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The MG"‘"\GMO«.’H co.l Divide

This note uses +he Sim]o}es-\' examp\e T could
-Hm'n\‘ o? -}o '.\bs%m%. an Old ISsue — & ]':Jone
o? contention, one miah]' SOJ" that tends to
divide the m&‘\"ﬂemo\’\‘icc‘] wor',c\. T S)nc.” Pfe-

sent two Prooﬁs QF" Yhe well-known equo‘l;b
(0) CC\+L.J>2: az-i- 'Zrc._-\:) ..}_bz

We 3ivc -Hwe ‘1n¥uil‘.ve. \Or‘oof F&rs}:

e mmeae s G mmmmmm =D
Conmnens O rt e .‘.><---b—---)
2
G C&.‘]Q
a-b b

The ]e@hono\ 5'1cle oP (0) r‘e}oreszn}s -nne,_ O.TeC
of the undivided big square; the ri3h1‘]nanal
side TePf‘ESef‘\JrS Yhe sum OF Yhe -arecs 0)0

the {-70*«“‘ F’c“’}-s as N Yhe cabove T:)‘acl-ure. In

S}'\or‘}': equa\i-l-‘v (0) s4ores 3OLA N 'Hne -?ch.{
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Now we ‘\‘Uf‘n )(‘0 ’H"le CGlCu\&’q"lonc-..l .Pr..oop
Qs uf‘;.u.c\\‘ we shell EXP]O”‘ the OuSSocic\‘q'ivi}-j

o(’ the addibion -~ je the Equo.li)-‘y
(Pq-c") +1r = F-i—- (Ql-rr‘) g:r' al] P,c,,r" —_

tm ]ici“ b‘_‘j Omi'H-if]g Such semo\nhc_o\“ re-
dutd&n? PCAf‘Eh'}L\@.S'IS. Here. we 80}702 G':j q)]:»,

Ca+b)?
{_de Bﬂi}ior\ O‘F eXPonen}"ualion}

(at+b)s (at+b)

= {d‘as%i]ou*}ion -(q-’i—r) = P-c1 + 'P-r'}
Catb)a + ch-rb)'r\;

= fdistribution (P—i-q)or‘ = per * QT “'wiCe_}
o+ beo. + ab + b.b

= {S mme_}r O{J LA P-c\ = q'P}
e G -?-Cwb -;?Q'\:! + b'b

= {de?mihon o(f ex"DOnen*\':al-ion )rwic:e_;

roTaer'lr_uj ot" 2: P+p= ’Z-P}
ot f'z-c«'}: + bt .

—
—

-
—

(In the very last line -as in (0)— we have
imyp\ic§¥\\lj wsed -\-kc\}‘ Q)So mu\-}'ip\'lc_o.'}ior‘- is
c\ssocio«hve.) Compomd with ']'he Co\\cu]c;,-
'\'iOna\l ProoF) owr {Z:r‘mer‘ 'in'}'ui-'-ive )oroo
15 Seduc’ﬁveb simPle, but N -“qouj\’\ C Sfeo\l'
\over‘ o SimFlici}y, 1 -H'\in\( 4"’1&"‘ -Hne

'\-empl‘o\kon shoulq be resisted.

The *reditional Ob‘_)echon to the in tws )‘i\fey
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Pid-oric.l arguments is that ”‘e{‘j rayse wore
ques¥i0ﬂs L‘no«h -H'u ans wer beccxuse, ‘Pic)‘unzs
are alwajs ov*er‘sPeciGc. Trn owur exam]o)e,
)Oor' instance, Wwe howe in the P)c}‘ur‘e
lhe coase 0<b < . Does (O) also

hold when 0<a<hb ?  When b<o<a
Or . wore "-’f‘e—dseg, when O<a+b<a

and when a+b < 0 < 9 The in]tuilive argu-
ment does nol answer these ques‘hor\s. Be-
J TR < ‘a)rs si\e.n“‘ GSSumPhons obSCuf‘e Wl'\&)'
is pPur or¥ed|:7 demonstrated, we can ques-

Yiomn W ether the inluitive ar urnent should
be considered « Proo? ot o.]?

\'\H'H‘\ resI:ec+ 4-0 -H':e. above. que_s-}ions,
the calculational rooF; does wuch beltler:
‘Hne ‘\'r‘oms OrMQ)r')ons used oare value-]oreserving,
w\—\o\}‘euer‘ \'\e 5i3ns involved, and ,‘nenc.e,‘]‘}"e
Co\|cu\o~'\-10no.| cmgumcnl' demons-}-rc\‘}‘es o\) one
?eH 5Woop Yhor (0) s wvalid @r all pos-

S'I\:J]e S':Sr\ COmbino\)ri ONS.

There s oOne (L)Ar"’l',e,t- odvan'}'ase OP ’H’\'IS
caleulational proof’. and that concerns dhe
quesjr‘uon whether  (0) also holds i{) o, b
are matrices. (No)r an unfrecasonable ciues')'aon,
{)or Metrices con be added, Squareo\, cnd
rnun-i]alied, Jus‘{- ]'nke, r‘eQ] numhers.) To
the answer op -Hnis ques}}on, the ih}ui'}‘ive
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Froo? cannot C.Oh")'f"l})u'l'e. ot Osn : The celeu-
letional Froo immedictel Yells us -ch.)', in
Senergl, (0) does not hold {br‘ mectrices
since rrto.-}'rix YY'ILAH"I]‘DI'ICC\‘l.lon 1S hO‘,’ Sbmme)'ric
(‘.e. in 3enera], P*9 F 9°P %)r motrices P,o,)
Tn dhe intuitive ar ume_n‘)', (0)'s dePenc\ence.
on the s mmelrn:j o mu\‘]‘i)o\ica:l'ion s swePJr
uncer } e l"uﬁ, and 'qu inl-ui'hve O«fﬁurﬂe_n'}‘
IS error- prone , because +s o.PPc.ren}' Sim-
P\icilﬁj has been oblained )'33 c.ommH)-irD

the SN of omisSsion.

So Muc]"\ »@;r -\%e_ ho.'l‘u.r‘e. Op -lhe Mo\'”'le-

motical Divide.

¥ »*
%

Each side o() Hhis l"[o\-H'\e.mo}icc\l VDivide
ha s '1)'5 '?erven'}- deoc:c\)-es. ’P]c-}orim\ orouments
are Pro.;sec\ »{f;r bein no\}-ur‘o\] and in u})ive,
@F beir\a S\ﬂor}' oand 53mP|e, -{ér' Providinj
‘msiﬁh}, and -@r‘ o.icliné and 5uicl§n in the
CUSCove,:j 0{) New> mq)hemchsi chl 5 )Dic-
lures ore deemed less error-prone han
calculo}iOﬁs. Ca\cula'}ionql ar umen)‘s are
Frc\ised .Q_—)f- their r‘zjo;.r, {Jcar heir Qom]’)le)’e-
ness , '{-)or -Hne':r brevil&‘ cncl 10.16\5 J‘%r Yheir
amer\o\b‘ulil o mecko.r\icc] veﬁgca\}ion or ewven
qenerqlﬁon; Gﬁo.“ calculations are deemed
ess errorﬂrpr'One than Fic)or"nql or;aumen)"-?.
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To the cdiscuwssion of e pros and the cons
T wouldh like Yo add +wo r‘emar‘ks, because
T do not notice +hem beinj mace while 1
cdo Hthink 4\'1@ are relevant.

The grs"- remark s +]no}', no motter how
Sufprir:5ﬁ3, '\‘ick\inj, or c‘worm‘ma ”in}u;}ive
Froofs' ™Moy be . we do not know how Yo
tecch Yheir des‘lﬁn, this in controst to cal-
Culc,-}-'ions . whose de.s'ign 1o o Vetfj Lar‘ﬁe

exten* can be +au3h‘}-.

When +his alien resident of’ the USAH sees
a Pu‘o]isker"s cg}a|03ue of) mothematica)

texthooks, he cannot -(Jc:u] o notice that “in-

tuitive ’ occurs as an clmost wuniversal fecom-
mencla tion. But -}lnese blurbs meake him VE@
C}Oubl‘f\,\], '@)r he knows his Concise Oxgrd
f:D'lc-]"rOnofj . wh'nc\n descr'aloes " s -l-u.i Lo ! os

"immediate QFPre]ﬂ@f\S"°” b:j the mind,
wilko«»\' r‘eo.son}ng"

which almos? ?orce.s one Yo conclude that
e's-nqer the -\'\nin& C\?Pﬁehended s -}-0‘]‘0“\9 ‘lﬁviaL
or 4he G.pr‘ehe,nsion does not oawount to

Ueréj MMCL\-

F\no-}her‘ 'I'Llinj ‘H"ﬁs Q]]eq residen} OF) ‘“‘\e
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LSA coannot (’o.il -\'0 ho]'ice how 'Hf)e Qmerit'_an
mc‘“ﬁemo.)-ica' cOmmuni‘y is obsessecl with
mothermo, Fica PEdc‘Eoﬁﬁ and educo tonal re-
f‘?orm_ T om not making this wup. Ta Hhe Tl
1997, News leter of) the Texcs Sechonr oF) bhe
Mo\l-}'\em&-‘iCGl QSS‘OCQO\)ion of Qmeric‘c:\.l }he
'De)oar}menl- oF’ Mothematics and Shralislics
of Vexcs “lech Un‘:vers)b, Lubbock TX 79409,
inu'n-}es Qpplico\)ﬁons {%r bwo )“eﬂv«-fe )rr‘qck
65515}1&\} ng:ssof‘ Fosilicns. So @r. sogood,
bul the As? (.‘) r‘eciu.'reme.q} starts with

“The QFP]icom}- must show 5+r0'\3 evidence
o? research Po)-er\lio\l N co”egio\-\e leve[
mothemodtics educce bion. !

(Onyone nterested?) “This Pedeoasml obsession
S not L’)us}- S Modern Froduc} of/PoliJ-ica)
Correctress ("How to kee irls and other
minor \-ies in the mc&‘]'\emo\}ioo.l Q_‘)ld "t ek:),
i+ already showed ks wal .Pace c. hundred

o 9y
RQars .90, W)"er\ academic MGnl]nemc.Jrics Was

hcro\b es+o\\:>]ished in the USAH. 1 quote

"’.B:j 1897, +the Universi}j [oF) Chica\so] hag
ro v o Fed Jaco]p Young }o an GSsistant
Pm?essors')f:’ip spec.'ﬁcalb in  mathemabcal
FedQSo&j-
(F-Orn Kaoren Hunger‘ (Po.r‘-s}'!o.” and Dauvid E.
Ro we, " The Emer‘gence op The American M the -
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matice) Keseorch Commun;b, 1876 - 1900 - :)J
S'U)VES}'@", Felix ¥lein, and E.H.Moore 1/5. This
wos short Ovﬁ@f‘ Yhe Per\od lhat A merican
mQ}Lema]’iCS ‘ﬂac\ been ]"leo.vib ’rnPlumenced

b& Telix Klein, on ordent advoceate QP infui-
bon and visualizelion (”Qnsc"\auunjﬁ). Could
'l)" ‘06 -H')a} F\me.n-';ca's c;-H-r‘achior\ -l-o the wun-
}ec.chable '@rm o? doing mothe matics and
il's Fef’siS‘]‘en‘l‘ ]Du-]- }ﬂeﬁfec}ive_ ob5es~sion

wi-Hq W‘)c.:}')'\e?ho\"'iCQ) Feclc\jo'gy ore \"elc\]‘ed?

™ Second remark concerns the exlenk
to wta}ch Hhe roHe.ms o? compu tin

. i puting,
Pr‘Oﬁr‘c\mmlﬂj, and Oliﬁi‘}cal 533}‘e.ms cdesign
n eﬂer—Ql Qarg Gmenqlale 1o ma‘]‘l“nema {coJ
‘)rec‘qun% The onswer s #Hardb ! when we
ideh\‘ﬂ'e the doinj op o thema Yics  widh
s in ui)rive| iclorial SJ‘U)@., because
the leHer does not scole wp. To relurn

jo our earlier exmm}a]e, a Picjrorial

}orooP OF)

(c+b)® = a3 +3a%b + 3a-b” 4+ b°

has |OS}‘ W’IOS} OF) M‘le Q'}‘}r&Q’}‘iOT\ o
Sivn \;c_il , whi)e (o N iclorial roo oF)
-quFexP(znsfon OF (I-}B)(‘ boxf%es -Hne
imc.giﬁc\‘]'ior‘a. Al so N o honTJic*]‘or'na]

Se”"ir‘\j, /":mme.dicx}e_ otraprelqension bj H’le



EWD1268-7

it

mine | withodl recsoning does notr scele
“p.

But comPuJﬁn ' success@] c\esiﬁns
are \nigkly soP%is¥icq+ed logical con-
S‘I'ru\c']'s; 'qu:j Qe uho\vo'ldo.\)& \araa.
anad G chor cdesicn concern s o\wa&s
do S}r‘uc)ruf‘e Jrhem 1a) S‘uclﬂ o wa 'an.}'
the awmount o() r‘ec\soninj needecl %r
-Hneir 'usli i cc tion rémcains doo]ole_
The wude of "*eclnr\iques -an\]* clo scale
uP 1S an essenjr;o,) oSPec)‘, w]ﬂic\q,(c):r
ins']-o«nce_, has been addressed eXP!iCHl‘l
under the \nec‘clfnj ,,C-Omy)osi"'ir:)nc,ib ! L?/Je
are 5e-\-l-in3 more onc more suCCess€u|
o} \earnins how 4o keep SOF}WI'S‘]’EC.O\)‘QOI,
ambitious :Sjs%ams under conirol, hul in.
\/om'uc\l)l (c:mc;{ not SurT:risinjlj) ’Hnis re-
nmires he kinmd o() &r‘mo«) C&?eu]a-}ions
'gehx Klein disliked and an cttention o
detail he desl:)isecl.

You see, Qno“‘oer -H'\‘rnj 'H'\is Qlier\ resident
o? YVhe USA couldd not (ix.\ lo notice wos
-\-\ne S']‘ror:nj ‘SCE.TD‘HCE‘JM evoked owver here
b his —-I l]')Ough']- eloc‘uen'} and cOnvincmﬁ-—
]S?eas -@:r" a wmore mo.-uqemcl%co.\ QPProaclr\
4‘0 Comru\’l'lﬁj Science ond Froaro\mmiﬂj.
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An implication of that story is thek, in
the USH the term mathemotics  has o

—

meanin thet ol';?()er‘s f?‘om the one 1 grew
uF Lrifh. 1 am je'n':n . Peelin ?or- how
e role cf

Hhat d]ve.f‘genc.e coul oCccwr )

ed.LACD.'hOY‘T, which c\'wﬂper's (-)rovn c,oun'}r:j }o
coun}r‘j, hes o lot 4o do with it

% »#
»

The Meothematical Divide a)so mani?esl-s
il‘Se\P in what is considered the role of’
roo{-)s. A4 the intuilive side, )oroo@, heove
L be convincinﬁ; at the calewlational side,

Pr‘oo% hove Yo be correch

a% the intuitive sice lhere is a whole
]—\i]osop\r\j” o(’ mo“r\emo.'\'ics --T Suess ﬂ‘
hos o name, bur 1 don't know i+~ thot
Tzus\'\es mo.}lne.mc.'l‘ic.s as o social cachuiby:
1S &cce]:»*cz]ole i? enough peopfz
acce t }‘n (Name—s like Imre Q\'\O\‘)‘oﬁ,
/P}'\i]ilo J Dewvis &(Reu]oe.n 'Her‘sc]r\ come +o
mind.) I+ is an atitude very similer to

lhe one, not un]oopu\c.r in sofdware
o w\’\ic_\'\ ‘wser sctis-

”

o ‘PFOO

er\jineeriﬂﬁ circ\es,
-(7&Q-]'10ﬂ y s 4')7e Primar‘ Oluolil' cri‘}er"uon
{ér o piece oF' SOQWQre. The pPre eﬂm

with the 500\ o() “wser 50.%5-?0&}'?0“ 2
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how ever, is H‘uﬂ- i+ )orovioles O "\-Eclﬁn}c.o"
ﬁuidcmce 1o the ‘PrOSr‘om desgﬂer‘.

'ir\ Pr05r‘o.mm'-n5, ‘Hﬁe ans wer ]'\&s ]:eer\
-“ne in-‘r'Othr_)'lOﬂ o the {)umcl-ionc.) SPECI-
?icc\-\-iorw GS -n')e em oclimen+ o()a SePc«r'&-
on o-? concerns . 'H’le Cumc}-iona] S)'Deciﬁ.-
catiorm C«C"ﬁ s c |O<9iczc>.l ?frewo\” be.
-\ween w}‘»q{‘ o re Now known as ““’1&
Tﬁleasow-\'l'ﬂes.s Pro\o]em and the correckness
I‘Dmblem. “the plec:som'}ness Prolo|em deals
with the clu.es-l-ioru houo Sax‘isﬁzc}ocj Ca
s s-‘rem Yhee}'iﬁj Ca iven (L)Anc)-io\qc.\ 5)’)ec.‘_
Eftzzo.]rfoh would e ; He correctness )oro..
lem cdecls wsith -‘rlﬂe ques}ion u]'le“\er‘ a
Siveﬂ Sij']‘em mee}—s %’l’\a} (Dur'\chor\Q\ sPe_
Cz'f()it:olion, “The correctness ro blem loeinj
an  entirel %ec%nicc‘\ One, —]-Ee {ZAY]C]‘I'OHQ\
5T>eci {ca;?on can Prov'ic:le. s]'r“on\cJ heuristic
3bddo.nce -@)r‘ q-lne Sijs}‘% desgner. (‘ﬂw;s
sePc.r*a}ior\ of) concerms \-,ag Provokec\
Sdron obJe_c‘rions; correctness concerns
hové” been blormed '{%r s]'if-)\iﬂ:j the
‘Programme,r’s cr‘ea}iv#y ..... )

’j_ﬂ 4"16 ]C\.S‘} 120 (tje,ar‘,s of SO, &N anao -
109ous c\eve\oPmen-)- has aken Pl&ce in

MQl-lf\exna4ics, Ldl"lef‘e -”'xe woollj Oi"mm;j
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E

cri}-er':on OF ’Conuincina enough o? tjour- ?e”ow
moc]-}\emc.-l-ic'uans” has Been \'e\P aced \25 the re-
Quiremen;* Fhet Yhe resull be defrveol,aCCQfdina
to the rules o(? on ex}olici-)- stetead 103:‘c)
{)rom expliciH stoted os lates. Logic
ancl Y)OE}'LAIQ es act asP}he f&-':rewc.n, ‘Sakie‘di?j
the Fma?—desljnin Yncvn'nemcv}'iciaﬁ 'G'Om the
)’Jsbcl')o\c:ajico\] re?e.rences 0(7 ]'\"S Cczneaa:’:es_
And Qjasn 'H'\e —G)rmc.\izc\‘\'ion Pr‘Ovides s ong,
Lweurisl—ic ju.iclance,

The m«:f‘a\ o() f"\'\is S}‘Or s “rwo.}' ‘”’7& in}ro—
clue Hon OP Yhe p,nc_)-'.onoﬁ Syaeciﬁcq)rion i
Emgro\mminj s s»}ronj\ o\no\}oﬁou.s bo, and
&S undou\b\»ec\b Yoeen ﬁhsT:irec) by +the
-\Tans'l ¥ioﬁ Fo,—n -H'xe m u';)'i\re bo e cal-
culalional side o? the Meathema tbica)
Divide. “Thal Q?*Gmple 'S one more deb?
e owe dhe mathematical Cm“‘ure, but T
5]’10u]0l o\clol ‘}hq‘}' ho}' c.” ComPu}‘ef scen.
}isks slﬂare Such f()eelinﬁs OP ((jro.lilude_
Te }ite of Yhe in%mous 19??-v530-}7er
E:j DeMillo, L}PJ-on 2 rerlis “Social Pro -~
cesses anel ‘Proo s op Theorems ancl ?ﬂjmmsﬁ
s T"Q\/QQ{;ﬂS. S#aj;nj grm\lj oF the inlui-
Hve side the Mathemeatical Divide,
-”'\e\‘j O\fBU\e he Q-.-]-i\?{j o? Jr‘inzg lo treat

Frogr*o\ms Qs mg-}'hemal'ico.\ an,

Jec}s and bo ldjp
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lcabon and progrom musk be \QQ LA -

i

E’os‘-u\ql'e: ,’-.. 3"’7@. "}'T"Gﬂsi)'ia"\ be)-ween SOeCc:-

e e |

T Co.nno-]' \’ej‘)sll }o quo}‘e ET,BQH
C'ﬂ’)e. @evelopmen}' OF Moﬁ-l’\emc\)ﬁcs, {940, 1945 )
on the topic. He leaves no doub} as o
which side OP lhe Moathematical Divide
hes his Fre?erence.

Mo themadicians  and scien bists 0? e
CON sey ven )—ive_ ‘-;er‘suc\'s%or‘\ W\ G Pee‘ -”‘\o.)' G
Science COﬂSA‘fOu')ﬂQ.C{ b an QX?\?‘)C:)‘]"B ‘COT'W\U.-—
lated seb o? ASsumprions has lost some
o{) ks @-eec\om and is almos} dead. Ex?—;e-
Fence shows +hat the Onb loss s denial
O‘P -Hne Pr‘nv\le‘je (_')-F th.\'t':nﬁ avoidable mis-
—\ro\\-ces in reason"hﬁ. 95 1S Pcr)'mr)s bul -
fmGﬁl\..j no\s-urc.], eceh new encroachment OP
-“qe Pos\-u\o.hona) Vﬂenﬁod 5 vlgorous re. -
sisted bu some as an invasion o? halowed
rracli Hon. ObJec}ion Yo the method is neither
more nor less +than o‘c{)ec}im Yo mathematics,

B men.

Auskin, 10 Decernber 1997
‘Pro . clr Edsger‘ W’ngs}rq,
’Ee/]oar}men\‘ OP COMPMJ‘C’I Sciences
e Umversity of Texas ab Oushn,
Qusha, TX 9712-1188
U6



