Undecidabilty

Read K & S5.1,5.3, & 5.4.
Read Supplementary Materials. Recursively Enumerable Languages, Turing Machines, and Decidability.
Do Homeworks 21 & 22.
Church'sThesis
(Church-Turing Thesis)

An algorithm isaformal procedure that halts.
The Thesis: Anything that can be computed by any algorithm can be computed by a Turing machine.
Another way to stateit: All "reasonable" formal models of computation are equivalent to the Turing machine.

Thisisn't aformal statement, so we can't proveit. But many different computational models have been proposed and they all turn
out to be equivalent.

Examples:

unrestricted grammars
lambda calculus
cellular automata
DNA computing
guantum computing (?)

The Unsolvability of the Halting Problem

Suppose we could implement the decision procedure
HALTS(M, x)
M: string representing a Turing Machine
X: string representing the input for M
If M(x) haltsthen True

else False
Then we could define
TROUBLE(x)
X: string
If HALTS(x, x) then loop forever
else halt

So now what happensif we invoke TROUBLE(“TROUBLE"), which invokes HALTS(* TROUBLE”, “TROUBLE")

If HALTS saysthat TROUBLE halts on itself then TROUBLE loops. |F HALTS saysthat TROUBLE loops, then TROUBLE
halts. Either way, we reach a contradiction, so HALTS(M, x) cannot be made into a decision procedure.
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Another View

The Praoblem View: The halting problem is undecidable.
TheLanguage View: Let H =

{"M""w" : TM M halts on input string w}
H isrecursively enumerable but not recursive.
Why?
H isrecursively enumerable because it can be semidecided by U, the Universal Turing Machine.
But H cannot berecursive. If it were, then it would be decided by some TM MH. But MH("M" "w") would have to be:

If M isnot asyntactically valid TM, then False.

else HALTS("M" "w")
But we know cannot that HALTS cannot exist.
If H were Recursive
H={"M""w":TM M halts on input string w}
Theorem: If H were also recursive, then every recursively enumerable language would be recursive.
Proof: Let L be any RE language. Since L isRE, thereexistsaTM M that semidecidesit.
Suppose H isrecursive and thusis decided by some TM O (oracle).
We can buildaTM M' from M that decidesL:
1. M'transformsitsinput tape from 0QwQ to 0Q"M""w"Q.
2. M'invokes O on itstape and returns whatever answer O returns.
So, if H were recursive, al RE languages would be. But it isn't.
Undecidable Problems, Languagesthat Are Not Recursive, and Partial Functions

The Praoblem View: The halting problem is undecidable.
ThelLanguage View: LetH =

{"M""w" : TM M halts on input string w}

H isrecursively enumerable but not recursive.

The Functional View: Letf (w)=M(w)
fisapartia function on Z*

"M"w! pal I's
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Other Undecidable Problems About Turing Machines
*  GivenaTuring machine M, does M halt on the empty tape?
e GivenaTuring machine M, isthere any string on which M halts?
*  GivenaTuring machine M, does M halt on every input string?

e Given two Turing machines M; and M, do they halt on the same input strings?
*  GivenaTuring machine M, isthe language that M semidecidesregular? Isit context-free? Isit recursive?

Post Correspondence Problem
Consider two lists of strings over some alphabet . The lists must be finite and of equal length.

A =Xq, Xo, X3, ...y Xn
B=yu,¥2V¥3 ...i¥n

Question: Does there exist some finite sequence of integers that can be viewed as indexes of A and B such that, when elements of
A are selected as specified and concatenated together, we get the same string we get when elements of B are selected also as
specified?

For example, if we assert that 1, 3, 4 is such a sequence, we're asserting that X;XsX4 = Y1YaYa

Any problem of thisform is an instance of the Post Correspondence Problem.

I's the Post Correspondence Problem decidable?

Post Correspondence Problem Examples

i A B

1 1 111
2 10111 10
3 10 0

i A B

1 10 101
2 011 11
3 101 011

Some L anguages Aren't Even Recursively Enumer able

A pragmatically non RE language: Li={ (i, j) : i, j areintegers where the low order five digits of i are a street address number
and j isthe number of houses with that number on which it rained on November 13, 1946 }

An analytically non RE language: L,={x : x ="M" of a Turing machine M and M("M") does not halt}
Why isn't L, RE? Supposeit were. Then therewould beaTM M* that semidecidesL,. IS"M*" inL,?
e Ifitis, then M*("M*") halts (by the definition of M* as a semideciding machine for L,)
*  But, by the definition of L,, if "M*" O L,, then M*("M*") does not halt.
Contradiction. So L, isnot RE.

Another Non RE Language
H

Why not?
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Reduction
Let L4, L, 0 2* belanguages. A reduction fromL;toL,isarecursivefunctiont: * — 3* such that
x O Ly iff t(x) O L.
Example:
L;={ab:ab0ON:b=a+1}
U T = Succ
U a, bbecomes Succ(a), b
L,={ab:ab0ON:a=hb}
If thereisa Turing machine M, to decide L,, then | can build a Turing machine M to decide L ;:
1. Taketheinput and apply Succ to the first number.
2. Invoke M, on the result.
3. Return whatever answer M, returns.

Reductions and Recursive L anguages

Theorem: If thereisareduction fromL,to L, and L, isrecursive, then L, isrecursive.

X
Mg, xOL?
y=, M Yes), YES,,
Tt YOL? s ol

Theorem: If thereisareduction from L, to L, and L, isnot recursive, then L, is not recursive.

Reductions and RE L anguages
Theorem: If thereisareductionfromL;toL,andL,isRE, thenL;isRE.

X

x OL,?

= M2
?

halt, |halt
|l |4l

Theorem: If thereisareductionfromL,toL,and L, isnot RE, then L, isnot RE.
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Can it be Decided if M Halts on the Empty Tape?

Thisisequivalent to, "Isthe language L, = {"M" : Turing machine M halts on the empty tape} recursive?"

L, =H= {s="M""w": Turing machine M halts oninput string w}
U T
(?My) L,= {s="M": Turing machine M halts on the empty tape}

Let T be the function that, from "M" and "w", constructs "M*", which operates as follows on an empty input tape:
1.  Writew on the tape.
2.  Operate asM would have.

If M, exists, then My = My(M(9)) decidesL;.
A Formal Reduction Proof
Prove that L, = {(M): Turing machine M halts on the empty tape} is not recursive.

Proof that L, is not recursive viaareduction from H = {{M, w): Turing machine M halts on input string w}, a non-recursive
language. Suppose that there existsa TM, M, that decides L,. Construct a machine to decide H as M;({M, w)) = M,(T({M, w))).
The 1 function creates from (M) and (w) a new machine M*. M* ignoresitsinput and runs M on w, halting exactly when M halts
onw.

e (M,w)dH= M hadtsonw = M* dways hats=¢ 00 L(M*) = (M*) O L, = M, accepts = M, accepts.

* (M,w)0H= M doesnot hatonw= ¢ 0L(M*) = (M*) OL,= M, reects= M, rejects.

Thus, if there is a machine M, that decides L,, we could use it to build a machine that decides H. Contradiction. 0L, is not
recursive.

Important Elementsin a Reduction Proof

» A clear declaration of the reduction “from” and “to” languages and what you' re trying to prove with the reduction.
e A description of how amachine is being constructed for the “from” language based on an assumed machine for the “to”
language and a recursive T function.

e A description of the T function’sinputs and outputs. If T isdoing anything nontrivial, it isagood ideato argue that it is
recursive.

» Note that machine diagrams are not necessary or even sufficient in these proofs. Use them as thought devices, where
needed.

* Runthrough the logic that demonstrates how the “from” language is being decided by your reduction. Y ou must do both
accepting and rejecting cases.
»  Declare that the reduction proves that your “to” language is not recursive.
The Most Common Mistake: Doing the Reduction Backwards

The right way to use reduction to show that L, is not recursive:

1. Giventhat L, isnot recursive, L,
2. Reducel;toL,,i.e. show how to solve L (the known one) in terms of L, (the unknown one) \/
Lo

Example: If there exists a machine M, that solves L ,, the problem of deciding whether a Turing machine halts on a blank tape,
then we could do H (deciding whether M halts on w) as follows:

1. Create M* from M such that M*, given a blank tape, first writes w on its tape, then simulates the behavior of M.

2. Return My("M*").

Doing it wrong by reducing L, (the unknown oneto L,): If there exists a machine M, that solves H, then we could build a
machine that solves L, as follows:
1. Return (Mi("M","")).
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Why Backwards Doesn't Work

Suppose that we have proved that the following problem L, isunsolvable: Determine the number of days that have elapsed since
the beginning of the universe.

Now consider the following problem L,: Determine the number of days that had elapsed between the beginning of the universe
and the assassination of Abraham Lincoln.

Reduce LitoL,: L
L1 =L, + (now - 4/9/1865) \/
Lo
Reduce L,to L4: L,
L, =L, - (now - 4/9/1865) \/
La

Why Backwards Doesn't Work, Continued

L, = days since beginning of universe
L, = elapsed days between the beginning of the universe and the assassination of Abraham Lincoln.
L3 = days between the assassination of Abraham Lincoln and now.

Considering L ,: L,
Reduce L to L,: \l(
L1 =L, + (now - 4/9/1865) 2
Reduce LrtoLq: L,
L, =L - (now - 4/9/1865) \/
Ly
Considering L 3: L,
Reduce L to L3 \/
L, = oops L3
Reduce LiztoLq: L3
Ly;=L;-365- (nOW-4/9/1866) W
Ly

IsThere Any String on Which M Halts?

L, =H= {s="M""w": Turing machine M halts on input string w}
U T
(?M,) L,= {s="M": there exists a string on which Turing machine M halts}

Let T be the function that, from "M" and "w", constructs "M*", which operates as follows:
1. M* examinesitsinput tape.
2. Ifitisequal tow, thenit simulates M.
3. If not, it loops.
Clearly the only input on which M* has a chance of halting isw, which it does iff M would halt on w.

If M, exists, then My = My(M(s)) decides L.
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Does M Halt on All Inputs?

L, = {s="M" : Turing machine M halts on the empty tape}
U T
(?My) L,= {s="M": Turing machine M halts on all inputs}

Let T be the function that, from "M", constructs "M*", which operates as follows:
1. Erasetheinput tape.
2. Simulate M.

Clearly M* either halts on all inputs or on none, since it ignores its input.
If M, exists, then M = My(M(s)) decides L.
Rice's Theorem
Theorem: No nontrivial property of the recursively enumerable languages is decidable.

Alternate statement: Let P: 2 _ {true, false} be anontrivial property of the recursively enumerable languages. The language
{*M”: P(L(M)) = True} isnot recursive.

By "nontrivial" we mean a property that is not simply true for all languages or false for all languages.

Examples:

e L contains only even length strings.

* L contains an odd number of strings.

e L containsal stringsthat start with"a".
« Lisinfinite.

e Lisregular.

Note:
Rice's theorem applies to languages, not machines. So, for example, the following properties of machines are decidable;
e M contains an even number of states
e M hasan odd number of symbalsin its tape al phabet
Of course, we need away to define alanguage. Well use machines to do that, but the properties we'll deal with are properties of
L(M), not of M itself.

Proof of Rice's Theorem

Proof: Let P be any nontrivial property of the RE languages.
L, =H= {s="M""w": Turing machine M halts oninput string w}

U T
(MMy) L,= {s="M": P(L(M)) = true}

Either P(O) = trueor P(0) = false. Assume it isfalse (amatching proof existsif it istrue). Since P isnontrivial, there is some
language Ly such that P(Lp) istrue. Let Mp be some Turing machine that semidecides Lp.

Let T construct "M*", which operates as follows:

1. Copy itsinput y to another track for later.

2. Writew onitsinput tape and execute M on w.

3. If M halts, put y back on the tape and execute Mp.
4. If Mp haltsony, accept.

Claim: If M, exists, then M; = M,(M(s)) decides L.
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Why?

Two cases to consider:
o "M""W'[OH= M haltsonw = M* will halt on all strings that are accepted by Mp = L(M*) = L(Mp) = Lp = P(L(M*)) =
P(Lp) = true = M, decides P, so M, accepts "M*" = M, accepts.

e "M""W'[OH= M doesn't halt on w = M* will halt on nothing = L(M*) =0 = P(L(M*)) = P(0) = fdse= M, decides
P, so M, rgjects "M*" = M, rejects.

Using Rice’'s Theorem

Theorem: No nontrivial property of the recursively enumerable languages is decidable.
To use Rice's Theorem to show that alanguage L is not recursive we must:
»  Specify alanguage property, P(L)
e Show that the domain of Pisthe set of recursively enumerable languages.
»  Show that Pisnontrivial:

» Pistrue of at least one language

» Pisfaseof at least one language

Using Rice's Theorem: An Example

L ={s="M": there exists a string on which Turing machine M halts}.
={s="M":L(M)z 0O}

e Specify alanguage property, P(L):
P(L) = Trueiff L#£ O

e Show that the domain of Pisthe set of recursively enumerable languages.
The domain of P isthe set of languages semidecided by some TM. Thisis exactly the set of RE languages.

e Show that Pisnontrivial:
Pistrue of at least one language: P({€}) = True
Pisfalse of at least one language: P(00) = False

Inappropriate Uses of Rice's Theorem

Example 1.
L ={s="M": M writes a1 within three moves} .

»  Specify alanguage property, P(L)
P(M?) = True if M writes a1 within three moves,
False otherwise

e Show that the domain of Pisthe set of recursively enumerable languages.
??? The domain of P isthe set of all TMs, not their languages

Example 2:
L ={s="M1""M2";: L(M1) =L(M2)}.

»  Specify alanguage property. P(L)
P(M1?, M2?) = Trueif L(M1) = L(M2)
False otherwise

e Show that the domain of Pisthe set of recursively enumerable languages.
??? The domain of PisRE x RE

Lecture Notes 26 Undecidability 8



Given aTuring MachineM, isL(M) Regular (or Context Free or Recursive)?
Is this problem decidable?

No, by Rice’'s Theorem, since being regular (or context free or recursive) is a nontrivial property of the recursively enumerable
languages.

We can also show this directly (viathe same technique we used to prove the more general claim contained in Rice’s Theorem):

Given aTuring MachineM, isL (M) Regular (or Context Free or Recursive)?
L;=H={s="M""w": Turing machine M halts on input string w}

U1
(My)  L,= {s="M": L(M) isregular}

Let T be the function that, from "M" and "w", constructs "M*", whose own input is a string
t = "M*" "W*"
M*("M." "w:") operates as follows:
1. Copy itsinput to another track for later.
2. Writew onitsinput tape and execute M on w.
3. If M hdlts, invoke U on "M." "w.".
4. If U halts, halt and accept.
If M, exists, then =My(M*(s)) decides L, (H).

Why?
If M does not halt on w, then M* accepts O (which isregular).
If M does halt on w, then M* accepts H (which is not regular).

Undecidable Problems About Unrestricted Grammars
* Givenagrammar G and astring w, isw 0 L(G)?
e Givenagrammar G, ise O L(G)?
*  Giventwo grammars G; and G,, isL(G,) = L(Gy)?
e Givenagrammar G, isL(G) =07?

Given aGrammar G and a Stringw, Isw OL(G)?

L, =H= {s="M""w": Turing machine M halts on input string w}
U T
(?M>) L,= {s="G""wW":wOL(G)}

Let T be the construction that builds a grammar G for the language L that is semidecided by M. Thus
w O L(G) iff M(w) halts.

Then  T("M" "w") ="G" "w"

If M, exists, then M = My(M(s)) decides L.
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Undecidable Problems About Context-Free Grammars
»  Given acontext-free grammar G, isL(G) = Z*?
»  Given two context-free grammars G, and G, isL(G,) = L(G)?
»  Given two context-free grammars G; and G,, isL(Gy) n L(Gp) =07
e |Iscontext-free grammar, G ambiguous?

*  Given two pushdown automata M; and M, do they accept precisely the same language?
e Given apushdown automaton M, find an equivalent pushdown automaton with as few states as possible.

Given Two Context-Free Grammars G; and G,, ISL(G;) =L(Gy)?
L= {s="G"aCFGGandL(G)=Zx*}
U T
(2M)) L,= {s="G;""G,": G, and G, are CFGsand L(G,) = L(G,)}
Let T append the description of a context free grammar Gs- that generates 2*.
Then, 1("G") ="G" "Gs"

If M, exists, then My = M,y(M(s)) decides L.

Non-RE Languages

There are an uncountable number of non-RE languages, but only a countably infinite number of TM’s (hence RE languages).
0 The class of non-RE languages is much bigger than that of RE languages!

Intuition: Non-RE languages usually involve either infinite search or knowing a TM will infinite loop to accept a string.

{{M): M isaTM that does not halt on the empty tape}
{{(M): MisaTM and L(M) = 2*}
{{M): M isaTM and there does not exist a string on which M halts}

Proving Languages are not RE
Diagonalization
Complement RE, not recursive
Reduction from a non-RE language
Rice's theorem for non-RE languages (not covered)

Diagonalization
L={(M): M isaTM and M({M)) does not halt} is not RE
Suppose L isRE. ThereisaTM M* that semidecidesL. Is(M*)inL?
o Ifitis, then M*((M*)) halts (by the definition of M* as a semideciding machine for L)
e But, by thedefinition of L, if (M*) O L, then M*((M*)) does not halt.
Contradiction. So L isnot RE.
(Thisisavery “bare-bones’ diagonalization proof.)

Diagonalization can only be easily applied to afew non-RE languages.
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Complement of an RE, but not Recursive L anguage

Example: H = {(M, w): M does not accept w}
Consider H = {(M, w): M isaTM that accepts w}:

» HisRE—itissemidecided by U, the Universal Turing Machine.

» Hisnot recursive—it is equivalent to the halting problem, which is undecidable.
From the theorem, H is not RE.

Reductions and RE L anguages

Theorem: If thereisareductionfromL;toL,andL,isRE, thenL;isRE.

X
My xOL?
_ M
y= M 5 |halt, halt,_
T _[(X)r Yy O L2' > >

Theorem: If thereisareductionfromL,toL,and L, isnot RE, then L, isnot RE.
Reduction from a known non-RE L anguage

Using a reduction from a non-RE language:

L, =H ={(M, w): Turing machine M does not halt on input string w}
Ut
(?My) L, ={(M): there does not exist a string on which Turing machine M halts}

Let T be the function that, from (M) and (w), constructs (M*}, which operates as follows:

1. Erasetheinput tape (M* ignoresitsinput).

2. Writew on thetape

3. RunMonw.

M, w)

M, V¥
M*
. MY M, halty | halt,

M*
e o VIS “ee 2

M, w) DE = M does not halt on w = M* does not halt on any input = M* halts on nothing = M accepts (halts).
(M, w) O H = M hatsonw = M* halts on everything = M, loops.

If M, exists, then M;({M, w)) = M,(M({M, w))) and M; semidecidesL,. Contradiction. L;isnot RE. [0 L,isnot RE.
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Language
Summary

IN

Semidecidable
Enumerable
Unrestricted grammar

Recursively
Enumerable

Decision procedure Recursive
Lexicicographically enumerable

Complement isrecursively enumer.

CF grammar Context Free
PDA

Closure

Regular expression
FSM
Closure
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Diagonalization
Reduction

Pumping
Closure

Pumping
Closure
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