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Composition of progress properties has so far been defined for ensures [1]. Here, condi-
tions are developed for composition of .
Let F,G be two programs that read/write variables « and let p, ¢, r, b be any predicates.

Theorem 0:

p — qin F
r AN x=k unless bin G
pArT —qgV-rVbnF|G

where k is a free variable.
First, we prove the following lemma.

Lemma:
p ensures q in F'
r AN x =k unless bin G
p A rensuresq V —r V bin F |G
Proof:
p ensures q in F' , assumption
r unless —r in F' , antireflexivity
p A rensures q V —rin F , simple conjunction
p A rensuresq V —r V bin F , consequent weakening (0)
p AN x=kunless x #kin G , G reads/writes x
r A x =k unless bin G , assumption
p AT AN x=kunlessbin G , conjunction
p A 7 unless bin G , disjunction over k
p A runlessq V —-r V bin G , consequent weakening
p A rensuresqgV —r VbinF |G , union theorem with (0) O

Proof of Theorem: By induction on the proof of p +— ¢ in F.
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Base case: p ensures q in F
r A xz=Fkunlessx #kin G
p A rensuresq V —r VbinF|G
pAT—qV -rVbnF]|G

Induction step:
e p — cin F, c ensures qin F

— cin F

A x =k unless bin G

AT —cV -rVbnF|G

AT — (eANr)V -+ VbinF]|G
ensures q in F

A x =k unless bin G

A rensuresq V -r V bin F |G
AT = qV -rVbinF|G

"o sSoRke 3

e p = (3¢ pi)and pi — ¢in F, for

pi +— qin F

r A x =k unless bin G

pi AT +— gV orVbinF|G
pAT —qV rVbnF]|G

Corollary:

)

assumption
Lemma
definition of —

assumption
assumption

induction hypothesis
predicate calculus
assumption
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Lemma and above two
transitivity with (1)

all ¢

assumption
assumption
induction hypothesis
disjunction over 1.

p until ¢ in F
p AN x=Fk unless ¢in G

pr— ginF|G

where p until q is defined to be p unless ¢ A p — q.

Proof:
p — qin F
p N x =k unless ¢ in G
pr—qgV pinF |G
p A x =k unless ¢in G
p unless g in G
p unless q in F
punless ¢in F | G
pr— ginF|G

Corollary: (The following result was discovered independently by Jay Misra [2].)

, assumption

, assumption

, Theorem 0 and above two
, assumption

, disjunction over k

, assumption

, union theorem

, PSP theorem with (2)

p +— qin F

pAz=m— gV aextminF |G

where m is free.

Proof:
x =m unless ¢ #m in G
x=m AN m=Fkunless x #m in G
x=m N xz=kunless x #m in G
p — qin F
pANzx=munlessq V c#minF |G

, antireflexivity

, k,m are free

, predicate calculus
, assumption

, Theorem 0.



Theorem 1:

pRqgin F
r AN x =k unless bin G
pAr)R((@V rVbdinF|G

where R denotes one of unless, ensures, or — and programs F, G read/write variables x.

Proof: By considering the three possibilities for r separately.
e If R is ensures then the proof follows from the lemma to Theorem 0.
e If R is — then the proof follows from Theorem 0.

e If R is unless then the proof is as follows.

r A x =k unless bin G , given
p N x=kunless x #kin G , G reads/writes .
p Ar A x=kunless bin G , conjunction
p A r unless bin G , disjunction over k
p A runlessq V —r V bin G , consequent weakening (3)
p unless q in F , given
r unless —r in F , antireflexivity
p A runlessq V —rin F , simple conjunction
p A runlessq V -r V bin F , consequent weakening
p A runlessq V -r V bin F | G , union theorem with (3) O
Theorem 2:
p— qgin F
r = G.I'P

pr—qV rinF|G

Proof: Let x be the set of variables read and written by F,G and let G.F P denote the
fixed point of G.

G.FP N r AN x =k unless false in G , stability at fixed point.

r A x =k unless false in G , 7 = G.FP

p — qin F , assumption

pAr—qV -rinF|G , Theorem 0 and above two
pAN-re—qgV-rinF|G ,p AN —r = q V —r by predicate calculus
pr—qV rinF|G , disjunction ]

Corollary: (from [4])

p — qin F
r = G.FP
r is stable in F

pATr —qgArinF|G

Proof:
p — qin F , assumption
r = G.I'P , assumption
pr—qV nrinF|G , above theorem (4)



G.FP A r unless false in G , stability at fixed point

r unless false in G , 7 = G.FP

r unless false in F' , assumption

r unless false in F | G , union theorem

pAT—qgATInF|G , PSP theorem with (4) O
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