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Associative Binary Operator
--

[
some binary operator

old function : f E if ale) then BE) else CCE) * f-(dice)) I = (x.
.
. . . ,
xn) d- (e) = (dik)

,
. . .

,
dnt ) ) n >o

nahh ⇒ meld Lf MKE)

I

feel = cc⇒ * (dot * (Itd.IE#d-mT*bTd-mETD
. . .)) m > o tjefo , . . . ,m - is .

nacdi ED aldine))
-

-

-

-
-
-
- - - - -

-

-
- -
-
expansion of FCE)

i'
'

condition : ASO u * Cv * w) = (u * v) # W - associativity ⇒ (U ,
*) is a semigroup

I

'

"
expansion of
fk t.GE#dEID*xD*...*cd-m-ED)*bCd-mCxDJL l l l f

initially , if nahh ,

I then
,
while nahh

, finally , when aft ,
set r :-c and update r : - r * cC⇒ return r * BE) if at) initially ,

update E :=dTE) and I :=dT⇒ return BCI)--
cakulatefflwhenm-ocakulatefcxlwhe.hn#

¢
new function : FYE

,
r) € if at) then r * BE) else f- '( d-E) , r #CED - tail - recursive

Mf ' (E , r) ⇐ Mf (E) Lf ' t tf

relation between f and f ' : ft) = if AE) then BCE) else f-
'(d- he) , CED - proved next



1- 7 a ⇒ Mf ' (d-El , r# CED Lf , Mfi (Eir) - f
' terminates

Taft⇒ Mtldht ) Lf Mf¥
,

um:Er"*⇐n'""↳ n'Yi,

1- f-
'CE

,
r) - r * f- (E) - relation between f

'

and f ( f ' in terms of f )

base)
at,

the,r ) =r*bC⇒=r*fCE)

/ tf = BCE) )
" " '

steps *c⇒s¥¥f¥'
. a.ES??*a*cr*c#*Iir*c-*TdD--r*tE'

IH} ↳
f- 'CdTe ) ,r*cC⇒)=(r*cC⇒)*fTd(x-D

RED

t f- (⇒ = if ace) then BE) else f'CdTe) , CED - relation between f and f ' (f- in terms of f ')

f- (⇒ It if a then b else de)*fCd-ED

of 't tides,cc⇒=¢⇒*fay⇒,

a# the b else t.EE#cED

wrapper : ICE) ⇐ if ace) then bfe ) else f 'CdT⇒.cc#D=7tfFDfCxT=FE) ⇒ tf ICE ) = FCI)



A-ssociativebigrydperatorwithleft-Ident.ity
conditions { ASO U * Cv * w) = (u * v) # W - associativity

BE) * u = u - left identity

-fC€=c * (dot *#ED*...*(cCd-m-4⇒)*bTd-mED) . . .)) - expansion of f
,
as before

"
-

b * (cc⇒ * (ddt⇒*#⇒**d*b#⇒D)
Asc

* btdm T((bE¥⇒) * cCdT⇒D
start with r : - BG) / ( one more update r :=r*cE) than before

,
no initial split on ale) ,

instead of r : - de) no need to update E : = d- (I ) initially because r starts as BCI ) instead of CCE)

-
H

new function : FYI,r ) E if at) then r * BE) else f'
'Calif)

,
r *CED - as in associative -only case

1- f 'CE , rr) = r * ft) - as in associative -only case

+④ FE) - f 'CE
,
BE) )

( get,jfr# f'E. BED - b * FE) ft)

wrapper : ICE) E f 't , BED ⇒ t th) - IE)



Associative Binary Operator with Right Identity
---

conditions {⇒ U * Cv * w) = (u * v) * w z associativityRIO u * BCE) = u right identity

I

f-E) = cc⇒ * (ccd- (x-D * (¥ED*.ir#TcCd-m-TD*bTd-mED) . . .)) - expansion of f
,
as before

.de#i*cTdEH*TdTD*...*cdEDI*bCd-mED-
if m >o " if m >o , if m=o

,

. . .
Fidelio)) * .

. .

* old
-

m -yep
I finally return r initially return ble)

instead of r # BCE) as in associative -
'

only case-

A
new function : f 'CE , r) E if at) then r else fYdT⇒ ,

r #CED Mf ' , Lf ' , Tfi as before

t FYE , r) - r * fat

base)
ace,
# f 'Eir) - r

'

Er*bir*fE)induct f ' ⇒ FEI - b ft

St FEI - c *FLIED§
,

step,

,a⇐,g÷µ⇐ , . , ⇒ ya,⇒ ,

.*,⇒#*,⇒,*q,⇒¥,*g⇐,*¥⇒µr*f⇐,
*fydht.ir#cED=fr*cED*fCdTxDF

t f- (⇒ = if ace) then BE) else f'CdTe) , CED - as in associative - only case

wrapper : FEI E ifaf) then BCE) else f'(d-GI , CED ⇒ t ffe) = ICE) - as in associative - only case



Associative Binary Operator with Left and Right Identity
-

---

u* Cv * w) = Cu * v) * w - associativity
conditions { BE) * u = u - left identity

DRI u * b = u - right identity ⇒ ( U
, * , b.) is a monoid

Iain¥¥' Eff' sat) ⇒ b. ⇒ bat - constant value of b
)
I

f-E) = c * (ccd- (x-D * (¥ED*.tn#cCd-m-TCD*bTd-mED) . . .)) - expansion of f
,
as before

FIEF
.

"

. .GE#ED*TdTE*ccdiEaD*.-.*ccd-m-tx-n T
start with r : =bC⇒
) (

no initial I :Edt) no final r*b (E)
I

no initial
,
split on a (E) } "combine" LI and RILI LI RI LI

-
A

new function : f 'CE , r) E if a then r else fYdT⇒ ,
r #CED - as in associative - with - right- identity case

t FYE , r) - r * FEI - as in associative -with
- right - identity case

t FE) - f 'CE
,
BE) ) - as in associative -with

-

Left - identity case

wrapper : ICE) Effi , BCE)) ⇒ t FED th) = ICE) - as in associative -with
-

left - identity case



Restriction of Operator Properties to a Domain
--

D E U - domain

④ ale) ⇒ D (bfa) - domain closure for b| ④ 7 a ⇒DKCE)) - domain closure for c
D D G) n Df) ⇒ Dcu *r ) - domain closure for *

""dit"" yts Dg,¥§ ;D
G) nDCwI⇒u*Cv*w7=Cu*D*w - associativity

Dcu) ⇒ BE) * u - re - left identity (optional)

RIO Dcu) ⇒ u * BE) - re - right identity (optional)

1-④ D (ft)) - domain closure for f

base) atx) Is ft) - BCE)

induct on f
/ ←DID IDIED

step ) -I.
⇒

'

* ÷÷¥÷¥*xai*⇒

Dbr Dc nD* ⇒ all the operands of * in the expansion of ft) are in D ⇒ ASC and RI apply

but LI applies only if BCE ) is such that ACE) holds ⇒ we cannot use ble) for any E in general

⇒



I
calculate

, from any E , some b(⇒ such that at) holds (i.e. go to the
"

bottom
"

of the recursion of f ) :

BC⇒ E if at) then bC⇒ else B(dTl⇒) µ(⇒ Eµ(⇒ <
p
± < f

+@ 7# ⇒ ns(otGD<µC⇒ t DPD DCPCID
base) ace ) # pC⇒=bC⇒

7 a (E) Is µf( DTI)) < f µf(⇒
induct on s

* D(bC⇒,⇒ DGED|⇐
,

iii"a⇒Etsm¥i' |⇒ <
stemna¥¥sfaf⇐f⇐;fat⇒jixn⇒

LI ⇒ + LID DCU) ⇒ PCE) * u=u

base ) aC⇒#sp⇐)=bC⇒
D(u)¥sbC⇒*u=u}BC⇒*u=uHIT"⇐n;E⇐¥EsYE¥¥dI⇐u' }s⇐*u=u

RI ⇒ TRIBD D(u) ⇒ u*BC⇒=u

base ) aC⇒ # pC⇒=bC⇒
Dcu)¥=su*bC⇒=u}u*BC⇒=u(ofustmksten;i;'÷Ii⇐*';EY⇒t⇒⇒*s⇐u



new function : FYI,r) =s f if d⇒ then r else f '(dT⇒,r*d⇒) ⇐ RI

If atx) thenr*bC⇒else f '(dT⇒,r*d⇒) ⇐ , RI
- as when

D=U
t

#
DG)⇒ f 't

,r)=r
* f CI )

RI ) ¥f(⇒=bE)at)

finite"k.ie#EIIIEIIEEEIII*r*IIYstep )
, a
,⇒¥fG)=d⇒*f(DIED-
#YI

,r)=fYdT⇒,r*d⇒)=(r*cED*f(dTIDzr*(d⇒*fCdT⇒7
) - rtxfh)

*Ddf.PE?t*TDCr*d*7#CEh5*@aItF*aIIe*IYII*IYIya*.Ig*aHr***taaf
QED

A and LI are not used In f
'
and f-

'
f



LI ⇒

tf@ffx7.f
'(I.BCED

Ds-

DKID&.it#EFs*a*=sa*ta=ra
,

D€

wrapper : FCI) ± f 't , BCED ⇒ t# f (E) =f⇐) - as whenD=U7LI ⇒ t# f(E) = if at) then bt) else f '(at) , cCI))

f(E) Ef if at) theabh) else ofE) * f(dT⇒) at

(f't¥÷E¥DHy,⇒tea⇐w⇒,.ca#tjjaftthetbtjaaa-raft) ⇒ fkdtx) ,cG⇒)=dE)*f(dTe))
Bc - na(⇒ ⇒ D c⇐)-

wrapper : ft) ± if at) then bC⇒ else FYDTEI , c(⇒) ⇒ +

FFD
fC⇒=fC⇒ - as when

D=
U

B Is used only if LI holds ; only LIB Is used here
,
not RIS



LI
n RI
⇒

tb.co#alx)naly)=7bh)=b(y)
t LID D (a) ⇒ b. * u ±uHgaFtI@IfI.MfobbaYIIYyYIYgEpI.a. ,=%, been
#s'⇒ * u=u±ba*u=u

t RIDDCU) ⇒ u * b. =u| Dae)#fu *p(⇒=u k u * b. = u

t@ a (5) ⇒ pG⇒=bCy) REDt.I.mn#iI:ItEIEeIY!IEIEaE*EIIIi.ftHfs****a.D*nDb.nASCnLIonRIotP.c@BCx7=pCy) H
( D

,
* ,b . ) Is a monoid

base ) at) # BC⇒ =b(⇒
kssGy=bG⇒Tsk⇒=pG,his;;mKs⇒¥E¥I÷ye¥aes⇒aan⇒⇒a

b. EPCI) - constant value of s ,
i. e. of b under a



Guard
old function : f(E) ± if at) then bC⇒ else (G) * fcd-⇐D -

8aC⇒=8d.€)n . . 'n8dnh⇒

@

ya
(e) ^ [yth) ⇒ yah ^[ah⇒⇒rbC⇒]^Ga(⇒⇒ go (⇒

^zaC⇒^yf(dT⇒)ny*kC⇒,fCdT⇒D]]De
U - domain

conditions {@8D⇒t - D always well - defined
G*D y*=DxD- * well - defined at least over Dnew function : FYI,r) =s f if d⇒ then r else f '(dT⇒,r*d⇒) ⇐ RI

If atx) thenr*bC⇒else f '(dT⇒,r*d⇒) ⇐ , RI
- as before

jrfx,r)£(yrtxtnDG)]

t# wf , (I ,r)

RI ) ✓f_✓f#G*#H# D|a⇐.ru#itnrFnewxErE*ntEIgEgg*fIEyIy.Tr**
TRI )
www..sn#*nkics*nDh*IEHEryEEnaaa=,.jkwfYa)
- / L

as

Db\D(b(⇒
)

QED



BCI) E if at) then bC⇒ else BCDTCID - as before

js (E) Egf (I)

t@ wsC⇒

##f|⇐;y⇒.rs#inshaEElEEHTnlmEEEd*D
wrapper : ftp.ffk.mx))if at ) then bC⇒ else fyotf) ,c(⇒ ¥ YLI -

as before

8ft) € jf (E)

+@ weC⇒
Ds Sof ,e) wH⇒=n¥Fn↳c⇒€ji€s¥⇒]| "⇒ a⇒ .www.a#EiEFIfIFIETweEitnT"

QED

if F is not generated , a proof like this establishes that the body of F is guard- verified under zf (E) :
this theorem Is useful to guard - verify terms where a call to f is replaced with the (instantiated ) body of F



Decomposition of the Old Function
-
--

f-(E) E II te then tz else t , te
,
te

,
t , terms without let f occurs in tz

,
not in te arts

a e- X. I. ta

b E XI
. te

all calls to f in t, must be identical : f- (se , . . . , su) se
,

. . . , Sn terms not containing f n > O

di E XI.si

Is I tzlflse , .
. . .sn/r] , r fresh variable { RE FUE ) ,

otherwise f- would not be recursive
Is # r , otherwise f- would be already tail- recursive

C E f (c , *) E (ULU) x (UxU→U) IVF . Is = c * r } - candidates for c and *
IN C =p , e.g .

Is = GG. , -1 , r)(
Kl =L

,
e.g. Is = gcx.ir ) ,

C(
kiss

,
e. g. E. = gch.E.hr) ,

'Ii's}
,
Cid

, xg.n.gcngi.nl 's

exactly one K , *) E C for each term s such that r # FVG) and FV(tick) ) Efg , r} , g fresh variable
s includes all occurrences of E in Is

special case : Fultz ) = fr 's
,
i.e

.

I do not occur in Is
⇒ any s

would do
,
but then * may ignore its first argument , making ASC

,
LI
,
RI Less likely

when two such terms s and s
'
are one a subterm of the other

,
one is not always better than the other , e.g. :

SE Xe ⇒ * = Xfg , r) . - q tr is not associativeF- E- - x. t r
- ) ⇒ larger term is better\
SE - x. ⇒ * = 1cg ,

r) . qtr is associative

Iz E - f ×,) + r f s
= "- ⇒ * = Hey , r) .

- C- a) tr is associative

s
' I - it ⇒ * = Hair) .

- qtr is not associative)⇒ smaller term is better



EpecialCase:GroundBaseValue_
old function : f(E) ± if t , thentzelse t } - as In discussion about decomposition

FVAI) =¢ - groundbase value ⇒bttx. b.
,
b. EU ⇒ ftx) = if at) then b. elect)*f(dT⇒)

+@ BC⇒=bo LI ⇒ t LID DCU) ⇒ b. * u=u

base ) at) $ RC⇒=bo Dh)

#
BE)*u=u Lbo * u=u(

SED|yeastmkstep.IE#asFffEY.IdtY" | # ⇒ytqjIEI.fr#EIIbu*b.=utDbDD(b.)
RED

| DB - D(BC⇒)€sD(b.)
D*nD↳nAsc^ Lion RI. ⇒ ( D

,
* ,bo ) Is a monoid

QED

.
and ftf are the same as before ( they do not use B and LI )

LI ⇒ +¥ f.(E) = FYE , bo)
Dbo - D(b . )

h¥¥xE¥I⇐Eb±⇐t¥⇐'
wrapper : F(⇒ EFYI ,b.) ⇒ t ffD fC⇒ - FCE) - as before



a(⇒ E if ACI) then I else_ a(dT(⇒) 2 : U
"
- U

"

- calculate to such that a# holds
, from any I

µ£(I) €µf (E) < & £ Lf

t @ race) ⇒ m£(DTI )) < a mat)

nal⇒ Is µ+(DTED < + µ+(⇒|⇐
,

initio's"

.mn#ndt@aCxCxHbase) at) # &C⇒=I

induct on ×
-ak(⇒)

|⇒ <
steps '¥⇒I÷aYEy⇒;n#Iau⇒

Vf ⇒ t@ jsf) ⇒ y+(x(⇒)

base) at) # aC⇒= I

/ y+⇐, -7r£GC⇒| inductand\
step,natsa_aCxs.aCdED-yfGCxDyrtxrM-jkCdTE@sys.k(IGN

QED



b = XI.ba ⇒ jb £ XI . yb
. , Jb

.

EU

tjb.co#jb(x)=jb(y)

key#
Er.8b . Enno

Vf ⇒ t@ y¢(⇒ ⇒ jb (I )

I (E) # yf(aC⇒)¥epakc⇒rtIrbk⇐Dnentn⇐,
Vfn LI ⇒ t# we (E)

µ }
Db.sn ,

|µ⇒wH⇒=8ml⇒^[8fCxte@H8yCxfb.D - b. =bC⇒

summary of this special case (ground base value) : b. can be used instead of B (when LI holds )

note that Db
.

and LI
. can be proved without using B :

y@
D(b.) - alternativeproof + LID DCU) ⇒ b. * u=u - alternativeproof

aa - akhtD.PE#.DCbkHDITb*pCb . ) |
" ⇒

(qq.gyakkt.tt#_bkhD*u=uITI,b.*u=uQED



Extension of Operator Associativity and Closure outside the Domain
---

④ a ⇒ DCBCED -

as before{ 0*0 Dcu #r) - unconditional version of D*

conditions

yA④ u * Cr # w) - Cu # V) * w - unconditional version of ASC

a
n
Dcu) ⇒ BE) # u - u - as before , but required (not optional)

RIO a#
n Dcu) ⇒ u * b = u - as before

,
and still optional

④bn D * ' n ASC '] is neither weaker nor stronger than [ Dbr Dc , D * n ASC]
D* ' and ASC

'

may be satisfied when * fixes its arguments to be in D

1- Dfo DIED - as before ,
but slightly different proof

ace)# f = BE) \
/ * DIED -DfE

))

raft # f(⇒ = d⇒*f CITED|¥D* '
⇒

DE * Hate
DEED

BCE) E if a then BEE) else BCDTED - as before

1- DAD DARED - as before
,
same proof

1- LIBI Dcu) ⇒ BEE) *u = u - as before , same proof

RI ⇒ t RISD Dcu) ⇒ u * BCE) - u - as before , same proof

RI ⇒ ( D , * , b.) is a monoid - as before , some lemmas and proofs



new function : FYI,r) =s f if d⇒ then r else f '(dT⇒,r*d⇒) ⇐ RI
- as before

If at) thenr*b⇐)else f '(dT⇒,r*d⇒) ⇐ n RI

t

#
DG)⇒ f 't

,r)=r
* f CI ) - as before

,
but slightly different proof

RI ) ¥f(⇒=bE)at)/*..t.tn#EIaII*xIiExIIEII**r*IY\ sftfk,r)

step )
, a
,⇒¥fC⇒=d⇒*f(dTEDaT.8t7fYx.D-fYdTxT.rtxdxD-CrtxcCxDtxfCdTID-rtxCcCxttxfCdCxtHtrtxfCxTHfDtxl-DCrtxcGDDCrrtxcCxD-sfYdfhrtxcCxD-CrtxcCxDtxfCdTxDQEDtff@fCxT-fKx.B

(x-D - as before
,
same proof

the proof of ff ' when LI does not hold needs Dc to use an instance of flf
⇒ LI is required here ; otherwise ( Db^Dc^B*'NASC

' ) is stranger (i.e. less satisfiede)than (Db^Dc^D*nASC)



@ 8D =U
-

as before

conditions { G*O y*zD×D - as before

GDP jslE)mat) ⇒ DGCID - weaker version of Dc
,
conditioned by the guard off

jrfx ,r)£(yf(E)

^D(r
)] - as before

t# wffI ,r) - as before
,
but slightly different proof

RI ) #a*- D
'

✓f - ✓f Vf|a⇐n=#¥n#Fnwww.#iEsEfgEggEIEywiihixr**I*TRI )

wean.sn#*nkiw*nDh*IErEtryEEnaaa=,.jY.I*I*I)
- yLasDb\D(b(⇒

)

QED

yp(⇒ E yf (E) - as before

+# - as before , same proof

yI(E) Eyf (I ) - as before

t # - as before, same proof ( only LI case)

special case of a ground base value : everything is the same as before



Associative - Only Variant , Extended outside the Domain
---

conditions { 0*0 Dcu) n DG) ⇒ DCU #D
-
conditional is weaker

,
more applicable

A④ u * Cr * w) = Cu # V) * w - unconditional version of ASC

1- f'CE , r) = r * FCI) -

no DG ) condition

inducts
.-

base' a'⇒ ÷÷E¥i¥n¥r*t⇐,

|a⇐
,

\
step ) nahh If ! EDECr.to#D*fCd-EDE'r*T-*fdED=r*fE)

t f(⇒ = if at) then BCE) else f
'( d- (⇒

, CED

f-(⇒ St if aE) then BE) else CE) * f- CITED = u( at;t Ha⇒,a⇒=a⇒***⇒, I
"⇒ the b# else ttdT⇒,a⇒,

+ f e- ICE) - as before



④ 8D - U
-

as before

④ 8*3 DxD - as before
conditions {④ yfC⇒n at) ⇒ DCBCED - weaker version of Db

,
conditioned by the guard off

④ yet) n -at) ⇒ DEED - weaker version of Dc
,
conditioned by the guard off

yffe.DE/yfCx-InDCrD - as before

VICE) E 8ft) -

as before

+ ÷

:¥⇒nxFTT[jfk) n Dlr) ⇒ Ja n

Gtx

e#aEt⇒ a # crib#Dr\ €⇐÷¥i€*Edno I

-
RED

+ '

I'*¥n*⇒⇒¥Ei¥#(
see.

n DEEM ]


