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1 Hall’s theorem on distinct representatives

Dijkstra gives a remarakably simple proof of Hall’s theorem on distinct repre-
sentatives [1] in EWD1269 (page 4). He uses almost no mathematical notation,
instead proving the result by appealing to the matrix structure of the problem.
I redo his proof eliminating the matrix terminology, and, I believe, that this is
a simpler proof than Dijkstra’s.

1.1 Distinct representatives

Given bag B whose members are sets S;, 0 < 7 < n, a system of distinct
representatives (SDR) is a set of distinct elements ¢;, 0 < i < n, where ¢; € S;.
B is a bag of sets instead of a set of sets because some of the sets in B may be
identical. Hall gives the necessary and sufficient condition for the existence of an
SDR in bag B: for every subbag of B the number of elements in its constituent
sets is at least the size (the number of members) of the subbag.

There are other ways to describe the problem. Bag B can be represented
by a bipartite graph where one set of nodes denote the sets and the other set
of nodes the elements. An edge is incident on set S and element z if and only
if x € S. An SDR, if it exists, is a set of edges such that every element has
an incident edge, and no two edges are incident on the same node. Dijkstra
employs a matrix to represent the bag: each row represents a set, a member of
the bag, and a column an element. A matrix entry of 1 denotes that the element
corresponding to the column belongs to the row corresponding to the set, the
entry is 0 otherwise. A set of rows cover a particular column if and only if at
least one row of the set contains a 1 in that column. He states Hall’s theorem
as follows: “ .- the columns can be ordered in such a way that condition H is
met, viz. for each row index 4, the i*” row has a 1 in the i** column”. Actually,
he permutes both rows and columns in his proof.

1.2 Proof of Hall’s theorem

Notation and terminology For a bag of sets B, |B] is its size, i.e. the num-
ber of member sets in B, and # B the number of elements in all the constituent
sets of B. To distinguish between bag and set operations use + instead U for



bag union, so G + H is the union of bags G and H. o

Hall condition (HC): Bag S meets HC if and only if the number of elements
in the constituent sets of S is at least its size, #S5 > |S|.

Theorem 1 [Hall] A bag has an SDR if and only if all its subbags meet HC.

Proof: If a bag has an SDR, then any subbag S has at least |S| representatives
in the SDR, so #S > |S|.

The main part of the proof is the converse, that if all subbags of B meet
HC, then B has an SDR. The empty bag has a trivial SDR. I prove the result
for non-empty bags by induction on bag size.

Dijkstra uses a very simple idea in EWD1269 to arrive at a constructive
solution. Given that all subbags of the initial bag meet HC and an empty set
violates HC, if we repeatedly remove an arbitrary element from an arbitrary set
of the bag it will eventually have a subbag that violates HC. So, at some point
removal of an element z from a set r in B causes the transition from bag B in
which all bags meet HC to bag B’ in which some subbag G’ violates HC.

Any subbag of B that does not include r is unaffected by the removal of
x. Since G’ violates HC, it includes ' = r — {z}. Let G be the subbag of B
corresponding to G’ before removal of z, G = (G’ — {r'}) +{r}. Observe that G
is not empty since it includes r, but it may be the full bag B. Define H = B—(G.
Then H # B because it excludes r, though it could be empty. I show disjoint
SDRs for G and H which constitute an SDR for B.

e SDR for G:
true
= {G is a subbag of B; so it meets HC}
|G| < #G

= {G and G’ differ in r and 7/, only in x. So, #G < #G' + 1}
|G| < #G < #G'+1
= {G’ violates HC; so #G' +1 < |G'|}
|G| <#G <#G' +1 < |G|
= (G| =G"]}
Gl < #G < #G'+1 < |G|
= {arithmetic}
1G] = #G = #G' +1 (L)

Bags G and G’ differ only in r and »'. From (L) #G = #G'+1. So, G—{r}
does not include . Subbag G — {r}, is a strict subbag of B; so it and all its
subbags meet HC. Inductively, G — {r} has an SDR which does not include z.
Adding x to this SDR yields an SDR for GG in which = represents set r.

e SDR for H: To prove that H has an SDR that is disjoint from the SDR of
G, call the elements of G black and the remaining elements white. So all white
elements are in H and the SDR of G consists of only black elements. I show
that any subbabg S of H meets HC counting only its white elements.



number of white elements of S

{all elements of G are black}
#(S+G) — #G

{#(S+ G) > |S + G|, from HC. #G = |G|, from (L).}
IS + G| - |G|

{lfST G| =S| +1G[}

Y

Therefore, every subbabg of H meets HC counting only its white elements.
Bag H is strictly smaller than B because it does not include set r, so, inductively,
it has an SDR of white elements. |

A critique of EWD1269 Dijkstra’s proof of Hall’s theorem is actually very
simple, justifying the title of EWD1269, “A simple proof of Hall’s theorem”.
As I have shown, once a member set r and element x in it are identified, it is
straightforward to define subbags G and H, and prove by induction that they
have disjoint SDRs. My only criticism is that using matrices in the proof is
unnecessary, and, in fact, it complicates the proof.

The subbags G and H are shown as submatrices in Dijkstra’s proof, for
which he has to permute the rows and columns of B. Representation by bags
and sets, instead, avoids any mention of rearrangement because these structures
are oblivious to permutations. A matrix representation can deal with only non-
empty bags, so his induction can not start with empty subbags. His proof has
a moderate amount of case analysis (I share part of the blame, see the last
paragraph of the EWD), which could have been completely avoided. Finally,
no important property of a matrix is used in the proof except that it is an
orthogonal arrangement of rows and columns.

Dijkstra says in EWD1269:

This note presents Hall’s Theorem and its proof in an
almost visual terminology, whose only defence is that

it enabled me to design this proof without pen and paper,
while still in bed on an early Sunday morning.

I remonstrated with him at the time that his is not a streamlined argument.
I have no doubt, though, that he could have constructed a proof as simple as
the one given here, or something even simpler, if he had walked from the bed
to his desk.
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A s';mp\e_ Eroop of Heall's Theorem

This note Fresen’rs Hall's Theorem and its
Ysroof in on clmost visual -\erminolo&\j , whose
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this Fr°°€ withoul P en and yaper, while
shill in bed on cn enrb gunduJ mornins,

Take & madrix o{? Os and 1s with N rows. We sa
thet o 5e¥ o? rows cover o certain column iﬁ? c\f
least one row oF) the set contoins o 1 in that columa,
A makrix s called hc;zg; ;FF, —{)Qr‘ an h(nSN), any
n-tuple of its rows covers ot \eag n distinet
columns. Hence (i) for N=0 the matrix is happy,
and o ]’\C\P)oﬁ rmatrix (i1) has no row o() Os onlj,
Gii) has <F least N Co\umhs, anad remains hc‘?f’fj
‘-G Gv) o row is token away () an all-0 column
is Yaken away, or (vi) a 0 s lurned into a 1.

Holl's Theorem stoles Hrat in a hQPP)j

modrix the columns can be ordered in
such o Woy Yhel condition H is met, viz.
{Z;r each frow index ¢ , Ye i+h row has
. 1 '|r\ -\-He (.‘H’\ Column.
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cause overspecifﬁc: Jhe order oP the rows
15 irrelevant in the sense that SVJ:‘ec)ring

21t
mos)r co)umﬂs 40 ‘H"te Same per‘mu\’)‘o\-)—‘.on
—‘—r‘qr\sgjor'r‘ns o Mmotrix meeting con dition
H inbo o mearrix that still So\}isﬁes L2 I
Yeccavi . ( End o? /Remo.rk)

Yhe rows and +he equal number o

We prove Haoll's Theorem Cwhich is an
exisltence “theorem) bD disp]aamg on al-
9or;-}\—,m Hhat, given o ho\}apy matrix OF
N rows, rearrances its rows ond columns
in such o wa Ewo‘]' condition H s meh
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Yrices with N>O
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one 1, we can select a 1 and remove ik
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repe&‘\‘ed\b unbl —and that moment comes-
we have selected o 1 whoxe removal
woulel +r-o.ns-€orm < hc\m’:‘v meltrix  into
an uh\'\QP)o:j one. More s ciﬁcalb this
means +hal +the selected element X oc-
curs n Some \<-—4—ur.>|e oP rows such

Mok with x=1, ‘the k~+uPle covers at
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least k columns _,w)')'\‘e with x=0, Hhet
k-\-u \e. cowvers \ess -Hmo.n \< CO\umns,

,slince ~H"\e ‘\‘T“Q"\Si*’ior‘\ g‘om X=J\ 4-0 %=0
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(D) +4he number Of’ columns covered loj
the k~‘\'u]:\e EO;uc‘\s % '\f x=1 , ond
equc.ls k-1 ':? X =0

We now c\isl—]nguis}-\ ‘o cases.

k=N :By Perm»a}'inj rows ond columns,

we wmove X 4o the -}OP-\eﬂ corner:

X

)
A B N-1
l

Because removel oF the 1 o x would
recduce the coverage c:(? Yhe wlno)e MG—}rix,
Yhe Iruncoted column ) consists oF)
Os °n\3' 'rhcref%re, the set o() columns

covered b an  N-tu le o? rows ?rom A5
remains Yhe Soame when the rows are
exlended with Yheir element from A
conseo\uen-ﬂéj Yhe HQPPimes—s of the whole
matrrix '\m‘:\ies that B s HQPPy. “The
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ngori-}lnm s QFF]iec\ recursivel 1o
mc,.}rix :B . \N}'\]clq hqs On\d -1 TOWS .

k<N R rrmatin Frows and colums,
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'l-oF ond the k columns "H’I?:j cover ‘o
the left:

Wy
e -
‘L T
T = N-k
AR
E\eme.r\}~ *® oTLUNS in C . Since (0)
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k le@ columns and no%l'\inﬁ more , sub-
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Recause the whole woatrix is hc‘}"f’f_j’
so is the ‘\'oF Par}' %rmed \33 C and D,
bul since D , consis*inﬁ cp Os on\:j,
does no} contribute Yo the coverage,
C s he all b tsell

Jo es*‘o.]g\or-{‘?sk -Hne:j \qc-.)g {ijness o E , we
consider an  N- }'uple of rows rom +he
lower FOH']' v?crmeo\ )')J T and & , and
extend +this h—)‘up\e with +he k& rows
o? ‘he }-oP }Dc.r'}-. Because
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the whole motrix s \’wc.)ar) . Yhese n+k
rows cover ot least r\-\-{ columns,

c} \easl’ n QF which ‘ie in He r]gh"—\\ond
Par')' -gg)rmecl b D and E . Sinee D
consists oF) Os or\\:j , these n or meore
columns are covered via 1s in He E-Par}'
of) the ﬂ-+ul>\e O]P rows, hence E is
\nc\FPJ. “The c.lgor“i«\—l\m is nNow op lied
r@curs'rveb 4o mo\}'r}ces C and £ ’

both o? which  have -?ewer- then N rows.
And +his concludes Vn\v ‘Proof OTP Hq\l's

Theorem. * *
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