CS 341 Homework 11
Context-Free Grammars

1. Consider the grammar G = (V, %, R, S), where
V={ab, S A}
z ={a b},
R={ S AA,
A - AAA,
A -3
A - DA,
A - Ab }.
(&) Which strings of L(G) can be produced by derivations of four or fewer steps?
(b) Give at least four distinct derivations for the string babbab.
(c) For any m, n, p > 0, describe aderivation in G of the string b™ab"ab’.

2. Construct context-free grammars that generate each of these languages:
(@) {wew®: w O {a, b}*}
(b) {ww®: w O {a, b}*}
(©{wO{a b}*:w=w"}

3. Consider thealphabet 2 ={a, b, (,), U, *, J}. Construct a context-free grammar that generates all stringsin
>* that are regular expressions over {a, b}.

4. Let G be a context-free grammar and let k > 0. Welet L (G) [ L(G) be the set of all strings that have a
derivation in G with k or fewer steps.

(a) What isLs(G), whereG=({S,(,)},{(,)},{S-¢S-S5S - (9})?

(b) Show that, for al context-free grammars G and all k > 0, L(G) isfinite.

5LetG= (V,Z,R,S), where
V={ab, S},
z ={a b},
R={ S - aSh,
S - aSa,
S - bSa,
S - bSh,
S-¢l.
Show that L(G) isregular.

6. A programin a procedural programming language, such as C or Java, consists of alist of statements, where
each statement is one of several types, such as:

(1) assignment statement, of the formid := E, where E is any arithmetic expression (generated by the grammar
using T and F that we presented in class).

(2) conditional statement, e.g., "if E < E then statement", or while statement , e.g. "while E < E do statement".

(3) goto statement; furthermore each statement could be preceded by alabel.

(4) compound statement, i.e., many statements preceded by a begin, followed by an end, and separated by ";".
Give a context-free grammar that generates all possible statements in the simplified programming language
described above.

7. Show that the following languages are context free by exhibiting context-free grammars generating each:
(@ {ad™": m=n}
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(b) {d""c”d*: m+n=p+q}
(c) {w O {4, b}* : w hastwice as many b's as as}
(d) {uawb : u, w O {a&, b}*, |u| = w[}

8. Let> ={a b, c}. LetL bethelanguage of prefix arithmetic defined as follows:
(i) any member of Z isawell-formed expression (wff).
(if) if a and 3 are any wff's, then so are Aaf3, Saf3, Maf3, and Da3.
(iii) nothing else is a wff.
(One might think of A, S, M, and D as corresponding to the operators +, -, %, /, respectively. Thusin L we could
write Aab instead of the usual (a + b), and MSabDbc, instead of ((a - b) x (b/c)). Note that parentheses are
unnecessary to resolve ambiguitiesin L.)
(a) Write a context-free grammar that generates exactly the wif's of L.
(b) Show that L is not regular.

9. Consider the language L = {@™?"'c*d”: p>m, andm, n= 1}.
(&) What is the shortest stringin L?
(b) Write a context-free grammar to generate L.

Solutions

1. (a) We can do an exhaustive search of all derivations of length no more than 4:
S>AA>aA>aa
S=>AA = aA = abA = aba
S=>AA = aA > aAb= adb
S= AA = bAA = baA = baa
S= AA = bAA = bAa= bhaa
S= AA = AbA = abA = aba
S= AA = AbA = Aba— aba
S>AA>Aa—aa
S= AA = Aa= bAa= baa
S= AA = Aa= Aba= aba
S= AA = AbA = abA = aba
S= AA = AbA = Aba— aba
S= AA = AAb= aAb= aab
S= AA= AAb= Adb = aab
Many of these correspond to the same parse trees, just applying the rulesin different orders. In any case, the
strings that can be generated are: aa, aab, aba, baa.

(b) Noticethat A = bA = bAb = bab, and also that A = Ab = bAb = bab. This suggests 8 distinct

derivations:

S= AA = AbA = AbAb = Abab =* babbab

S= AA = AAb = AbAb = Abab =* babbab

S= AA = bAA = bAbA = babA =* babbab

S= AA = AbA = bAbA = babA =* babbab
Where each of these four has 2 ways to reach babbab in the last steps. And, of course, one could interleave the
productions rather than doing all of thefirst A, then all of the second A, or vice versa.

(c) Thisisamatter of formally describing a sequence of applications of the rulesin terms of m, n, p that will
produce the string b™ab"ab®.
S
=/*byrueS - AA */
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AA
=* [* by mapplications of rule A - bA */

bTAA
= /*byruleA - a */
b"aA
=* [* by napplications of rule A - bA */
bMab"A
=* by p applicationsof ruleA - Ab */
bMab"Ab®
= [*byruleA - a */
bMab"ab”

Clearly this derivation (and some variations on it) produce b™ab"ab® for each m, n, p.

2@G=(V,Z,R,9withV={S ab,c},2={ab,c,R={

S - aSa
S - bSb
S-c }.

(b) Same as (a) except remove c fromV and X and replacethelast rule, S - ¢, by S - €.

(c) This language very similar to the language of (b). (b) was all even length palindromes; this is all
palindromes. We can use the same grammar as (b) except that we must add two rules:
S-a
S-b

3. Thisiseasy. Recall the inductive definition of regular expressions that was givenin class:
1. 0 and each member of X isaregular expression.
2.1f a, B areregular expressions, then so is a3
3.If a, B areregular expressions, then soisalp .
4. 1f a isaregular expression, then so isa*.
5. 1f a isaregular expression, then sois (a).
6. Nothing elseisaregular expression.
This definition provides the basis for a grammar for regular expressions:

G=(V,Z,R,9withV={S ab()0*0}Z={ab ()0 * 0O}, R={

S-. 0O [* part of rule 1, above

S-a I* "

S-b I* "

S- SS I* rule2

S-SOdSs [* rule 3

S & * rule4

S (9 [* rule5 }

4. (a) We omit derivations that don't produce stringsin L (i.e, they still contain nonterminals).
Li:S=>¢

L,:S= (9 =()
L;:S=S5=¢eS=¢
5= (9= ((9) = (0)
Ls:S=S5= (9S=()S=()
S=>SS=89 =9 =)
S= (9 = ((5) = (9 = (0))
Ls:S=S5=(95= (9 = 09 =00
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S=S5=(9S=((9)s=(0)S=(0)

S= (5 =((9) = (((9)) = (((9)) = (((0))
SoLs={g (), (0), ((0), (((O), 00 }

(b) We can give a (weak) upper bound on the number of stringsin Lx(G). Let P be the number of rulesin G
and let N be the largest number of nonterminals on the right hand side of any rule in G. For the first derivation
step, we start with S and have P choices of derivationsto take. So at most P strings can be generated. (Generally
there will be many fewer, since many rules may not apply, but we're only producing an upper bound here, so
that's okay.) At the second step, we may have P strings to begin with (any one of the ones produced in the first
step), each of them may have up to N nonterminals that we could choose to expand, and each nonterminal could
potentially be expanded in Pways. So the number of strings that can be produced is PxNxP. Note that many of
them aren't strings in L since they may still contain nonterminals, but this number is an upper bound on the
number of stringsin L that can be produced. At the third derivation step, each of those strings may again have N
nonterminals that can be expanded and P ways to expand each. In general, an upper bound on the number of
strings produced after K derivation steps is PXN®®, which is clearly finite. The key here is that there is a finite
number of rules and that each rule produces a string of finite length.

5. We will show that L(G) is precisely the set of all even length strings in {a, b}*. But we know that that
languageisregular. QED.

First we show that only even length strings are generated by G. Thisis trivial. Every rule that generates any
terminal characters generates two. So only strings of even length can be generated.

Now we must show that all strings of even length are produced. This we do by induction on the length of the
strings:
Base case: € U Lg (by application of the last rule). So we generate the only string of length O.

Induction hypothesis: All even length strings of length < N (for even N) can be generated from S.

Induction step: We need to show that any string of length N+2 can be generated. Any string w of length N + 2 (N
> 0) can be rewritten as xyz, where x and z are single characters and |y| = N. By the induction hypothesis, we
know that all values of y can be generated from S. We now consider al possible combinations of values for x
and z that can be used to create w. There are four, and the first four rulesin the grammar generate, for any string
T derivable from S, the four strings that contain T plus a single character appended at the beginning and at the
end. Thusall possible stringsw of length N+2 can be generated.

6. Since we already have a grammar for expressions (E), well just use E in this grammar and treat it as though it
were aterminal symbol. Of course, what we really have to do is to combine this grammar with the one for E. As
we did in our grammar for E, we'll use the terminal string id to stand for any identifier.
G=(V,Z,R,9§,whereV={S,U,C L, TE :;=<>;azid},2={:,=<>; &z id}, and
R={
S-LU [* astatement can be alabel followed by an unlabeled statement
S-U [* or a statement can be just an unlabeled statement. We need to
make the distinction between Sand U if we want to prevent a
statement from being preceded by an arbitrary number of labels.

U-id:=E [* assignment statement
U-IifETEthenS [* if statement

U - whileETEdoS /* while statement

U - gotolL [* goto statement

U - beginS; Send /* compound statement

L - id [* alabel isjust an identifier

Homework 11 Context-Free Grammars 4



T- <|>]|= /* weuse T to stand for atest operator. We introduce the | (or) notation
here for convenience. }
There's one problem we haven't addressed here. We have not guaranteed that every label that appears after a goto
statement actually appears in the program. In general, this cannot be done with a context-free grammar.

7.(@ L ={d™™: m=n}. Thisoneis very similar to Example 8 in Supplementary Materials. Context-Free
Languages and Pushdown Automata: Designing Context-Free Grammars. The only difference isthat in that case,
m<n. Soyou can use any of the ideas presented there to solve this problem.

(b) L = {d™"c"d®: m+ n=p+ g}. Thisoneis somewhat like (a): For any string a"b"c’d® O L, we will
produce as and d'sin parallel for awhile. But then one of two things will happen. Either m= g, in which case
we begin producing as and c's for a while, or m < q, in which case we begin producing b's and d's for a while.
(You will seethat it isfine that it's ambiguous what happensif m = q.) Eventually this process will stop and we
will begin producing the innermost b's and c's for a while. Notice that any of those four phases could produce
zero pairs. Since the four phases are distinct, we will need four nonterminals (since, for example, once we start
producing c's, we do not want ever to produce any d's again). So we have:

G=({ST,U,V,ab,cd,{abcd,R,S),where

R={S-a,S-T,S- U, T alc,T-V,U-budU-V,V - bVe,V - g
Every derivation will use symbols S, T, V in sequence or S, U, V in sequence. As a quick check for fencepost
errors, note that the shortest string in L is g, which isindeed generated by the grammar. (And we do not need any
rulesS - gorT - &)

How do we know this grammar works? Notice that any string for which m = g has two distinct derivations:
S=* d"Sd" = d"Td" = d"Vd" = d™b"c’d?, and
S=* d"Sd" = d"Ud" = d"Vd" = d"b"c’d?

Every string a"b"c’d® O L for which m > ¢ has a derivation:

S
= /* by q application of rule S - aSd */
alsde
=/ byrueS - T */
a'Td

= /* by m- g application of rulerule T - alc */
ald™m i Tc™d? = "™

= /*byrueT -V */

a"vc™ids
= /*byn=p-(m-q) applicationsof ruleV - bvVc */

d"o"Vv MO = gV P

=/*byrueV - ¢

a"b"cPd

For the other case (m <q), you can show the corresponding derivation. So every string in L is generated by G.
And it can be shown that no string not in L is generated by G.

(c)L={w O {a b}* : whastwice asmany b'sasas}. Thisoneis sort of tricky. Why? Because L doesn't
care about the order in which the as and b's occur. But grammars do. One solution is:
G=({S ab},{ab},R,S),whereR={S - SaSbSbS, S - ShSaShS, S - SbShbSaS, S - €}
Try some examples to convince yourself that this grammar works. Why does it work? Notice that all the rules
for S preserve the invariant that there are twice as many b'sasas. So we're guaranteed not to generate any strings
that aren't in L. Now we just have to worry about generating all the strings that are in L. The first three rules
handle the three possible orders in which the symbols b,b, and a can occur.
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Another approach you could take is to build a pushdown automaton for L and then derive a grammar from it.

This may be easier simply because PDA's are good at counting. But deriving the grammar isn't trivia either. If
you had a hard time with this one, don't worry.

(d) L ={uawb : u,w O {a b}*, |ul = w[}. This one fools some people since you might think that the aand b
are correlated somehow. But consider the smpler language L' = {uaw : u, w [0 {a b}*, [u| = \w[}. This one

seems easier. We just need to generate u and w in parallel, keeping something in the middle that will turn into a.
Now back toL: L isjust L'with b tacked ontheend. So agrammar for L is:

G=({S T,ab},{ab},R,S),whereR={S - Th, T - ala, T - alb, T - bTa, T - bTh, T - a}.

8@G=({S A M,D,Fabc.{A,M,D, S ab,c,R,S),wheeR ={

F-a F - AFF

F-b F - SFF

Foc F - MFF
F - DFF }

(b) First, welet L'=L n A*a*. L'= {A"&d"':n>0}. L' can easly be shown to be nonregular using the
Pumping Theorem, so, since the regular languages are closed under intersection, L must not be regular.

9. (a) abbccedd
b)G=({S X,Y,ab,cd},{abcd,R,S),whereRiseither:
(S - axXdd, X - Xd, X - aXd, X - bbYccc, Y - bbYcce, Y - ¢€), or
(S-asd,S- Sd, S - aMdd, M - bbcee, M - bbMccc)
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