X2, ZCc x,
£z, and 2 E& Yy ore Ml ?C\lSe. C End

o? Examr)}es.>

The chove +wo examples nicel MNustrate
the 3enero\ib o() Yhe '})-\eorJ we are \'weacling
?or‘: not on\j will i} be orplicc.\o)e ‘o {ji;es
with }n?in;\-e(
QPP\icc.He S?o all sorfs o() pes OP ve
di?-?eren)- nohure. T would like +o stress” +hat
such eanjles ofe (fure,b ;“uS‘}'f‘c.)'ive_ and

e “w

‘wa\/e no ﬁn}nj nc)—}on For U’\e %’)’\e_or:j

n que.ﬂ-;on. Theories my be designed w'.”)
Yhey are
J

MOr:j e)emen\‘s, ) will alse Ve

Cerq‘a)n QFFliCa\Hons in mind, ou
never based on them. On the contrary,
theories are based on ex]o]icn" Oﬁ)‘ulc es
choul their insrecl‘uer\\“s. In the <ase o?
lattice -quor:j, Yhese are T:rimo.rib Foslu\c}es

cbout relabion “Under .

The €r5}~ Foslu\o\\-e cbou}l € S ‘H‘oc-)- i+ is

wher is called "reﬁexi\/e” , € thot each element

of Jhe lype in westion is under 3"‘5@,\?,
‘lvf Form:?«lj —-—r‘egcx“)né ‘\'L\Q c_or\ven)-ion et

X denotes a varia ]e Q€ -qu bPC VN

<\,U~es-\v oM —

(0) {Wx s XX ’
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which can ke recd as ”{Z:r any x it holds that

vV

X 18§ under x

Kemark For our theor o e QPPlico.\:le in
-”'le Con}-eﬂ OP our h"v;)L exam )e, we \’m\/c
consider O‘ﬂ& na}'ur&\ numCeF co diviSoF
o€ 'n)rse[F, i.e. not onb iS5 _contrar }o
greek *rodu';\‘ion—-— twelve o divisor o }welve.
)'J(A)- even a) 5}73)‘6 0(7 H’)e cl%mg /’_fjc‘“" are
not allowed +o divide ‘33 20, is  zero
a divisor o? zero |
Simi(arlj,
circ\e s <considered Yo l|lie inside i\'se\f.

C End o? K?e»«wmk.)

in the second exam )e, each

There is another w o expressin Yhe
\'eﬁeXiVH‘J O() //Uhc—\er :.:7 I‘}-{)is ‘szsad 0‘2 Yhe
observaktion +that, while in Smera\ we know
noH‘lina about Yhe vealues o€ XED and
HEX , we know Hat ‘Hﬂeb are “rue iF)
Yhe Hwo cu’:ﬁumerﬁ's are equa\, in —Fc);rmu‘q

(" <\7/X,:j:'. XEY A YEX <& x=j>

W\'\ic)'\ can be read as ”'@r an Xanclj l‘\'
Holds ‘Hm.l- X 15 wunder j an éj \s under X

‘l? X eclua\s 3 ’ .

~

’Bu*' are (0) and (‘\) r‘eo.\b eq(,civclen"? |
1s "r‘eﬁex}vib accOrdlnj )ro (03 rec.\\:) -“‘;e
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Same conceP)- as "reﬁey'.vil-:) "’ QCCordinj Yo (1)?
The oanswer is "\res”, ancl be\ouo we s}'\on
S""O(,O howd -H\‘ns can \De es*ob\is%ec\ b ca\cu-
T o shor
labion, Le. we shell show how we can sTa

with (1), s:(\jojec‘r i} in swccession

o o number vq\ue-rreserv'mﬁ A'rans@rma-
tions , and end “p with (O) . We shall
Grs}- 3’»\/6 -})we CC\\Cula‘\-ion , ond +hen some

CXP lOna‘l")on,

<VX,?:: XESS/\ 3"-_3)( <« X=v>
nestin
<Vx:: <Vv::3x\;j VAN 3 CX <« x=j>>
{"\raclmj}
<Vx v <V'j X=3: ng N ng»
{ one—Po,’né caled
<Vx . XEX AN XE ><>
{ A ic\emFo4en+}
<\7/>< . K E X>

]

)

)}

1)

Tor the uninitioted reader, the obove

9—-1'me CG)CU\IQ"HOVW 'S og) course comF\e\'e

Sibber'psk Yhat s ahsolutel without any
Corwinc'mﬁ ﬁ%ower, but {ér Qhe initiated one it

1S verJ ad; ereml. He recoPn'\zes 5 -ﬁprmu\ae

OP —()omi\iar s:,h‘)‘ac)ich\ S rucl'u.r‘e Se,")c.rq*'eol
\b,j’ ‘:)e—}wcen \'Jr‘aces, re\(}erences +O —Fami\iar

?
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VGlue~Pr‘eser‘\;‘m man]Pu\a-)'ions —G-om -l%e
Pr‘ed':ca’re ca) ca‘aus. Tn the ﬁrs)- —(grmula he
recognizes (13 , in H’\e las}‘ one (O\ R and %e

knows -\»Ltcl' the -Hw@e (c;:rrnu‘qe in behveen
are ‘Hve 30‘}'es“media)-e Fesu”"s.

—n')e Sjrn\yo\s "<" Gnd.>u @rm (=¥ \:t‘oc\':e)'

PQ‘,r de\inec\"{nﬁ ’\%e scope O() SQ-Cclled
(g) that is only  x
and In bo'("f\ Yhe

ormu\c.\'.

darwmm variehles ’ T
.

(D) i+ s the )’Jc.'n“ X,b

Scope extends over the w]’\ole

In the {;‘:rs inter mediate result, Yhe Scoyes

ore nested: Yhe Scope of x.  shll extends

over H‘\e W\’lo\e rmu\Q - rom 4'\'16 6»’5)’

L Yo the \cost .>~ —~, while Yhe Scope o?

<,.
D extends over +the inner bracket FQ%(‘

- ‘G‘am Yhe second "<h Yo the @rs} ”>"— - The
g‘rs}' ntermedicate result could Q)‘De reccl
as //—ﬁ:r an X j" kolds ‘H’\a*’ or an

i+ holds “'sa{j X J J
N ’.() x equq\s Note +hat «
ﬁrs«‘- ste CC\”ed “neskin ”, every +thin ouhr-
side -HneP Scope o jj (i.c.\%ke ?rﬁ""a\
“CVWx:: “ and the (inal™ ") ) remains un-
c)'\cmﬁed por the rest o? the co\lcw\\oﬂion;
the su\osequeﬂ‘)‘ thmiru\c\}-ions, thic)'\ are con-
ened lo the inner Su\bcx‘?ressian, are Iin (&c}
inc\e‘oenden‘r OP the {érma\ environment in

\A‘hic‘r\ '\'lﬂe Subex\or‘ession s em\oe.dc\ec\. “The

er

\n

is wnder :j and is wunder
A
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nex} inktermedicte resull could be read as
,”for' an b ¢ 7+ ho\ds ‘H\c} v(ér‘ ar:j :j such
Yhal X equq)s Y i) \'\o\d’? -”'\c.\- X s unvc\er‘
:j and J is under x| bhob as a rule
we don't ’ {ér‘ i+ c'uick\ becomes much

184‘ Yhe sjmbo\s do +he work and

simpler 1o
P

Yo moar\'ll')ulc\lre Mhe —g;i’h’\u\'ae d'\rec\-\b .

I} s time o Presen)' our next POS)'U\CJ'Q
G\bou" c . I+ S“'oﬁ“es Hhat = B w"\o} 'S
celled ”anh(;jmme%;c”, i.e. that distinct

elements of the bpe in c‘ue.s}ion are not

under ecch other ofr, equiVQlen“D, that

elements theat are under each other are

equ.c.\, in €o Fmula

(23 <VX,3:; XEU N\ tjEx = X=3>

Notational remark. The inbroduchon o?

+he SjmbO) “-"-‘-)” ) onl a minor nove“rj
’ no. more than < note -

sSince ’P = cl" is
)iono\ QH‘CFYWC\‘h\Ie_ @Jr‘ ”q <==£”. The Frs}
” Ili

one , = c)” is read as P then c,"
", 'H')e o}-\her' one ,

Y]

7

or as /F imF\ie.s g
”C) & P " s recd as ”q i()F" or
Gom Fl'. The situation is ver similar to
Yhe Frejence o() ‘he no%cc)-ior\ol O\H'er‘nc\-
Yives “m < n " <m s ot wmost n) and

”n;m" Cn is ot least ) -For what is the

c) {é]lous
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Same Conc\i}‘ion on m ond N . CEnc\ oF
No*a‘-iona‘ r‘emQrk.)

Tn connection with our earlier excsmp)es
we wvote thet  for natural numbers, beinj-
a-divisor- of’ IS an anti 59 mmetric relation:
i(? X divides 9 and Y divides x , we
are indeed callowed Yo conclude +heat
X equo.\s 9 (pnﬁs lest stotement requires
a PrOQF), which 15 not included here.)
Similc‘rl’b R with  x and :? cle.r\o)-in‘j Circ\les,
we note that if x lies inside Y and Y
lies inside X , we can indeed conclude
Yhot the two circles are Ythe same. (TThis
S)f‘q+emen+, \-oo, r‘eclu'.r'es o PPOOQ>

’Predicc\-‘re CO\‘Culus QHOU\)S us ’\'O Comb)ne

r‘eﬁexivib and an+is€jmme¥rj oF) c |, ie.
«(Dormu(ae (1) and (23, into

(3) <Vx,a:: XES AN Ej!;x = X=fj>
™ s -”'\is -ﬁ:rmu'c.. ‘”’10} in & Sir\j‘e hne

T‘eveals '”')e l’)r‘o Ounc\ imror‘\’ance o? re\cHon
c demons}-r‘c..Hnﬁ +that +wo <<jiver: elements

o? Yhe )'Pe in o\uesjrion are e_c’uo.‘\ IS no

more an no less +4han clemons%r‘a-}-inﬁ
SeFQrG+eb }hat the one s under }he
o”‘ner- and Vvice verse.. The ‘C\'H‘cr‘ 1S

known as <« Fing-)’)on::j c.r‘ﬁumen)', and we
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shcsn discuss its Po%enha? merits w\wen we

have Seen YNOre exomr:»\es op (l-.

Trom the reﬁexivi):j OF) € we derive the

{éllowing laws, known as Yhe laws o? “indirect
order ”:

For an.\-j X and j )+ ho!ds ')-\'\cc)-
(4) (Vz::25x=a>zg3>=> Xcy
(5) <\/2:=3~:~z = XL£Z) = XEy

“Proo We shall prove (4 onlj  since the
"J"OOF of <5) 1S SO 5imilar‘ —U’mc)' i can LJC
omitie d ‘Pr()m s +ext. For Yhe ?rOoF’ oé’

(4) we observe f)or' ow:j x and Y

(Vz:: 2 X = 'Z.E\(j>
= { instantiate: 2= X§

XEX = X.C.y
{c re?\exwe}

}rue = X €

)]

i

1 Ff‘eo\'ecc\-)'e calculas: <+rue = F> = P}
xXE Yy

The f:irfl‘ s}—elo exP(o}‘-s that i? SOrneH\irlﬁ
holds or an 2 , it clso holds when we
make «?or' 2z <« SPGC;Q\ choice ( X n -H‘\'-S
Ccase ) This 1 pe o? rec soninj s)re.ra s

\2 the jenera\ 2 1S

%

/v, . .
Ca\\ed lnS‘)‘&n |c\‘l'10n
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So Yo S}Dec.k r‘er;)aced v “7e S)')e.c}c.\ iv’ls{‘once
X . I"IS"O\n-hcv}/i’On is +the MGJOr rfeasonin
s)re]:: next Yo subskitutin ec'uo\l's g:r eciua)s”.
The second S‘\‘e‘a, w‘\icl—\ UusSes 'H)e reﬁex—
'lvib o? c |, inyrocluces the constant 'q'r'u.e.:
viz. the Pr‘edn'cc-')‘e thet holds \:3:) de(pinﬂ-ion.
(Tts major ProPer-]-Ies are Yhat Yhe +hree

exr:n-es:sions

‘}ru.e = F ‘\'ru.e. = F Hue VAN P

are all equ}\/aleni' +o P )
(End OF)/Pr'Oop)

The nex} laws Yo be derived wuse the
On)—isijmme}r:? OF) c Gs well)- Hwe:j are

known CS 'H":e lqws o{) ”'.ndir‘ec* e.qua\i):y'/;
Tor an X and fj 4+ holds that ¢

(6) (V2 2ex = 153> = X=y

(7) (V2 XE2 = 352>% X =y

“Proof  We shall onlj prove (8), +he Proof’

Of (73 bein ver Simi]c.r. For H’\e roo?
o(? (€) , wg ob:;efve {ém any X omchb

{Vz:. 2Ex = 2E4)
= {'ms"-an)'ia}-e twice: 2.z X and Z:= b}
(xegx = xEj) A (yex = yey)
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{_C_ reﬂe.x'.ve) *wice.}
(Yrue = x2y) A (yex = brue)
1 Pre_c{iCCA-—e calculus’

)

ng? AN Y C X
{1 (3}
=3

n

(End of Troof.)
/Remar\( Tr\ (6) and ('}) the imP\icc\hor\

5i3n5 "='i>" cow)d have heen reP)aced bj
equivalences =", since the ‘mrl"cakm‘s

in +he oHer direction ,  \Wiz2. "<-=” \Q)”ouo

c:h‘r‘ccl-&7 G‘om Pred‘.cc:‘)-e calculus. (End
o§) ’Qemark.B

X X

We now consider ‘“’)e Si‘\'u.a.-)'ion thet
be‘mj obove dwo values , x and Y say ,

can be cLorac)-erizec! Gs be? obove
n ‘H’\O\.““ case

G s'mﬁ)e va‘ue, W ng
w, X and Y s«:}is{s
(8) <\7/2:: wE2z2 = Xtz /\3§2>

EC(LLG -}ion (5’) 'Hﬁen d e*ermines W
unique\j.

Proof’ Le¥7»(ér53ven Xg o, W &ah‘s% (8)
and \e+ (—O' 50;4‘356
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(9) (Vz: wez = xtcz /\352>
Es+c):\is)11n3 the umic‘ue_ness mecns estcblish.
in Wa=w . To Hhis end we ohserve
@2 Qv“l-j P4 :

wkt 2
= {8

X S2 /\&EZ

{ (9)}

w' <z

]

Hus eS‘}’c\]oliS"winj <\7/'2'.'. weEzZ = LJ'EZ),
ﬁcm which w= W (’o\\ows \'J:j indirect
equahb (7)

CEnd of’\)roo(%>

Our 'n\il‘d FOSJ-u]¢+e Nnow 50..&? ')-)’}c\}' %r‘
any X,y there does indeed exist a w

50)35%303 (8) , n all iks Pormo‘] 5\:;.3.'
<Vx,<j:: <3N:Z<VZ:: WweEz = xXCc Z /\35‘2>>> .

The Combina}'ior\ OF) uniqueness andl

existence o? -H'\e L Sc\hs{){n (8
C\”ooos s '\-0 ')Y')J‘rooluCe +h e w—\lo\\ue

as GA")C}‘) on o? X  and ’:7 . This @ncl’noq

() \K")own wnder Vnav:y hames , SUC"\ s

7 Yhe lub (= lowes? uPPer‘ bound) oF X and
(j " or " }he Jo'm o? X and Y ”; we s}uan

call i} 7the Su]')f‘emum o X and Y and
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14

denocte i+ b ij" Cread: " x “p " ﬂccordirﬁ
to () , j:Z'e deﬁninﬁ relabon {for 1 s
that @r an‘j X’j’ A

(10) xTy €2 = XTLZ A ygez

Let ws ';“us-]-ch-e. -‘rh‘-s win\ our earlier

exC\m]o\es . With x’f}’ 2 bein

na )'uf‘a]
‘Numbers and = i

c meon?na e‘;nj e clivisor
OP” ) (10)  reads //XTC) 1s o diviser of” 2
i? and on 3{) X and a are both divisors
ofz ,  which tells ws™ thot

Smu\les‘)' common mo\”‘i)':)e Q

When x,b,z are circles and C means
'lies insicle" , XT s 4’%6 sma"es}

circle encompassin bo +h X and .
P xT j J

x T is +he
)

and

‘Hav‘ma introduced the operctor T via
(10) , we <an Now Pr‘ove all sorks o

Propcr‘“es OP”'. The {)irsJ‘ one is the

Theorem T s 'I_C_l_e_ﬂj\ﬁq;_‘g:g} R _Séj_rp_me Fic

- - . am oemem

and os_sggig_)rjy_g , i.e {%r ol X,Y, 2

'

(1) xTx

x (\dexnr;o*en*)
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Q12) XTJ = tj'rx Csbmme¥ric)
(3) (T2 = xM(ytz)  Cossociakive)

:\):_03{7 @) echor' T m)‘wer:}-s ‘H’)ese +L1rce
Proper)':es gom Yhe COrZ)wnc.)non /\ , W)’ﬁcl)

RS also udem’oo+en)~ 5Jmme}r,c, and asso.-
cictive. How i+ does So , we show in ‘}'L?e

cgse OV —\he assoc:o%v:b. \:Je o\aser‘ve {Z‘n‘

an.D )()3)2, w
(x?)T2 E W
(10) with x,
(X'T‘j> t'w A
( {(10) with 2
X SEwWw A
i N\ !SbC\SSOC|O\‘)‘1V23
x Sw A (UEW A ZEwW)
{Cw) with X, » Y y R 2 b,z,w}
X & W A (3‘)‘2 L w)
4 (10) with Y,2 = :)TZ, wi
XT(sz) C W ,

&@er wl\\cl'x the equuvc.\ence OG ?irs)' and \GS}
lines esxa\plus\ﬁes (13) Via indirect equalib,
re. (7). The Proo() ()(11) and (12) @\louo

-“'\e cSame \’Da-H‘ern. CEnd o?ﬁ)rOO(/j')

s g2,
W
o
VAN

n

K.C

n

2 S w

\/uN

) n

1

n O.SSm T wOu\d ke —}o Fo»n)‘ ou)‘
the ex-\-en}‘ 20 which }he des\gn of the last
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Proo() has been -ﬁsrced. A} the 1eﬁ~—lﬂand side
we have an 1 with _(be) as one of ks

ar umen)'s, and Suclw an 'T\ does no“ occur
a} the rijM--‘hond side: in the 4rans{?9rmaiion
fom le@ 4o right, thib T has therefore
Yo be removed . Simi]arb @)r Yhe 1 in be)
So., +he ﬁrs.‘\- Jwo s)'eps remove each an T
(or\d, Sim;\c‘r,j , ‘he \o\_s} Ywo reintroduce
eacch an 1). TTh do so b:j an afpea\ to
(10) , which  so r 1S our on handle on
™, )De'-nﬁ ks deﬁni)ﬁon. And “Yhe middle

S*C-P r'carranﬁes ’\)‘xe —}'erms s assoc'no\‘hvib
eXFf'CS.SGS.

Tn w}\c} ?o”ows we s)\all oﬁen exFlo#
the aSSocio‘}-ivib o? T b:j omi'H-'mj ‘”’)e

seman} ca \b irrelevant paren theses.

Trom o Ynonir)ula}—)ve Foin% o{) view, (10)
iS an o:)‘*r‘o\cﬂl"ave deﬁni%oq bec.cxuse i‘)- )'\as
\ots of) dummies For‘ which wWe can meke

a sPc—zc'-F/."c choice. TIn +he next theorem,
XTD hes been chosen ‘Gsf‘ Z

Theorem Tor‘ o\r:j x,\j ‘”Io)ds
(14) X C x’fj A bEij

/\Jroof We observe {;r any X, Y
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xc xT ~Y c x?
{(3) wr‘”'\ 2= jXTjg

xTy & x7
D{ c ‘»sjreﬁex‘.ve, ie. (0) with x.= XT:)}

e C End o? /Pf‘oof>

)}

1]

Theorem We hoave (gr o

(15) xTJ €Yy = xrty .
/Pr-ooE We observe -ﬁ)r O“J X’j

xTy &

C‘lo) i Hh th‘js
XEJ N bE

{7

s fe exive}

(VR

n

om—
—
==

ng A\ A'rue
= £ ‘Prcdicc\%e co\cu)u53

XE:?

(The exper‘»encecl calculedor  would have

o\lmoed Himse)? Yhe COM‘D"hc}ion oF -”'»e lcs}
o 5\‘6}05 into one.) CEnd o? /)7»"00{?)

Ard now we have done the 3rounclwor)c
gr‘ -“‘:e Q,«ﬂdmmen‘)'a)

'n’\eore,m "‘F;r‘ anJ x)\j \’lo‘ds

(16" xTg =y = xgy .
?rooE We obser‘\/e -(gr‘ on\«j ><,3
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XTU = C
{

€ is re@ex'-ve and o\n)r‘:sdmme‘)'fic,
e, (3) with  x:= XTj}

XT\lj c N C XTD
5‘2 C14), 2nd Con&)unc}j

X‘:b N\ "'rue

{Preo\iccﬂ-e C_olC(_Al(ASS
X €y

M

)\
~
o

)

)]

Theorem Clé) now er\a\'.>|<=_,s us-)ro Pr‘ove

Theorem. T is *ransitive , i.e. @:r‘ any X,4,2

(17) X‘C‘j /\322 = %XEz

“Proo" Three O\FP}}cc}}ons o( (18) allow us

Jo rewrite +the demonstrandum (17) as
xT:).—.b /\sz=2 = XV2 ==

We observe FOT‘ Ny * Yy, 2

xTz
= '{\LjTZ =<2, gom om}ececlem\}
x T j =z

{ x'T\«j =Y, g‘om cn’r-ecedea*}

I

31‘

Z

U}

2
{ylz=2, ffom antecedent]

—”wus es"'a\oli S)\v'nj -‘rhe con Sec’ went of H\e.
r en e o) }'r‘c.r\ “um .
reworiH demons d ( End 0(7 /Proof)



EWD 1240- 17

T is this last Yheorem Yhet Yurns reletion
C into o ”Parho\\ orc\er'”, e vartial order

Le’»nﬁ de{’inecl as o b'n’)av re\a)fion +he }

is r‘eﬂexive, c.r\Hs«\.jmme-}ric, and Aransitive.
“Partic|l orders are aguite common ;, the

reader ma C&’)ec\( ‘H‘\a*
our exqm)g eés -~ Viz. o bei’zﬁ o divisor o

ancdl "binj ins';de"- are 1 deed Arans ) -
tive .

the re)awlions o

"

-nreof‘em (16) 0\50 8’.ves ws ‘H’ue OPPor}u-
nit oP connec"n'r:j +he +wo imPor‘}om} con-
621525 o{] ”dis)'ri):u%on X and ,’MOI'I o‘}'Om'c:ii-j ”.

I'QFFl}co.‘}iOn o() {) disiributes over T,
means ‘*’)')a‘l‘ ‘()of" o':j X,j

(19 {9 = Gl

Chere we 33vc Fhe do}'“." oF) Hhe \(&nc)-ion
a P)ica‘)ﬁon o higher syntackic )Jinclénj ower
-}'E!on T , i-e. 19)'\6 r'n§k¥—kancl Side oz; ¢),
should be parsed as (PO T((y) )

”T:unc“'lon {) 1S monoq-c N, c an-”’\ res -

.)’Jec)' ‘\‘o c ! means Ar)"toJ -(c)ﬂ‘ anJ X,‘y

C19) Xty S fx&—‘.fv

The connection beteen “\eSQ —‘twocOn_
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cer:}s is exPressecl \3\(? the
_n’\eor'em Q ur\c"nor'\ '}')’no‘)' dls}r loo&es over

T is  wmonotonic with r‘esyed' +o c

Froof  We observe {or any [ that dis.
-}r',bcﬁes over T qncl Qn\p x)j

[x e \(?:)

g T xg e 60y
(’”% v

olxsl-rbum‘cs over T, ie_(l8)§
(xT‘ ) =
{ eq:zta g; equa\.s}

i
x%(lé)}3
X C :j

i

]

I

CEnd oF r‘OOC)

Tmm 'H')e {JGC‘" ‘“’)O.“' T 1S 3c\empo‘}'en)‘

Sktjmme)'roc R and QSSOC!G¥UVC —G)nows

rdl) CXTj> = @x)7 (ZT&
ZT as o Mﬂc‘)"roﬂ

\e bj vle win
‘uon —Vi2. o? ‘Hﬂe ?anc;\':on {) SuC"\ M"»c} or
we see +hat

W= 21w —
:l?s)—rigu’%-es{) over 8) Thys observa}novx
makes '}ke revious '\mcorem QFP‘nca‘:))e

-”)e y)roof —H)e »(O OW'nﬁ

Theorem T s mono Yonic with \"es\oecl' Yo C

Plica-
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mn bo”‘n 3}'5 curjumerﬂ‘s, ).e. -{Zf’ Gn\v X,X’,j,fj’
(29)  xgx' A yey' xTy & X'y

G Froo() of) w\'\icl'\ we ’ea\/e ‘)‘O -)'}76 'm)'cr'-
ested reader. (—-F_O»” Seueral recasons i may
%elP Yo COch\re (20) with  the more {Z\mi,-

\ar
asa A bsh o a+b g a+b' L)

Now +the Yime )'ms come Ao Con@ss “Hwa)-,
So Q:r, we have on\:j told you \'\q\f the
story  of” ladhice theory: 4o all we told
cbou‘,‘ T ,”)cr‘e IS a duq\ S)OU c\(?'er' ')'l"ne
inbroduction Q() our ‘F?Dur”ﬁ Sstulate | viz.
Yhet @r any X,J Yhere exisL X W
that -in anal,ogj ‘o (9)- Sa\‘isges

(Ql) <VZ B Z2EW = 26X AN ZE‘J> >

wk'.clq, Gs be@re, c]e%erm'nnes rfof‘ OU X,j
dhe W Uniqueb.

The Combina}ﬁon o() existence and um'ciue~
ess G“Ows “ws 'lro in}roduce %e w-voJue
sctis %mj (’Zl) as anoH'xer‘ (&ﬂc}ioa 070
X ancdl . TF is known under
names hie “ -”we 51\3 (= 8r‘e<ﬂ~es¥ \owcr‘
bound) g() X  and " or  "3Yhe wmeet

X an{j ’ ; We < qn use ‘u’)e Nicame

O
7 -H')e ingmum o{) X and ,j " and deno)‘e i+
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b "xl " C recd:. x down ”>. Aeccordin
J A
; \ its de»ﬁfﬂnj f:‘jekc}ion S ‘n\a

@r‘ ary x,y, 2

\With out Froof we \'!S)‘ i)-s ProPer)ﬂ'es:

(23) | s ‘)olem)pol-en¥, sjmme,)ric,GSSOcio)'i\le
(24) le Ex A xlD Yy

(25) xexly = x¢&

(28) X = xlj = Xty

(27) A funchion thok distributes over L s

mondtonic w% res )'Jec\’ Yo =

(28) | s wonoYonic  with r‘csf)ec}' Yo C
in both its C\rﬁumer\‘)'s.

Le}- ws r‘e)‘urn —@:r‘ a m0men"‘ 'l‘o owur
examp\es. N,)k X'j 0(7 t‘j};e noJ—uroJ

num\bef‘ and c mean'»rlj " being < divisor

#

o we run infto o 5‘8” }')robe_m with
‘he ’myer’)r‘e)‘a‘)iom o H\e ir\gmum:

le deno¥es 'M"e 8!’@0«)‘25)‘ Common divisor

Jec.sk one

o X and 9 Fr'o\/ic]ed o
OP Vhe arguments 1S osili‘\/e, but O\llo
requir‘es ex)rrcx O\—H"en-\ﬁ n since there

1S no 9?&0\‘65}‘ d\viSo:’ OF O ’ eqc\«\ ﬂa)'u-
ral numbher be’.nﬁ o divisor o‘? 0
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There are 1wo ways ouf oF -Hwe di\emma,
either e dedine 040 =0 ~a de ini]r'»on
‘“’\a)“ 1S ComPo‘Hb’e wl‘”) <Q2>—~ or we
rePface -ﬁ:r x, 'H‘\e domain o{) -H'\e
hc\)ur-c\] huml'_)erﬁ Cwl’)ic)ﬂ includes 2.e.m>
b ‘H’)cﬂ' o() -H'le OS]")V& 30"&831'5 Cw)\{cl\
sﬂﬁs ot One ) . F

\\!i)c)—: X, ¢ cir‘c'es "N H'we P]c.ne and
- meanin v l in \nside y , X\L WOO\IC{
be Yhe E;935) Jci?c\e b,r\rﬁ n -”'\Q inter:

Se C;‘l on:

3

2

hut W)\c.)‘ I{) ';’L\e ‘ntersec ¥ on o() X and

:) 1S em]')b:
T

The answer s -)o extend e domain

c{)o\\ "v‘.s;b\e" Circ‘e.s n )-)we ‘);)ar\e b

one exte e)emen)‘ —_— CQ\\ed :j

: ’ bo‘)“)-om !
and cdenoted b\j "1 er AL —  Yhet ‘?j

deﬁhi\riom lies Tnside ol circles CinclGd-

Lnoq’%‘ il—sd()}. The de()imnj re(c\kon {ér‘

oM 1S

(29) Wzl cz)



;f T distributes over L

T

i
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OPerc}ors T and l are COnneC‘}'ed ]D:.j
-Hwe_ \.o.uos o? gbson’f)‘)ﬁon

(30) X = XL(XTj) ><-_-_><T<><ljj>

/Proo£ We Fr‘ove ‘uwe (’\)\"5“' one )a:j observirb @r—
g Y
X = X‘L (X‘j)
{(26) with Y= XT&}
x ¢ xT
{ Q14

+rue

n

"

< End OF)¢T'OO¢>

The other connechon belween 1 and L
vs  thal 3([) the one distribules over *the
o)')?er‘, the other d'.s)—r',bu"fs over Yhe one.
(In ihis case o() ww\l'uo.\ c\is}ri):u)'ion,
Peo[?\e call -H'we \a“‘i(‘e "C\'IS)'r;»D(All'Ve ) . We
shall show +4hat } distributes over T,

ie. thed -(Z:r‘ QU X,b,?_.
X\LCSTZ> = (X\\«j)TCXLZ) R

, 1.€, @raw X,‘&],’L
x T (3 V2) = (foj)l (xT2)

roo \\)e O‘DSQ(‘VC ‘@F O\"\(«j X,(j,z.

(xJ,«j)T (xV2)
'{_T‘ over the riﬁh\~mos¥' \L?j
((xiﬂ)T x) 4 <(x&,3)1‘27
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|

{Lau OF Q\nsor‘:\"uon}

x 4 ((xla)Tz>
= {T over rES\'\‘\‘mos)‘ \L%

x1 (x12) L (T2 |
{th other) Law o{? QBSO;-P\»'.O,\S

x CJT2> QEnc\ 047 /Proofs

Tor reasons O{) Sjmmelrc. - Jrlqe cbove
ou.f‘-S’}‘eF CQ\CM\Q'}ion es‘)-o\seis\’zes *H—»e
o\\owinj Veb Senef‘c.l

Theorem Yor S&mme}r'nc ‘ cssociative
Gpemhrs T and ¥ dhat sc\\-is% the
Laws o() Qbsor‘]o}ﬁcm (30), we have

(T distribates over|) = (J, distributes overT).

<1ﬂ ‘H‘te c\;o‘ve .F.roo‘[), ')L?Q O\g)r)zc\\s “'B. Sc-zjmrr.)e}rj
and OSSOC\O\}'I\/I):,) were e as.;m [icn‘}‘
es usual; 1 hope this did not confise
H’)e reader‘.> —“‘)e obove ‘Proo l‘tas been
included as o sSironq example o? Yhe
J r
power OP Co\\cu\o\)-iovw; ongone Who
shl doubkls is invited 15 }ra o
es)»a\:lis\w Mhe eo'u‘.vo\\ence of our l|ast
‘H’)eorem \OQ meomns 0{7 aQ \/erba\ 0r5u~

men\; —@w he exPer;e.nce should c)w‘ckb

CthCr}' him.
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We close +his illustrative c\r\a\err with
)

o last eneralizaton which wi lead

lo another wa OFD introducin 1
Cre. element “batrom” as de{;inec )25 (29)).

Relation (10)

= X & 2z /\jgz

XT\«DEZ

inkroduces +the su,]?l’emum XTD o{)'}he
2 elements X% and \'7 ./\?@Pec}ed cv‘:]oli-

Ca"‘.l on wves -HWQ SU«PFemLAm f(Z’:r 3
elemerﬂ—s Lo, X, 3
u’Tx'?D\;z = UKz A XE2 AYEZ ek

Now alloco me {&r o moment 4o

use T as o unary operc\"or on +the

set o() values whose Swpremunm should
e 4c~ken, l.e. allows me {Z)r‘c, Mo ment

-sro wr")re UTXTD now as ']\{u,x,j} )
’Bj naming Yhe  sef OF) values whose

Su,—;r‘emum 5\'\Ou\c[ be —)-len , we <an
Nowd 3ener‘o\ize our lasi (grmu)a,ﬁe.

ex)f)r‘ess “ete. - Por Oméj 2. aond av’b Set

G ™cz = <Va:xeX: xcz) e

'H‘\G sSwupremum o€) o} Se)- >< ‘s wunder 2

means that each Q\emen){‘ OPX s
under 2 . <In the r'»gH-Homcl sicde
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o() () we hove used < ho*oliona)
e_x—}en sion —H". ot wil) be cliscussed wmere
fu\ilj later. The ' xeX ' — “x is an elemen}
o? se} X"'— Ybelween the }Iwo colons
res}r{c)-s Yhe range OF) ’\'L»e dumm >

9 J
the <constraint XCcz , wMore Fr‘eciseb

-)r\ne coﬂs‘}‘r‘o\)n} o? \Dehﬁp under 1']‘Z ,
ements +that

only applies o the e
bé?OmSFPJro X )

So far, (31) de()mes TX Cer*a;nb fgr'
any G{:#e set X o? o} least 2 elements.
1n {jacsr , +the "one—Posn} rule ”  ~which
we wused when we esteblished the
equivo\ence belween (O) and (1)-—- a\lows
us o irﬂer)ore% ™ when X s a
Sins\e-\rcm se} , {33 soy - We ohserve

for oy yo2
T{b} C 2
{C?)') \/\II‘H'W ><::: {b?} }
<Y x: xe{{}: XCTz)
{ set ¥ eory: xe{ﬂs = x:g}
Wx X=Y: X & 2)
-{one-)ooin}' ruled
ye=

]

)

I

@‘um w»\\c‘w observchon we Conclude

COF O\r\:j :j



(32)
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T{b} =j

b,fj Tndireck E_o'uali-b 7 .

The case op inﬁn})'e X we shal not

?ursue \here 5, Wwe sy\c\” \ )’)oweuer, ’\‘r
+o in}erpre} TX when X equa\s I?!e
empiv set SZS : We observe {or ony Z

T cz

)

'{Cf‘“) with X.= ¢}

<V><'- xe¢= XEZ>

i

{ set -H\eorb: xe@ = {alse]

{Vx: P&]se: X T z2)

)

{e.m)o\:j-rc.nge rule (?fom Predi.co.}e
caleulus, see leder)]

brue

Which observalion we can rewrite as

i.e.
()or‘

the
Hhe

Seen

<VZ:{ TSZ5 §2>

T\ﬁ So‘hsﬁes -”ve c)egrwmﬁ relcbion (79)
1 . In other words, boHom and
Spremeoeim o '\‘\he em 1 Se}‘ ar

P r P c
same element (wWhich ,jcs we have
need not exist ).

And this concludes our |ittle bit o()
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lattice +h eory .

rog dar. Eds&er w.’.DS\(S}rQ
%epar\‘men)‘ OF Computer Sciences
e Ur\iver‘si]-\gj o€ exes at Pushin
Ruskn, TX F872/2- /88

LsA
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