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Dis -}-ribw‘ec\ ﬁ r}J'n‘}ra-]-ion

bf_’) Edsaer N.'Ds\es}ra and C.S.Sc\'\ou'en

P T R N

gehera\izmg the S‘rjnckr-omzo\*non \Pc.radi ™ OP -Hae
jJ‘m'.nS ’Phi\os'a?\aers [1,2), we consider a Finite un
directed gra]p% R whose Vertices are caned ”)o\mi\oso]a\me'rs"
O«nc\ w\oose ealges ore caned "@rks"{ Q )‘D\Vﬁ\OSoP)ﬁer
s a )Drocess CCms‘.s)/in o a, Ccm'}inuec‘ c\n‘erna}ion
OP -}wo s-\-o.'}cs Co«nec‘ ”-H'\‘m 'm3 " ond ”eo«'l"mg" ‘res)oec\--
‘wel:j. ) ﬁ)rk s o resource shared Yoelween the
Fwo P}\i)osop\ners i+ Jeins i+ s evther G—ee or ouned
)93 one o-P -)')'lose Ao ?Mi\o‘.;o]o\oers . The S\‘Q‘Emew}
”a, \o\\i\oso]o))er 1S5 eo\;ihsn I equ_ivo.\e'n‘} 40 +Hhe sx'o.}'e-
men—\‘ ‘H\a'} -Hr)cx)r P}IE‘OSQ‘F\)Qr owns Qn 'H':e ?or\ts 'A'
S))ares wﬁh O'n)e/rS. No)e 'H'm}' ?w oL Cc‘mn]o\e;e

%T‘Q)Q"i ‘H)e a\r:ove correS)ocmo\s )ro -'\'o\ﬂx Ynu\rua\

exclusion, with eviden}l Hea;inaﬂ Cor—res)sondma

Yo +he cridical Sec'}ion; the case o? the arav,ok
)Deine) Q. ]oen)'agon CO)"'T'GS)’DQT)CIS '\o Yhe Farac\igm

™m en-)-i ohec\ o\)oove.

Even in +he case o? Yhe cam)o\e\-e. ‘2-—97-0.]:\3
"H'ne,re is o ro\o\em , viz. Yhe reso\u'xion o 'Hae
Contention {or dhe S'ms\e ?ork when Yhe iwo Fh:-
\OSoP\ners Bapr:em Yo become kSimuHQneouslb 'reoucb_.j
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40 s\'o‘o 'n';in\?ing. \Je Pos\-u\o.)e_ 4-\1‘.5 Prob\em o?

)Dinartj orbitration f‘:o\vec\. “The C.cm}‘eﬂ-)icm invites
us o 'm’\rroduce aﬁ&r -}%‘m\?ihﬁ omd Ee@re eq)‘me) an
in'}-ermedia"e s-\oA‘e ca“ec\ ”'reac\& Yo r‘o\]'-‘:/’ Yhe ()crr}(
We CONn nNow »F)crmu\o-‘\‘e nore Precisin or )*:os-]u\a}e:
Po

o fork is owned or no F)WB\OSO'P))%

s reoc\b —)O 9\"0):) ik

\f\“)r\n 'H'n'm\mna PerioAs o Eos.i\ive dur‘alio-n omci
ea)-lns Perioc\s OP Eini\'f duration —ond we shall
AsSsSume -Hn':s ‘40 l:e '“’)e case grr‘ ")"‘Je \’G‘S;‘ o? our

Fape«r— we ‘;mmec\ia)re\:) c\erive @cnm ’?0 %e

o\lo wina Coronarj

Co: a Phi\OSo}o\wx reac\:j o ara]o o ?or\z owned

193 an ea}'ma P}n\os.op}aem Wi“ Oown }Ho-\-
ork wpon Ccm-v]:o\eho'h of Yhe other's meal.
(T} s umderstoed that a —Hﬁn\?ing T:)'ﬁ\os::-
F\ver owns no For\asj

T+ Bollows that Fhe ‘oos)ru\o.}eé soluticrm rer Yhe

Com)o\e}e ‘2—9}"0\ h s @ee ?rcrm Fhe c\OmSe,rs o?
deadlock amd o incliviclua\ sYarvodien.

\I\je Pm‘?ose “}'0 %o\\fe ‘“12 SSnc\'\r‘oniza}icm Fro\)\em

corres‘ocmding 4o o genem\ %ro.P)w \n terms o
bincrb O«rbﬁr‘m;icms Qs deScri\oecl a}:uove.. In orc}@r
% Sive —)—he o\c\\}ec}ive ”diS‘\ri\bw\'ecll -)"ne s)srcmger\‘
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Possi\a\e meaninﬂ » e accep'\- 'Hle. Ccmsxr'ain} —)')m)-
in Ovnﬂ S}cﬂ-e (s} T.)\ni\osOP)wem h-sas \De 'reaolb Yo
9ra}> o} most one SFec'.Bec\ ka s Qas k:e?crre, the
stale ” T‘eac\b' ‘o Sra\a o sreciﬁed Fcrrk " is dYer-

minated onl:, \93 mUoing !

. Ccmseoluennj. o
]’J}mi\oso]o\ner s rom oW On O Process Ccms‘;sxiha

o? (o} ccm;‘muec\ T’e]oe}i‘ian, OP:

'}\')ih\!ina

9ra\o\oin3’ i)rs Fm-ks in Some orc}e/r;
| eoc)ing X

For the sake oP rea\isw\ We oc\*ml} G%&-— ‘H’)e
otomic act o? Sr-c.xb\oing o @r\e o ﬁnﬂe de\aﬂ

bef%n—e Yhe hnew owner omters i}s next stale, in

)oo\r}icdovr' Be?o-re i}' becc-mes read +o 3ra1:
+he nex¥ ﬁ:r\e. For our loter O\ho.? sis ik is

—Hven irrelevmﬂ- w%e}hw, at 'Mne end o? an eq):ins
perioc], 'Hve Por\ts are ‘re\easec\ Sih‘mn-omeous\.b

or not,

A Rveiding the_domger of deadlock.

Qs \cms as o, \9\13\05«:.?\1&- s reada Yo Srq\a o
fere Cuohich —see Po— is owned b, amothard i}
s said 4o be ”Hoc\?ec\ ! \:3 —-qu.)- crr\e; ‘Hne ?trr\e

ihh‘?ues)‘:m [§S Cq“ec\ Yhe "B\oc\eihs Fork v o? thad
P nOSOF er,
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Deodlock - semelimes called ,'Por}'ia‘ dead lock— occurs
when there exists a P"oﬂosor\ow such +hat there is no
Poss‘rb}e Fukm state in which i} s ecﬁ-‘m_g. Without com-
stroints on the orders in which }oh‘.\osor\ners Sra\: their
gsr)ts , the Janaer- o«f) deadlocle is )orese,n‘\' whew the
gra]p)s com;ains a CJC’Q-‘ \et eacL ]ohl\oso)a‘\&r wn ‘Mm‘x‘
czc)e 9ra\o ibs ”)eﬁ ﬁ:rk irst. Tn the Seque) we

shall F)rmu\a-}e the precise constraint on +he 31'1:\)9))5!'5
or‘c]ers -n)o} €xorcizes 'H'le c\amaea- OP Cleac]\oc\!.

For each }o)'li\OSoP)‘lef‘ in o cennected subsel o
(+wo or rnore.} F\wi\OSo]o\ners we degne “i}s Fi'rs} ark
in Hhat subset’ Jo be the firs) fork in s} grabing
c;rder ‘}-)ml' i) s\mres with ony o')-ker- F)ui\osa)o)ow in
-H'm'} SuLSe}-. In ?ac\—. Ccm"ﬂt::“&c\ SuLSe-l lfclir'ec)-ecl
)oal—lws o? ﬁrs-l F)or\zs” are r‘ecursivelb de—ﬁned \:3

1) a Sing,)e k‘-\omr‘ner i5 a direcked Palk o{)
firsh ?«Lf

2) a directed poth of [irsh {orks extended with
the F}rs'} fark o ﬁs P\as" FFH‘OSOFLM IS a
direc}-eol Pa}}\ o ﬁr‘sl' ?or\QS.

Since eac\n F)\]\DSOP)‘!G{‘ mn a Ccrn‘\ﬂeC‘)ecl Su):me;'
hos o lYirsh fw\e in that ( ‘m;\e.) SuLse}, ebc\ic
C\‘nrec)-ecl ‘oo«-”as o]P ﬁrs} @:r\ts ex'.s‘*_

Theorem 0. ”-nne dotn_ger o'Pdeac“oc\z s )orese-n'}” =
é-n‘lm QX'tS‘S (7} chnec}ed s:.ﬂ:selr Ccm“a'mins o Cbc‘ic.

direched Ponn o? more than two ﬁrs} Fmrks . CEnd
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OF Theorem 0.)

'Re'moxrk. Noke 'H')a-} in 'nne }ermino\oa-j used , o "Cc;jc\ic
direc)'ecl Fa“n OF) ‘}WO Rrs} For\rs ” Corr'es)oonds '}o o
3';713]3 Pc,,—\e hat is Pnrs‘}- Fcn")? at both ends. (End
0? ’Remork)

/Pr‘OQIPg()T")eorm 0

ﬂs;ume Yhe exis)ence OFQ subset th}'ain‘:ns
a o(dc\ic directed ‘Po-}‘» o«F Fhree or more (Jirﬂ- Pcn-\ts
“The s\-a)re m Which each ):hi\osoy\ner on +he CSC\iC
Fa“« owns s ﬁrs} ﬁ:r\e can be reached when all Hhe
\o}!i\OSo ers ou&side 'H'ae Su\ose'\‘ are 'Hninkins. Since
none OE -}-\13 P}\'n\OSo)o\aers on -})ne csc\e Can ):)e -Hm ﬁrs‘)’
3"0 ecd', deac“ock oCcCcurs. ‘Hemce ‘H’:e '}ru}}w OP -H'xe rig\n"—
hand side ‘nm)o\'.es Yhe Iruth o? +he \e?‘v-\mné side.

Assume deadlock . This ‘nm):\aes ev%ha“b the
ex'ns}emce of o direchA cbc\e of more than two
)D\oc\cinﬁ ?Crr s, ]ﬂ&nce o?a c\irec eci Cac\e o? Fo—r)?s
eac\a owned bﬂ, sa.a, 'As )—arae}-. _l{-o 'Hnerre exis}-s
om owned ”clio\scma\” Pﬁk oF -Hne cjc)e . 'Hvere exis;-s
o Smo“ezr direc)‘ec‘ cbcle o?a)' \eqs'l- 'H'rr'ee owne.c-,l
g)cwks (bu:“‘ From the ‘aiaﬁcma‘" O\mc\ me )bar'; OP
Yhe orig'ma\ C'SC)e)' /!B:J ‘mcluc;'ion we ccmcluc\e +he
ex':s;'emce. o? o Airec‘-ed ijc)e OP a'\‘ \eas'x- three
owned for\es, no dia a‘na\ of which 's owned. 1n
'}\w. Su‘:sA ormecl \3‘3 'H’re F\ni\oSoFLe/rs < Suc‘w O
c'«jc\e, Yhe lerks OP }he csc\e are +the Brs%- fcn—\zs o.?
'H'teir ownhers, Hemce -Hpe '}ruH\ OF 'Hne \ep’—%anc\ Side
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imFlies -]-he ruth o —H')e Ti hL\nomd side. (End o
/R'ooF OP—)heor‘em 0% 2 {?

We S]-ov}e the Fz”owmﬁ cOronorj oF 'ﬂneore-m 0.

&F in a deadlock-—ﬁ'ee Sas)‘em ws-lh o'l- ]eas)-
One Fcrrk, ‘Hwere exis}'.s at ]eas‘)‘ ane ()cnr\?
+hal s ﬁrs!* ﬁr\v at bolh ends.

(Remc),r\t_ S‘mce eacL @r\e B\oc‘?s a-} mos# me

}o}wiloso]::)uer ot a 'hme, al:semce cSF Fhe dahsw oP
degdlock ‘lmlp\ies R 'n\om\'es '}0 ’PO, H e a}:semce o]p

+he do‘"”ﬂe" OF individual S)‘Grva')'icm. CEnd o?rl'?e-—
hwwk.)

Ih ')'}le Sequel e ccm{‘?ne our o"}‘}'em'}'ion +c scjs}-ems
' ?ree g‘crm Yhe cio.-naw oP deadlock.

2. Blocking _paths and_delays,

SO-CC\“QQ! ﬁ)o)oc\?‘mﬂ Fa‘”}s ”Qf‘e deﬁneol recur-~
s'-ve(@ by
1) o slnS]e. P}\i\osQF)mer s a Hoc\ﬁnﬁ Pq‘”»
2) O Hoc\‘cinﬂ ranﬂ ek"'e’nclec‘ w‘-)—k ‘H’le l:»lcm\zins

g:rr\! oFi}‘s asl‘ )D}I;\OSO)O\WGT‘ 'IS.C\. L.)lo':kina Pa'})w.

].e‘} X l:»e a. Ia\ni\QSc: }mer. “For -H-;e ]o‘ocking Pw”us
thal shard o} X e deéne +he @,Now;nﬁ Meaninaﬁu\
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order. Cohsicle.r‘ ’}WO Suc\n Po-n')s-.

1) ‘IF vnne one PQ'H‘: is on exlensio-n o A‘\we cl’\mex,
the ek'xemdecl \oa—nm )or'ececjes ‘)‘})e o )164‘

2) i-F neither s an e_x)ren-sion c>]P the other, they,
Con')-a'm o T:‘ni\os«:):};efr Y Such 'H'na;‘ \oo’Hn FG‘HUS
osre id%l‘ico«‘ ‘F)!‘mm X Yo Y , bu)l‘ are ex%‘emc\ec!
bfj diﬁ’eren‘x blockin Po-r)zs EF Y; the order
n w\wicl-. Y gra);s these Fwo Cn"'ks equa\s the
OFC\% 0? 'H‘»e Corresancl‘mE) ‘PG‘H?S.

_T\ne c\\oove orC\erinﬁ o]p'n)e Hoc;)?inﬁ a‘]-}ns
that S']’ar'}- o} X 1S Yneaninﬂﬁl Fcnr- 'Hve Es)lowinﬁ
reason. HSSocio.;e wa}}; eac‘-. B\oc\eina Pa h 'H'ze
%\low'ms s-}ole: \n'.\oso)o\’ers ho)‘ on Yhe PGH\ are
—n\‘m\eing and +he {gas} ]vh}\oso)o\vcr— OF/ He FQH—. S
ea')'ms. Uch CO‘YnP\e;'iO'n o? "”13 cur'r'em'}' Yneo\, (=N
Possib\e Successor s)‘a}e of the scjsx-ew- is Yhe wme
associated with +he nex} \o\oc\?ina T.:oa)']n » l«o\-nere “vwﬂ"I
e Yo be unc\ers)'oocl in terms o? the above or&ermg
of Yhe blockin Po']-)\s s;-arjrinﬂ oF X . (See the \ast
Pamarwf\n oé gec}ia—n 0)

W\neme.v&r X \S no}‘ ‘H\inkinﬂ s *kere 1% G
umo,ue )a\oc\?ins Pann S}‘Gr}ihs a;- X Gmo\ WEH\
Bs  lash P\wi\oco];)ver ea%ns. I} now Ff:“ows tha}
the maximum ‘num]Dw o meals 'Hﬁa}' Com x-a\ee
T)\o\ce be}weeﬁn '\Wo Swccessive 'Hr\‘m\?ihg) Y::erioc\s
o? X —-ca“ed ”-Hne mMmoaximum de\an «@-r X I--
equq\s the number o? \o\oc\eins )oa.}hs s}ar-}ing ot X.



EWD752 -7

'-‘Frcrm -Hwe Previous Para ra):o\s 3}' ﬁ)“ows a'ho)' A c\e\aj
equ.o\\ "0 -H'te num\:aezr- o ‘o\oc\?ing ]:on'ns S\‘ar“}inﬁ cﬂ'

X Can occuwr § Fr‘mm Cor‘onarb CO i+ o“ouos ‘H‘m)‘
'H»e de\au‘.j @n— X CO.hho]‘ PKCeecl %a‘} hum\befr'.

— e — o — e o= e emm m Em Ee MR MR am e o e -~ T m MR M e P e o o E W MR

"ror -}-\ne Sa\?e oP 51mp\ici\3 we sho” C%ghﬂ owur-
Se\\res n the @Now’m "}WO sec-}icms +o Ccmn]o\exe
9ra)9}18, e, a grr)e FZZ eac\'\ }oa‘m O-P ‘F)\i\oso)o))era.
'T]'l‘:s Cor'r'es\faonc\s "}‘o Aos‘al )'nu‘-ua\ eXC\uSicrn O er
ea}ina ‘)Oer'nocls. From Sechion 2 We ceomeclude +had
-\-\oe ]oro\o\exm QP minimi2in mMaXimuwm de\m:)s boi\s
Glou.m 40 minimizha num\;ers o? lo\oc\einﬁ Pa'nws;
mini‘m‘az‘.ng > Pcrr O 3';\1% Se)- o? PL}}OSQP)IMS » ’H')e?r'
averaoge Mmaximuwn c-le\a 1% ,’H’)ere—?}rre, ’}‘O‘n;o\‘moun}

3o mimm‘szinf) H)e '}o}q} hU\'m\:)efr OF b\oc\?ing )oa)-)ns.

To'r N FL.’\OSO?%M we 5\50\“ now cle)ermine 'n')e
minimurm num\ow o? blockin ]oa'}-)as. Le} » o
deadlo k- ﬁ'ee. sas}ew. ork ., Shareo \Dfﬁ }o)\'-\os-
o]o\wezrs X omd ¥ , be First Lforle a} bodh ends;
Yhe existence OP F) is shoded i cho\\mb C1.
The Hoc}eina T:a-]-}w_s oP the SSS)'% Com now be
Por‘]'i)rioned as g:»“ows'.

H \o\oc\?ina- Fanns Co-nbimnﬂ neither X hcrrY
DX \o\oc\?}ns ]oa'}-)\s ccm}o\imna X bud not Y ond
)Dloc\?ins )oa“’as S)‘ar)’ins ab Y wibh X in
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Seconcl Posihon

BY Blockina ]oa-H'.s Ccrn)'o'uninﬁ Y but not X omd
Hockins Paul-)ws s)-ar)-ina a-} X with Y in Second
Tbo si‘hcm.

NO‘l'e. Because F 1S -n')e_ ﬁrs'} ?w]! OP bo"‘)r X
ond Y » & B]oc\e'm )oa‘“') cm—.)’a‘mina ).)o‘nr S)‘arl-s
at one OP'H’IE‘VD with  Fhe other i second )Oosi;‘icm.

(End o ? Note )

Le} us calll SX Ihe reduced sas;e«n Phat remoins
N}? e€n )O)I;ID 50}0]’!31‘ Y s removeci < 'H')e F'm"\ts s\mr‘ec}
by, Y beina removed ﬁom Yhe orobbing orders o ?

9 ) 9 51

*he others ); er +his reduced system, X wi“
&oe d%a‘\'ecl as ’-l-)ne i\ro"a) P)—»ilo&]o)aer ‘ The SBS;‘%
SY 1S Simi]ar!j C’Ie ﬁnea L:) 'm)‘err‘c)'\alng‘mj X Omol Y

Q Hoc\?}nﬂ ‘Fo.'n\ rom ca)eacn:) 'Q occurs m
both reduced sy stems , ﬁncie/’oemcleml-lﬂ o—? Hhe ra]ace
G )oivol'al ]o)‘l'.\omr)mer' occ:u]o'-es mn —}-he 3ra)=bing

order‘s O]P 'H'ne ho'n-)os\ro}n‘ cmes and vice. versa..

The blocking paths [fom calegrmy BX are Kl

3 F @) v,
CIe)-er‘miheA }:3 f)-)we S'}'ruc)-urg o) SX, cvnd Simﬂar'
?w BY.

Le}- "PX omd /PY Le '}-}xe hum‘:&r‘ OF l‘)\oc)tin&
Tm}hs m DBX ond BY \"eSFecLive‘:j- In a 335;%
WnHﬁ a 'm}n'»ma\ hum\;er‘ oP L)\OC\?}nj )90)')18 ,’PX =,PY
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holds | because ‘.F PX <PY . We coan decrease PY

wi”nou} aﬁ%c‘}ina ei‘)')'n&r “PX ar -}-)me Ylumlbbr o)P

H-Fanﬂs ).': c)noosinﬁ 'H‘oe sl’ruclur'e o? S\f equa\
do Ihak of”

SX. (Since dmdlo.gk ',MIo]ies ‘mghi‘e
Yhanj b]oc\?in‘g )oa'nﬂs, this ‘}roms{)arma'licm does ho
‘Jn‘}rocl.uce +he O\Omaer OF d&:&d‘oc‘t.)

Se\ves Yo S&slems with SX ond Y

S\'ruc)-ures (i.e. T'ep\ac'm X n Sx )’\‘j Y 3}e|c|.s
SY). 3

The equal s}me\um 0? SX ond OY imp\ies Hat
X omel Y have equa] 9ral:>]::ir:j orders amd Yhat each
ho‘n-—Pn‘VO;'a‘ )o).iloso]oker has }he Far)t.s ik S)‘mr‘es
With X ond Y " ad'acen‘\' Posi)ions ™ i)s sra):):ina
or‘cJer. Thus We \mve Yo ?:cus our o“-&n)ion on the
recduced sxruclure O]P N-1 )9%3\05:.» Flpers. /\?G'TJealec]

&Pplico.'han ends Wi Hh o S)'ruc]-ure OF) k\,o )o)\i]os_
o]a)-aers.

The nverse Process s)-o.r-¥s Wwith two TJL}'oSoP);ers
Comneced )_73 Omne For}e, and builds up the S yshem,
Lg 'mcreasma —}-%e Number o? P\'ni}oSo)o)aers )::3 one
n eac\n S)rep. Such a S)’Q‘)‘) ccmsis;--s ogaouu;nﬁ*
o Se)ec)'ea \9\1;\030 )nex- ”f\ne Fmrk Camnec ins 'H')e
)’Jq}r ¥S prs'} F)or\? oy )Do“‘n, H'ze T‘es} o H—»e;r
groh}oins orders is a Copy of Yhat 019 2 Se‘ec)rec[
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philosopher ; the grabbing orders of +he ofher
p)\i\osop)aors are I'S%'G\'Ceed ! Cl‘}' ’)')’te Posihcm OP’)'})Q
Se’ec)-ec\ P\'\E\OSOP%W » w%os& %}rn s reT»}acecl

}3‘3 ‘H’)e. Tesunins PQ‘IT‘ n Some OT‘A@P.

'The s‘mc\-ure Sa&isﬁes r‘e\a‘icm

K. the num\oer- c;E T:hi\os'.o]o))ws in 'n'le. S)rruc)ruf‘e
e ‘0\'\]\05o‘o\1ers cor be )—:ar)r':.,

equa\s 1 or

Moned into Iwo ncm-@m)o}b subsels V omd W

such +hal ? N

-I) eoc\\ \13\050 )'»efr rc\\as '»)e crr\zs [
s%a\ﬂef WA +h F‘mem\?e,rs O]P ibs Own se)-
be?mre % arabs those i+ shares with
members of the other Se}-, and

2) +he s‘ruc‘-ures Corrres)oowiihg Yo V ovmol W
both 50«)35[?5 R .

This s VOCuOuS\ %‘rue, ;0 S"ar} N‘l)'}) omndl Yémaing
Frue under Hhe doubling owfaera\icm: when o seleched
)o)wi\o?:o}a‘ver B3 douUec\, )rhe Y'ESun"mf) Pa?r )Jelunss
%0 'Hve Some 36}(5) as ')-}ie ‘]:-\wi\OSo)—:))e,r i)— \"e]p)aCes.

Q Bloc\t'm o)rk s*m—)in O\\" Q. )'1'1\050 )';er rom
V  either \'N;?S I“ 3\‘5 F‘hilo‘gor))’)ers Pi‘h v T:-r' i3 Enj
o? those paths exlended with ome Orl)i)rarn ‘):)’\i..
loso }ner‘ o \r\f (’FIY‘SH P Suc\w Gn ex\‘ension S
a boC\Tin H;, Sec::mc“b ,':\‘ C'.O\nno\' \'DQ QX)Grnc\ecl
with a Pt?r-}r er F\‘liloSoP)qer ?r.;m-. W , Since Yhe \as}
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hiloso \mr o ')'\'le q“—: has Q}réa r‘o.\a\:-ecl 0~“
or'\'(S T‘:; S)WQPr'es L}:;'h o-\-)'ver Mevjc?ezrsa OE H 5
-Hﬁrcl\b . i" cannot \De exxemc\ecl with o TJ i\OSoP\\er
?.—o»m Y either, since the las} V—\F\a;\osor)w.—- on
$he Fa}-‘\ owns all the ﬁ:rks W s\nqres with
the other members of V.) T+ follows thak the

*o\'a\ hum\ger o? )o\oc\zinﬁ }oo.H\s ?olua\s-'
(NW+1) PV & (NV 4+ 1)-PW ,

Lo\'nere NV - numlbe,r— o Phi\cso]o%ers ™ V
NW - number o \Dhi\OSQF})ers m W
PV, h“mber o? Blac\tiha T;o'\-hs ™ \%
/PW; num‘ber- o? b‘bc\'iin& FGH'IS ™ H

Le-} P(X) be J-Le minimum numlae-r- o?
bloc‘z'mg Fa‘nls m Q SSS‘\'% with X p\\i\os‘op)wrs.
Since our ‘ﬁrezc‘mm i Se\ec\"mg "H'ne F\\iloso F},eﬂ—-
Yo be dou\o\ecl enables us o renlize om Tm'r}i—
}'icmin (a-nc\ ‘3u):sequeml ‘30\‘3 ar}i)ioﬂingsg, oWr
Frevious resu” +e"s us -'Hmy' s ‘H’\e hn'mima‘

Sf-"u }icm o

or x=1- ?(x)ﬂ
X514 F(x): (Yi-l-‘l)'?(m) + (mﬂ)-‘?(h)

where m31, N2, min=X

I‘} <an \oe. S\')own 'Hno\} »)e m‘m‘nma\ SO\u‘;‘icm s
o\o"a‘mecl \03 cth'nns ]m-n) £1. (See Q‘PF%C\M)
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- - — e e e e o - e i e -

’;-l'orn Yhe ):»rev'mus Sec_‘-ion 'n)' @“ows ’Hno\)- Hﬁe
min‘uma\ humber OF l:\oc\&ing 'anns Con a\wa:js Le

reo.\'rzec‘ b aSSie)hinS o eac)-\' Cn"\t a 'ha‘urq\ Y\um):er,

cq“ecl )}s ,’ram\? ”, Suc\-\ %a%

“) ?or\zs Ynee“ms G\“ Qa F)'\i\OSo)oX)-er \'rave C“lS}inc;‘
romks, and

2) each \o\n}\os«:}o\vex gro\bs i\'s @rks in the order
o increasxn? ran k

We call such systems ”rm;\?ec\ 53s¥ws " (Romked
S:js\-e»ms ore o\oviousb de&d\bc}z-ﬁ'ee->

hat is deadlock-
and rea}‘nzes -Hne minimawm r\um\ae-r o Hoc\eina Fan’ls,
bu" Canno} )oe rOm)zeol.. \'\]s"yl @:Ju-r' F\’li\oSoF)&fx‘S num-
ber-ec\ 0,1,2,3 and Qc\dilicm 196'1113 'h'\od.ulo 4, ‘)’9)’1;—
‘oso]o\)e,r ¢ 3raLs '}'})e %1')25 '1)- S\'mr‘es w}l-\n C.+2,
41 5 ond C+3 'm Hﬁo\} orc}er. \/Je o\cm'}- need ¥o Comn-
Sider 'H'\o.\' Sbsxem_; ‘H’oere s, ‘mcieec.l, o I"‘Om\?eo\

EXQmp\e. /Bb o o() 'I“ussrrahcm wée Sive a Sbsxem
ag;r?ec , 1S S:jrnme'\t;c ™ ‘H’ae. }o\r\;\oSoP%ers,

‘St‘ﬂs}em en’ Oj'ma -Hwe So.vr:e Pro\oer}'iesz ‘l\' S ?F}ces
Yo Y‘e-‘m)ree)ore\~ ”ao\dixiqn ' as f\-\'ne \Di\--wise Sum moclu]o
2 . (Enc\ OP EXam‘o]eJ

Tn general , [or o romked -s%s\rem o N ‘19\1'.\05—
Ophexs,g—‘-\ve Y\uf\ae«r oP c\is‘inﬁ ran)zsPexceeds Yhe

Y\wn).)efr OP ?o-r‘ks Y‘nee;'ms o.;' G P)'ai]OSO]oLer, e.9.
N=3 ‘requires 3 d'ns}mcx ranks. In SucL c. case ,
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Sbmvne}r\cj n ’H’le P\'ﬁ]os‘:}:\n&rs s }orec\udeo\: in a
Stdmme)'ric r'Onn\'\‘ec} S&jsxﬁrn eac‘n TDL':\OSQ‘P))&' aro\Ls

o Pm’k OF eocL ‘ron\’?. N %e SSS“%.

Tn a ‘Sbmme;ric ran‘?eol S S;'E'/vn, ?Crrks o? *w«:
dis\"mc)r rom\zs ?orm CUC\GS o? l%@)‘)’) 4', '\'\’leir

diascmqls \nave a ’n'\ircl r'om\z.

/P_rcﬁg. Leb P ond he Iwo dishinet ranks .
Comsider -H';e wo  2- \e FQ)I"IS (P,q) ond (q,):D,
S\‘ar)‘ins o.l' ')')76 SGme )911}\050 \o))er 'T\ne \Q;'}'er S\',ares
ith their end Fo'ml(s Po-rks which , gr reasems O-F Sym-
me}rn, have the same Yam\z » T Say. H?/nc-e '“'Jeir

th\ Pom)rs cdmc';de. O\D\rious\a 5 —»':e o-\-}uer o\iaacmq)
is o? roank r as well. ( End o?ﬂoo—ﬁ)

C'Onﬁider a Sammexric }“G’n\?ecl 535*% oP maure
Hon 2 Pki\oSoP)\ers. “Two ran\?s )‘Jar}ix‘im Yhere-
?ure —W»e_ T:}\i\oso\o)')e,rs 'lh)ro Far%}icms o 9. “Forks
u‘? a Y)Qx‘- mnk 23‘“16(‘ Ccmne.c)r \9}1}\050?%%5 “?N'rn
Yhe <Same ar)ri;"lon, or Qair Far"l"l;'ions 2 %ere\:»:j
doulo\ing —}- eir Size and o.l vinS %‘)‘»ﬁr‘ num):)er.
"ﬂne Y\um\aer- o? ]o\qi\OSo\o\aers in G sg)mme-‘:ric
o kel sl:)slrem 15 :"H‘)ere @fe, a power o? 2.

,'Fur}h@rmgre a Sbmme}r‘.c rOm\?ec‘ Qbs\r&m
QX\S;S Pc,-r eo.c\\ N::"Z\e . NUm\ber ‘H’le r\\iIUSQP\ve’rs
(‘m binag) ?rmm O "}\'\1‘0\1\9}\ N-1 , Omd GSSiSh to
+he Pcrrk Shared \9:3 \P\ni\osqo))e'rs ¢ Ow\d:) Yhe
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rOm\e ¢'+j » uo\nere_ ”aclc\ix‘lon"'ms aga:n Hhe b;}-wise
Sum modulo 2 . ‘? X s Yhe Num ber 0? . \o}'\i-
]050‘?‘09»" , We cCan YEﬂUmb Hne F)’\]\OSD)O)’)?A’S
WEJ-}')ou¥ Q?Fec)rins —)Le ‘raw\zs )Da T.:wer ormins ?ar
eac\q P\nilOSO):})er Y\um\:er ¢ iz C 4 (ac\o\i‘ﬁcm
aﬁo\in bl\r—wise \mocbu\o ’2). Tn the new Sc:)s)rem
_w\r\ic\’\ }S CC/‘DSTUL%)" wi Fh *H’)e. OH one - ‘P\'\'.\oso}a):er
X has become F\ni\oSoF\aw 0, and thus the Sym-
hne)rb has beer established.

I+ ?o“ows ?rom owr ]orevio-.a.s Sec‘}"lc:n -an*lv Po-.- N=2k
Yhe obove symmekric ranked system realizes the
minimum hum\oex °P }a‘ockin a‘“‘:s, )'re-nce ‘he minimum

9 P
ma Ximuwm cle\o-:j Pm‘ e.o.c\n )a%i\o'.aop\ner. _I'}‘ Fo“ows g)ro'm
Yhat same Sechion that dhis dela.:j equa\s unPwl'uno}eb

(’P’ROD {r 0§i<k: 1+9£)

h de‘a:j'. N'.
0 1 1
1 2 2
2 6 4
3 30 8
4 270 16 omd So on.

T\ne QXPlod'm wors-\- case Cas}s Some c;\oub}s

on -)-he %enera\ u\-i i\‘:j o‘() binar\j arbi}ra¥im as Q

meoms or \mp]emen)‘ing \mul'ua €Kc\uSiOn. We Can

omla T‘ecorn‘menA ;)' wl)e‘n il' <an Le S\nowh on O‘HIQr
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grounds ~such as '\'imins consiclem;‘icms— -Hm}- the wors)-

case de\a‘j wil) ho-} occur.

- e e o, w W, s e R w m A o wm W e = el s e

The case o]() the Com,p]e'le‘ Sra?]n, corresponding to
40}‘0\ Muluo‘ exc\usion, was s;uc\ied in arder Yo
delermine how bad worst-case de\avs could be.
We now re)'urn -‘o '»)e Senera} Sra.}ok, Pcn' w\'\icx\ We
shall ropose a di er'em'x Solu‘hon. A4 -n')e level
o{) Cje aix in w\nic)n d win \:Je describecl, i}- Wses \ess
wus;'&r-e Cwnmunica'l'lw -Faci\i‘hes 'Haam binar:) arbidra.

)'iorn cm\a, bu} ]\f acL'aeVes -Hne S\mca“eﬂ- ]ooss})o)e
\«wrs}-cose c\e\o.D.

For }this ]ourPoSe’ -\—\ne \EPe. oPa T:\n'.‘oSoP)'ler S
Viewed as a clic Succession O]P ’H’\r‘ee S\‘c«;'es,
Ca“ecl ,"}'}lin\?}ns ”, ? )'wmgrj ”, Gnd 0ea.}'m ’ Y‘eSPec)‘ivetﬂg
P(rr )Drevi}‘y‘s Sc\\?e -Hne Uunion OP'})‘Ie 105} }wo S}‘O\LQS

W]n 1:>e demo‘}'-ecJ \D.'_‘) !,“\'Qb)ecl ”.

Tur“)exrmore > G\So eac\n @yr)’\’ }ms ‘H\ree s\rw\res:
ei}-\ner i\' [} Unolirec\@cl or '.)- 1S c\ireclecl , e i)'
Ccarries Gy Grrow in one OP ‘Hie )le FOSSiL"e

c\i rec\ﬂ ons.

The ]i]pe OPO\ }’3\1;\050)9\124‘ 1S Now Programmec\
as gxuows, a'ns‘e ]Drackels be;n& used *‘o de\imﬂ‘
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i "

o'm‘l' acl‘ions

5 Phi\os::ioberf S\narinﬁ a ?or)? Gre CQ)]eé
each other's ”neig}\)oaursi.

do Yrue —
-H"-'m\eihs R

To: < dir‘ec&s an arrow "‘owards each oPi*s ']'auecl neig)n-
bours ond Stoi}'c)oes ‘]-o \nungr&,\wence jo ’\-ablecl)
}}unarg;

T4: < observes o be without Ou‘\-aojnﬂ arrows and
Sw}}clmes Yo ea'\'ins,\memce reémains *-ab\ec\>

ea')"tng
T2 < Vna\ees a“ i}s ﬁ:r\?s unc\ireci'ec\ Omc\ Swilc\'ues
Yo 'H'\'m\?'mg P

od

_nr\e. Sgslem N b\)\ﬂic\"a s s\-arlre.c\ W)‘Hﬁ 0‘“ ‘Ia)\]\o&'.o]s\'ters
-\'%in\eins and all ﬁ:rks undirected , maintains the

Po\lo wina ]nvarian'}s :

QO : ]()crr' each )'pair‘ o)P neish\oours X ond Y
“both X ond Y are -\-a\:\ed -
“ }he ﬁsrk shared ‘Db X and Y is C'Iirec‘]‘ecl“

Q‘l: Fof eac\'x Phi\?SOFbw X ‘
! X I hunﬂrs 'g_r' X s W':n'lou‘}‘ OQ}soinﬁ arrows ,.

As a CanSeclquemce OP QO, a “‘ﬁn\eing )oki\osop)ner
has all ils For\es undirected ; as a Consequence oP Qn,
12 removes ohlﬂ 'mcomin3 arrows. T}ne u\nivorsa] “'ru“n
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'}ruH- o? QOMQ‘l ]Drec\ucles Simu”aneouslﬂ ea}i'na
nei_g))l:our.s.

In order 4o prove that Framsitions 11 = which are
imP\emefn-]-ec\ \OU Pno.k’ins G PLi‘oSop}rer ”Waui',-” U.n“i\
a“ i}s ou')'go'm arrows })ave c\isqmoear—eol_. Canno)l'

)eacl -}0 deadloc\ﬂ , Wwe OEDServe 'Hwe o\ov‘uous nvariance

of
Q2 dl'rec‘\-ec\ Porks do Ylo!‘ ]Porm c\irec}red cfjc}es.

’nqe ‘ s_cjs)rem is ﬁee Frcm-\ 'Hwe clanaer OPihc{ivic\ua\
S}Qrvahon. Observe o \f\unsrb F%i\os:;;):)ae«r X ond a“
P}tilOSoP}iers reac)na)a)e Provn A vie c}irec;ed Eorks. A
)o)\'.\OSoP]mers OP'HMS directed su)asr-a)p)a are a\o)edg
hence Yhe SLADSY‘GPL Cahﬂo‘]‘ grow. 1} s F.tr-”lermwe
csc]e-g—ee (oh account oP Qz2): i}s lcrnaes} PaHa
ends a} a Pki\o%op)aer Yot com eat and,)\e«nce,}-}m}
maXximum at+h ]%3-}-’1 gives om wpper Bounc‘ Pm“
'Hae de\ OF X With N P}\iiOSQP\nems, Hhe de\a:j
s ‘H)ereae a} mos+ N.

Nice as Yhis ‘So\uxficﬂn 1S, W begs the ques)irm,
Since +he lej SQ-P& Wouy o? il'np]emem}-ins the T's
— in ar}iCu\ar —TO ond 12— as Sequ%}ia\ Pr'o..
Cesses +hat we know o‘-p is Yo make the T's
OF neigh\oours Mu}ua“b -ekc\usi‘ve " '}]me.,Omc\
’)-\'wd‘ ‘mulua\ exc\usion was the orig‘mal Prouem.
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Under the Qs-sumphcm +hat both -)-\nm\rrmﬁ ond ealsna
o?a Pha\osoth a\waﬂs require more thon N
’ ’}'r'ans'shcm 'ximes T”, an im]o)emem}a]rian oP the
mutual exclusion OF neig},\oour;na T's )9.3 ™ eomS
GF binara Otr)ai'}r‘aho-n :j'le‘cls > CMm —Hne microscopic
level, a cle\og oP oF most N Vromsition Fimes.

'Tl'le, morol o-? '\')16 S)’Cﬂ"\'ﬂ s "H»QX' o a\aori‘“\m
with ve,r:j Fow WOrs)'-6ase \De\mv‘nour com be
5&%\ wsed when ewmbedded m awn ernviranm%+
}hal )orevem)rs the realizatiom oP the powr yper-

gﬁmonce .
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S e . o

T)')e c\aim -Hocr} -n)e 535)"*‘”‘

-i-)ar X=1: P(X):'\

for x51 - P(x): (nﬂ)-{)(m) + (m+1)-P(n3

where m 31, 21, Mi4n= X

jelds i)‘s minima) So\u}ioh ) m-nl §1 is
:ejclu;,va\em'} '}o -“12 s}alremem‘}' %’;a}' 'H')e Func icm
£ defined hy

COMY
(2:k) = Ckande PORY + Ges). Plie) k
E(Q-kﬂ): (ki) Pl ) + Cka2)-P(R) -73@” g

‘50;]45{)185 ‘gﬂ‘ m321, n31, ’P(m,n);o with P



EWD 752 ~20

’P(m,n) = (m+‘l)°F)(h§ -P(rn-i-n)-l- (n-H)-P(m) (O)

With @ deffned by

Qo) = PG = n ) ()
we, «?‘:rs]‘ T)rove- msn = Q(mm)?o (2).

/ProolP OP ('2) On accouh‘x‘ OP ('l), ('2) %\lows grfm
?(x)/x D an ascemdina Func\-icm (-)cnr- X2 (3)

which (bllows (Fom
n-{)(n-n) - (n+1)-?(n) >0 F)cn" N1 N CP

We shadll deﬂnOnS)ﬂ“Q\'e (4> \93
a) observ}n% its truth ?rr n=1 (nole that ?@)=4>,

b) dem«:ms}ra ina )r\na)- -H)e ﬁrs} di eremce o? ‘H’ne
\eﬂ-\nomcl side OP (4) is )Dosi}':v‘;f. This Pirs*
ditterence S
(n-n)o ?(nn) - Q-(nn)-?(nﬂ) + (m-Q-F)(n) =
(na1) (F(mz)—- Q-P(nﬂ) +€(\n)> F’w n31.

We amre leP'l‘ W\)')'- the roaf -)-Ba} has a oss\-we
second c\‘,ﬂ%«re’nce. With dc\‘p degnec\ \:):j F

dd?(n) = P(mz) - Q-P(m-'l) + ]Q(n)
we dedwuce ?rom the degni}icm o? ?
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ddf (2-%d= 2. (PCren) - PG
ddP(2k+1) = (les2D - ddP (e

Since F(‘\): 1, ?(2)-.— 4, P(B): 1M1 we ?md grr
k.—.‘i : P(k-ﬂ-‘l)— P(}?)=3 Ovnc] dd ?(k): (l . T‘r‘cnm
+hal )oase i+ ﬁnnows )33 'mduchon 'H'\q) O\“ P;rs}'

th\ Seccmcl c\'-FFer«emces OP are oSi}'ive.

H&nce ) C‘Z’.) \'\as \oee«n es\-a)oliskwed. (Enz o?@rOo?oP('Z)-)

Neﬂ', we de?ne —~with (‘2-k3c_:l_i_v'2:(’2-k+1)§_i_v2=k—

Xg = m div 2 X, = n dive
X, = (m+) dive X = (n+1) div e

'T")ese Bnc;icms sq\ﬁs% —as s eas‘;b veriﬁed-
Xg+ X, = m X2+X3= n
{ Xo + Xg s X, + XQS ={(\m+n)§_i_\_r‘2 o (mwm)ﬁy'z} .

Us‘ms in -H‘Ie SuLscriP}-s ”-i-# '}o d%o\re 'H-.e. }bi)--w‘nse

Sum modulo 2, We now consider }he expressiom: (s)
(S c:osica: (xm MEITON 1)'?6‘4"’?4a)+ (Xe;g' %) QU ))

In (S) we have +wo }UPQS o? ‘erms
@) “terms derived Pﬂ.‘nm the middle term oP P H’)eg
add wp to
—-(x‘,+x2+1)-1()(xo+xa) - (x°+x5+1>-]0(x1+x2) =
“POxerx, 435+ %, ) =
E(m-)-n) .

——
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b) Yerms with P("d) ?crr 05i<4d . The COQ%Ci%*

OF) P(XC‘) [

(X‘.'Hi- XH_2+ 1>'(X‘.43+1) + (X‘.‘h - xfi-s). xc'-i-Z =

(X, 0 X;0a + 1)'(",;,;1 +1) .

Com]oina']'iow oP‘Hﬂe "‘erms w;nn £=0 and ¢=1 g‘aves
(xq+x3+1)-P(xo+x1)= Crr1)- P(m)
Combina tiom °P the terms with (=2 omd ¢=3 gjives

(X°+X1+ 13'?6(2-1- X3> = (m+1)~P(n)
CCrnSequemHU ) ex)oressnm CS) equa\s ’P(m,h) .

?

Because (X“_S > X‘._.’,')%, (xc'i,:z 2 X‘.) — omdl,
similarln (xc.’.n < xd-i-1)_"'> (xc.;_z $ X, )~ we con clwdle
on account o? ('Z) Fhat bhe Second terwms Yn (5)
ore 20, Tbere?a-re , /PC\m,h)ao Com he comcluded

PCm dive, (n-u)éi_vQ)ao omd ’P((m;)c_h_vz, n g_iiyz)? o .

This o\osefrura)-io-n chlu&es 'Hme lnc\uc}-ive quume-n\*.

C. S. Sc\no\'}'em Edss&r N(DBks\m
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