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The lodder ‘theorem

Let P ond 9 be two column veclors
o? the same (Gni‘)‘e) le.naHn. Le} []O?cl]
cdenote ‘Hﬁa‘]‘, in each rouw, the P-e\emen‘,"
'S o Jeas} +he cyl-e\c,me,n"‘. i1.e.

[T; > c‘] = Vi Py q.i>
Le')' Sor}‘.w de.no}'e "H'\e f‘eSuH‘ o{) Soanj

Co\urr)h vec}-or W n QScencling order.

Then +he ladder theorem S'}‘c«}—es
(0> [p}ol] = [-:—..or-)-.]o 3 5or¥-.q]

/Proo£ We observe -(ZM' anj X and r:osﬂ-ive ~

‘he nth element cf) sor}-.P is €%
1 sor\-.T: is in ascendin3 order}

sorl-.'f:: contains of least n elements <X
{«P is o Fermu'l-c.]‘-on op SOrl.PS

]D coﬂl‘qins o+ le.o.s}“ a e]en\er\*‘s £ X

=3 3 [P}cl] , Yhe antecedent 0]0 (O)S

Cl cor\}o\ins c.-\- \eas}' n e\emen“s < X
{q [R-JE=N Permu'}-o')ior\ OC SOF+.9}

Sor}‘.c‘ con}'ains ou]‘ leas} n e\emen*‘s I %
{ sork.q is in ascending order}

-]—he nth E\emen]— op Sor}.q s < X
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and Since the obove caleula bion derives
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"th\‘l’, as o consequence OP [P? q], i')-s
?\'ro)- line imp\ies ﬂ'::, \&s‘l‘ line g)r‘ an
X , i+ cc\P\*ures L’j indirect order ’ The
elementwise demonstrabon c? [sor‘LP p

sorkq-_) . CEnd o?’?roof)

The loadder theorem is well-known. TF
lels wus Yhat iﬁ in o matrix  with sorted
rows, we sort gl Mae co\umns, the rows
remein sortred. The chbove )’)roof) of'}ke
lecdder Yheorem has bheen recorded Ci)
\oecmse -qur‘e ore such mesS:j PTOO@ o?
it -T saw one }the other month- , G be.
cause | don't Succeed in view'm3 '} as
“intuibivel o\ov]ous”, and (i) because
Yhe ohbove Froo() 1S so nicel disentan-
j\ed: SorHrE 'S Permu}-iﬂﬁ \f:mg makin
ascending , and P\ease note dhe se}oo.ro\‘}-e

&]opec\\:s o these two I:roper']-ies.

M ’H?omks ‘\'O‘H')e E’TQC ]@r‘ :"urnin m
gm}JveFSEOn into o Proof) bj iﬂc\irEc}‘&oro\\Zr.
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