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ABSTRACT

Given A�spline curves and A�patch surfaces that are implicitly de�ned on triangles
and tetrahedra� we determine their NURBS representations� We provide a trimmed
NURBS form for A�spline curves and a parametric tensor�product NURBS form for A�
patch surfaces� We concentrate on cubic A�patches� providing a C��continuous surface
that interpolates a given triangulation together with surface normals at the vertices� In
many cases we can generate cubic trimming curves that are rationally parametrizable
on the triangular faces of the tetrahedra� for the remaining faces we resort to using
quadratic curves� which are always rationally parametrizable� to approximate the cubic
trimming curves�

�� Introduction

Low degree polynomial or algebraic surfaces can often have dual parametric and

implicit representations� Each form has its distinct advantages� The parametric

polynomial spline in B�spline Basis �B� and Bernstein�B�ezier �BB� bases are cur�

rently overwhelmingly popular in commercial and industrial CAGD systems� In

this paper we show how to generate trimmed� parametric B�spline and BB�spline

representations for a collection of implicitly de�ned algebraic surface patches intro�

duced in Refs� ��	� Each implicit algebraic surface patch �A�patch� is a smooth�
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bounded� zero�contour of a trivariate polynomial� de�ned within a tetrahedron for

the barycentric B
BB basis and within a box for the tensor product B
BB basis

�see Ref� �� Chap� � for details�� We also show how to convert the trimming curves

of the input A�patch collection into rational parametric form in the same basis as

the surface conversion� yielding standard trimmed NURBS representations �� As

NURBS representations are e�cient to compute and are a very common standard

form for splines� being able to represent A�patches as NURBS is highly desirable�

Many low degree implicit curves or surfaces are rational� i� e�� convertible into

rational parametric form� All degree two curves �conics� are rational� but only the

subset of singular degree three �cubics� are rational� i� e� elliptic cubics are non�

singular and not rationally parametrizable �� In general� a necessary and su�cient

condition for the global rationality of an algebraic curve of arbitrary degree is given

by the Cayley�Reimann criterion a curve is rational if and only if g � �� where g�

the genus of the curve� is a measure of the de�ciency of the curves� singularities from

its maximum allowable limit� For surfaces� all implicit quadratic and cubic surfaces

can be rationally parametrizable �except the elliptic cubic cylinders or cones�� A

method for rationally parametrizing general quadratic curves and surfaces is given

in Refs� � and �� These are all we need to rationally parametrize C� quadratic A�

patches� Similarly� techniques for parametrizing rational cubic curves and surfaces

have previously been given in Refs� ����� A proper subset of higher degree surface

can be rationally parametrized� with a necessary and su�cient criterion given due

to Castelnuovo �� Since it is not always possible to perform exact conversions to

rational parametric form� we appeal to approximate conversions when necessary�

However� we preserve the continuity of the spline surface to be converted� that is�

we construct trimmed NURBS representations of C� cubic A�splines and C� cubic

A�patches�

The rest of the paper is organized as follows� Section � discusses the conversion of

A�splines curves� which are also the boundary �trimming� curves of A�patches� given

in implicit form to NURBS representation� In Section 	�� we �rst classify the cases of

exact convertibility of C� cubic A�patch splines into trimmed NURBS form� When

exact convertibility is not possible� we show how to generate �fair� approximate

trimmed NURBS� Section � concludes the paper� Details of the derivations and

examples are presented in the Appendices�

�� NURBS Representation of A�splines

An A�spline of degree n over the triangle �p�p�p�� is de�ned by

Gn�x� y� � Fn��� � Fn���� ��� ��� � �� ���

where
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and �x� y�T and ���� ��� ���
T are related by
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Here the objective is to get an A�spline parametrization of the following form

X�t� �

nX
i��

wiB
n
i �t�bi

� nX
i��

wiB
n
i �t�� t � ��� ��� �	�

where bi � IR�� wi � IR� and Bn
i �t� � fn���i��n � i���gti�� � t�n�i� Without loss

of generality� we may assume that w� � � �otherwise we could divide through by t

and have a parametrization of one lower degree�� Next� under the transformation

t �
t� � at�

� � at�
� a � ��� t� � ��� ��� ���

the curve �	� will preserve its form� that is

X�t� �
nX
i��

�� � a�iwiB
n
i �t

��bi

� nX
i��

�� � a�iwiB
n
i �t

��� t� � ��� ���

Therefore� we may assume further that wn � � by setting a � w
���n
n � �� which

makes �� � a�nwn � �� in the transformation ����

We consider �rst convex C� continuous A�splines �see Fig� ��a��� An A�spline

being C� implies that bn�� � b�n� � bn����� � b��n���� � � �� The C� continuous

A�splines on the triangle �p�p�p�� can be made into C� continuous A�splines on the

triangle �p�p�p
�

�� �see Fig� ��c�� through the use of the subdivision formula �� In

our applications in the parametrization of cubic �n � 	� A�patches� the coe�cients

a� b� c are �xed and d� e� f are parameters to be determined� where

a � b���� b � b���� c � b���� d � b���� e � b���� f � b����

The non�convex case �see Fig� ��b�� can be converted to the convex case by �rst

computing the intersection point p��� which leads to a linear equation for n � 	�

and then computing the tangent of the curve at p��� Note that this tangent does

not depend upon the coe�cients d� e� f �

���� Quadratic A�splines

It is not di�cult to see that the parametric form of a C��continuous quadratic

A�spline should have the following form �see Fig� ��d�� since it interpolates the

points p� and p� and is tangent to the lines �p�p�� and �p�p�� at the points p� and

p�� respectively�
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Fig� � �a� Convex case� �b� Non�convex case� �c� C� A�spline� �d� Quadratic
A�spline�

where w� is a parameter to be determined� This is called a ��
�� rational parametri�

lb zation because the of the numerator and denominator are each of degree � in t�

We show in Appendix � that

w� �

r
�

b���
�b���

� �� ���

���� Cubic A�splines

We �rst show that an irreducible C��continuous cubic A�spline never has a ��
��

rational parametrization� If we substitute the ��s de�ned by �A��� into F���� � ��

we have
P�

i�� ciB
�
i �t� � �� where
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Since B�
i �t�� i � �� � � � � �� are linearly independent� we have ci � �� i � �� � � � � ��

It then follows that

a� �dw�
� � �� 	cw� � �fw�

� � �� b� �ew�
� � �

and hence w� �
p
�a��d� The coe�cients of the A�spline must satisfy

d

a
�

f

�c
�

e

b
� ���

where a � b���� b � b���� c � b���� d � b���� e � b���� f � b���� However�

the substitutions ��� turn the A�spline F���� � 	a��
��� � 	b���

�
� � �c������ �

	d���
�
� � 	e���

�
� � f��

� � � into F���� � ����� � d�a ��
���a�� � b�� � �c��� � ��

which is the product of a line and an ellipse� The parametrization covers the ellipse�

and is essentially the same as the ��
�� parametrization of a quadratic A�spline�

The �	
	� rational parametric form of a C��continuous cubic A�spline should

have the following form in order to interpolate the points p� and p� and be tangent

to the lines �p�p�� and �p�p�� at p� and p�� respectively

X�t� � ���

p�B
�
��t� � w��p� � ��p� � p���B

�
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�
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��t� � w�B�

��t� � w�B�
��t� �B�

��t�
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where �� �� w�� w� are parameters to be determined�

We will show that the equation

G	p�p�p�
�a� b� c� d� e� f� � ��a�e�f� � �a�b�f� � ��a�bcef� � ��a�bde�f�

� ��a�c�e�f� � ���a�cde�f � �	�a�d�e� � ��ab�cdf� � ��ab�d�ef�

� �abc�f� � ���abc�def� � ����abcd�e�f � ���abd�e� � ��ac�ef�

� ���ac�de�f � ���ac�d�e� � ��b�d�f� � ��b�c�d�f� � ���b�cd�ef

� �	�b�d�e� � ��bc�df� � ���bc�d�ef � ���bc�d�e�

� ���c�def � �	�c�d�e� � � ���

gives a condition on the A�spline coe�cients that guarantee the A�spline has a

rational parametrization� The proof of this is rather technical and is given in Ap�

pendix B�

We will wish to construct rationally parametrizable cubic A�splines de�ned on a

triangle �p�p�p�� and passing through p� and p�� that are not necessarily tangent to

the edges �p�p�� and �p�p�� at p� and p�� This situation is illustrated in Fig� ��c��

where the tangent lines at p� and p� intersect at some other point p��� These

cubic A�splines will have one degree of freedom� the weight b���� which we will use

to satisfy ���� In order to accomplish this we de�ne a coordinate system ����
�

��
�

�

�where ��� � ��� � ��� � �� that has its origin ��� �� �� at p�� instead of p�� while

keeping the points ��� �� �� and ��� �� �� �xed�

The general cubic curve passing through p� and p� is

	b����
�
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�
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�
� � �b���������

� 	b������
�
� � 	b����

�
��� � 	b������

�
� � b����

�
� � � � ����

The tangent lines to this curve at p� and p� are

b����� � b����� � �� b����� � b����� � � �

and these intersect at the point

���� ��� ��� �
�b���b���� b���b�����b���b����

b���b��� � b���b��� � b���b���
�

The linear transformation that maps ���� ��� ��� � ��� �� ��� ��� �� ��� �b���b����

b���b�����b���b������b���b��� � b���b��� � b���b���� into ����� �
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�� �
�

�� � ��� �� ���
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with the inverse
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Thus the transformation ���� maps ���� into an equation of the form
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An example of this being used to construct a rational trimming curve is given in

Example � in Appendix D� for the face �p���p�p���

�� NURBS Representation of A�patches

An A�patch of degree n over the tetrahedron �p�p�p�p�� is de�ned by

Gn�x� y� z� � Fn��� � Fn���� ��� ��� ��� � �� ���

where
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���� Quadratic A�patches

The construction details of quadratic A�patches can be found in Ref� �� The

derivation of the parametrization of quadratic curves and surfaces is given in Ref� �

and the BB form is given in Ref� �� Details of the parametrization for the trimming

curves� which are all quadratic� have been presented in Section ���� For brevity we

will not repeat all of these conversion formulas here�

���� Cubic A�patches

The construction details of cubic A�patches can be found in Refs� 	 and ��

Appendix C summarizes all the required computation formulas for BB�form coef�

�cients of the A�patches for four adjacent face tetrahedra �see Fig� C��� and six

edge tetrahedra �see Fig� C���� With all these computational formulas� there are

still several degrees of freedom� Speci�cally� the weights am����� a
m
����� a

m
����� a

m
�����

am����� and bm���� may be chosen freely� We wish to use these degrees of freedom to

�
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make the cubic A�patch single�sheeted and have boundary curves that are rational

parametric�

	����� Rational parametric boundary curves

For the face A�patch� we have four weights free � �see Fig� ��� These weights will

be used to make the three boundary curves rationally parametrizable� Since forcing

a C��continuous cubic A�spline to be rationally parametrizable requires the impo�

sition of a single constraint ���� the splines on the three faces �p�p�p��� �p�p�p���

and �p�p�p�� lead to three equations

G	p�p�p�
�a����� a����� a����� a����� a����� a����� � �

G	p�p�p�
�a����� a����� a����� a����� a����� a����� � �

G	p�p�p�
�a����� a����� a����� a����� a����� a����� � � � ���

where G	pipjpk 
��� �� �� �� �� �� is de�ned by ���� and four unknowns �a����� a����� a�����

a������

For the edge patch� we have one weight free on the interface �p�p�p
��

� � �see Fig� 	��

If we let bijkl denote the weights for tetrahedron �p���p�p�p�� �as in Appendix C��

then the free weight is b����� Solving the equation G	p�p�p��

�

�b����� b����� b����� b�����

b����� b����� � �� provides the required coe�cient�

If we are given two rationally parametrized curves on a cubic surface� we can

obtain a rational parametrization for the surface in a manner similar to that in

Ref� ��� The idea is that a line that passes through two nonsingular real points on

a cubic surface must intersect the surface in a third real point� Let the two curves

on the surface f�x� y� z� � � be

c��u� � �x��u� y��u� z��u��
T and c��u� � �x��u� y��u� z��u��

T �

Then the cubic parametrization formula for a point p�u� v� on the surface is

p�u� v� �

�
� x�u� v�

y�u� v�
z�u� v�

�
� �

ac� � bc�
a� b

�
a�u� v�c��u� � b�u� v�c��v�

a�u� v� � b�u� v�
���

�



where
a � a�u� v� � rf�c��v�� � �c��u�� c��v��
b � b�u� v� � rf�c��u�� � �c��u�� c��v�� �

A simpler� lower degree parametrization can be obtained if we know and can use

two skew lines on the cubic surface rather than cubic curves� This was the approach

in Ref� ��� and results in a ��to�� covering of the cubic surface� while using cubic

curves as c� and c� can result in a ��to�� covering� which means that there are

nine values of the ordered pair �u� v� that map to almost all points on the surface�

Nonsingular cubic surfaces can be put into �ve categories based on the number of

real lines upon them� and rational parametrizations are possible in four of them�

Examples of these rational parametrizations are given in Appendix D�

	����� Addition of a singular point

In this section we determine the free coe�cients �dropping the superscript ��

a����� a����� a����� and a���� of tetrahedron �p�p�p�p�� by forcing the cubic surface

to have a singular point at a speci�c location outside the tetrahedron� say at p� 

���� ��� ��� ��� � ��k��k��k� 	k � �� for some k � �� A singular point on the

surface S��� � � is one where the gradient vanishes� so that rS�p�� � �� Here

S is considered to be a function of the three independent variables f��� ��� ��g�

The conditions that S��k��k��k� � � and ��S���i���p� � �� i � �� �� 	� are

equivalent to

� � �	k��a���� � a���� � a���� � �a���� � a���� � a���� � a�����

� 	k��	k � ���a���� � �a���� � �a���� � a���� � �a���� � a�����

� 	k�	k � ����a���� � a���� � a����� � �	k � ���a�����

� � k���a���� � �a���� � a���� � �a���� � a���� � a���� � �a���� � a�����

� k��k � ��a���� � �k��k � ���a���� � a����� � �k�	k � ���a���� � a�����

� ��k � ���	k � ��a���� � �	k � ���a�����

� � k��a���� � a���� � �a���� � �a���� � �a���� � �a���� � a���� � a�����

� k��k � ��a���� � �k��k � ���a���� � a����� � �k�	k � ���a���� � �a�����

� ��k � ���	k � ��a���� � �	k � ���a�����

� � k��a���� � a���� � �a���� � �a���� � �a���� � a���� � a���� � �a�����

� k��k � ��a���� � �k��k � ���a���� � a����� � �k�	k � ���a���� � �a�����

� ��k � ���	k � �� � a���� � �	k � ���a�����

and this system has the solution

a���� � k����a���� � �a���� � a���� � �a���� � a�����k

� ��	k � ���a���� � a���� � a������
	
�	k � ����

a���� � k���a���� � �a���� � �a���� � �a���� � a�����k

� ��	k � ���a���� � a���� � a������
	
�	k � ����

a���� � k���a���� � �a���� � �a���� � a���� � �a�����k

�



� ��	k � ���a���� � a���� � a������
	
�	k � ����

a���� � 	k�����a���� � a���� � a���� � �a���� � a���� � a���� � a�����k

� �	k � ���a���� � �a���� � �a���� � a���� � �a���� � a������
	
�	k � ��� ����

According to the inequality constraints in Ref� 	� a����� a����� a����� a����� a�����

a���� and a���� are all negative� while a����� a����� and a���� are all positive� The

conditions that the cubic A�patch is single�sheeted are that a����� a����� a�����

and a���� must all be positive� This will be the case for k � � when a���� �

a���� � �a����� a���� � a���� � �a����� a���� � a���� � �a����� These three

conditions guarantee that a����� a����� and a���� are positive� while combined they

are equivalent to a�����a�����a���� � ��a�����a�����a�������� which guarantees

that a���� is positive� Even if these conditions is not satis�ed� there may be values

of k for which the solution for a���� as given by ��� is positive� These conditions

are more easily satis�ed the more negative the quantities a����� a����� a����� a�����

a����� a���� and a���� are�

Next� points on the cubic A�patch are parametrized by lines passing through the

singular point and the plane determined by p�� p�� and p�� Lines passing through

a singular point� or double point� intersect the cubic surface in exactly one more

point� These lines have the form

L�t� � t�up� � vp� � wp�� � ��� t�p��

where u� v � w � �� Thus we make the substitutions

�� � tu� ��� t�k� �� � tv � ��� t�k�

�� � tw � ��� t�k� �� � ��� t��	k � ��� ���

and ��� into the cubic A�patch ���� This produces an equation which is linear in t

�P� � P��t� P� � �� where

P� � �k�a���� � a������ �	k � ��a�����u
�

� ��k�a���� � a���� � a������ �	k � ��a�����uv

� �k�a���� � a������ �	k � ��a�����v
�

� ��k�a���� � a���� � a������ �	k � ��a�����uw

� �k�a���� � a������ �	k � ��a�����w
�

� ��k�a���� � a���� � a������ �	k � ��a�����vw

and

P� � a����u
�v�a����u

�w�a����uv
���a����uvw�a����uw

��a����v
�w�a����vw

��

���

so that P� and P� consist of quadratic and cubic terms in fu� v� wg� respectively� The

region in the uv�plane over which the parametrization takes place can be described

by � � u � �� � � �� u � v� Then t satis�es

t �
P�

P� � P�
� and �� t �

P�

P� � P�
� ���

�



Now considering ���� each of ��� ��� ��� and �� is seen to be a quotient of cubic

polynomials in u� v� and w� Writing w � � � u � v� each of the � is seen to be a

function of two independent variables�

Of particular interest is the situation when k � �� for in that case the cubic

splines which are the intersections of the cubic A�patch with the side faces of the

tetrahedron are immediately parametrizable� Eqs� ��� with w � �� v � �� and u � �

will parametrize the faces where �� � �� �� � �� and �� � �� respectively� In order

for this to work� p� must be chosen su�ciently far from �p�p�p��� In this case� we

have

P� � ��a����u
� � �a����uv � �a����uw � a����v

� � �a����vw � a����w
��� ����

A su�cient condition that the A�patch is single�sheeted in this case is for the de�

nominator in ��� to always have the same sign� say negative� and this can be guar�

anteed if the coe�cients fa����� a����� a����� a����� a����� a����g are all positive while

fa����� a����� a����� a����� a����� a����� a����g are all negative�

	���	� Parametrizing the base triangle in the non�convex case

If the triangle �p�p�p�� is non�convex� or is convex but not all of its neighbors are

convex with the same sign� we are in the non�convex case� and the cubic A�patch in�

tersects �p�p�p�� in a cubic curve C���� ��� ��� �
P

i�j�k���	���i�j�k���aijk��
i
��

j
��

k
�

� �� where a���� � a���� � a���� � �� Let

�d� e� f� g� h� i� j� � �	a����� 	a����� 	a����� 	a����� 	a����� 	a����� �a������

Then each of fd� e� f� g� h� ig is determined� but we still have one degree of freedom

left in the coe�cients j� This degree of freedom can sometimes be used to make

C���� ��� ��� rationally parametrizable�

As triangle �p�p�p�� lies on the plane �� � �� it can be regarded as a function

of two variables� say x and y� where ���� ��� ��� � �x� y� �� x� y�� An irreducible

plane cubic curve F �x� y� � � is singular if it has a double point� that is� a point

�x�� y�� where F �x�� y�� � Fx�x�� y�� � Fy�x�� y�� � �� By taking resultants of

these polynomials and eliminating x� and y�� we obtain this polynomial whose

vanishing guarantees either the existence of a double point on C���� ��� ��� or that

C���� ��� ��� is reducible

H�j� � t� j
� � t�t� j

� � �t�� � t��t
�
� � ��t���j

� � t���t�t� � t�� � 	�t��j
�

� ����t� � t���t
�
� � �t��t� � ����t� � �t���t��j

�

� �t���t�t
�
� � ���t� � t���t� � ��t���j

� ���t�� � �t��t��t
�
� � �t�� � ��t��t

�
� � ��t�� � ���t�� � �t��

�� ����

where

t� � defghi � t� � dfh� egi � t� � defi� dghi� efgh � t� � di� ef � gh �

If this H�j� � � has real solutions� then C���� ��� ��� is singular and can be ratio�

nally parametrized� If all the solutions of H�j� � � are complex� then we use the

��



approximate �within any given approximation error� parametrization method given

in Ref� ���

If H�j� � � is satis�ed� then the following is the �	
	� rational parametrization�

which is obtained by intersecting the curve with lines ��� u��y � y�� � u�x � x��

through the double point �x�� y��

x � f����e� h�x� � t�y� � �e� �h����� u��

� ��t�x� � �t�y� � ��h� �i� j��u��� u��

� ��	�f � i�y� � �f � �i��u���� u� � �f � i�x�u
�g�D

y � f��t�x� � ��f � i�y� � �f � �i��u�

� ���t�x� � t�y� � ��h� �i� j��u���� u�

� ��	�e� h�x� � �e� �h��u��� u�� � �e� h�y���� u��g�D ����

where

D � �e� h���� u�� � t�u��� u�� � t�u
���� u� � �f � i�u�

t� � d� e� �h� i� j

t� � �f � g � h� �i� j �

The existence of the condition ���� also provides a method for �nding the �best

singular approximation� to a nonsingular cubic curve� Given a set fd�� e�� f�� g�� h��

i�� j�g� one seeks the value of j� say j�� nearest j� for which ���� is satis�ed for the

set fd�� e�� f�� g�� h�� i�� j�g� All these curves intersect the lines x � �� y � ��

and x � y � � in the same points� namely ��� ��� ��� ��� ��� ��� ��h��e � h�� ���

����i��f � i��� ��g��d � g�� d��d � g��� As j changes continuously from j� to j��

the topology of the cubic curve within the triangle can change only at the endpoint

j � j�� a value of j for which the cubic curve is singular� In particular� the same

points of intersection with the sides will be connected by non�crossing arcs for all j

strictly between j� and j�� Examples of the use of H�j� are given in Appendix D�

�� Conclusions

We have demonstrated how to construct rationally parametrizable A�spline

curves and A�patch surfaces on triangles and tetrahedra� respectively� The A�

splines interpolate base points on the triangles and are tangent to the corresponding

sides� We can construct C��continuous quadratic A�splines that have ��
�� ratio�

nal parametrizations� C��continuous irreducible cubic A�splines that have �	
	�

rational parametrizations can also be created�

We have also shown how to construct rational parametrizations for C��continu�

ous cubic A�patches� These patches interpolate points of a triangulation together

with surface normals at the vertices� In addition to the surface itself� the inter�

sections of the surface with the side faces of the tetrahedron containing the patch

are rationally parametrizable cubic curves� If a triangle in the triangulation of the

surface is non�convex� the intersection of the surface with that triangle �the base

triangle of the tetrahedron� may or may not be rationally parametrizable� if it is� a

parametrization is given� otherwise an existing approximation � can be used� These

��



NURBS representations allow one to go back and forth e�ciently between implicit

and parametric forms of these curves and surfaces� thereby allowing one to exploit

the advantages of both representations�
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Appendix A�

Proof of condition for rationally parametrizable C� quadratic A�spline

From ��� and ���� we have

�
X�t�
�

�
�

�

w�t�

�
p� w�p� p�
� w� �

��� B�
��t�

B�
��t�

B�
��t�

�
� �

�
p� p� p�
� � �

��� ��

��

��

�
�

where w�t� is the denominator of X�t�� From this� we have

�� �
�

w�t�
B�
��t�� �� �

�

w�t�
B�
��t�� �� �

�

w�t�
w�B

�
��t�� �A���

Substituting these ��s into F���� � � we obtain
P�

i�� ciB
�
i �t� � �� where

c� � b��� c� � b���w� c� �
�

	
b��� �

�

	
b���w

�
� c� � b���w� c� � b����

Since B�
i �t�� i � �� � � � � �� are linearly independent� we have ci � �� i � �� � � � � ��

It then follows that

b��� � �b���w
�
� � � �A���

��



and hence ��� holds� Summarizing� a C� continuous quadratic A�spline F���� �

�b�������� b����
�
� � � has a ��
�� rational parametrization if and only if �A���� or

equivalently ���� holds� and then that parametrization is given by

�� �
�

w�t�
B�
��t�� �� �

�

w�t�
B�
��t�� �� �

�

w�t�

r
�

b���
�b���

B�
��t��

where

w�t� � B�
��t� �

r
�

b���
�b���

B�
��t� �B�

��t�� t

Appendix B�

Proof of condition for rationally parametrizable C� cubic A�spline

In this appendix we prove that if the coe�cients of a C� continuous cubic A�

spline satisfy ���� then it has a rational parametrization�

From ��� and �A��� we have

�
X�t�
�

�
�

�

w�t�

�
p� w��p� � ��p� � p��� w��p� � ��p� � p��� p�
� w� w� �

�����
B�
��t�

B�
��t�

B�
��t�

B�
��t�

�
���

�

�
p� p� p�
� � �

��� ��

��

��

�
�

From this� we have

�� �
�

w�t�
�B�

��t� � w���� ��B�
��t��

�� �
�

w�t�
�w���� ��B�

��t� �B�
��t��

�� �
�

w�t�
�w��B

�
��t� � w��B

�
��t��� �B���

Substituting these ��s into F����� ��� ��� � �� we have
P�

i�� ciB
�
i �t� � �� Hence

we get the following conditions ci � �� i � �� � � � � � where

c� � b���� c� � �w��b��������� b������ c � �w��b��������� b������ c� � b����

a�rming that b��� � b��� � b��� � b��� � �� and

c� � 	�	d u� � a v � a y� �B���

c� � ���	d� f�u� � ��d u�x� ���a� c� d�uv � ���a� c�uy

�	



� ��a vx� ��a xy � a �B�	�

c� � ����a� �c� �d� e� f�u�v � ���a� �c� e�u�y

� ���a� c� d�uvx� ���a� c�uxy � ��a vx� � ��a x�y

� ��b� �c� d�v� � ���b� c�vy � �b y� � ��a� c�u� �a x �B���

c� � ����b� �c� d� �e� f�uv� � ���b� c� e�uvy � ��b uy�

� ���b� �c� d�v�x� ���b� c�vxy � ��b xy�

� ��a� �c� e�u� � ���a� c�ux� �a x� � ��b� c�v � �b y �B���

c� � ���	e� f�v� � ��e v�y � ���b� c� e�uv � ��b uy

� ���b� c�vx� ��b xy � b �B���

c� � 	�	e v� � b u� b x� �B���

where

x � w�� y � w�� u � w��� v � w�� �B���

are unknowns and a� b� c� d� e� f are parameters� From �B��� and �B���� we have

x � u� �	e�b�v�� y � v � �	d�a�u�� �B���

The sign constraints

a � �� b � �� d � �� e � �� f � �

must be satis�ed �� so it is permissible to divide by a and b here�

Substituting x� y from �B��� into �B�	� and �B��� produces

� � ��ade u�v� � ��abf � �bcd�u� � ��abd uv � a�b �B����

and

� � ��bde u�v� � ��abf � �ace�v� � ��abe uv� ab� �B����

for the unknowns u� v� Now when the sum of �B��� and 	aev� times �B���� is divided

by b� and the substitutions �B��� are made� we obtain

� � ��a�ef u�v� ���bd�bd� ae�u� ��ab�af � �cd�u�v �	a��bd� ae�v� � �a�bc u �

�B����

Similarly� when the sum of �B��� and 	bdu� times �B���� is divided by a� and the

substitutions �B��� are made� we obtain

� � ��b�df u�v� � ��ae�ae� bd�v� � �ab�bf � �ce�uv� � 	b��ae� bd�u� � �ab�c v �

�B��	�

We will now show that the system �B���� B���� B���� B��	� has a solution �u� v�

when one polynomial constraint is imposed on fa� b� c� d� e� fg� This will be accom�

plished by taking resultants of this system by eliminating u and v� and �nding that

the end results have a factor in common� See Refs� ���� ��� for good discussions on

resultants� The resultant of two polynomials vanishes at all values of the parame�

ters where the original polynomials have a simultaneous solution� Let P�� P�� P�� P�

��



denote the right�hand sides of �B����� �B����� �B����� �B��	�� respectively� and let

R�Pi� Pj � v� denote the resultant of Pi and Pj obtained by eliminating the variable

v� Then we can say

P� � R�P�� P�� v����a
�b�� P� � R�P�� P�� v������ab

�e�

P� � R�P�� P�� v�����ab
�� � �B����

Now when the resultant of any two of �P�� P�� P�� obtained by eliminating u is

taken� this factor appears

G	p�p�p�
�a� b� c� d� e� f� � ��a�e�f� � �a�b�f� � ��a�bcef� � ��a�bde�f�

� ��a�c�e�f� � ���a�cde�f � �	�a�d�e� � ��ab�cdf� � ��ab�d�ef� � �abc�f�

� ���abc�def� � ����abcd�e�f � ���abd�e� � ��ac�ef� � ���ac�de�f

� ���ac�d�e� � ��b�d�f� � ��b�c�d�f� � ���b�cd�ef � �	�b�d�e�

� ��bc�df� � ���bc�d�ef � ���bc�d�e� � ���c�def � �	�c�d�e��

Consequently� whenever the coe�cients �a� b� c� d� e� f� satisfy ���� the polynomials

P�� P�� and P� have a common root for u� and �B��� � B��	� have a common solution

�u� v�� t

Appendix C�

Control points computation details

In this appendix we explain the computation of the coe�cients of A�patches�

The formulas given here are more concrete because all the formulas related to one

triangle are provided�

C��� Convex case

In the convex case� that is� when two adjacent triangles are both positive convex

or negative convex� we just need to form four face tetrahedra on the same side of

the triangles� This is illustrated in Fig� C���

We are given a triangulation of a surface with normal vectors at the vertices�

and wish to construct a smooth single�sheeted surface passing through the vertices

of the triangulation� Typically� an edge in the triangulation is common to two

triangles� Thus for a typical triangle �p�p�p��� we let p��� p
�

�� and p�� denote the

vertices of the triangulation such that �p��p�p��� �p�p
�

�p��� and �p�p�p
�

�� are also part

of the triangulation� Over each of these four triangles we will construct points to

make control or �face� tetrahedra� these will be tetrahedra �p�p�p�p��� �p
�

�p�p�p
�

���

�p�p
�

�p�p
��

� �� and �p�p�p
�

�p
���

� � �see Fig� C����

We also need to introduce �edge� tetrahedra as in �� between the face tetrahe�

dra� Let p��� � p
��

� � and p
��

� be the midpoints of the line segments �p�p
�

��� �p�p
��

� �� and

�p�p
���

� �� respectively� Each of these midpoints contributes to the formation of two

edge tetrahedra� and these are illustrated in Fig� C���

��
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The following notation will be used to represent the coe�cients of all of these

tetrahedra

Face tetrahedron Weights Coordinates Edge tetrahedron Weights Coordinates

p�p�p�p� a�ijkl �� p��
�p�p�p� b�ijkl ��

p�
�p�p�p

�
� a�ijkl �� p��

�p�p�p
�
� b�ijkl ��

p�p
�
�p�p

��
� a�ijkl �� p�p

��
�p�p� b�ijkl ��

p�p�p
�
�p

���
� a�ijkl �� p�p

��
�p�p

��
� b�ijkl ��

p�p�p
��
�p� b�ijkl ��

p�p�p
��
�p

���
� b�ijkl ��

We now seek to determine the coe�cients of all the face and edge tetrahedra

described above� The weights a�ijkl and b�ijkl� along with their signs for the case of

adjacent convex faces� are depicted in Fig� C�	�

The condition that the cubic A�patch passes through p�� p�� p�� p
�

�� p
�

�� and p
�

�

immediately gives us

am���� � �� am���� � �� am���� � � � m � �� �� 	� �� �C���

Coe�cients around the vertices are given by the normal condition ���

a�n���ej�ek � anej �
�

n
�pk � pj�

TNj � j � �� �� 	� k �� j� �C���

where the vector

Nj � rS�pj� �

�
�S�pj�

�x

�S�pj�

�y

�S�pj�

�z

�T
�

C� conditions are given by the following � �

a�������� � b�������� � a�������� � b�������� � a�������� � b�������� �

a�������� � b�������� � a�������� � b�������� � a�������� � b�������� �

b�������� � b��������� b�������� � b��������� b�������� � b��������� �C�	�

��
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Fig� C�	 Tetrahedra and control points for adjacent convex faces

C� conditions between the polynomials on face tetrahedra and edge tetrahedra ���

b�������� � ���a
�
������� � ���a

�
�����������

� ���a
�
�����������

� ���a
�
�����������

b�������� � ���a
�
������� � ���a

�
�����������

� ���a
�
�����������

� ���a
�
�����������

b�������� � ���a
�
�����������

� ���a
�
������� � ���a

�
�����������

� ���a
�
�����������

b�������� � ���a
�
�����������

� ���a
�
������� � ���a

�
�����������

� ���a
�
�����������

b�������� � ���a
�
�����������

� ���a
�
�����������

� ���a
�
������� � ���a

�
�����������

b�������� � ���a
�
�����������

� ���a
�
�����������

� ���a
�
������� � ���a

�
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where the �ji are de�ned by

p��� � ���p� � ���p� � ���p� � ���p� � ���p
�

� � ���p� � ���p� � ���p
�

�

p��� � ���p� � ���p� � ���p� � ���p� � ���p� � ���p
�

� � ���p� � ���p
��

�
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� � ���p
���

� �

C� conditions between the polynomials on edge tetrahedra �� �
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where these �ji are de�ned by

p��� � ���p
�

� � ���p� � ���p� � ���p�� p��� � ���p� � ���p
��

� � ���p� � ���p��

p��� � ���p� � ���p� � ���p
���

� � ���p� �
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More equations that we will use come from �

a����� � 	��a
�
���� � 	��a

�
���� � 	��a

�
���� � 	��a

�
�����

a����� � 	��a
�
���� � 	��a

�
���� � 	��a

�
���� � 	��a

�
�����

a����� � 	��a
�
���� � 	��a

�
���� � 	��a

�
���� � 	��a

�
�����

a����� � 	��a
�
���� � 	��a

�
���� � 	��a

�
���� � 	��a

�
�����

a����� � 	��a
�
���� � 	��a

�
���� � 	��a

�
���� � 	��a

�
�����

a����� � 	��a
�
���� � 	��a

�
���� � 	��a

�
���� � 	��a

�
����� �C���

where am���� are free and the 	mi are given by

p� � 	��p� � 	��p� � 	��p� � 	��p
�

�� p�� � 	��p� � 	��p� � 	��p� � 	��p
�

��
p� � 	��p� � 	��p� � 	��p� � 	��p

�

�� p��� � 	��p� � 	��p� � 	��p� � 	��p
�

��
p� � 	��p� � 	��p� � 	��p� � 	��p

�

�� p���� � 	��p� � 	��p� � 	��p� � 	��p
�

��

A simple way of arriving at values of am���� is given by �

am���� �
�

�
�am���� � am���� � am���� � am���� � am���� � am����� � �C���

However� there is a more general method for determining these and other coe�cients

that are necessary for the parametrization of the surface of the edge tetrahedra�

This involves computing values that are interpolated averages of the normals of the

vertices of the corresponding tetrahedron� For a tetrahedron �p�p�p�p��� de�ne

��pi�pj �pl� �
���pl � pi� � �pl � pj��

T �pj � pi�

kpj � pik�
� �� ��pj �pi�pl�

where i� j� l � f�� �� 	� �g� Then the interpolation formulas are

am���� � �am���� � am���� � ��p��p��p��a
m
���� � ��p��p��p��a

m
�������

am���� � �am���� � am���� � ��p��p��p��a
m
���� � ��p��p��p��a

m
�������

am���� � �am���� � am���� � ��p��p��p��a
m
���� � ��p��p��p��a

m
�������

am���� � �am���� � am���� � ��p��p��p��a
m
���� � ��p��p��p��a

m
�������

am���� � �am���� � am���� � ��p��p��p��a
m
���� � ��p��p��p��a

m
�������

am���� � �am���� � am���� � ��p��p��p��a
m
���� � ��p��p��p��a

m
������� � �C���

This gives us three ways of computing am���� depending on what coe�cients are

known� If all six of amijk� are known� where fi� j� kg � f�� �� �g in some order� we

use the average of the three formulas� resulting in

am���� �
�

�



�am�����p� � p��� am�����p� � p��� � �p� � p��

kp� � p�k�

�
�am�����p� � p��� am�����p� � p��� � �p� � p��

kp� � p�k�

�
�am�����p� � p��� am�����p� � p��� � �p� � p��

kp� � p�k�

�
� �C���

��



In Section 	���� it was mentioned that the coe�cient b����� is free� We select

a value for this coe�cient to make the trimming curve on triangle �p���p�p��� the

boundary of the two edge tetrahedra� rationally parametrizable� This is done by

�nding the values for b����� that satisfy ���� where �a� b� c� d� e� f� � �a������ a
�
���� b

�
�����

b������ b
�
����� b

�
������ This equation always has at least two real solutions when the

inequality constraints for single�sheetedness in � are satis�ed� These are a � ��

b � �� d � �� e � � �or with all the inequalities symbols reversed�� Then the

coe�cients of f� and f� in ��� are �	�d�e���ae � bd�� � c� � �c��ae � bd�� and

��a�b�� As these are of opposite signs� there must be at least one positive and one

negative real value of f satisfying ���� Among these two or four real values� we

choose the possible value of b����� to be the one that comes closest to satisfying a

C��continuity condition from � This condition is

bi���� � �i�
�
ai���� � ��i��

i
�a

i
���� � ��i��

i
�a

i
���� � ��i��

i
�a

i
���� � �i�

�
ai����

� ��i��
i
�a

i
���� � ��i��

i
�a

i
���� � �i�

�
ai���� � ��i��

i
�a

i
���� � �i�

�
ai���� ��C����

We obtain estimates for b����� and b����� using �C����� and then an estimate for b�����
by taking their average �this is the �rst equation of �C��� where ����� �

�
�� �

�
�� �

�
�� �

����� �� �� ������ The real root of f � b����� out of the two or four real roots of ���

that is closest to this estimate is the value chosen for b������

C��� Non�convex case

This is the situation when some of the triangles of the triangulation are non�

convex and is illustrated in Fig� C���
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Fig� C�� Tetrahedra and control points for adjacent non�convex faces
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use the following notation� which is similar to that of Table C��� for the tetrahedra

�below� �p�p�p��

Face tetrahedron Weights Coordinates Edge tetrahedron Weights Coordinates

p�p�p�q� c�ijkl �� p��
�p�p�q� d�ijkl ��

p�
�p�p�q

�
� c�ijkl �� p��

�p�p�q
�
� d�ijkl ��

p�p
�
�p�q

��
� c�ijkl �� p�p

��
�p�q� d�ijkl ��

p�p�p
�
�q

���
� c�ijkl �� p�p

��
�p�q

��
� d�ijkl ��

p�p�p
��
�q� d�ijkl ��

p�p�p
��
�q

���
� d�ijkl ��

We then have a set of equations analogous to �C�� � C���� with the quantities

�amijkl � b
m
ijkl�p��p

�

��p
��

� �p
���

� �p
��

� �p
��

� �p
��

� � �
j
i � �

j
i � 	

j
i � replaced by �cmijkl � d

m
ijkl�q��q

�

��q
��

� �

q���� �q
��

� �q
��

� �q
��

� �
��ji � ��

j
i �
�	ji ��

On some occasions� in order to improve the smoothness properties of the A�

patch surface we will partition a non�convex triangle into three smaller triangles

using a Clough�Tocher split ��

Appendix D�

Examples

Here we provide examples of the rational parametrizations for both adjacent

convex tetrahedra and adjacent non�convex tetrahedra� We also provide rational

parametrizations of the cubic trimming curves in all cases in which it is possible�

D��� A�patches obtained from surface data

Example �� This example deals with adjacent convex faces �p�p�p�� and �p
�

�p�p���

We obtain the parametrizations of the face tetrahedron �p�p�p�p�� and the edge

tetrahedron �p��p�p�p
�

���

The input data of Example �

�i� j� Vertices p
�j�
i Normals n

�j�
i �i� j� Top vertices p

�j�
�

��� �� �� �� � ��� �	� �	 ��� �� �� �� �
��� �� �� �� � ��� ��� �� ��� �� ��� ��	� ��	
�	� �� �� �� � ��� �	� �� ��� �� 	��� �	��� ���
��� �� ���	� �� �	�	 ���� ��� �� ��� 	� ��	� �� ����
��� �� ���� ��� 	�� ��� ��� ��
�	� �� ������ ����� ������ �	� ��� ��

Here p��� � �p��p
�

���� � ������ ���� ��	�� p��� � �p��p
��

���� � �	����	��� �����

and p��� � �p� � p���� ��� � ���	� ���������

��



By �C��� we immediately get
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Then by �C��� we have

a����� � �
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��
a����� � �

��
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a����� � �

	��	

	���
a����� � �
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�
�� 	
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�
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�
�� � ������� 	�������������� and �	�� � 	

�
� � 	

�
�� 	

�
�� �

���	���� ��������������� Therefore from �C��� we have

a����� � �	���� a����� � ��������

a����� � ���������� a����� � ������	����	���

We now use the idea of putting a singular point on the cubic surface and set

k � � in ���� This gives

am���� � am���� � am���� � am���� � �� m � �� �� 	� ��

We now �nd that ���� � �
�
� � �

�
� � �

�
�� � ������ ���� ��	� �� and ���� � �

�
� � �

�
� � �

�
�� �

��	�	�� ����� �	���� 	���� Here we again use the idea of putting a singular point

on the cubic surface and set k � � in ���� Now by �C��� we have

b����� � ��	������ b����� � �����������������
b����� � �����	������� b����� � ��
b����� � ��	������ b����� � �	�	�a����� � �����������
b����� � �	�	�a����� � 		�	��� b����� � � �

�D���

Also� we have ����� �
�
�� �

�
�� �

�
�� � ����� �� �� ����� ����� �

�
�� �

�
�� �

�
�� � ��� ���� �� �����

and ����� �
�
�� �

�
�� �

�
�� � ��� �� ���� ����� With these values� and the choice b����� �

b������ �C��� becomes

b����� � b������ b����� � �	���a����� � �������������������

b����� � �	���a����� � �	������������ b����� � ��	������ �D�	�

��



With these values the parametrization ��� for tetrahedron �p�p�p�p�� is

�� � u�������	�u�� �	������uv� ��������v�

� �	��	���u� ��������v� 	���������D �

�� � v�������	�u�� �	������uv� ��������v�

� �	��	���u� ��������v� 	���������D �

�� � ��� u� v��������	�u�� �	������uv� ��������v�

� �	��	���u� ��������v� 	���������D �

�� � ���������u�v � 	uv� � �v� � �u� � �uv � �v� � �u� �v��D�

where

D � ��������u�v � �����	��uv�� 	�������v�� �	��	���u�

� �����	���uv� ��������v�� ����	���u� ��	�����v� 	������� �

The cubic curves which are the intersections of the cubic A�patch with the faces

of the tetrahedron have simple rational parametrizations� For the face �p�p�p���

where ��
� � � and w � �� u� v � �� we have

��
� � u�������	u�� ������	u� ����������������u�� ������u� 	������ �

��
� � ��� u��������	u�� ������	u� ����������������u�� ������u� 	������ �

For face �p�p�p��� where �
�
� � � and v � �� we have

��
� � u���	u� � ����u� ������������u�� ����u� ����� �

��
� � ��� u����	u� � ����u� ������������u�� ����u� ����� �

For face �p�p�p��� where �
�
� � � and u � �� we have

��
� � v���v� � ��v � �������v� � ��v� � �v � ��� �

��
� � ��� v����v� � ��v � �������v� � ��v� � �v � ��� �

In order to complete the parametrization for the edge tetrahedron �p���p�p�p��

we need speci�c values for a������ a
�
����� and b������ The �rst two might be computed

in the same way a����� and a����� were� but this requires knowledge of the location

of and the surface normals at additional points of the triangulation� Speci�cally�

the triangles involved are those that border triangle �p��p�p�� on edges �p��p�� and

�p��p��� Alternatively� if triangle �p
�

�p�p�� is at the boundary of the triangulation�

we can use �C���� which we do in this example� Here we have ��p���p��p
�

�� � ������

��p��p
�

��p
�

�� � ������ and

a����� � ��� a����� � �	��� �

This in turn makes the middle equations of �D�	� become

b����� � ������������������ b����� � �������������� �

��



The remaining weight b����� is chosen to satisfy ��� in order to make the trimming

curve on the face �p���p�p�� rationally parametrizable� The implicit form of the curve

on this face is
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Applying the transform ����� with ���� ��� ��� � ���� � �
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� � �
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��� we obtain
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Substituting the values of the coe�cients into ���� we obtain a fourth degree poly�

nomial in b����� whose roots are

��������� ���	���	� ���������� ���������� �

The estimates for b����� and b����� according to �C���� are b����� �

	�����	���	���	����� and b����� � � ����	����� The estimate for b����� is the

average of these� which is �����	���	������������ � ��������� The root closest

to this estimate is b����� � ����������� Now we substitute this into �B���� to obtain

the common root u � �����	�� of P�� P�� and P�� Then we substitute into �B����

B���� B���� B��	� to obtain the common root v � ���	���� Next� by �B��� we get

x � �������� � y � �������� �

and by �B��� we have

w� � �������� � w� � �������� � � � ������� � � � ���	��� �

These values give the parametrization for the cubic trimming curve in triangle

�p���p�p��

��� � �B�
��t�� ��	����B�

��t���D �

��� � ���������B�
��t� �B�

��t���D �

��� � ������	�B�
��t� � ���	��	B�

��t���D �

where

D � B�
��t� � �������B�

��t� � �������B�
��t� �B�

��t� �

Returning to the original coordinates by using the transformation ����� we have

��� � �B�
��t�� ���	���B�

��t� � ��	����B�
��t���D �

��� � �����	��B�
��t�� �������B�

��t� �B�
��t���D �

��� � ��������B�
��t� � �������B�

��t���D �

�	



where

D � B�
��t� � �������B�

��t� � �������B�
��t� �B�

��t� �

With the above values� including b����� � b����� � ����������� the parametriza�

tion ��� for tetrahedron �p���p�p�p�� is

��� � u���������u�� �������uv� ��������v�

� ��������u� ��������v� ��						��D �

��� � v���������u�� �������uv� ��������v�

� ��������u� ��������v� ��						��D �

��� � ��� u� v����������u�� �������uv� ��������v�

� ��������u� ��������v� ��						��D �

��� � �����	����u�� ��������u�v � ���	����uv�� ��						v�

� ��������u�� ����				uv� �������v� � ��	�����u� ��������v��D�

where

D � ����	����u�� ��������u�v � ���	����uv�� ��						v�

� �������u�� ��������uv� ����				v�� ��	����u� ��������v� ��						 �

The cubic curves that are the intersections of the cubic A�patch with three of the

faces of �p���p�p�p�� have rational parametrizations� For the face �p���p�p��� where

��� � � and w � �� u� v � �� we have

��� � u���������u�� ���	����u� ��						�

�����	�����u�� ��������u�� ��������u� ��						� �

��� � ��� u����������u�� ���	����u� ��						�

�����	�����u�� ��������u�� ��������u� ��						� �

However� this curve lies outside triangle �p���p�p�p�� for all u in ��� ��� so the surface

patch does not intersect this triangle except at the vertices ��� �� �� and ��� �� ���

For face �p�p
��

�p��� where �
�
� � � and v � �� we have

��� � u���������u�� ��������u� ��						�

������	����u�� �������u�� ��	����u� ��						� �

��� � ��� u����������u�� ��������u� ��						�

������	����u�� �������u�� ��	����u� ��						� �

������	� � u � �������� �

The lower limit for the range of u is where ��� � ��� � �� and the upper limit is where

������� � �� For face �p�p�p��� where �
�
� � � and u � �� we have a parametrization

that is equivalent for that of tetrahedron �p�p�p�p��

��� � v���������v� � ��������v� ��						�

��



����						v� � ����				v�� ��������v� ��						� �

��� � ��� v����������v� � ��������v� ��						�

����						v� � ����				v�� ��������v� ��						� �

� � v � � �

Parametrizations for the other edge tetrahedra surrounding �p�p�p�p�� can be

found in a similar manner�

Example �� In this example� the input data consists of one convex triangle

�p�p�p�� and one non�convex triangle �p�p�p
�

��� The non�convex triangle is fur�

ther subdivided into three sub�triangles �cp�p
�

��� �p�cp
�

�� and �p�p�c�� where c is

the centroid �p� � p� � p����	� The edge �p�p�� between the two triangles is con�

vex� The output data are the parameters of the NURBS representation for the

face and edge A�patches� as well as the NURBS representation of the boundary

curve� Here we only need to give the NURBS representation for the curve on the

face between the two edge tetrahedra� since the other trimming curves are easily

obtained by restricting the domain parameters of their corresponding tetrahedra to

their boundaries�

The input data of Example �

�i� j� Vertices p
�j�
i Normals n

�j�
i

��� � �� ��� ����	 �� ��� ��	
��� � ���	� �� ���	 ���� �� ��
��� � ��	� �� ���	 ��� �� ��
��� �� �� ���� ����	 �� ��� ��	

�i� j� Top vertices p
�j�
� Bottom vertices q

�j�
�

�
� � �� 	������� ���	�
�	� �� ���������� ��
�	�
�	�
�
� �� �� �	������� ���	�
�	� �� ���
��	�� ����
�

��

The notations p
���
i and p

���
i refer to pi and p

�

i�

The output NURBS parameters of Example �

Elements Labels Parameters

�p�p�p�p�� P� 
����� ����	� ���
�� ����	� 
����� �����
�p�p�p�� P� ���	� ����	� ����	� ���	� ���� ���� �����

�cp�p
�
�p

�
�� P� 
����� ���
�� ���
�� ������ 	����� 	����

�cp�p
�
�� P� ���	� ����	� ����� �
��� ��
�� ��	��� ����

�cp�p
�
�q

�
�� P� ������� ����
� �	���	� ����
� ������� ����	�

�p�cp
�
�p

�
�� P� 	����� ������ ���
�� ���
�� 
����� 	����

�p�cp
�
�� P� �
��� ����� ����	� ���	� ��	��� ��
�� ����

�p�cp
�
�q

�
�� P� ������� ����
� �	���	� ����
� ������� ����	�

�p�p�cp
�
�� P� 
����� 	���� 	����� 	���� 
����� ������

�p�p�c� P� ��	��� ��
�� ��
�� ��	��� ���� ���� �����
�p�p�cq

�
�� P� ������� ����	� ������� ����	� ������� �������

�p��
�p�p�p�� P� 
����� ����� 
����� ����	�� ����� ����	��

�p�p�p
��
� � P� ���� ���� 
����� ������ ����� ������ 
����� ����

�p��
�p�p�p

�
�� P� 
����� ������ 
����� �����	� ����� �����	�

�p�p�p
���
� � C�� ����� ����� ����� ����

��



Here p���� � ������� ������ ������� p��� � �p� � p������ and C�� � �w�� w�� �� ���

which de�ne a rational B�ezier curve by ��� for a speci�ed triangle� The point p����
is the point of intersection of the tangent lines to this curve at p� and p�� and

the triangle �p�p�p
���

� � is the sub�triangle of �p�p�p
��

� � as illustrated in Fig� ��c��

�The points p��p��p� in Fig� ��c� correspond to the points p��p��p
���

� here�� P�

and P� are given by ���� and ���� respectively� The coe�cients of P� are ar�

ranged in the order of a����� a����� a����� a����� a����� a����� The order of P� for

face tetrahedra is a����� a����� a����� a����� a����� a����� a����� and for edge tetrahe�

dra is a����� a����� a����� a����� a����� a����� a����� a����� Fig� D�� shows the input

triangles� normals� and the piecewise smooth surface patches as well as isophotes

on the surface� The continuous isophotes demonstrate that the composite surface

is smooth�

Fig� D�� A convex face patch and a
non�convex face patch joined with con�
vex edge patches

Fig� D�� Two non�convex face patches
joined with non�convex edge patches

We can parametrize the non�convex base triangles �cp�p
�

�� and �p�cp
�

�� through

the use of ���� and ����� For triangle �cp�p
�

��� we have �d� e� f� g� h� i� j� � ��������

��	����������������� ������ ������ ������� Using these values for �d� e� f� g� h� i�� we

�nd that the value of j nearest ����� that satis�es ���� is j� � ������ The double

point of the singular cubic is then �x�� y�� � ������	� ����	�� and the parametriza�

tion ���� is

x � ������	��� u�� � �����u��� u�� � �����u���� u� � 	����u���D

y � ����	���� u�� � ����	u��� u�� � �����u���� u� � ��	��u���D

where

D � �������� u�� � ����	u��� u�� � ������u���� u� � ��	��u� �

The portion of this curve within triangles �cp�p
�

�� is that for ������ � u � ���	���

��



For triangle �p�cp
�

��� we have �d� e� f� g� h� i� j� � ��������������� ��	����������

������ ������ ������� Using these values for �d� e� f� g� h� i�� we �nd that the value of

j nearest ����� that satis�es ���� is again j� � ������ This time the double point

of the singular cubic is �x�� y�� � �����	������	�� and the parametrization ���� is

x � ���	����� u�� � �����u��� u�� � ����	u���� u� � ���	�u���D

y � ��	������� u�� � �����u��� u�� � �����u���� u�� ����	u���D

where

D � ��	����� u�� � ������u��� u�� � ����	u���� u� � �����u� �

The portion of this curve within triangles �cp�p
�

�� is that for ������ � u � ���	���

Plots of these two singular curves� along with the actual curves they approximate�

are shown in Figures D�	�a� and �b�� In both cases the actual and approximating

singular cubic curves are virtually indistinguishable within the base triangles�

�a� �b�

Fig� D�	 Trimming curve �blue� and approximating singular curve �red� for �a�
triangle �cp�p

�

�� and �b� triangle �p�cp
�

��� The x� and y�axes and the line x� y � �
are shown in gray� where x � �� and y � �� in the respective coordinate systems
of the triangles�

Example �� In this example� the input data consists of two non�convex triangles

�p�p�p�� and �p�p�p
�

��� Each of the triangles is further subdivided into three sub�

triangles at its center� The edge �p�p�� between the two triangles is non�convex�

The meaning of the output data is the same as that of Example �� However� since

the edge �p�p�� is non�convex� the boundary curve corresponding to this edge is

broken into two �see Fig� ��b���

��



The input data of Example �

�i� j� Vertices p
�j�
i Normals n

�j�
i

��� � �� ��� ����	 �� ���� ��	
��� � ���	� �� ���	 ��� �� ��
��� � ��	� �� ���	 ��� �� ��
��� �� �� ���� ����	 �� ��� ��	

�i� j� Top vertices p
�j�
� Bottom vertices q

�j�
�

�
� � �� 	������� ���	�
�	� �� ���������� ��
�	�
�	�
�
� �� �� �	������� ���	�
�	� �� ���
��	�� ����
�

��

The output NURBS parameters of Example �

Elements Labels Parameters

�c�p�p�p�� P� 
����� ���
�� ���
�� ����� ���	�� 	�	���
�c�p�p�� P� ���	� ����	� ����� ���� ���	�� ��	��� ����
�c�p�p�q�� P� ������� ����
� �	���	� �	��
	� �	��	�� �	�����

�p�c�p�p�� P� ���	�� ����� ���
�� ���		� 	����� ���
�
�p�c�p�� P� ���� ����� ����	� ��	� �
��� �

�� ��	
�p�c�p�q�� P� �	��	�� �	��
	� �	���	� �	���	� �	����� �	�����

�p�p�c�p�� P� 
����� 	�	��� ���	�� ���
� 	����� 	�����
�p�p�c�� P� ��	��� ���	�� �

�� �
��� ��� ���� ����
�p�p�c�q�� P� ������� �	����� �	��	�� �	����� �	����� �	�����

�c�p�p
�
�p

�
�� P� 
����� ���
�� ���
�� ����� ���	�� 	�	���

�c�p�p
�
�� P� ���	� ����	� ����� ���� ���	�� ��	��� ����

�c�p�p
�
�q

�
�� P� ������� ����
� �	���	� �	��
	� �	��	�� �	�����

�p�c�p
�
�p

�
�� P� ���	�� ����� ���
�� ���		� 	����� ���
�

�p�c�p
�
�� P� ���� ����� ����	� ��	� �
��� �

�� ��	

�p�c�p
�
�q

�
�� P� �	��	�� �	��
	� �	���	� �	���	� �	����� �	�����

�p�p�c�p
�
�� P� 
����� 	�	��� ���	�� ���
� 	����� 	�����

�p�p�c�� P� ��	��� ���	�� �

�� �
��� ��� ���� ����
�p�p�c�q

�
�� P� ������� �	����� �	��	�� �	����� �	����� �	�����

�p��
�p�p�p�� P� 	����� 	����� 
����� ���	�	� �
��� �������

�p�p�p
��
� � P� ��� ���� 
����� ���	�	� �
��� ������� 	����� 	����

�p��
�p�p�p

�
�� P� 	����� 	����� 
����� ���	�	� �
��� �������

�q��
�p�p�q�� P� �	����� �	����� ������� ��
��� ���	� �����

�p�p�q
��
� � P� ��� ���� ������� ��
��� ���	� ����� �	����� �	����

�q��
�p�p�q

�
�� P� �	����� �	����� ������� ��
��� ���	� �����

�c�p�p
���
� � C�� ����� ����� �	�
� ����

�p�c�q
���
� � C�� ���� ���	� ���� �	��

Here p���� � ������� ������ ������� q���� � �������� �������������� c� � �p� � p� �

p���	� c� � �p� � p� � p����	� c� � �p� � p����� p
��

� � �p� � p������ and q��� �

�q� � q������ The point q���� is analogous to p���� � with the former being a vertex

of the subtriangle of �p�p�q
��

� � formed by tangent lines at p� and p�� Note that

the curves on �c�p�p
���

� � and �p�c�q
���

� � are on the faces �p�p�p
��

� � and �p�p�q
��

� ��

respectively� Fig� D�� shows the input triangles� normals� and the piecewise smooth

surface�

��



D��� NURBS representation from rational parametric trimming curves

Example �� Here we obtain the rational parametrization of a cubic A�patch

given its implicit representation and two of its trimming curves in rational paramet�

ric form� We use the surface and trimming curves on the faces of triangles �p�p�p��

and �p�p�p�� from Example �� These are

f���� ��� ��� � ����
� � ����������������

��� � �	����������
���

� ����������������
�
� � ����	���	�	������������� � �������������

�
� � ��

�

� �������
��� � ��������

�
� � ��

� � ���
� � �����	�����������

� ������������� � ��
� � �������� � ��

� � �

and

c� �

�
u���	u� � ����u� �����

�����u� � ����u� ����
�

��� u����	u� � ����u� �����

�����u� � ����u� ����

�T

c� �

�
�

v���v� � ��v � ���

��v� � ��v� � �v � ��

��� v����v� � ��v � ���

��v� � ��v� � �v � ��

�T
�

The parametrization formula ��� gives

�� � u���	u� � ����u� ��������v� � ��v � ���

���	�����������v�� ���������v�� ���������v�

� ���������v� 	��������u�

� �����	��������v�� ��	����������v�� ������������	v�

� ������������v� �������������u�

� ����������	��v�� 	������	�v�� ���������v�� ������	��v�u

� 		������������v�� ���v� � �	v����D

�� � v���	u� � ����u� ��������v� � ��v � ���

�������	������v�� �	��v� � ����v� �����u�

� ������������	��v�� ������������v�

� ������������v� ����	�������u�

� ��������	�����v�� �����	������v�

� ����	�������v� �������������u�

� �	�������	���v�� �	���v� � �����v�u� 		����������	v�� �	v����D

�� � �����	u� � ����u� ��������v� � ��v � ���

���	�������	v�� �			���v�� �����	�v� � �������v�u�

� ����	�������v�� ���������	�v�� ���	�������v�

� �����������v� �����������u�

� �������������v�� �	��������v�� ����	�	�	�v�� 	�����	���v�u�

� ������������v�� �����	���v�� �����	��v��u

� �����������v�� �v����D

��



where

D � �����	����������v�� ������v� � ����	�v� � 	����v�

� ������v� � ������v� ������u�

� ��	��������������v�� ��������	�����v�� �������	������v�

� �������������	v�� �����	��������v�

� ���������	����v� �	������������u�

� �������������	���v�� 	�������������	��v�

� ���	�������������	v�� �����	�	��	�������v�

� ���		�������������v�� �������	����	����v� �����������������u�

� ������������	�������v�� ����	�������������v�

� �����	�������������v�� ��������������	���v�

� 	����	������������v�� �����������������v� �����	�����������u�

� ���������������	�	��v�� ������	��������v�� �	�����	����	���v�

� �������������	��v�� �������		������v�� ��������������v�u�

� ��������������	����v�� �������	���v�� 	����������v�

� �������	��v�� ����������v��u

� ������������������v�� �����v� � ��	��v� � ����v���

In order to parametrize the cubic A�patch within tetrahedron �p�p�p�p��� we

need ranges of u and v where ��� ��� ��� and �� are between � and �� or equivalently�

where D��� D��� D��� and D�� all have the same sign� Seven of these regions in

the uv�plane where this is the case are shown in Fig� D��� The x and y�axes are

parts of the graphs of �� � � and �� � �� respectively�

	�



0

1

1

u

v
↓

↓

←

↑

←

←

→

Fig� D�� Parameter space for Example �� Regions where ��� ��� ��� �� � ��� �� are
indicated by arrows� The curves are blue � �� � �� green � �� � �� magenta �
�� � �� red � �� � �� gray � x � � and y � ��
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