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Abstract

We presentwork-preservingemulationswith smallslowdown betweenLogPandtwo otherparallel
models:BSPandQSM.In conjunctionwith earlierwork-preservingemulationsbetweenQSMandBSP
theseresultsestablisha closecorrespondencebetweenthesethreegeneral-purposeparallelmodels.Our
resultsalsocorrectand improve on resultsreportedearlieron emulationsbetweenBSPandLogP. In
particularwe shednew light on therelativepowerof stallingandnonstallingLogPmodels.

TheQSM is a shared-memorymodelwith only two parameters– � , thenumberof processors,and� , a bandwidthparameter. Thesefeaturesof theQSMmake it a convenientmodelfor parallelalgorithm
design,and the simplework-preservingemulationsof QSM on BSP andLogP show that algorithms
designedon theQSM will mapwell on to theseothermodels.This presentsa strongcasefor theuseof
QSM asthemodelof choicefor parallelalgorithmdesign.

WepresentQSMalgorithmsfor threebasicproblems– prefixsums,samplesortandlist ranking.Us-
ing appropriatecostmeasures,we analyzetheperformanceof thesealgorithmsanddescribesimulation
results.TheseresultssuggestthatQSManalysiswill predictalgorithmperformancequiteaccuratelyfor
problemsizesthatarisein practice.

1 Intr oduction

Thereis a vastamountof literatureon parallelalgorithmsfor variousproblems.However, algorithmsde-
velopedusing traditionalapproacheson PRAM andfixed-interconnectnetworks do not mapwell to real
machines.In recentyearsseveralgeneral-purposeparallel modelshave beenproposed– BSP[24], LogP
[6], QSMands-QSM[10]. Thesemodelsattemptto capturethekey featuresof realmachineswhile retain-
ing areasonablyhigh-level programmingabstraction.Of thesemodels,theQSMands-QSMmodelsarethe
simplestbecauseeachhasonly 2 parametersandbecausethey areshared-memory, which is generallymore
convenientthanmessagepassingfor developingparallelalgorithms.

In this paperwe first provide two strongjustificationsfor utilizing the QSM modelsfor developing
general-purposeparallelalgorithms:
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1. We presentwork-preservingemulationswith only modest(polylog) slowdown betweenthe LogP
modeland the other 3 models. Theseresultsindicatethat the four modelsaremoreor lessinter-
changeablefor thepurposeof algorithmdesign. An emulationis work-preservingif the processor-
time boundon theemulatingmachineis thesameasthaton themachinebeingemulated,to within
a constantfactor. The slowdown of the emulationis the ratio of the numberof processorson the
emulatedmachineto thenumberon theemulatingmachine.Typically, theemulatingmachinehasa
somewhatsmallernumberof processorsandtakesproportionatelylongerto execute.For many situa-
tionsof practicalinterest,boththeoriginal algorithmandtheemulationwould bemappedto aneven
smallernumberof physicalprocessorsandthuswould run within the sametime boundto within a
constantfactor.

Theonly mis-matchwe have is betweenthe‘stalling’ and‘nonstalling’ LogPmodels.Herewe show
that an earlier resultclaimedin [4] is erroneousby giving a counterexampleto their claim. Work-
preservingemulationsbetweenBSP, QSM ands-QSMwerepresentedearlierin [10, 20].

2. Theemulationsof s-QSMandQSMontheothermodelsarequitesimple.Conversely, thereverseem-
ulations– of BSPandLogPon shared-memory– aremoreinvolved. Thedifferenceis mainly dueto
the‘message-passing’versus‘shared-memory’modesof accessingmemory. Althoughmessagepass-
ing caneasilyemulatesharedmemory, theknown work-preservingemulationsfor thereverserequire
sortingaswell as‘multiple compaction.’ Hence,althoughsuchemulationsareefficient sincethey are
work-preservingwith only logarithmicslowdown, thealgorithmsthusderivedarefairly complicated.

Sinceboth message-passingandshared-memoryarewidely-usedin practice,we suggestthat a high-
level general-purposemodelshouldbeonethatmapson to both in a simpleandefficient way. TheQSM
ands-QSMhave this feature. Additionally, thesetwo modelshave a smallernumberof parametersthan
LogPor BSP, andthey do nothave to keeptrackof thedistributedmemorylayout.

To facilitate using QSM or s-QSM for designinggeneral-purposeparallel algorithms,we develop a
suitablecostmetricfor suchalgorithmsandevaluateseveralalgorithmsbothanalyticallyandexperimentally
againstthis metric. Themetricasksalgorithmsto (1) minimizework, (2) minimizethenumberof ‘phases’
(definedin thenext section),and(3) maximizeparallelism,subjectto theabove requirements.In the rest
of the paperwe presentQSM algorithmsfor prefix sums,samplesort, and list ranking,andwe analyze
themunderthis costmetric. We alsodescribesimulationresultsfor thesealgorithmsthat indicatethat the
differencebetweenthe BSPandQSM costmetricsis small for thesealgorithmsfor reasonableproblem
sizes.

Severalof thealgorithmswe presentarerandomized.We will saythatanalgorithmruns in time 
 whp
in � if theprobabilitythatthetime exceeds
 is lessthan ������ , for someconstant����� .

Therestof this paperis organizedasfollows. Section2 providesbackgroundon themodelsexamined
in this paperandSection3 presentsour emulationresults. Section4 presentsa costmetric for QSM and
describessomebasicalgorithmsunderthis metric. Section5 describesexperimentalresultsfor the three
algorithmsandSection6 summarizesourconclusions.

2 General-purposeParallel Models

In this section,we briefly review theBSP, LogP, andQSM models.A summaryof earlieremulationresults
canbefoundin theappendix.

BSP Model. TheBulk-SynchronousParallel (BSP)model[24] consistsof � processor/memorycompo-
nentsthat communicateby sendingpoint-to-pointmessages.The interconnectionnetwork supportingthis
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communicationis characterizedby abandwidthparameter� andalatency parameter� . A BSPcomputation
consistsof asequenceof “supersteps”separatedby bulk synchronizations.In eachsupersteptheprocessors
canperformlocal computationsandsendandreceive a setof messages.Messagesaresentin a pipelined
fashion,andmessagessentin onesuperstepwill arrive prior to thestartof thenext superstep.It is assumed
that in eachsuperstepmessagesaresentby a processorbasedon its stateat thestartof thesuperstep.The
time charged for a superstepis calculatedasfollows. Let ��� be the amountof local work performedby
processor� in a given superstepandlet ��� ( � � ) be thenumberof messagessent(received) in thesuperstep
by processor� . Let !#"%$'&)(�*,+ �.-0/ �1� , !324$5&)(�*�+ �.-0/ � � , and �'$'&6(�*�+ �.-0/ ��� . Let !7$5&)(�*�89!:" ;<!32>= ; ! is the
maximumnumberof messagessentor received by any processorin thesuperstep,andtheBSPis saidto
routean ! -relation in this superstep.Thecost, ? , of thesuperstepis definedto be ?5$'&6(�*�8@�A;B�DC,!�;E�F= .
Thetime takenby aBSPalgorithmis thesumof thecostsof theindividual superstepsin thealgorithm.

LogP Model. The LogP model [6] consistsof � processor/memorycomponentscommunicatingwith
point-to-pointmessages.It hasthefollowing parameters.

G LatencyH : Time takenby network to transmitamessagefrom oneprocessorto anotheris at most H .
G Gap � : A processorcansendor receive amessageno fasterthanonceevery � unitsof time.

G Capacityconstraint: A receiving processorcanhave no morethan IJHK1�ML messagesin transitto it.

G OverheadN : To sendor receive amessage,aprocessorspendsN unitsof time to transferthemessage
to or from thenetwork interface;during this periodof time theprocessorcannotperformany other
operation.

If thenumberof messagesin transitto adestinationprocessorO is IJHK1�ML , thenaprocessorthatneedsto
sendamessageto O stallsanddoesnotperformany operationuntil it canthemessage.

QSM and s-QSMmodels. TheQueuingSharedMemory(QSM)model[10] consistsof anumberof iden-
tical processors,eachwith its own privatememory, thatcommunicateby readingandwriting sharedmem-
ory. Processorsexecutea sequenceof synchronizedphases,eachconsistingof anarbitraryinterleaving of
sharedmemoryreads,sharedmemorywrites,andlocal computation.QSM implementsabulk-synchronous
programmingabstractionin that (i) eachprocessorcanexecuteseveral instructionswithin a phasebut the
valuesreturnedby shared-memoryreadsissuedin a phasecannotbe usedin the samephaseand(ii) the
sameshared-memorylocationcannotbebothreadandwritten in thesamephase.

Concurrentreadsor writes(but notboth)to thesameshared-memorylocationarepermittedin a phase.
In thecaseof multiple writersto a location P , anarbitrarywrite to P succeeds.

The maximumcontentionof a QSM phaseis the maximum,over all locations P , of the numberof
processorsreadingP or thenumberof processorswriting P . A phasewith no readsor writes is definedto
have maximumcontentionone.

Considera QSM phasewith maximumcontentionQ . Let RTS + bethemaximumnumberof local opera-
tionsperformedby any processorin this phase,andlet RT2VU bethemaximumnumberof readandwrite re-
queststo sharedmemoryissuedby any processor. Thenthetimecostfor thephaseis &)(�*�8@RTS + ;W�DC�RT2VUE;<Q�= .
The timeof a QSM algorithmis thesumof thetime costsfor its phases.Thework of a QSM algorithmis
its processor-time product.

Thes-QSM(SymmetricQSM) is aQSMin which thetimecostfor aphaseis &)(�*X8@RTS + ;W�YC�RT2VUE;W�DC�QZ= ,
i.e., thegapparameteris appliedto theaccessesatmemoryaswell asto memoryrequestsissuedatproces-
sors.
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Slowdown of Work-Pr eserving Emulations (sublogarithmicfactorshavebeenroundedup for easeof display)

EmulatedModel EmulatingModel
(� processors) BSP LogP(stalling) s-QSM QSM

BSP [�\^]`_>a>bc�edf\hgJi �cj ]k_�a>l,� j [�\nmpoMq rWs�tuwv j [�\<mxoyq rzs�tuwv j
LogP(nonstalling) [�\h{Bi1g j \^|�}�~W� j9� � (det.) [�\nmpoMq rWs�t� v j [�\<mxoyq rzs�t� v j
s-QSM [�\9\^{�i �yj d7]k_�a:� j [�\^]`_>a>bc�edf\hgJi �cj ]k_�a>l,� j � (det.)

QSM [�\9\h{Bi �yj d � ]k_�a#� j [�\.]k_�a�bc��d�\^gJi �cj ]`_>a�l,��d �%� ]k_�a#� j [�\ �cj (det.)

Table1: All resultsare randomizedand hold whp exceptthosemarked as ‘det.’, which are deterministic
emulations. Resultsin which the LogP modelis either the emulatedor the emulatingmachine are new
resultsthat appearboxedin thetableandare reportedin this paper. (For exactexpressions,includingsub-
logarithmicterms,pleaseseethetext of thepaper.) Theremainingresultsare in [10, 20]./

This resultis presentedin [4] but it is statedthereerroneouslythat it holdsfor stallingLogPprograms.Weprovidea counterexample.

Theparticularinstanceof theQSM modelin which thegapparameter, � , equals1 is theQueue-Read
Queue-Write(QRQW)PRAM modeldefinedin [7].

3 Emulation Results

Theresultsonwork-preservingemulationsbetweenmodelsaretabulatedin Table1 with new resultsprinted
within boxes. In this sectionwe focuson threeaspectsof theseemulations.First, we developnew, work-
preservingemulationsof QSM or BSP on LogP; previously known emulations[4] requiredsorting and
increasedbothtime andwork by a logarithmicfactor. Second,we provide new analysisof theknown em-
ulation of LogP on BSP[4]; we provide a counter-exampleto the claim that this emulationholdsfor the
stallingLogPmodel,andwe observe that theoriginal non-work-preservingemulationmaybetrivially ex-
tendedto be work-preserving.Third, we discussthe fact that known emulationsof messagepassingon
sharedmemoryrequiresortingandmultiple-compaction,complicatingemulationsof BSPor LogP algo-
rithmson sharedmemory.

Wefocusonwork-preservingemulations.An emulationis work-preservingif theprocessor-time bound
on the emulatingmachineis the sameasthat on the machinebeingemulated,to within a constantfactor.
The ratio of the runningtime on the emulatingmachineto the runningtime on the emulatedmachineis
theslowdownof theemulation.Typically, theemulatingmachinehasa smallernumberof processorsand
takesproportionatelylonger to execute. For instance,considerthe entry in Table1 for the emulationof
s-QSMon BSP. It statesthat thereis a randomizedwork-preservingemulationof s-QSMon BSPwith a
slowdown of �)8@��1�6�����,�0�0= . This meansthat,given a � -processors-QSMalgorithmthat runsin time 

(andhencewith work ��$���C�
 ), theemulationalgorithmwill mapthe � -processors-QSMalgorithmon to
a ��� -processorBSP, for any �:�E�����8p8@��1��=B���.�,�0�0= , to run on theBSPin time 
z�B$��)8�
EC38k����:�h=p= whp in
� . Note that if sufficient parallelismexists, for a machinewith � physicalprocessors,onewould typically
designtheBSPalgorithmon �D8p8@��1�:=0�����,�0�0=�Cp�0= or moreprocessors,andthenemulatetheprocessorsin
thisBSPalgorithmon the � physicalprocessors.In suchacase,theperformanceof theBSPalgorithmon �
processorsandtheperformanceof theQSMemulationon � processorswouldbewithin aconstantfactorof
eachother. Sincelargeproblemsareoftentheonesworth parallelizing,we expectthis situationto bequite
commonin practice.
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3.1 Work-Preserving Emulations of QSM and BSPon LogP

Wenow sketchour resultsfor emulatingBSP, QSMands-QSMonLogP. Ouremulationis randomized,and
is work-preservingwith polylog slowdown. In the next subsection,we describea slightly morecomplex
randomizedemulationthat usessorting(with sampling)andwhich reducestheslowdown by slightly less
thana logarithmicfactor.

Fact 3.1 [17] Thefollowing two problemscan be computedin time ��8@H1I¡ £¢p¤ + £¢p¤�¥§¦`¨z©nª L�= on � processors under
theLogP model.
1. Barrier synchronizationon the � LogP processors.
2. Thesumof � values,storedoneperprocessor.

We will denotethe above time to computebarriersynchronizationandthe sumof � valueson the � -
processorLogPby «T8k�0= .
Theorem 3.1 Supposeweare givenan algorithmto routean ! -relationon a � -processorLogP while sat-
isfying the capacityconstraint in time ��8h�TC:89!��¬¡8k�0=p=®�¯Hz= , whenthe valueof ! is knownin advance.
Then,
1. Thereis a work-preservingemulationof a � -processorQSMonLogPwith slowdown�)8h�BC^���,���®�)���,�,°��®�
8@¬�8k�0=��e«T8k�0=p=0C   ¢p¤ + £¢p¤� £¢p¤ + = whpin � .

2. Thereisawork-preservingemulationofa � -processors-QSMandBSPonLogPwithslowdown��8@���,��°M���
8@¬�8k�0=��e«T8k�0=p=0C±  ¢p¤ + £¢p¤� £¢p¤ + = whpin � .

Proof: Wefirst describetheemulationalgorithm,andthenprove thatit hasthestatedperformance.

Algorithmfor EmulationonLogP:

I. For theQSMemulationwemaptheQSM (or s-QSM)processorsuniformly amongtheLogPproces-
sors,andwehashtheQSM(or s-QSM)memoryon theLogPprocessorssothateachshared-memory
locationis equallylikely to beassignedto any of theLogPcomponents.For theBSPemulationwe
map the BSPprocessorsuniformly amongthe LogP processorsand the associatedportionsof the
distributedmemoryto theLogPprocessors.

II. We routethe messagesto destinationLogP processorsfor eachphaseor superstepwhile satisfying
thecapacityconstraintasfollows:

1. Determineagoodupperboundon thevalueof ! .

2. Routethe ! relationwhile satisfyingthecapacityconstraintin �)8h�YCc89!Y�e¬�8k�0=p=��eHz= time.

3. Executea barriersynchronizationon theLogPprocessorsin ��8@«T8k�0=p= time.

To completethedescriptionof thealgorithm,weprovidein Figure1 amethodfor performingstepII.1 in
theabovealgorithm.To estimate! , themaximumnumberof messagessentor receivedby any processor, the
algorithmmustestimatethemaximumnumberof messagesreceivedby any processor, sincethemaximum
sent( R7²�P���³1�X´ ) is known. Thealgorithmdoesthis by selectinga small randomsubsetof themessagesto
besentanddeterminingtheir destinations.Thesizeof this subsetis graduallyincreaseduntil eithera good
upperboundon themaximumnumberof messagesto bereceivedby any processoris obtainedor thisvalue
is determinedto belessthan R7²�P���³1�X´ .

Claim 3.1 Thealgorithmfor StepII.1 runs in time ��8h���.�,� ° �)�'8@¬�8k�0=0��«T8k�0=p=BC�8@���,�0��=WB���,���.�,�X�0= whp,
andwhpit returnsa valuefor ! that is 8@�V= anupperboundonthecorrectvalueof ! , and 8@�K�V= within a factor
of 2 of thecorrectvalueof ! .
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µ�¶�·,¸x¹pºc»�¼ ½ maximumnumberof messagesto besentby any LogPprocessorµ�¼ ½ total numberof messagesto besentby all LogPprocessors¾�¼ ½À¿xÁxµ
ÂÃ¼ ½À¿
repeat

pfor eachprocessordo¾Ä¼ ½T¾BÅVÆÈÇ<É�Ê ;
Selecteachmessagewith probability ¾ andsendselectedmessagesto
destinationwith Ë ½TÂ4ÅVÆÌÇnÉMÊ ;ÂA¼ ½ max.numberof messagesreceivedby any processor;

rofp
until ¾ÄÍÏÎ^Ð3ÆÌÇ<É�ÊyÑ�Áxµ4¶1·c¸p¹pºy» or ÂÃÍ�ÆÌÇ<É�Ê
Ë ¼ ½TÒ%Ó�ÔcÎ^ÐxÂ�Áx¾�ÕKµ�¶�·,¸x¹pºc»>Ñ

Figure1: Algorithm for StepII.1 of thealgorithmfor emulationonLogP.

Proof: The correctnessof the algorithmfollows from the following observations,which canbe derived
usingChernoff bounds:
1. If ÖØ×Ù���,��� after someiteration of the repeat loop, then whp, the LogP processorthat receives Ö
messagesin thatiterationhasat leastÖÚ�8KÛ�ÜM= messagesbeingsentto it in thatphase/superstep,andnoLogP
processorhasmorethan Û�ÖÚ�Ü messagessentto it in thatphase/superstep.
2. If ÖÞÝ¯���,�0� at theendof aniterationin which Ü�×ß8KÛ����,�Ú�0=W�R7²MPZ�>³��X´ thenwhp themaximumnumber
of messagesreceivedby any LogPprocessorin thisphase/superstepis lessthan R7²�P���³1�X´ .
3. In eachiteration,whp the total numberof messagessentdoesnot exceedthe valueusedfor ! in that
iteration,hencethenumberof messagessentor receivedby any processorin that iterationdoesnot exceed
thevalueusedfor ! .

For the time taken by thealgorithmwe notethat R7²MPZ�>³��X´à×áRÏ�� , hencethewhile loop is executed
��8@�.�,�0��B���,�����,�X�0= times.Eachiterationtakestime ��8h�Z8�Ö7C����,�0�Ã�¡¬�8k�0=p=��ÞHz= whp to routethe ! -relation,
andtime ��8@«T8k�0=p= to computeÖ andperforma barriersynchronization.Henceeachiterationtakes time
��8h��Cx8�Öâ���,�Ú���T¬�8k�0=��T«T8k�0=p=p= sinceH�Ý�«T8k�0= . Sincethewhile loopterminateswhen ÖÞ×��.�,�0� , theoverall
time takenby thealgorithmis ��8h�F���,� ° �D�¡�YCc8@���,����B���,�ã�.�,�0�0=�8@¬�8k�0=��e«T8k�0=p=p= . ä
Finally, to completethe proof of Theorem3.1 we needto show that the emulationalgorithm is work-
preservingfor eachof thethreemodels.Let å6$¯���,� ° ���¯8@¬¡8k��=��e«T8k�0=p=0Cy8@���,�0�0=WB���,�����,�X� .

If �:�F�'���å thenthe time taken by the emulationalgorithmto executestepsII.1 andII.3 is ��8h��CcåZ= ,
andhencethework performedin executingthesetwo stepsis �)8h�DC�å)C�� � =ã$æ�)8h�DC��0= . Sinceany phaseor
superstepof theemulatedmachinemustperformwork ×e�çCJ� , stepsII.1 andII.3 of theemulationalgorithm
areexecutedin awork-preservingmanneron aLogPwith � � or fewer processors.

For stepII.2, we considereachemulatedmodel in turn. For the BSP we note that if we map the �
BSPprocessorsevenly among��� LogP processors,where�:�Ä�¯���å , thena BSPsuperstepthat takestime
�F�e�#!)��� will beemulatedin time �)8p8k���� � =BC38@�F���3!Z=B�èHz= on a LogPwith � � processorsandhenceis
work-preserving.(Weassumethat HB��� since� includesthecostof synchronization.)

Next considera phaseon a � processors-QSMin which ! is the maximumof the maximumnumber
of reads/writesby a processorandthemaximumqueue-lengthat a memorylocation.If we hashtheshared
memoryof theQSM on thedistributedmemoryof a �:� -processorLogP andmapthe � s-QSMprocessors
evenly amongthe � � LogP processors,thenby the probabilisticanalysisin [10], the numberof messages
sentor received by any of the �:� LogP processorsis �)89!7C#8k�X��:�^=p= whp in � , if �:���5��B���,��� . Hencethe
memoryaccessescanbeperformedin time ?¯$��)8h�EC@!ãCV8k���� � =p= whpin � , oncethevalueof ! is determined.

6



1. Computȩ�¼ ½ maximumnumberof messagesto besentby any processor.
2. ¾ã¼ ½À¿xÁ�Î�ÆÌÇ<ÉéÊyÑ
3. pfor eachprocessordo selecteachmessagewith probability ¾ rofp
4. Sorttheselectedmessagesby destinationprocessorID (in ê Î§ëÄÅx¸�ì6íxÆÌÇnÉ�ÊcÑ time).
5. Computethenumberof samplesºyî destinedfor the ï th LogPprocessor, for eachï ,

by computingprefixsumson thesortedarray(in time ê Î.íWðTñ ò@ó�ôñ ò@ó�õ£öÈ÷@øWù9ú Ñ@Ñ9û
6. pfor eachprocessorï do

computeanupperboundon thenumberof messagesto bereceivedas ü î ¼ ½ýÎ�º î ìT¿�Ñ�ÅpÆÌÇnÉ�Ê
rofp

7. Ë ¼ ½TÒ%ÓxÔcÎ�ÆÈÇ<É�þ�Ê�ÕK¸�ÕJÒ%Ó�Ô î ü î Ñ

Figure2: Fasteralgorithmfor StepII.1 of algorithmfor emulationon LogP.

This is work-preservingsince?�CV� � $��)8h�YC>!)CV�0= .
Similarly, wecanobtainthedesiredresultfor QSMby usingtheresultin [10] thatthemappingof QSM

on a distributedmemorymachineresultsin thenumberof messagessentor receivedby any of the � � LogP
processorsbeing �)89!�Cc8k������h=p= whp in � , if �:���Þ��1�����,�0� . ä
Corollary 3.1 (to Theorem3.1)
1. Thereis a work-preservingemulationof a � -processorQSMonLogPwith slowdown�)8h�BC^���,���®�)���,��ÿé�®�

¦`¨z© £¢p¤1¥§¦`¨z©nª C  £¢p¤ þ + £¢p¤�  ¢p¤ + = whpin � .

2. Thereisawork-preservingemulationofa � -processors-QSMandBSPonLogPwithslowdown��8@���,� ÿ ���
¦`¨z© £¢p¤1¥§¦`¨z©nª C  £¢p¤ þ + £¢p¤�  ¢p¤ + = whpin � .

Proof: Thecorollaryfollows from Theorem3.1 usingthealgorithmin [17] for barriersynchronizationon
� -processorLogP that runsin time ��8@H1I¡ £¢p¤ + £¢p¤1¥k¦k¨z©nª L�= , andthe algorithmin [1] for routing an ! -relationon a

� -processorLogPin ��8h��89!Y�����,�����6C1���,�����,�0��=Z�eHz= whp in � . ä

3.1.1 A FasterEmulation of BSPand QSM on LogP

For completeness,wedescribeafastermethodfor StepII.1 of theemulationalgorithmgivenin theprevious
section.Sincethealgorithmgiven in this sectionusessorting,it is not quiteassimpleto implementasthe
algorithmfor StepII.1 givenin Figure1, althoughit is simplerto describeandanalyze.

Claim 3.2 Thealgorithmgivenin Figure2 for StepII.1 determinesanupperboundonthevalueof ! whpin
time ��8h�3!%�ÀH,�.�,�X�0= . If !T×����,��°M� thenthealgorithmdeterminesthecorrectvalueof ! to within a constant
factor whp.

Proof: Theresultfollowsfrom the �)8p8h���Z� Hz=y���,�Ú�0= runningtimeof theAKS sortingalgorithmontheLogP
[3, 4], when ��Cp� keys in therange

� ����� ��� aredistributedevenly acrossthe � processors.(If thekeys arenot
evenly distributedacrosstheprocessors,they canbedistributedevenly at anadditionalcostof �)8h�3!)��Hz=
time,where ! is themaximumnumberof keys atany processor.)

Thenumberof elementsselectedin step3 is RÏB���,��� whp,whereR is thetotalnumberof messagesto
besent.Hencethenumberof elementsto besortedis 8@RÏ�8k�����,���0=p=BC�� , which is �)8p8K��B���,���0=ÚC��0= . Hence
the time neededto executestep4 is ��8h�6C,�%�èH����,�0�0= whp. Theremainingstepscanbeperformedwithin
this timeboundin astraightforwardmanner.

Let RT� bethenumberof messagesto bereceivedby processor��� . In step3 of thealgorithmin Figure
2, for eachprocessor��� for which RT�0$
	 8@���,�M°��0= , �#8@RT�KB���,�0�0= messagesareselectedwhp(by aChernoff
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bound).Hence(againby aChernoff bound)it followsthattheupperboundcomputedin step6 for processor�Ú� is equalto RT� to within aconstantfactor, andhencetheoverallupperboundcomputedin step7 is correct
to within a constantfactor. If no processoris thedestinationof morethan ���,�M°�� messages,thenclearlythe
upperboundcomputedin step7 is correct(althoughit maynotbetight). ä
Theorem 3.2 1. There is a work-preservingemulationof a � -processorQSM on LogP with slowdown
��8@�.�,���M�6C����,�ã���,�0�D�8h�â�¯8@HK1�:=p=BC1���,�0�0= whpin � .
2. There is a work-preservingemulationof � -processors-QSMandBSPonLogPwith slowdown��8@���,�����DC
���,�����,�X�D�¯8@HK1�:=y�.�,���0= whpin � .

3.2 Emulation of LogP on BSP

If a LogPprogramis non-stallingthenit canbeemulatedin a work-preservingmanneron BSPwith slow-
down �)8@���Hz= by dividing the LogP computationinto blocksof computationsof length H , andemulating
eachblock in two BSPsuperstepsof time � each.Thisemulationis presentedin [4] asanemulationwhere
both the time andwork increasesby a factorof ���H . We observe that this emulationcanbe madework-
preservingby usinga BSPwith a smallernumberof processorsandmapping ���H LogP processorsonto
eachBSPprocessor.

Theanalysisin [4] erroneouslystatesthatthe ���H performanceboundholdsfor stallingLogPcomputa-
tions. We now show a simpleexampleof a stallingLogPcomputationwhoseexecutiontime squareswhen
emulatedin theabove manneron theBSP.

TheLogPcomputationis shown in Figure3. Thefollowing Claim shows that this computationcannot
bemappedon to theBSPwith constantslowdown.

Claim 3.3 TheLogP computationshownin Figure 3 takestime �)8@�AC,HX�e� C�ÜM= . Whenmappedon to the
BSPthiscomputationtakestime 	 8@��Cy8@�À���DC1ÜM=p= .
Proof: Wenotethefollowing aboutthecomputationin Figure3:

(i) At time 8@��Þ��=3CpHc� � , all processorsin the � th groupsendamessageto processor�Ú� , � ���Ä��� . This
is astallingsendif ÜY��HK1� . Processor� � thenreceivesall messagesat time �XC>H3�¡�ÃC�Ü .

(ii) Thecomputationterminatesat time �4C�H#���YC1Ü when ��2 receivesall messagessentto it.

On aBSPwenotethatthecomputationin Figure3 mustbeexecutedin � phases(or supersteps)sincea
processorin groups2 to � cansendits message(s)only after it hasreceiveda messagefrom a processorin
group 8@��è��= . In a BSPcomputationany sendbasedon a messagereceived in thecurrentphasecannotbe
executedin thesamephase.Hencethecomputationrequires� phases.In eachphasethereare Ü messages
receivedby someprocessor(by processor��� in phase� ). Hencethiscomputationtakestime 	 8@��Cz8@�â�D��CJÜy=p= ,
which is 	 8@�4C1�à���4C��ÃC>Üy= time.

Hencetheslowdown of thisemulationis 	 8 2�� ���Z2�� © � �2�� ¦ � © � � = .
If � is any non-constantfunctionwith ��C�H0$¯Né8h�DC1ÜM= and H��è� , thentheslowdown of thisemulationis

�D8@�M= andis notdependenton theratio ���H . Examplevaluesthatsatisfytheabove constraintsare H�$¯���,�0� ,
��$æ���,�M°M� , � $ � , �)$ß� / ¨ � , and Ü)$ß� ° ¨ � , where� is thenumberof processorsand �e��� is thesizeof
theinput. In thiscasetheslowdown of theemulationis 	 8@� / ¨ � = .

Note that theparameterN doesnot appearin thecostof the LogP computationsincethereis no local
computationin thisprogram. ä

Theabove claim leadsto thefollowing theorem.
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Configuration. LogPwith Êç½ ü Å�Î�¾Xì7¿xÑ processors,groupedintoü groupsof ¾ processors,andonegroupof ü processors.
For ¿�� ï � ü , the � th processorin the ï th groupis denotedby Ê î�� � .
Theprocessorsin thegroupwith ü processorsarelabeled� � , ¿�� � � ü .

// initial step:
pfor ¿�� � � ü processorÊ�� � � executesthefollowing two stepsin sequence:

a. senda messageto processorÊ þ � �
b. senda messageto processor� � .

rofp
pfor Ð�� ï � ü

pfor ¿�� � �6¾ do
if processorÊ,î � � receivesa messagefrom processorÊ õ î�! � ù � � then it executesthe

following two stepsin sequence:
a. sendsa messageto processorÊ õ î " � ù � � (if ï$#½ ü )
b. sendsamessageto processor� î .

rofp
rofp

Figure3: A stallingLogPcomputationwhoseexecutiontimecanincreaseby morethan ���H whenemulated
on aBSPwith samenumberof processors.

Theorem 3.3 Considerthedeterministicemulationof LogP onBSP.
1. A nonstallingLogP programcanbeemulateddeterministicallyin a work-preservingmannerwith slow-
down ���H .
2. If theLogP programis allowedto bestalling then
a. Anydeterministicstep-by-stepemulationof LogP on BSPcanhavearbitrarily large slowdown.
b. There is no deterministicstep-by-stepemulationof stallingLogP on BSPthat is work-preserving.

Proof: We have alreadyshown 1 and2asowe only needto show 2b. Supposethereis a work-preserving
emulationof stalling LogP on BSPwith slowdown å . Thenconsiderthe emulationon BSPof the LogP
computationin Figure3 with �À$&%ç8@åZ= andwith �YCyH�$fNé8h�TCyÜM= and Hâ� � . Thenthe work performed
by the LogP computationis �D8h�TCcÜÃC���= while the work performedby the emulatingBSPcomputationis
�D8@�4Cn�YC>Ü�CV�X�åZ= , which is %ç8h�DC�Ü4CV�0= . Hencetheemulationis notwork-preserving.ä

3.3 Emulation of LogP on QSM

In this sectionwe considertheemulationof LogPon QSM. For this emulationwe assumethat theinput is
distributedacrossthelocalmemoriesof theQSMprocessorsin orderto conformto theinputdistribution for
theLogPcomputation.Alternatively onecanaddtheterm ���#�� to thetime boundfor theQSM algorithm
to take into accountthe time neededto distribute the input locatedin global memoryacrossthe private
memoriesof the QSM processors.We prefer the former method,sinceit is meaningfulto evaluatethe
computationtime on a QSM in which the input is distributedacrossthe local processorsof theQSM – as,
for instance,in anintermediatestageof thelargecomputation,wherevaluesalreadyresidewithin thelocal
memoriesof theQSM,andwheretheoutputof a programexecutedon thesevalueswill beusedlocally by
theseprocessorslaterin thecomputation.

As in thecaseof theemulationsseenearlierwe maptheLogPprocessorsuniformly amongtheQSM
processorsin theemulatingmachine,andwe assignto the local memoryof eachQSM processortheinput
valuesthatwereassignedto theLogPprocessorsemulatedby it. We canthenemulateLogPon a QSM or
s-QSMwith slowdown �)8�I�©M £¢p¤ +¦ L�= whpasfollows:
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I. Divide theLogPcomputationinto blocksof size H
II. Emulateeachblock in ��8�I ©� £¢p¤ +¦ L�= time in two QSM phasesasfollows, usingthesharedmemoryof

theQSM (or s-QSM)only to realizethe ! -relationroutingperformedby theLogP in eachblock of
computation.

EachQSM (or s-QSM)processorcopiesinto its privatememorythemessagesthatweresentin the
currentsuperstepto thelocal memoryof theLogPprocessorsmappedto it usingthemethodof [10]
to emulateBSPonQSM,whichwesummarizebelow.

1. Compute ' , the total numberof messagesto be sentby all processorsin this phase. Use
the sharedmemoryto estimatethe numberof messagesbeingsentto eachgroupof ���,���('
destinationprocessorsasfollows:

Samplethemessageswith probability ��B���,� � ' , sort thesample,therebyobtainingthecounts
of thenumberof sampleelementsbeingsentto eachgroupof ���,���(' destinationprocessors;
thenestimateanupperboundonthenumberbeingsentto the � th groupas�,C`&)(�*08*),�W;1��=nC`���,���('á= ,
where )�� is the numberof sampleelementsbeing sent to the � th group, and � is a suitable
constant.

2. Processorsthat needto senda messageto a processorin a given groupusea queue-read to
determinethe estimateon the numberof messagesbeingsentto the � th groupandthenplace
their messagesin anarrayof this sizeusingamultiplecompactionalgorithm.

3. Performastablesort(by destinationprocessorID) on theelementsbeingsentto agivengroup,
therebygroupingtogethertheelementsbeingsentto eachprocessor.

4. Finally eachprocessorreadstheelementsbeingsentto it from the groupingperformedin the
above step.

Theorem 3.4 Anon-stallingLogPcomputationcanbeemulatedontheQSMor s-QSMin awork-preserving
mannerwhpwith slowdown��8�I ©� £¢p¤ +¦ L�= , assumingthattheinputto theLogPcomputationis distributeduni-
formlyamongthelocal memoriesof theQSMprocessors.

3.4 Discussion

Wehave presentedwork-preservingemulationsbetweenLogPandtheotherthreemodels— QSM,s-QSM
andBSP. The onemis-matchwe have is betweenstalling andnon-stallingLogP, andherewe show that
thereis no deterministicstep-by-stepemulationof stallingLogPon BSPthatis work-preserving.This is in
contrastto theinferencemadein [4] thatLogPis essentiallyequivalentto BSP.

Thealgorithmsfor emulatinga distributedmemorymodel,LogPor BSP, on shared-memoryarerather
involveddueto theuseof sortingandmultiple compaction.On theotherhandtheshared-memorymodels,
QSM ands-QSM,have simpleemulationson BSPandLogP.

The reasonfor the complicationsin theBSP/LogPemulationon shared-memoryis theneedto mapa
message-passinginterfaceon to a shared-memoryenvironment. Sinceboth message-passingandshared-
memoryarewidely-usedin practice,wesuggestthatahigh-level general-purposemodelshouldbeonethat
mapson to both in a simpleway. QSM ands-QSMgive us this feature.Additionally, they have a smaller
numberof parameters,anddo nothave to keeptrackof thelayoutof dataacrosssharedmemory.

For the restof this paperwe will usethe QSM ands-QSMasour basicmodels,andwe analyzethe
algorithmsusingthe s-QSMcostmetric. We do this sincethe symmetrybetweenprocessorrequestsand
memoryaccessesin thes-QSMmodelleadsto simpleranalyses,andalsohelpsachieve a cleanseparation
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betweenthecostfor localcomputationandcostfor communication.Sinceany s-QSMalgorithmrunswithin
thesametime andwork boundson theQSM, our upperboundsarevalid on bothmodels. In fact, for the
algorithmswepresentin therestof thepaper, theupperboundswe derive aretight on bothmodels.

4 BasicQSM Algorithms

To supportusingQSM or s-QSMfor designinggeneral-purposeparallelalgorithms,we developa suitable
cost metric for suchalgorithms. We then presentsimple QSM algorithmsfor prefix sums,samplesort
and list ranking; all threealgorithmsareadaptationsof well-known PRAM algorithmssuitablymodified
to optimizefor our costmeasure.In the next sectionwe presentsomeexperimentalanalysisanddataon
simulationsperformedusingparallelcodewe wrotefor thesealgorithms.

4.1 Cost Measuresfor a QSM Computation

Ourcostmetricfor aQSM algorithmseeksto

1. minimizethework performedby thealgorithm,

2. minimizethenumberof phasesin thealgorithm,and

3. maximizeparallelism,subjectto therequirements(1) and(2).

Thework �A8@�B= of a parallelalgorithmfor a givenproblemis theprocessor-time productfor inputsof
size � . Therearetwo generallower boundsfor thework performedby aQSM algorithm:First, thework is
at leastaslargeasthebestsequentialrunningtimeof any algorithmfor theproblem;andsecond,if theinput
is in shared-memoryandtheoutputis to bewritten into shared-memory, thework is at least�DC�� , where �
is thesizeof theinput [10].

The maximumparallelism of an algorithm performing �Ã8@�B= work is the smallestrunning time 
�8@�B=
achievable by the algorithm while performing �Ã8@�B= work. This is a meaningfulmeasurefor a QSM or
s-QSMalgorithm,asfor aPRAM algorithm,sincethesealgorithmscanalwaysbesloweddown (by usinga
smallernumberof processors)while performingthesamework [10].

Themotivationfor thesecondmetriconminimizingnumberof phases(which is thenew one)is thefol-
lowing. Onemajorsimplificationmadeby theQSMmodelsis thatit doesnot incorporateanexplicit charge
for latency or thesynchronizationcostat theendof eachphase.The total time spenton synchronizations
is proportionalto thenumberof phasesin theQSM algorithm.Henceminimizing thenumberof phasesin
ans-QSMalgorithmminimizesthehiddenoverheaddueto synchronization.In particularit is desirableto
obtainanalgorithmfor which thenumberof phasesis independentof theinput size � as � becomeslarge.
All of thealgorithmswe presenthave this feature.

Relatedwork onminimizing thenumberof phases(or supersteps)usingthenotionof roundsis reported
in [12] for sortingandin [5] for graphproblems.Severallowerboundsfor thenumberof roundsneededfor
basicproblemson theQSM andBSParepresentedin [19].

A ‘round’ is a phaseor superstepthatperformslinearwork ( ��8h�é����0= time on s-QSM,and �)8h��������
�F= time on BSP).Any linear-work algorithmmustcomputein rounds,hencethis is a usefulmeasurefor
lower boundson the numberof phases(or supersteps)neededfor a given problem. On the otherhand,a
computationthat proceedsin roundsneednot leadto a linear work algorithmif the numberof roundsin
thealgorithmis non-constant.In fact,all of thealgorithmspresentedin [5] performsuperlinearwork. The
algorithmin [12] performssuperlinearcommunicationwhenthenumberof processorsis large.

In contrastto the costmetric that usesthe notion of rounds,in this paperwe askfor algorithmsthat
performoptimalwork andcommunicationandadditionallycomputein a smallnumberof phases.
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Input. Array +-, ¿nûÌû º/. to a Ê -processorQSM.
// Preprocessto reducesizeto Ê :
pfor ¿�� ï �ÃÊ do

processorÊ,î readsthe ï th blockof ºMÁ9Ê elementsfrom array+ , computeslocalprefixsums,andstoresthesumin 01, ï . .
rofp
// Main loop
ü ¼ ½32 ñ ò@óxõ 2 ÷^ô<ùô,ñ ò@ó 24 ¼ ½DÊ
repeat

pfor ¿�� ï ��ð 4 Á ü ú do
processorï readsthe ï th block of ð ü ú elementsfrom array 0 ,
computeslocalprefixsums,andstoresthesumin 05, ï .4 ¼ ½eð 4 Á ü ú

rofp
until

4 ½À¿
Theprocessorsperforma correspondingsequenceof ‘expansion’stepsin which thecorrect

prefixsumvalueis computedfor eachpositiononcethecorrectoffsetis suppliedto it.

Figure4: Prefixsumsalgorithm.

By placingthemaximizationof parallelismasaconsiderationsecondaryto minimizingwork andnum-
berof phases,we areemphasizingourdesirefor practicalalgorithms;thusproviding goodperformancefor
tiny problemsizesis not a primaryconsiderationin our metric. Our emphasisis on simplealgorithmsthat
canbe usedin practice,hencewe aremainly interestedin algorithmsfor the casewhenthe input sizeis,
say, at leastquadraticin the numberof processors,sincethe input sizesfor which we would usea paral-
lel machinefor the problemswe studywould normally be at leastaslarge, if not larger. The pay-off we
get for consideringthis moderatelevel of parallelismis thatour algorithmsarequitesimple. Someof our
algorithmsachieve a higher level of parallelism,but our goal in developing themwasto obtaineffective
algorithmsfor moderatelevels of parallelism.Discussionof simulationresultsin thenext sectionsupport
ourbelief thatwecansimplify QSM algorithmswithouthurtingperformancefor practicalproblems.

As notedin thesectiondescribingouremulationof LogPon QSM,it is meaningfulto considercompu-
tationsin which the input andoutputremaindistributeduniformly acrossthe local memoriesof theQSM
processors.Thiswouldcorrespond,for instance,to asituationwherethecomputationunderconsiderationis
partof amorecomplex computation.In suchacaseaQSMprocessorwouldnotneedto write backthecom-
putedvaluesinto shared-memoryif thesevalueswill beusedonly by this processorin latercomputations.
Our simpleprefix sumsalgorithm(given in Figure5) hasanimprovedperformanceunderthis assumption
of distributedinputandoutput.In theotheralgorithmswepresent,thesavingsgainedby this representation
is no morethana constantfactor. However, we will comebackto this point in thenext sectionwherewe
presentexperimentalresults. Therewe pin down the constantfactorsfor the runningtime, basedon the
distributedinputenvironmentthatwe usedto runouralgorithms.

4.2 Prefix SumsAlgorithm

Theprefix sumsalgorithmis givenin Figure4.

Theorem 4.1 Thealgorithm in Figure 4 computestheprefixsumsof array 6 � �����Ì�7� , andruns in ��8h�é����0=
time(andhence��8h���B= work) and ��8  £¢p¤ + £¢p¤1¥ 8�¨ + ª = phaseswhen�Ï����B���,��� on QSMands-QSM.
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Input. Array +-, ¿nûÌû º/. to a Ê -processorQSM, Ê9�;: º .
pfor ¿�� ï �ÃÊ do

processorÊ î readsthe ï th blockof ºMÁ9Ê elementsfrom array+ , computeslocalprefixsums,andstoresthesumin locations< , ï Õ � ..Õ ï ì ¿�� � �ÃÊ
rofp
pfor ¿�� ï �ÃÊ do

processorÊ,î readsall entriesin subarray
< , ¿nûÌû ï�= ¿<Õ ï . , computes

thesumof theelementsin thesubarray, addsthis offsetto its
localprefixsums,andstoresthecomputedprefixsumsin locationsÎ ï�= ¿�Ñ�Å�Î�ºMÁ9ÊyÑcìT¿ throughï ÅWº�ÁKÊ in outputarray 0

rofp

Figure5: Simpleprefix sumsalgorithmfor �Ï�
> � .

Proof: Let 
 bethenumberof iterationsof therepeatloop. Then
®$'��8@���,����B���,�ã�M= , i.e., 
®$'��8@���,����B���,��8@�����=p= .
Thealgorithmperformseachiterationof the repeat loop in onephase,hencethenumberof phasesin the
algorithmis Û�
0�¯� , which is ��8@���,����B���,��8@�����=p= .

For the algorithm to terminatewe need ��� � , and the time taken by eachiteration of the repeat
loop is ��8h�àC#�y= , hencethe overall running time of the repeat loop is �)8�
�C��é�y= , which is ��8p8h�������=�C
8@���,����B���,��8@����0=p=®$'��8h�é����0= . Thefirst pfor loop takes �)8h������0= time,andhencetheoverall runningtime
of thealgorithmis �)8h������0= , andthework performedby thealgorithmis ��8h���B= . When �â$��)8p��= , thetime
takenby thealgorithmis ��8h�F���,�Ä�B= , hencethealgorithmperforms��8h�ZC`�B= work aslongas�T$��)8@��B���,�ã�B= .
ä

This resultis optimalfor s-QSMsincethereis acorrespondinglowerboundfor thework [10], time[19]
andthenumberof phases[19]. Notethatthis algorithmrunsin a constantnumberof roundsif � $ ��8@����= ,
for someconstant��Ý'� .
Broadcasting. We notethat theabove algorithmcanberun in reverseto broadcasta valueto � processors
to obtainthesameboundsif ��8h�é����0= time is allowedperphase.

Finally wenotethattheQSMalgorithmfor prefixsumsis extremelysimplewhen� �
> � , which is the
situationthat typically arisesin practice.This algorithmis shown in Figure5. It is straightforward to see
thatthis algorithmcomputestheresultin ��8h�DC>����0= time andtwo phases.Theprocessof writing andthen
readinglocationsin thearray ? � �p;*@�� is asimplemethodof broadcasting� valuesto all processors.

Theorem 4.2 Thesimpleprefixsumsalgorithmrunsin ��8h������0= timeandin twophaseswhen�Ï� > � .
If theinputandoutputare to bedistributeduniformlyamongthelocal memoriesof theprocessors, then

thesimpleprefixsumsalgorithmrunsin ��8h�DCV�0= timewhen�Ï� > � .

4.3 SampleSort Algorithm

Figure6 shows the QSM samplesort algorithm. We assumethat ���BA 8  ¢p¤�8 ; in otherwords,thereis a

significantamountof work for eachprocessorto do.
This algorithmis basedon thestandardsamplesortalgorithmthatuses‘over-sampling’andthenpicks

pivotsevenly from thechosensamplesarrangedin sortedorder[15, 22, 23, 11,9]. In recentrelatedwork,
we have investigateda modifiedsamplesortalgorithmwith a slightly differentpivot selectionmethod,and
we have shown it to have superiorperformance.Detailsof thismethodcanbefoundin [21].

13



Input. Array +-, ¿nûÌû º/. to a Ê -processorQSM, Ê9�DC ºMÁ#ÆÌÇ<ÉZº .
1. pfor ¿�� ï �AÊ do

a. The ï th processorÊ,î readsthe ï th block of ºMÁKÊ elementsfrom theinputarray;
b. Ê,î selectsE ÆÌÇnÉ�º randomelementsfrom its block of elementsandwrites Ê copies

of theseselectedelementsin locations
< , ¿nûÌû E Å@Ê0ÆÈÇ<ÉZº3Õ ï .

rofp
2. pfor ¿�� ï �AÊ processorÊ�î performsthefollowing steps

a. ProcessorÊ,î readsthevaluesof thesamplesfrom locations
< , ï Õ � Å E ÆÌÇnÉZº�ì ï . ,F � � �ÏÎ£Ê = ¿�Ñ

b. Ê î sortsthe E Ê0ÆÌÇnÉ�º samples,andpicksevery E ÆÌÇnÉ�º th elementasa pivot;
c. Ê,î groupsits local ºMÁ9Ê elementsfrom theinput arrayinto groupsdependingon the

bucket into which they fall with respectto thepivots.
d. For ¿�� � �AÊ

write backtheelementsin the � th bucket into a block in anarraymeantfor
all elementsin the � th bucket. (This requiresa globalprefixsumscalculation
to determinethelocationof theblock within thearrayin which to write the
elementsin bucket � from the ï th processor.
Thesamecomputationgivesthelocationsneededfor thewritesin step3.)

rofp
3. pfor ¿�� ï �AÊ do

ProcessorÊ î readstheelementsin the ï th bucket, sortsthem
andwritesthesortedvaluesin thecorrespondingpositionsin theoutputarray.

rofp

Figure6: Samplesortalgorithm.

Theorem 4.3 Thealgorithm in Figure 6 sortsthe input array while performingoptimal work ( ��8h��C,� �
� ���,�Ä�B= ), optimal communication( ��8h� C3�B= ), in ��8p��= phaseswhp whenthe numberof processors �ß$
��8 A 8 £¢p¤�8 = .
Proof: Thealgorithmselects�z�����,�ã� randomsamplesin step1. In step2 thesesamplesarereadby each
processor, thensorted,and �G�� evenly-spacedsamplesarechosenasthe ‘pivots’. Thepivots divide the
inputvaluesinto � buckets, wherethe � th bucket consistsof elementswhosevalueslie betweenthe 8@�����= st
pivot andthe � th pivot in sortedorder(assumingthe0thpivot hasvalue IH andthe � th pivot hasvalue H .
Theelementsin the � th bucket arelocally sortedby theprocessor� � andthenwritten in sortedorderin the
outputarray. Hencethealgorithmcorrectlysortstheinput array.

We now analyzethe runningtime of the algorithmwith � processors,��� C ��B���,�ã� . Steps1a and
2d take ��8h�é����0= time, andsteps1b and2atake time ��8h�>�����,��8@�����=p=ç$��)8h������0= , since�e� C ��B���,��� .
Step2btakestime ��8k�����,��� ���,�:8k���.�,�ã�B=p=B$��)8p8@����0=y���,��8@�����=p= , andstep2c takestime ��8p8@�����=ZC����,�X�0= if
binarysearchonthepivotsis usedto assigneachelementto its bucket. Step3 takestime �)8@«e���,�Ä«�� �é«6= ,
where« is thesizeof thelargestbucket.

Wenow obtainaboundon thesizeof thelargestbucket « .
Considerthe input elementsarrangedin sortedorderin a sequence? . Consideran interval J of size

�Ã$LKB���� on ? , for a suitableconstantK��á� . In thefollowing we obtaina high probabilityboundon the
numberof samplesin any interval of size � .
Let M:�ON P , � ���Ä�������,�ã��;1� �Q@)�ý� , bearandomvariablethatis 1 if the � th sampleof the @ th processorlies
in J , andis zerootherwise.�â� � M��RN P�$ß����$��P�C`�X�� , for ���è�E�������,��� , where��P is thenumberof elementsin J thatarefrom processor
��P ’s blockof ���� elements.
Let Mß$TS �   ¢p¤�8�.-0/ S + Pn-0/ M:�ON P . Notethat M is thenumberof samplesin J .
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Input. Successorarray
< , ¿nûÌû º/. to a Ê -processorQSM, Ê9�DC ºMÁ#ÆÌÇ<ÉZº .

1. Eachprocessorreadsa block of ºMÁ9Ê of theinputsuccessorarray.
2. for E ÆÌÇnÉMÊ iterationsdo

pfor ¿�� ï �AÊ do
a. ProcessorÊ î generatesa randombit for eachelementin its local sublist.
b. Ê î ‘eliminates’eachlocalactive elementfor which its randombit

is a 0 andits successorrandombit is a1.
c. Ê,î compactsits local sublistby removing theeliminatedelementsusing

an‘indirection’ array.
rofp

rof
3. All processorssendtheir currentsublistto processor0, which

thenranksthecurrentelementssequentially.
4. All processorsperforma sequenceof ‘expansion’stepscorrespondingto step2 in which

thecorrectlist rankis computedfor eachelementoncethecorrectoffsetis suppliedto it.

Figure7: List rankingalgorithm.

U � MV�Z$¯�����,��� S + Pn-0/ � P Cc8k����B=�$ß8K�çC1��CV�6C����,�ã�B=W��
Hence

U � MW��$XKB�����,��� .
By Hoeffding’s inequality, �â� � M �B)��Ø� �â� � Y �B)�� , for )�ÝZKÚ�����,��� , where

Y
is the sumof

�������,��� 0-1 independentrandomvariables,with probabilityof successequalto ���� for all of theserandom
variables.U � Y �X$¯�[KY���,�ã� .

By aChernoff bound,�â�é8 Y �������,���B=E�è³�\^]`_ õba ! � ù þ ñ c 2þ a#ñ c þ $¯� \ � ¥ d \ / ª þ ¨<¥ ° d�  e ° ª ,
i.e., �A��8fM �������,���B=E��� \ � ¥gd \ / ª þ ¨<¥ ° dÚ  e ° ª .

Let ²y� bethepositionof the ���c���,��� th samplein thesortedsequence? , ���5�ç���;eÛ . Let «4� bethe
interval of size KB���� on sequence? startingat ²M� , �À���D�'�h�Û . Let «9i be the interval of size KB����
startingat thefirst elementof ? andlet « + \ / betheinterval of size KB���� endingat thelastelementof ? .
Theprobabilitythatany of theintervals «��W;®�D���E�Þ�j�� haslessthan �����,�ã� samplesis no morethan
�TC>� \ � ¥ d \ / ª þ ¨<¥ ° dÚ  e ° ª , which is ��8p���� 2 =x;x� �'� , for a suitablechoiceof K and � . Hencewhp every bucket
hasno morethan KB���� elements.

Thuswhp,step3 takestime ��8p8@����0=y�.�,�ã�6���������= , andthustheoverall runningtimeof thealgorithm
is ��8h�YCM8@����0=���8@� ���,���B=W��0= , which is optimal.

Thereare6 phasesin thealgorithm– oneeachfor steps1a,1b,2a,2d,3, and4. ä

4.4 List Ranking Algorithm

Figure7 summarizesthelist rankingalgorithm.

Theorem 4.4 TheList Rankingalgorithm runs with optimal work and optimal communication( ��8h�é����0=
for both),andin ��8@���,���0= phaseswhpwhenthenumberof processors �T$'��8@��B���,���B= .
Proof: Wefirst considerthecasewhen�T$¯Né8@�(kx= . Consideragiveniterationof thepfor loop.
Let � bethenumberof elementsin a givenprocessor� , andlet �Ã$5�mlE��� S , where �ml denotesthenumber
of elementsat evendistance,and � S denotesthenumberat odddistancefrom theendof thecurrentlinked
list.
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Let
Y l bea randomvariabledenotingthenumberof elementsat evendistancefrom theendof thelist

in processor� thatareeliminatedin this iterationof thepfor loop. Let
Y S be thecorrespondingrandom

variablefor elementsat odddistancefrom theendof the linked list. Therandomvariables
Y l and

Y S are
binomially distributedr.v.’swith

U � Y ln�Z$¯�ml�po and
U � Y S���$� S po .

By aChernoff bound,�â�é8 Y l��'8p�qsr®=ÚC��mlnpoé=Þ� ³ \�t þ � 2vu ¨xw and �â�é8 Y S4�'8p�qsrE=�C1� S�poé=ý� ³ \�t þ � 2vy ¨xw
Hence,sinceeither �zl or �1S is at least �c�Û , with exponentiallyhigh probability in � , at least 8p�{|r®=W�}

of theelementsin � areeliminatedin this iteration.
If � $5Né8@� k = , for any ~4�� , then ���� ° $�	 8@�(��= , for someconstant�A�� . Hence,in every iterationof

thepfor loop,eitherat least 8p�qsr®=W�} of theelementsareeliminatedat eachprocessorwith exponentially
high probability, or the numberof elementsremainingat the processoris N�8@�����= . Hence,after �����,���
iterations,thenumberof elementsremainingin thelinked list is �á8p�5�r®=Wpoé= �  £¢p¤ + C>� with exponentially
highprobability. With asuitablechoiceof � this numberof elementsremainingcanbemade������ .

By the above analysisthe numberof elementseliminatedat any given processoris geometricallyde-
creasingfrom iterationto iteration. Hencethe total time for step2 (andhencefor step4) is ��8h�é����0= . At
theendof step2 thenumberof elementsis reducedto ��8@����0= (with exponentiallyhighprobability),hence
thetimefor step3 is ��8h�é����0= . Hencetheoverall runningtimeof thealgorithmis �)8h������0= . Thenumberof
phasesis ��8@���,���0= , sincethereis aconstantnumberof phasesin eachiterationof step2.

If ��$&	 8@� k = , we canusea standardanalysisof randomizedlist rankingto show that all elementsat
a processorareeliminatedin ��8@���,���B=�$f�)8@���,�0�0= time whp. In this case,for a suitablechoiceof � , the
lengthof thelist is reducedto 1 at theendof step2, andstep3 is not required(althoughonemight still use
step3 for improvedperformance).ä

5 Experimental Results

We investigatedtheperformanceof theprefix sums,samplesortandlist rankingalgorithmson Armadillo
[13], which is asimulatedarchitecturewith parameterizableconfigurationsandcycle-by-cycle profiling and
accuracy. Thesimulatorwassetto parametersfor a state-of-the-artmachine.A detaileddescriptionof this
experimentalwork canbefoundin [14].

Theexperimentsin [14] wereperformedonasimulatorin orderto evaluatetheeffectof varyingparam-
etersof theparallelmachine(suchaslatency andoverhead)andtheeffectivenessof the QSM modeland
the BSPmodelin predictingperformanceof algorithms. In this sectionwe concentrateon presentingthe
analysesthatled to thegraphsin thebasicexperimentperformedin [14]. Theseplotsfrom [14] areattached
to theendof thispaper. For detailsof theotherexperimentsandconclusionsderivedfrom them,see[14].

Theresultsof theexperimentsindicatethat theQSM predictionscomecloseto theobservedvaluesfor
fairly small problemsizesandthat they becomemoreaccurateasproblemsizesincrease.We alsofound
that the loosenessof boundsobtainedusing standardtechniquesof algorithm analysisfor nonoblivious
algorithmsandvariationsintroducedby randomizationareoftenlargerthantheerrorsintroducedby QSM’s
simplifiednetwork model.This wascertainlythecasefor bothsamplesortandlist ranking.

Thearchitectureof theArmadillo simulatoris describedin theappendix.In thefollowing subsections,
wedescribeouranalysisonboundingtheconstantfactorsin theperformanceboundsof thecodewe imple-
mentedfor thethreealgorithms,andwe discusstheexperimentalresultswe obtained.Thepseudo-codefor
theexperimentsis includedin theappendix.
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5.1 GeneralComments

Eachof our graphsshows the measuredresultsof runningoneof the threealgorithms,andcomparesthe
measuredcommunicationtimeto thecommunicationtimepredictedby QSMandby themoredetailedBSP
model.Ouranalysisfocusesoncommunicationperformance– excludingCPUtime– for two reasons.First,
all modelsexaminedheremodelCPUperformancein thesameway, socomparisonsof predictionsof CPU
performancearenot interesting.Second,exactCPUtime calculationsdependon low level parametersthat
arebeyond thescopeof theQSM andBSPmodels.However, for completenessthegraphsalsoshow the
totalmeasuredtime takenby thecomputation.

Thearchitecturewe simulatedwasthatof a distributed-memorymultiprocessor, andthustheinput and
theoutputwasdistributeduniformly acrosstheprocessors.Hencein analyzingthealgorithmswe excluded
theinitial costof readingtheinput from shared-memory, andthefinal costof writing theoutputinto shared-
memory. As discussedearliersuchananalysisis meaningfulin thecontext of ashared-memorymodelsince
it wouldcorrespond,for instance,to asituationwherethecomputationunderconsiderationis partof amore
complex computation,andtheinput/outputis availableat thelocal memoriesof theappropriateprocessors.
Thealgorithmsweresimulatedon 4, 8 and16 processors.

Weplottedseveralcomputedandmeasuredcostsaslistedbelow:

1. ‘Communication’is themeasuredcostof thecommunicationperformedby thealgorithm,measured
in cycles.

2. ‘QSM best-case’representsthe idealperformanceof eachof therandomizedalgorithms.It usesthe
QSM analysisbut assumesno skew in theperformanceof therandomizedsteps.

3. ‘QSM WHP bound’ representsthe performanceof eachof the randomizedalgorithmsthat we can
guaranteewith probabilityat least0.9.

4. The ‘QSM estimate’line is a plot of the measuredmaximumnumberof communicationstepsat
any processormultiplied by thegapparameter. (Sincenoneof thealgorithmswe implementedhad
queuecontentionat memorylocations,this correctlymeasuresthe communicationcostasmodeled
by QSM.) For the prefix sumsalgorithmthe ‘QSM estimate’line alsogives‘QSM bestcase’since
thealgorithmis deterministicandoblivious. For therandomizedalgorithms,this line plotstheQSM
predictionwithout theinaccuracy that is incurredwhenworking with looseanalyticalboundson the
amountof communication.

5. The‘BSPestimate’line is similar to ‘QSM estimate’,exceptthatthereis anadditionaltermto account
for thelatency parameter.

6. ‘Total running time’ is the measuredcost of the total running time of the algorithm, measuredin
cycles.We includethis for completeness.

For all threealgorithms,we foundthat ‘QSM estimate’trackscommunicationperformancewell when
theinputsizeis reasonablelarge.Theinputsizesfor whichwesimulatedthealgorithmsarefairly smalldue
to theCPU-intensive computationof thestep-by-stepsimulationperformedby Armadillo. Modernparallel
architecturestypically giveeachprocessormany megabytesof memory, soproblemsof practicalinterestare
likely to beevenlargerthanpresentedhere.

Wenow describein somedetailthecomputationsthatled to thecomputedplotsin thevariousgraphs.
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5.2 Description of the Graphs

In thissectionwedescribetheequationsweusedto plot thecomputedcurvesfor QSMfor eachof thethree
algorithms.

5.2.1 Prefix Sums

We implementedthe simpleprefix sumsalgorithmshown in Figure5. Sincethe � th block of ���� input
elementswasdistributedto the � th processoraheadof thecomputationandtheoutputlocationfor theprefix
sumsfor theseelementswasdesignatedto beonthe � processor(thenaturaldistribution),thecommunication
costfor thisalgorithmis ��8k�����= , andthetotal runningtime is �)8h����������0= .

5.2.2 SampleSort

Weimplementedthesamplesortalgorithmgivenin Figure6.
The‘QSM ideal’ plot shows thecomputedcommunicationtime assumingthateachbucket is of sizeno

morethan IJ����:L . Thealgorithmchoseo����.�,�ã� samples,hencetheequationplottedis

?I���� 8@�B=B$�o#8k�����=������,���6�|�é8k�����=��Ã�¯8h�������=�Cc8k�����=W��
Herethefirst termis for thebroadcastperformedin steps1cand2aof thesamplesortalgorithm,thesecond
termis for step2d,andthethird termis for thereadin step3. Thefactor 8k�I ��=W�� in thethird termaccounts
for thefactthatin theidealcase,���� of theelementsin eachbucket will belocal to theprocessorthatneeds
to sort that bucket andhencewill not participatein the bucket redistribution step. Sincewe assumeideal
behavior by thealgorithm,thewrite in step3 hascost0, sincetheelementsin eachbucket will be in their
final positionafterthelocal sortin step3.

The ‘QSM whp’ plot shows the computedcommunicationtime that is guaranteedwith probability
greaterthan.9. Therunningtimehereis

?I���U7� + 8@�B=®$�o#8k�����=��%���,�ã�)�3�é8k�����=��Ã�Þ��«D�F�¡��« ;
where« is thesizeof thelargestbucket,and � is aboundon thefractionof elementsin any bucket thatare
outsidetheprocessorthatwill sort thatbucket. Heretheterm ��«D� representsthetime to performtheread
in step3 to copy theelementsin eachbucket into theappropriateprocessor, andtheterm ��« representsthe
time to write backthesortedelementsinto their final location.

To obtaina boundon « we usetheanalysisin Section4.3. Wesolve for a valueof K thatis guaranteed
by Chernoff boundto give a bucket sizeno larger than «�$�KB���� with probabilityat least �1eÜ (where Ü
wassetto 0.05).For thiswe solve for K in thefollowing equation:

8fK����= °K ×58p8@���çÛM=W�ÛM= ���,� /�i 8p���ÜM=��e���,� /�i �
�.�,� /�i �

Solvingfor K , weobtainKÞ$ß8x{��� > � ° �oé=W�Û , where�F$LÃ8KÛ���8p8@���çÛM=W�ÛM=�C�8@���,�X8p���Üy=��Ã���,�Ú�0=WB���,�ã�B= .
To solve for � weuseChernoff boundsagain.Let � beaprocessorwhosebucket sizeis maximum,and

let
Y

bethenumberof elementsin thatbucket thatarelocal to processor� beforestep3 of thealgorithm
in Figure6. Then

U � Y �Ú��KB���� ° , and �â�é8@P �'8p�1sr®=�C1«)��0=à� ³ \�t þx� ¨<¥ ° + ª .
We solve for r in the equation 8k���ÛM=FC�³ \�t þ � ¨<¥ ° + ª � Ü � , wherewe set Ü � $��Ì�/� , and the factorof

���Û comesfrom the(generous)observationthatno morethan�X�Û of theprocessorscanhave themaximum
bucket sizewhp.

Thus, rà$ C 8KÛ<���«�=�C1���X8k���8KÛ�Ü � =p= andhence� $æ8k�j��Ä�Qr®=W�� .
Sincewe seteachof Ü and Ü � to ���Ì�/� , theoverall successprobabilityis at least ��� .
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5.2.3 List Ranking

Weimplementedthelist rankingalgorithmgivenin Figure7.
Theequationfor thetime takenby thecommunicationon a � -processorcomputationis

? ��� 8@�B=�$¯O��DCc8p8f6�C��1/n�ÛM= � 8@« C�� ° =Wpoé= �   ¢p¤ +�
�.-0/ P:�9=���O � C��4���

wherethevariousparametersarethefollowing:
�ç$�o sincewe implementedstep2 of thelist rankingalgorithmto run for oE�.�,�ã� iterations.
P:� is a boundon themaximumnumberof elementsat any processorin the � th iterationof the for loop

in step2 of thelist rankingalgorithm.6�$ß� is thenumberof communicationstepsperformedby elementsthatflippedaonebit in aniteration
of the for loop in step2 of the list rankingalgorithm,and �1/ is a correctionfactorto computea boundon
themaximumnumberof elementsthatflippeda onebit at any processorin the � th iterationas 8@�1/ �ÛM=ÚC1P:� .

«±$�� is thenumberof communicationstepsperformedfor elementsthatareeliminatedin aniteration
of thefor loop in step2 of thelist rankingalgorithm,and � ° is acorrectionfactorto computeaboundonthe
maximumnumberof elementsthateliminatedthemselvesatany processorin the � th iterationas 8@� ° poé=ZC�P:� .� is thetotal numberof elementsremainingafterstep2.�5$�o is thenumberof communicationstepsinvolvesthese� elements.

O is a boundon thefractionof elementsthatflippeda bit whosesuccessors/predecessors arenot at the
sameprocessor, and O � is a boundon the fraction of the elementsremainingafter step2 that arenot in
processor��i .

For the ‘QSM ideal’ plot, we assumethereis no skew in the performanceof the randomizedsteps.
Hencewe obtainedthefollowing valuesfor theparameters:
P#�0$ß8@����0=ÚCc8`�cpoé= � \ / , �Ã$¯�TCM8`�cpoé= ÿ  £¢p¤ + , �1/F$¯� ° $ß� , O $O � $ß8k�����=W�� ,
where� is thesizeof theinput. By approximatingthesummationby thesumof theinfinite geometricseries,
we obtainedthefollowing equationfor the‘QSM ideal’ plot:

? ���� 8@�B=�$æ8p8k�����=W��0=BC�Û��ÈÛ�����CmoACc8@����0=��Qo���� Cc8`�cpoé=Kÿ  £¢p¤ +
The‘QSM whp’ plot givestheboundon communicationthatwe canguaranteewith probabilityat least��� . This boundwasobtainedusingChernoff boundasdescribedin Section4.4 andis ratherweak,since

many approximationsweremadein the analysis. We describebelow the valueswe usedfor the various
parameters.

We obtaineda boundon P#���0/ usingChernoff bounds,first to obtaina lower boundon P �� , thenumber
of elementsin any processorat eachof odd and even positionson the linked list, and then to obtain a
lower boundon the numberof theseelementsthat are eliminatedin the � th iteration. To computethis
we first computeda boundon P �� that is guaranteedat any processorwith probability at least ���Ü ° as
P#�� $ß8p�q�KE=�C>P#�K�Û , where KÞ$ C 8�oM�P:�W=�C1���X8p8KÛ<�������,�Ú�0=W�Ü ° = .

We thencomputeda boundon P#���0/ that is guaranteedat any processorwith probabilityat least �1eÜ>/
as P#���0/F$¯P#�ZCy8`�cpo �Qr0�.poé= , wherer0�#$ A 8KÛc�P �� =0C����X8p8KÛ<�Z�Z�.�,���0=W�Ü�/ =

Weobtainedanupperboundon �1/ thatis guaranteedatany processorwith probabilityat least ��ÀÜ ÿ as
�1/F$ß�ã��� , where�7$ C 8` c�P#�V=0C>����8p8k�������,����=W�Ü ÿ = .

We decidedto set � ° $Ù�1/ to simplify the analysis,sinceit appearedthat the benefitobtainedfrom
computinganupperboundon � ° wasout-weighedby thefactthatwe neededto devotesomeprobabilityto
thiscomputation.
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Wecomputedaboundon � thatis guaranteedwith probabilityat leastÜ � usingChernoff boundsto bound
thetotalnumberof elementsremainingateachiterationof thefor loop,andhenceobtainedaboundfor � as
theboundonthenumberof elementsremainingafterthelastiterationof thefor loop. For thisweset � $¯�
initially, andin the � th iterationweupdated� to ��$�%C,8`�cpo���rBpoé= , whererÀ$ C 8`}c��M=�C��¡�X8p8@�Z�.�,�0�0=W�Ü � = .

Weset O $O � $ß� to simplify theanalysis.
Weset Ü>/F$��Ì��o and Ü ° $¯Ü � $Ü ÿ $L�Ì�cÛ to obtainanoverall probabilityof successof at least ��� .

5.3 Discussion

Thegraphsfor thethreealgorithmsaregivenat theendof thepaper.
As expectedthecommunicationcostfor theprefix sumsalgorithmis negligible comparedto the total

computationcostas � becomeslarge.Hencewehave only shown theplotsfor 16 processors.QSM (andto
a lesserextentBSP)bothunderestimatethecommunicationcostby a largeamount,but sincethecommuni-
cationcostis very smallanyway, this doesnot appearto bea significantfactor. Thepossiblecausefor this
discrepancy betweenthepredictedandmeasuredcommunicationcostsis discussedin [14].

As expected,for bothsamplesortandlist rank the lines for ‘QSM best-case’and‘QSM WHP bound’
envelopetheline for actualmeasuredcommunicationexceptfor tiny problemsizes(whenlatency dominates
thecomputationcost). For bothalgorithmsthe ‘QSM estimate’line is quitecloseto the ‘communication’
line, indicating that QSM modelscommunicationquite effectively when an accurateboundis available
for thenumberof memoryaccessesperformedby theprocessors.For instancewith 16 processors,‘QSM
estimate’is within 10%of ‘communication’for samplesortwhentheinput sizeis larger than125,000,and
is within 15%of ‘communication’for list rankwheninput sizeis larger than40,000.The ‘BSP estimate’
linesarevery closeto the‘QSM estimate’linesfor bothalgorithms.

For bothsamplesortandlist rankthe‘QSM WHP’ line givesaveryconservativebound,andliessignifi-
cantlyabove theline for ‘communication.’ This is to beexpected,sincethe‘communication’line represents
theaverageof tenrunswhile the‘QSM WHP’ line guaranteestheboundfor atleast90%of theruns.Further,
asseenfrom theequationsthat led to the ‘QSM WHP bound’ lines for both algorithms,theboundscom-
putedarenot tight. It shouldbenotedthatthefairly largegapbetweenthe‘communication’andthe‘QSM
WHP bound’ lines is mainly due to the loosenessof the boundswe obtainedon the numberof memory
accessesperformedby the randomizedalgorithms,andnot dueto inaccuracy in theQSM communication
model. As notedabove, the ‘QSM estimate’line which givestheQSM predictionbasedon themeasured
numberof memoryaccessesis quitecloseto the‘communication’line.

Overall thesegraphsshow thatQSM modelscommunicationquiteeffectively for thesealgorithms,for
the rangeof input sizesthatonewould expectto seein practice.We alsonotethat theadditionallevel of
detailin theBSPmodelhaslittle impacton theability to predictcommunicationcostsfor thealgorithmswe
studied,ascomparedto theQSM.

6 Conclusions

Thispaperhasexaminedtheuseof QSMasageneral-purposemodelfor parallelalgorithmdesign.QSMis
especiallysuitedto besuchamodelbecauseof thefollowing.

1. It is shared-memory, whichmakesit convenientfor thealgorithmdesignerto use.

2. It hasa smallnumberof parameters(namely, � , thenumberof processors,and � thegapparameter).

3. We have presentedsimplework-preservingemulationsof QSM on otherpopularmodelsfor parallel
computation.Thusanalgorithmdesignedon theQSM will mapon to theseothermodelseffectively.
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To facilitateusingQSMfor designinggeneral-purposeparallelalgorithms,wehavedevelopedasuitable
cost metric for suchalgorithmsand we have evaluatedalgorithmsfor somefundamentalproblemsboth
analytically andexperimentallyagainstthis metric. Theseresultsindicatethat the QSM metric is quite
accuratefor problemsizesthatarisein practice.
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Parameter Setting

FunctionalUnits 4 int/4 FPU/2load-store
FunctionalUnit Latency 1/1/1cycle
ArchitecturalRegisters 32
RenameRegisters unlimited
InstructionIssueWindow 64
Max. InstructionsIssuedperCycle 4
L1 CacheSize 8KB 2-way
L1 Hit Time 1 cycle
L2 CacheSize 256KB8-way
L2 Hit Time 3 cycles
L2 Miss Time 3 + 7 cycles
BranchPredictionTable 64K entries,8-bit history
SubroutineLink RegisterStack unlimited
Clock frequency 400Mhz

Table2: Architecturalparametersfor eachnodein multiprocessor.

APPENDIX

A Description of the Experimental Set-up

TheArmadillo multiprocessorsimulator[13] wasusedfor thesimulationof adistributedmemorymultipro-
cessor. Theprimaryadvantageof usinga simulatoris that it allows us to easilyvary hardwareparameters
suchasnetwork latency andoverhead.Thecoreof thesimulatoris theprocessormodule,which modelsa
modernsuperscalarprocessorwith dynamicbranchprediction,renameregisters,a largeinstructionwindow,
andout-of-orderexecutionandretirement.For thissetof experiments,theprocessorandmemoryconfigura-
tion parametersaresetfor anadvancedprocessorin 1998,andarenotmodifiedfurther. Table2 summarizes
thesesettings.

Thesimulatorsupportsa message-passingmultiprocessormodel. Thesimulatordoesnot includenet-
work contention,but it doesincludea configurablenetwork latency parameter. In addition,theoverheadof
sendingandreceiving messagesis includedin thesimulation,sincetheapplicationmustinteractwith the
network interfacedevice’s buffers. Also, thesimulatorprovidesa hardwaregapparameterto limit network
bandwidthandaper-messagenetwork controlleroverheadparameter.

Weimplementedouralgorithmsusinga library thatprovidesasharedmemoryinterfacein whichaccess
to remotememoryis accomplishedwith explicit get() andput() library calls. Thelibrary implements
theseoperationsusingabulk-synchronousstylein whichget() andput() callsmerelyenqueuerequests
on the local node. Communicationamongnodeshappenswhenthe library’s sync() function is called.
During a sync(), thesystemfirst builds anddistributesa communicationsplan that indicateshow many
getsandputswill occurbetweeneachpairof nodes.Basedon thisplan,nodesexchangedatain anorder
designedto reducecontentionandavoid deadlock.Thislibrary runsontopof Armadillo’shigh-performance
message-passinglibrary (libmvpplus).

Our systemallows us to set the network’s bandwidth,latency, and per-messageoverhead. Table 3
summarizesthedefaultsettingsfor thesehardwareparametersaswell astheobservedperformancewhenwe
accessthenetwork hardwarethroughour sharedmemorylibrary software.Notethat thebulk-synchronous
softwareinterfacedoesnotallow ustomeasurethesoftware N andH valuesdirectly. Thehardwareprimitives’
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Parameter Hardware ObservedPerformance
Setting (HW + SW)

Gap � (Bandwidth) 3 cycles/byte(133MB/s) 35 cycles/byte(put),287cycles/byte(get)
Per-messageOverhead¢ 400cycles(1 £ s) N/A
Latency g 1600cycles(4 £ s) N/A
SynchronizationBarrier { N/A 25500cycles(16-processors)(64 £ s)

Table3: Raw hardwareperformanceandmeasurednetwork performance(includinghardwareandsoftware)
for simulatedsystem.

performancecorrespondto valuesthatcouldbeachievedonanetwork of workstations(NOW) usingahigh-
performancecommunicationsinterfacesuchas‘ActiveMessages’andhigh-performancenetwork hardware
suchas‘Myrinet’. Note that the softwareoverheadsaresignificantlyhigherbecauseour implementation
copiesdatathroughbuffersandbecausesignificantnumbersof bytessentover thenetwork representcontrol
informationin additionto datapayload.

B Summary of Earlier Resultson Work-Pr eserving Emulations

QSM and s-QSM
Sinceany phaseof ans-QSMcanbeperformedwith thesametime costor lesson theQSM, it follows

that the s-QSMcanbe emulatedon the QSM in a work-preservingmannerwith no slowdown. For the
reverseemulationwe obtaina work-preservingemulationwith slowdown � by mapping� QSM processors
ontoeachs-QSMprocessorandthenhave eachs-QSMprocessoremulatethecomputationof eachof the
QSM processorsmappedto it.
Observation:[20] Thereis a deterministicwork-preservingemulationof QSM on s-QSMwith slowdown
� .

Emulation of QSM and s-QSM on BSP
Theorem: [10]

Thereisarandomizedwork-preservingemulationof a � -processorQSMonBSPwith slowdown ��8@��1�3�
���.�,�X�0= whp in thesizeof theinput.

There is a randomizedwork-preservingemulationof a � -processors-QSM on BSP with slowdown
��8@��1�â�e�.�,�0�0= whp in thesizeof theinput.

Theemulationalgorithmthatleadsto theabove theoremis very simple,andis describedbelow.

G HashtheQSM(or s-QSM)memoryontotheBSPcomponents.

G Map theQSM processorsuniformly on to theBSPcomponents.

G Have eachBSPcomponentemulatethe(or s-QSM)QSM processorsmappedto it.

A probabilisticanalysis[10, 20] shows thattheemulationhasperformancestatedin theorem.

Emulation of BSPon QSM and s-QSM
Theorem. [10] A � -componentBSPcanbe emulatedin a work-preservingmanneron a QSM or s-QSM
with slowdown �)8�IW8h�3��F=�C1���,�0��L�= whp in � .

This emulationusesthesharedmemoryof theQSM (or s-QSM)only to realizethe ! -relationrouting
performedby theBSPin eachstep.Thefollowing is asketchof theemulationalgorithmfrom [10].
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Map theBSPprocessorsuniformly amongtheQSM (or s-QSM)processors.In eachphase,eachQSM (or
s-QSM)processoremulatesthelocal computationfor thecurrentsuperstepof theBSPprocessorsassigned
to it.

EachQSM (or s-QSM)processorcopiesinto its private memorythe messagesthat were sentin the
currentsuperstepto thelocal memoryof theBSPprocessorsmappedto it asfollows. Here � is thenumber
of BSPprocessors.

1. Computethetotalnumberof messages,' , to besentby all processorsin ��8h���.�,�Ä�B= timeand ��8f' �
�é�B= work.

2. Constructasample? of themessagesto besentby choosingeachmessageindependentlywith prob-
ability ��B�.�,���¤' . Thesizeof thesamplewill be ��8f'B���,���('±= whp.

3. Sort the sampledeterministicallyaccordingto destinationusinga standardsortingalgorithm,e.g.,
Cole’s merge-sort;this takes ��8h�F���,��'±= timeand �)8h�YC¥'B���,� ° '±= work.

4. Groupthe destinationsinto groupsof size ���,���(' anddeterminethe numberof messagesdestined
for eachgroup.This canbecomputedby a prefix sumscomputationthat takes ��8h���.�,��'±= time and
�)8h��'±= work.

5. Let ) � bethenumberof elementsin thesampledestinedfor the � th group.Obtaina high probability
boundon thetotalnumberof messagesto eachgroupas � �0$���8@&6(�*�8*),�W;1��=0C����,� � '±= . Make ���,� � '
copiesof each� � , andplacetheduplicatevaluesof the �1� in anarray ¦ � �����Ì�7� suchthat ¦ � ��� contains
the boundfor the group that containsdestination�p;1�� �ý� � . This stepcan be performedin
�)8h�Z8p�������,�ã���,��'¯B���,�E�:=p= time and ��8@���:= work usingabroadcastingalgorithmfor each�1� .

6. In parallel,for each � , all processorswith a messageto a destination� readthe valueof this bound
from ¦ � �f� ; this takestime �e�3! and ��8h��'á= work.

7. Useanalgorithmfor multiple compactionto getthemessagesin eachgroupinto a linear-sizedarray
for that group; this takes �)8h�����,�§'á= time and ��8h��'±= work by the adaptationof the randomized
QRQWalgorithmfor multiple compactiongivenin [8].

8. Performastablesortwithin eachgroupaccordingto theindividualdestination;thiscanbeperformed
in ��8h�F���,�-'±= time and ��8h��'±= work deterministicallyusinganEREWradix-sortalgorithmwithin
eachgroup.

9. Movethemessagesintoanoutputarray ¦ of size ' sortedaccordingtodestinationin ��8h�#!Z= timeand
�)8f'á= work. Createanarray« of size � thatcontainsthenumberof messagesto eachdestination,and
thestartingpoint in theoutputarrayfor messagesto thatdestination;this canbedoneby computing
prefix sumson an appropriate' -arrayandtakes ��8h�F���,��'±= time and ��8h��'±= work. Processor�
readsthis valuefrom « � ��� andthenreadsthemessagesdestinedfor it from theoutputarrayin time
�)8h�3!Z= andwork ��8h��'±= .
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C Pseudo-codes

We describethealgorithmsfor prefix sums,samplesortandlist ranking,asthey wereimplementedon the
simulator. For all algorithmstheinput andoutputwasdistributeduniformly acrossthe � processors.

parallelprefix(array 6 , size � )

Step1: Calculatelocal prefixsums.Eachprocessorcalculatesaprefix sumon its
localportionof thearray.

Step2: Exchangesumsbetweenprocessors. Eachprocessorbroadcastsa copy of its last
sumto everyotherprocessor.

BARRIER SYNCHRONIZATION

Step3: Final modification.Eachprocessoraddsup thesumsfrom its precedingprocessors,
andaddsthisoffsetto eachof its previously-calculatedprefixsums.

samplesort(array ¨ , size © )

Major step1: Pivot selection
Allocateand“register” temporarystructures.
BARRIER SYNCHRONIZATION(to ensuretheshared-memory“registrations”havecompleted)
Eachprocessorselectsª�«g¬p$® of its elementsrandomly(with replacement),

andbroadcastsits samplesto all otherprocessors.
BARRIER SYNCHRONIZATION

Eachprocessorquicksortsall ª°¯�« ¬¥±® samples,andselectseveryª�« ¬¥(® th elementasa pivot (for a total of ¯�²�³ pivots,or ¯ “buckets”).
Major step2: Redistribution

Assigneachlocalelementto oneof of the ¯ buckets,basedon thechosenpivots,
andreordertheelementslocally sothatall elementsfor the ´ th bucketarecontiguous.

For ³¶µ�´±µD¯ , everyprocessorsendsits countof elementsfor bucket ´ , along
with a pointerto thelocationof theseelements,to processoŕ.

BARRIER SYNCHRONIZATION

Eachprocessornow fetchestheotherprocessors’contributionsto its bucket.
Eachprocessoralsoparticipatesin a parallelprefix of thetotalnumberof elementsin eachbucket.
BARRIER SYNCHRONIZATION

Major Step3: LocalSort
for ³¶µD´$µ·¯ in parallel

processoŕ sortstheelementsin the ´ th bucket.
Major Step4: Redistribution

Eachprocessorwritesthesortedelementsof its bucket into theappropriatelocations
(calculatedusingtheresultsof aprefix sumscomputation)in array ¸ .

BARRIER SYNCHRONIZATION
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listrank (array ¨ , array ¹ , array º , size © )

Arrays: successorarray ¸ ; predecessorarray ¯ ; returned-ranksarray » ;
Localvariables:indirectionarray ¼ , flip array ½ , successor’sflip array ¸(½ , removedelementarray »¶¾ , andtemporary
new ranks ¾¿» .¼�À°´fÁ�Â is thecurrentnumberof elements,and ¼�Ã ´OÄ pointsto the ´ th elementin thecurrentlinkedlist.

Initialization:
Initialize » to beall ones.
Initialize ¼�Ã ´RÄÆÅ·´ , to setup theinitial indirection.
Allocateandregistertemporarystructures.

Major step1: Each processorrepeatedlyremovessomeelementsfromits list,
until thelist sizeis fairly smallasfollows.
for ª�Ç°«g¬p�¯ iterationsdo

eachactiveelement́ generatesa flip (randombit), andstoresit in ½ÈÃ ¼�Ã ´OÄ Ä .
BARRIER SYNCHRONIZATION(to ensureshared-memoryregistrationshavecompletedin

thefirst loop,andto ensurethattheupdatesfrom thepreviousloophavecompleted).
if ´ is not theheadelement,and ´ hasasuccessor, and ½ÈÃ ¼�Ã ´RÄ Ä is 1

(i.e., ´ flippeda 1), thenfetchits successor’s flip into ¸(½ÈÃ ¼�Ã ´OÄgÄ .
BARRIER SYNCHRONIZATION

if ½ÈÃ ¼�Ã ´OÄ Ä�Å3³ and ¸(½ÈÃ ¼�Ã ´OÄgÄ�Å�É ( ´ flipped1, and ´ ’s successor’sflip was0),
then ´ removesitself from thelinkedlist by performingadoubly-linkedlist-remove
using ¸ and ¯ . Get ´ ’s predecessor’s rank.

if this is thelastiterationof theloop,sendourcountof remainingelementsto
node0 (doingthis stepnow savesa BARRIER SYNCHRONIZATION).

BARRIER SYNCHRONIZATION

for eachelement́ removedin thepreviousphase,look at thereceivedrankof its
predecessor, andincrementits predecessor’s rank »9Ã ´OÄ by ´ ’s currentrank.
(Barriersynchronizationis not needed,asthis canbedonein parallelwith the
flip generationof thenext iteration,or in parallelwith thefirst phaseof thestepbelow.)

Major step2: Processor0 finishesthelist reductionlocally.
Node0 usesthecountsof remainingelementssendby theotherprocessorsto perform

a localprefix sum,andsetsup temporaryarraysto hold all of theremainingelements.
Node0 tellseachprocessortheoffsetto usefor sendingits remainingelements.
BARRIER SYNCHRONIZATION

All processorssendthedatafor their currently-activeelements(thepredecessorpointers,
thecurrentranks,andanappropriateindirectionarray)to processor0.

BARRIER SYNCHRONIZATION

Processor0 performsa local list-rankon theremainingactiveelementsandputsthefinal
ranksfor theseremainingactiveelementsin their designatedlocations.

BARRIER SYNCHRONIZATION

Major step3: PerformMajor step1 in reverse,insertingelementsbackinto thelist
andpatchingthingsup.
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Figure8: Measuredandpredictedperformancefor theprefixsumsalgorithmon 16 processors.
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Figure9: Measuredandpredictedperformancefor thesamplesortalgorithmon16 processors.
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Figure10: Measuredandpredictedperformancefor thelist rankingalgorithmon 16processors.
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Figure11: Measuredandpredictedperformancefor thesamplesortalgorithmon 8 processors.
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Figure12: Measuredandpredictedperformancefor thelist rankingalgorithmon8 processors.
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Figure13: Measuredandpredictedperformancefor thesamplesortalgorithmon 4 processors.
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Figure14: Measuredandpredictedperformancefor thelist rankingalgorithmon4 processors.
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