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On shuchures

Most QP e ch?s in this book are much more
Qm\Cu\n}ionq\ ‘“\Gn wie were uSed “'o. 95 we s\r\au ex]o\ain
loter, mosh o? Yhe Yheorems are Cor could be) Pormu\o.\'ec\
Gs \ooo\eon exT)r‘essions E;r I.».\\ﬂic‘n,‘;n ‘)rinci‘:\e;, -}ru.e
and @\se are the Fnssi\o‘e V'o.\ues; e Pm@ however,
ccmsis* o? co\cu\o\-ians euo.\u.o\)ﬁna 'Hnese. ‘ooo\ean eKPres-
Siens +o '\'rue . We s\no.“ re‘-urn Jo Mis \o}er, Pc:r
the hrne \oe‘mﬁ @cuss‘nzj our orpren}icm vy SOome o«?
Jhe nokalional consequences o? Mis aPPmac\m,

The Fo)ren)fio.\ o;dvo.n\-qses oP such o CO\\Cu\o.)'iono.\

s\-a]e, we {%unc\, Qre o r‘a.)-\')er homo eneocus Frco

@rrnc} and M\e Fos:ii\o\\'n}b 40 o\o"o«in \orev':)‘:.) winnou}

L4

Commi‘“inf) e ”S‘m oForn‘,-ssicm , 1@ ma\cinj such
big \ea]os in the argumen)- Yol the reader is leﬁ
Fuzzle.o\, wone\er‘mj how Yo Jus\i% them. 1n ?oc\-,
a\lmoﬂ' o.n o sle s Oare S’mgn and ﬁ-om (=4 reFer"oire.
5o small thal the reader con F)o;m‘.\'ao\ri'ze \r\imse\?
with %+ as we 90 aloma. These advom}age.s, however,
we COu\d cm\:j ‘Inarves} bb (=% co.reg.] ckoice oP our

notational conven}icms_., s M}\orina our @rmu\&e

"O our V'an\'l\?u\Q"'lVe needs, and -‘o oiar neecls o?
dis“lnc\'ion.

Eve-s:j C\sticq\ p‘mjsicis\- - Por ins}o.nce, p""”’“&“{j
g’ami\}qr (‘l'ﬂ ]f\'IS own waj) Wl'h"l -\—He, 'nc:)#-ibn a?c\ Vec}'or
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in three-dimensional Euc]_idean Spoace, inc\e}oendenl-\!j
o? the ques\r‘:on o(" whether I+ i3 a diSF\C\cemen‘}',
a sFeeol, c. Pofce) an Gcce‘erosﬁon ar o coqunean;‘
o? the eleckro- ma&ne)'ic. F;’e\d. Also, he s equa\\J
@hmi\iar with Yhe sum ALY o? hwo vecrars v ond
wo. ’.Bu‘f “\c.‘\‘ S raises o ques“‘ncm, n o.r\-icu\ar
i? one adoprs the view —as some \«Jsiciss do-
”no\\‘ their Vario\\O\es s\'ancl @;r Yhe P\\D sicq‘ o\uom}~}-
Hes H'\e.mse\\le.s and ne} r Yheir weasures n
some wunits. The queshion is, how momy ol erent
veckor Qddi\-icms +he P\n:jsicis\f L‘C\SZ 'S Hne Sum oP
lwo speeds he sawme sork o? sum as the sum
o? dwo Forces? Well | dhe omswer seems megolive
n Yhe sense 'H\o.\- no P\njsicis\' -‘J\Q“ is we\\ n \nis
mind wall ever add a SPeec\ ‘o a Pcrrce.

S‘tvev\ +he @m“ Yol in sowme wou we con ois-
)Hnﬁu.‘ns\-\ }-\nose di(’?eren\' Sorbs o? cacidi}icm.s, one
Cou\d ?ee\ -\-em]o}'ecl or in\'e“ec\uo.\\lj o\o\iaed }0 ir\ho—
duce as vaony di ﬁ%ﬁeh“ addiVian 53mbo\s s
one  can clis.}mauis\\ ado\i\‘icm.s, Soy -y, {%r Yhe
adcti Viom (_\F sPQec\s, . F:-r Yhe addilem o?o‘cce‘er.
ohoms , ek, In a wrist wo'j }-\A?s would he ver:j
correct, bul we ol know Fhol Hhe \ohnsica\ Cevn -
lm.uw\'\\-:j has decided o.socms} 'l“: i} has decided
PR Sing\e Sbm\oo\ @‘)f‘ adai ¥iem 'wn“ do.

When c\no\“enafzcl Yo delend Hhel decision, the
P\ﬂbsicis\‘s will sive Yhe ?o\ Owihj o«rauw\%m}. _‘F‘irs’r\,

Me F_uris)‘ Ccmvehr\wion WOU\\A C‘Crm]o\iccaxe moni)'x.\\q-



Ew'.i;jq?&_'z
la\icms; Pre diﬁ?eremhahcm ru\e For Stams
d _ d
E}_-_CX +3) = a_: + g_f\
WOu\C\ emerge n mom:j ?orms suc.\n s

d = d

a‘,‘_"'(x*'v"j)“a-:j"'a%%- >
'Hnereb:j Tarac\-ic&\\b c\es\'roain\cj nqod- d]ﬁ%ren‘)‘ia}iw
dis¥ribubes over adéixion. Secmc\b, H’le:.j ww\c&
Poin\‘ ou\' H\o.}' mweub ijsnm\ ccm)rex)r Hne
Su\oscri‘:\s o? the +'s are rec.“b re—c\undom¥, Qs
You Com recowsiruet the sart o? vectors odded.
And , [inally, they would paint ouk Jhat He use
o?o S'ms\e Oudc\'l\"lcrq sijm)ool never- seduces }'\"lQm
o add o speed Yo o ?or‘ce , as o simple dimension
heck \oro\-ec\rs Yhem aga‘ms\» such errors. The de-

{)ence. 1= 'Pure\:) Proamo}ic_

“The ‘a\r\:js‘uc'.s} goes ?ur}-\ner-. He knows ?\«“ well
-\-\no.‘r. de\oené.in on Yhe choice o? c.oorc\'rr\o}e. Ssjs}em,
the soame veRor corres‘mnés o o\‘.ﬁ;eren\- )rriF\es
o? coord) no}e_s. Bu}l he alse \(nows )r\qc\- in o
context with om\:j one coordimate sushem s YVhere s
G cme—\o—cme corres Aence \oe\'ween Vec:\"ors wncx
coardinate }‘r'l‘b\es, so +ha} he need not dishnguis\n
\Oe)rween Hﬂe Ywo. ‘:Ind Yis iaen\'igco.\"im 8\\/98
o Nnew rec\dir\a Yo V4w : Vv and w Yoein
)rrir)\es o COorclinc}es 5 Vi+w IS8 G Coorchr\e.

\rip\a ol Foined ‘Oﬂ ‘%rmin\g Yhe 3 sums o?“ﬂe

corref,]ponol‘ma coordinates o? Vv ond W "\cb
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it

F%r‘ming Hne e\emﬁn“-Wise Stavrn

T the meom Yime we are very lose 1o the no\-a\-‘:ono\
T)MC\"ICQ o? Yhe mo}r\x calculus , N which the same
addilon Sam\oo\ "+ is used ¥} odd e\emen\s,
row veclors o? Yhe some lenath, column vechars o?
the same lena\-\n, ond whae maltrices of Yhe some

S\HQ?E. 1s  this over\oadin';g 0? Ye oddibion symsol
"om obuse of nototion ngsn, the progme isd
w«'.\\ araue  +hat i\- 1S 0"13 7% O\\.’JuSe in Hﬁe eaes
\-he ‘\ourisx‘s (w\'\a hq\‘bi\‘uo\“j see Q\ouses Qveraw\nere),
ond he will ccmeo\en\'\a announce thetr the use o?
o sincle addition S&"’\ool will never seduce him
lo add a column vecker Yo o row vector. (1s
he sure he will never do Yho} i? both vectors have

\QHSH'» 1 ?)

We wcu\o\ \i\ce }o Fo-‘m‘ ou} }1\0“' N e mojor

Poﬁ oP motrix  calewus  Yhe a\:pmren)r over\oadinj
o? the addition 33m\oo) con be eliminated 193 Yhe
5}mp}e device o? 'm\&n\'i%lna Yhe Q\emcn" with }he

and the vectors with 1x1n  ond

1 %1 motrix
erent g

nxt ma)rﬁc.es, thus reducing all "o
adchilioms 1o the oddidion o? moYrices o? e
Same s\r\q]oe. n , @ur Sns%mce, Yhe oddibion rules

150 I 3 IR

A, + B,
8, A1 + iB, B = URaHB, A+BN
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Ye As ond Bs are net reshtricted o e\emer&s,
'}he:j ma:) l\)(?. mo.}rices o? G“,:j Pmr:er*l\\j Yho.“c\ninj

shapes.

Hemark T1n )Do\ssins we note thotl the sawme
amo\ies lo the @'s ond the Bs i the rule Fo-r'

mo\\ﬁx W\u“")]b\icoc\'lm
Pt ION Bl B

“ A xB,, + A xB, Rox Bay + B, x B, \
Ry B, + B, x DBy, Rox By » B, xB,

and in the rule (Dcr ‘}roms\oosi}imn

[ ) - % B2 )
CEnd of Remork.)

'Ianorinj the dishinchion Yelween an element ond o
1x1  wmahix - %G \oa not men)rioning e\e.men\-s o} ol -
allows ome Yo cover cmb Par" o? the wmakrix Cq\ culus:
F)or ’ms\'a-nce, f)or Yhe de?m'a\'ic‘m o? Yhe rank o?a
motrix, the conce } o? “elemen} s 'lno\'lsTJensa\a\e..
Omn 'H'te OHMBr \ﬂo‘ﬂcl, N’hen ‘Suc\'\ Comce‘o"s ore no\'
needed, Corrying around Yhe dishnckhion behween
an element and o 4Ax1 madrix would be neec\\ess
_Comp\igo\-ion. Such comn o\ico.\-ions will be avoided

-‘lh Yre -n'le.ctj Mot @)“ows \cter.
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From viow onwords we ossume thal, ()or molrices
A oand B o? the sowme s\mo\‘oe , the reoder knows
whol is meant by expressions such as A
A+B and A-B : a wakrix o? Yhe some s\no.?e,
obYoined by the elemen}. wise aFP\ica\'-On o? Yhe

unory  or \oinmrb o?era\or.

The molrices B ond B  we loked obout =o @ar‘

are o SPeCigC exom‘o\e 0? some\—hsn5 vore Senero.\,
('I'n Yhis Senem\izo}ﬁm-., Yhere s no voom ony ynore
?cr on Oma\c:Bue o? Yhe ver:j mo‘\'fl)(-spedﬁc opem..
Yon 0? ’r\\e mu’rr‘lx mu\}i‘o\ica}bn -“"\o} wWC men\\onec\
n G remo-r\;., we conlined \-\ma\‘ bo o vremark 20
as Yo ossist Yhe reoder in ?orse}}mﬁ Yot we

ever vnenhaned ﬂ' )

We com view o reo\\ Pna)tf\x GS G rea\ E{mc\-ion
de¥ined on o m‘;\e - MDS} V’lsuo‘\'sé;}'tc);\'s" rec\'o.-nsu-
lar! — grid o oin\‘s, with as mony ‘Poin}s os the
modrix %nc..s elements | and os mony ‘dimensions
as the molrix has. We consider b—“'\o} domoin
on which the real ?unc}icm \s de@hed, ie. Yhat
gric\ 0? Foin\ﬁ, to be a "S‘Face " and call the
ma\r‘xx “a TGQ\ s\‘I‘U\c}ure on ‘H\o.\' sSyoce ‘j “Two
diﬁjer‘en* struchures are said Jo be "o Yhe some
slnrae “ ‘.f they are shuclures on the some space.

“The oaen erolization  con cerned s thot dhet
SPQCQ Y\GQC\ no 1011?:? \oe o ()\m\e T'QC)‘O\\'\BLA\QI“
grid. 'h\ lo.rae P&r o? (IIVN o Cm\sic\erc\\'ims we
do no\' even Ccowre houo W\O\‘n‘b Coor‘ciino}es o?
whe} \ﬂj‘:es mis\'\\- be meeded o 'den\i?b all Yhe
c\is\-‘mc\- T)otn"S o? H‘\c-)r STJO-c.e. “The cm\:j \-\unﬂ
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Yo e understood ot Yhis s\-age 15 thot ol Ihe
onks o? ‘he SP&Ce hove . W\wg}\ not e?i?\ici)r\j
Yg\oeugfl} o c\is‘inc\‘ \der\\‘l":\j so as Yo degne whot
1S Y;'!ec:m} b ”C-:\eme\n)t-\'dse" O\PF\ECC}\CN\ OF o‘\oem}ors.
With A and B rec)d shruchares of ¥he same
5\\0\‘39. , B s o real shrucdure of Yhe same
s\r\o..]ge, ond ‘Pﬂ&re 1S VIO comfusion w»\ic\'\ \oo\irs
redd numbers hove do be odded Yogether and
where in }he SPGce f\'\nose Sumns ")E?cn . under
ol circumstances A +B-B u\jie\c\s oxgonin.
"For reosons Hﬁa\' ‘W\“ \oecome c\ear \O}er‘, we '\'MPOSe
gne Tes\‘ﬁc)r'!cm o 31'1'\6 Spoces omn w\mic\r\ we care
)\O 'm\'mc\uce s\rv\c\ures: ?‘ne s]oaces Ovre non-em])\'t-j,
Le. canYoin s \e&s\r one T)o'm}‘

No}c 95 Vo}eh\io.\ \Q\oe\\inj o? )r\ne Voin)rs, SO s Yo
be cble Yo distinguish dishinct Po‘m\s o? he
SHGCe , \f\as no r%f\je M O onE-»\Oo‘;n" s‘go\ce, }\qe_
ane Omms\ cn\t:] Po\n\' o? o WQFTJO'\T\“ ST e S
c.ov\sic\erec\ \‘m\:j QMO NY M oS! -hne cme-po‘nr& Spoce
Can QO ComP\e\,e\:j wi)r\-mu coord%nc}es. Ts
view rego.rc\s o constant (such as 2 or 4) as
o ?unc\icm 0? zero variobles. (End o? N&e)

Jusl‘ \oe()ore in'}rocluc‘mg the mo}rix GS Gn exam\o\e
O?q 5\‘ruc. ure | we said cocme Cou\d VIEW C rea\ ma)n'ix
as o rec) ”?unchm de?med on o tinite Sric\u. Well,
\-he lQHfr‘ WwWGaS Gan O\\‘DU\SE UF \Gn uage -H’\c} we
cllowed ourselves E)or & short while bhecause we
could not exP\odn everuﬁ\nin S‘nmu\’}‘oneousl -
bhecause s\mc\ures are ng* "R«nc)ﬁoﬂs: SEuc\ures
arée wmore \n\ce express‘\cms m Yhe Coorc\inc.}es o? H\e
sr;ouce, in c]ues\rion.
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Le\- ws sw?end Some x'lme on EXP\Q'm'mD '\-\’\e c\ig‘?rence.
ek J‘o be o notural (unckion og) [N nc.\ura\ c.rsumenl.
Then | ?or ‘ms\omce, ?.87 s\cméxs or 'nu\'ur'o.\ number
. W€ w3e -H'\e eriod n }Ol‘mu\ae as V\sl\o\e no\o)l;on\
or unc"nona\ o \'!CG-\"'IOT\—. e} x and e natura
farif\o\es. \,J\erF are ex and ?‘3 ? ’“:'?e(j are not
CancYians, Yhey are expressiams in Phe notural vari-
obles X  and y respec\"ave\:j: Fhough expressed
o terms o? Yhe “same Hunclion ? “‘nej cre c:\'\F2
eeren\- exPress‘nc'nS. Lel ws ih)rro&v\ce E)or- Yhem
Yre <sharthands X and X respec\‘we\b.

Then,
KX and Y are notura) siructures | but OP c\iP»
{%ren} s\f\aPe_ ,becow\se -n\e:j ore s\-ruc}ures on

c\i?Feren’r spaces, Wiz sFo.nned \93 Mhe natural co-
orciinc}es ®  ond D respec\'tve\b.

Qre we opoing Yo cllow ¥he news shuchures
X+ X ond XX —-us'ma the roised dotr Yo dencte
MM\‘\"NF\}CG-}'IGH-- 7 Well, we have o.\re&elj decided
Mol we shall do so: our rule a? elemenk- wise
C»pp\"C&‘\"lon 1S In occordance with ccms'\der'mj
Yhem skoruf\'tan-ds Vor ?.x-}?.x and ?.x*?.x - where
?unc\-'aoncl o\‘v\o\‘] c.c..)i'lor\ S 8‘.ven C. \V\'us\'\er S n'\oxc}‘lc
\oiho\’mf) power Frorm Yhe arithmetic cPer305~.
ﬂre we Now G\SO 30'\?\ Yo O\“Uw Ca 5\mc\ure
\’u\(e 2+ K and wou\c\ \ Pren \oe. %%e Same one
QS ><+X '? '“ne answer 1% \wo '}'\me.s “ es":
we o«cce\ﬂ- 22X as shorthend {701“ 2\l

ond since ,?or all %, ’2-@( = ?.x-i-?.x . we
e.qugo.}e the Mo s)rruc\-ures Q-X Gvacl X.,.X .

>

\Aﬂn SO much QASS aout Suc\n o \riviq\ c\ecision?
Well, Took ol the now accepted siruckure 2. X
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?rom Yhe \odva o? view o? e\emensr-w’\se &‘)P\'\ca}'ao-n:
with X on in {nite segwnence o na\ur&\ num\oer‘s,
W+ dangerous\-.. looks as i? we have decided o
ianore e dilterence belween o 3'\n5\€ 2 oand on
’m@ni\e series o? 2's |

This locks o kit Glarm'm , bul we shouwld derive
some com ?oﬁ Prcrm the @;\?owina ooservalion. The
rule Qor dif—@ren\-io\'im o? G Froduc\-

4 (.. — (A JfAv
dx (uv —(ai‘i)v-fu _5\%’3

has now Tor cen\uries been a]’) \1€cl uixe |LCCess-

%\l\u’ o Ci{;@rer\\‘io}e both qé) }Yhe C‘})roduc\-s XX

oand 2'*X in Yhe ladler case the censtant 2
9 \n ?c.c\- \Y‘Qo}e& GsS  an EX’PT‘essicm n X,
w\\ose O\er'wo-\ive 135 evelauo\'\ere - 1.2, r 0\“ K -

eolual Yo 2ero. ks apporen\\3 ot Cc:m-r.»\e)re\b
uv\sare lo consider o constant &8s omn expression
in o vario.\ﬁ\e “ke i} Fhen "‘Si\En\'" VOT'IO\\D\)E, H’\o}

does not occur n /\nas o mﬁuence o Hhe volue

of Yhe variable .

And vnow we krow what Jo do' An expression
n K (%3 o.\so an e?\?ress‘mn i % and \\o?_%
e} Y s Yhen one u? s Si\en\‘ vo\r’:&\o?e
expressic;n n 5 1S simi‘&:’\a an  LRPressiom
n X and Y (s dime with silent x ) . Se
oW we Q\SD \«.now u\nc\‘r 124 <*% 231" Ao o}\‘ac\n
o Xa Y and XY \ere Yhe '\c\en}i\‘b
?Aﬂ(‘.\"‘lcn'\, ’rheﬂ wou\d Shnd For \f\e \w-c\imenﬁm\
addi¥ien ond M\A\\i‘:\icahw\ Ackle | whereas XK
would  shand ?or tYhe ome-dimensional Yaoble o?
squares — .

S, Gn
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T short, Por ‘m‘reger or vea) Cor Ccmn?\e:J
structures X ond Y 7, the expression Ka+Y
15 o s\'ruc\&fe e Yhe space Spomnec\ \05 Yhe
uniom o? Yhe coordinates o? e spaces o which
X oand Y are syuchures. TThe resu \-'ms spoce
'S Somelimes re%rrec\ Yo as “Yhe smolles}
Cartesian mu\\-‘)\?e“ N Oma\osn Yo Yhe CorYesion
\oroo\.uc\' (w\\ic\w wc:u\c\ \Oe. e“ae, Tesu“ing sYoo\ce‘
‘;? Yhe CrPe(‘Gv\cl Spoces ore 5po\nvxeo\ ’bj d&sjoin\-

coordincde se¥s).

“The Cmon(\jm‘s\b o? )f\f\e sloo\ces Stfppqr\frin OMWAT
struchures couwld comceivab ) lead Yo com w3ion,
had e o\raumem\s n w\aic\n s\'ruc\ures on mony
c\iﬁ)eren}- S paces cccuwrred. Tortunctel,, our argu-
ments decl with siructures on very ?e.ua c).i%?eren\-
spaces. We \AS\AG“::) encounter

(‘l) 'H’\Q omenpoin\' SP&CQ’ as ecu;\n CCN\S\'QV\\' m°‘fj
be —~oawd US‘*QRS 1S~ jreored as o shuchure on 1\‘;

(i) one arbitrar sPoce R which s o \'\o.rc“a no\icec.\o\e
arometer o?%ne w‘ho\e Qr‘%‘umen\-; in ‘most a Vice-
1ans o? QT Hﬂeorj, W+ s the s\o.}e space c;? Kt»e

program un der <onsi derction.

Let wus reger ‘o Yhe space mentioned under (i)
ba “Yhe shrate s poce " Tw certoin argumen\—s we

shall encounter seYructures daned o

(i) }heiggr}es‘m Pmo\u\c\‘ 0? the %\‘o\\-e 5‘36@@ ond
(hhe Space o?) some other coordincte.

“The Simwp\es\' Woe in w\f\ic‘r\ we encoum}er
shruckures on o spéce o? \-tjpe (i) s \o:j poir-
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?ormins - or, more Senero.\, n—\'u‘o\e ?orm’m ~ . With
Xo omd X1 intreser sYructures on the stole spoce,
Yhe poir (X0, X1) 15 ,in turm, & single 'm\e:.)er
shuckare, e v “on o doubkled stote Spoce ‘
i.e. Yhe C&r\'es'\c\n Proc\uc} OF Hr\e S\'c}e Space
ond o )rw-vo.\ued Coordinc\'e. «-Y‘O\'fﬁ‘m pm\fa&\:\b
over {0,1?}— . Scmne‘:'\meg. W s fefeﬁra\o\e

Yo consider CXO,X'\) 0s O YPoir o%s ruchures,
0"'her‘ G umen\-s 30 more Srnoo“llb §?we Cemnsider
(X0, X2) Zas o single shuchure o o space
“Jwice as b’rg“.

Simiarlu we wioy comsider the ‘m%ni}e
Sequence %(\ (DS'\:% o? -—so.:.j, reol~ struclures
on the s}ole space o be a s‘mg\e ~veol- atruchure
on the Grlesian produch off the skreke ‘spoce
ond anﬁ'_o? Q Y\O\\'\Ar&\ vorioble. Each HFme we
s\no.\\ choose the ‘moeﬁ c:.cmven‘;en} WOL\j.

We com }ktr\\( o? other w0~35 o? \oui\c\in& u]o
- Or Po.r}i}\cming—- s]a&ce-_~s1 bul this s not the
P\ace }o eloborate -H\em; we shall do so i?

ond where the need arises.

Wemark “The reoder may wonder bok:j we hove
spef\} So mon Pages onn such o cauhws
nroduchion o% structures c\e%ned on & spoce.
Once one hos %msped Yhe notiem, b seems
Pr"en:j Sim?\e and s}mia\'\)r ?orward. In ?c.&,

i+ s,

Qur co.x.a.\-'uov\ \r\o;s Beeﬂ '\nspirec\ \93 O C?\*P?r}?nce.

With 0“\3 o qwic\& e?\P\QnOA’IOﬁ, eople oel comfused
\o\o i+, not becouse i} 15 c\iFFcul‘r‘? \ocf\— b%cause. F\\-
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6 d‘tﬂ%.reﬂ Prcm whal Yhew are used Ao. /Péop\e have
. ee\inb o? g%um'\\'\o.rﬂ:) \m\;e- w\r\o& }\ne';j Yhove \eo.rnec\
o rejc.rd os "mothemoticol obiects’ - Po'm}s,\'ines,

P\Gnes, ¥riom3\es, se¥s. subsels, elemends, @.nchms,
mo.\-r'uces , vec\-ors , quo.\'ern'nons, 'm*eaers, reo.\s _—

Qlccorc\ina\j , \'\ne,:j are qui}e used Yo hamiv:g Prem

— the Pc.'m¥ P, the line )V, the ?unc\icm ?-— ancl
%e\ clui\‘e c:c.n-n@:r"a‘o\e with ?GY'MU\\QQ with such

nomes as }\" con "“)’Cf' Y re\’ “1652 ?Of W\U\\G\e "

lerms oP the “model Provic\eé \03 Mhese ?o.m;\iar

“ W\Q)f\'l em o;)ricé.‘ | _t-::»‘b\‘)ec}s '!.'

’Bb vy Qccic\eﬂ} o? \‘\‘13401:—3, momy ore unused
Yo Yhe miroduckiom o? nomes ?or Scm-)e“n'ina ke
otherwise UmsY:eci jed exPress‘uOns in orherwise
uns eci%eo\ voriahbles. fnd even a@er “wij hove
O\CCCFAQC\ '“‘\0} YHOAE\, '1\' no. s\ﬂ“ \G\(Q qu,ﬂ'e S ome
Yime \oe@;re }\ne‘n are com Eartoble wath i} an
ex\oressicn n Heonleﬂ knows hows momq var‘m)o\es,

'lSh'\" )f»\o.]' \oo}ehh&“b . Ve:\j _CO‘W\P\iCa ed ')'\"\\n&?
Mes , \\- is, \Du\' hax on \'\'le \QVQ] o? Q\)S\‘rc\c"lbh

n which  we O\EQ\ Wirh OWr shruckrures e rules
Qccorc\ing Yo which we momi*‘:u\a\e @rmu\ae with
vc.rio.\':\es and Ccms\‘o.w\'s = o\nc\ing ?or‘ S\ruc.\ures
are So '\Y\C\e]oendzn\‘ o? Yhe spoce wn which dhe
are c\e.gnec\ Yot |, as hime goes by, e moc\e\ij
fo.c\es in very wuch the same wWoy a3 We hove
earned Yo odd Ywo \ois decimal humbers without
wWornyino whether the sam o\is‘.\- we are c\e}ermin‘ma
stands ?or' Yhe Yens . ‘he Yhousands , or the
willioms . Fl\recm:x‘j Prousamds, le¥ e\one milliems,
\oame e '\maa‘m&)ﬁcrfn so b is much S\mp\er

ho}' ’\'O \rr:j \-0 visu\a\‘nze. H‘iem w\'\en Qc\c\in& o
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\D'\a V\u\m‘oc\"s o\-nc\ A‘o YY\Gn'\Pu\&\'e '\hs}eac\ \wo s\'nor\‘
un'm*?.rpro}ed sequences c? decimal c\igi\s. g-
'reme.m\oer how \em 'a" \‘oo\« WS N Owr Uou\-\'\ -lro
learn  houwo Yo do R\'\e. lodver!

With our shructures the reader vl observe the
SowvNe \F\qenomenovn'. S \ne \’.)QCQW\QS more e more

wmiliar MH’\ }»\e rwies O? MQﬂi\Ou\o\\"lo-n’ Yhe mode\
will re¥reat inYo Yhe recesses of\n\s wind.  (which
1S & Sooo\ Yhina lecause —Gs we sholl see \oter—
the model is over specijic n almost o\ c? Tar
Hne.cn:tj3. ’.Bu" 0.“ pn']s \‘G\&es )Hme. ond © \0)‘ o?
SeHr'm& usea A‘o. \"\ence -nne (\0\\36) number ’0?
Fa&es S"Den} Uy Our CQ\AA"!OUAS ‘|n\mc‘.u.c 1on o
struclures degne.é on Some spoce. ( End o?
Qemar\()

* %
%

We have ome ?ur}\‘\er ho\‘a)tionc.\ \'wu'd\e ‘o "o‘\ce‘
and thot one has lo do with Yhe noliom oP eoluo\\ib.
’Di%w\b with Yhe nolion o equo\i\b mioh} surprise
e wn Sus]oec\-‘m reader who —nof M‘\v\wq Jus\"u fco-
*‘l(‘m—— {)ee\s '\'\r\o QQU\Q\'I\‘ 1S5 ome OE }\ﬂe mos\' tnoo
\men\'c. , one o the mo“;)\ I‘Y\Ox\‘uro.\' re\c.‘r'lms. Butr
'\'\no-\' S Precise -\-\ne x'rouk\e\ “The nc\-‘\m OF equp.\ib
Cawnme So no\\-uro‘a )r\,w} gr o C'e-n\ur'ues i\- wos
" overlosked in the sense thol awere WS No s:jm\m\
Yo e.x")ress i+ Ea‘uo.\':b wWo.sS express«:l vequ\\ﬁ or
'lmP\ici“:j -.\ob wri}inf) *wc: EXTerSS‘ions on }\ﬁe sSame
line and \e‘.}v‘mf) 'H'\e. comclusion '\o -n\e, '|n}€“]3@n}‘
resder — and we hod Yo woil wnhl Reberk
“Wecorde gove us Cin "Whetshtone o? wile ")
15549 “\2 -<:cms<:'|ous\:j O\BSHSned\.— Sbm\aﬁ\ = Yo de-

it
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ho\f. equo\\i‘:j.j:n “’le wc.n'c;s Ug\“ E.’T}’!Se“, ”'1}‘ reémaoined
?or‘ Kecorde Yo do the r\&‘r\} ‘mg. ‘.

Yes Recorde did the right Yhing , bul Yhe speed
» gt Hhing . bk e oy
with uhich mankind con cbsorb prooress is very

l’\‘m'\)r ed.

EXGmxgle. T_n \-\ne \O\}E 18“\ cew\u\r G ':Du\'c\nmo\v\ \03 l'\'le.

name of T)o.r\:)es wrote an o} Yhe dme well-received
C\ri}\'\mehc. (T\- wmust hove Yoeenm

Yexthodk on eementa
w‘:c\el‘j o\cce“);-ecl . @r :?'L\e h:'\me. o? ’.Bor\:)es" oMl survives

m o Durch QxTJFQSB'Nm ~ vo\ﬁens '.Bo.r\jes - 'lhdiCo.\"m&
e obviousness of o ccmc\u.:s?cm.} 'ln is \oou\&‘
’.Barbes used a decimu\ ho\m%cm o? 50r\‘s: in
wi}inb 102 he omitted 4he 2ero Lo} Ymvic\ed the
1 MH& < $UP‘31‘SC\"'1‘O} C Jo ';nchCoAQ i}S weng\n\-’ Bnd
Mis olmost six cenkuries aﬁer- Ye “Liber cboc
(1202) o? Leonorde @P Pisc. olse kviown os “Fhonacei,
in the words o? ET.Bell "o} lash converted Eum?e
Yo the Hindw 70~ri\'\'\me\i¢. k,

WrGS ?o«r rom ccm‘:\elre. ’13 '\\- o wonder }‘\'\c‘\' mmnj
\-e.ac\'lers ccnnside,r' maw\c'lhd as Q\Mosx ed.uco\\iuh-

Proo?q (Ef\c\ o? EXOWV\?\Q,B

Evi clen\'\b ., the conversion

In vﬂe cose 0? Yhe Qqua\'t":j sign 1t Yook ct\-
wmost onotner Yhree cenluries \oe?}?e the eqma\;\j
sign ainECl "-he F)u“ sxa"us o? an '\h?)ﬂ( o)oero.\'or
that a95i3nec\ o value Yo expressioms o? Yhe J‘%rm
CQ = b . ”We\\o\“émar\& ?ﬂf\h the PM\D\iCQ\'iW\ oﬁ

eoroe Booles “lLows o oucht | n 1854 (Fu
W \edsz" AW T.nves\-isc}icm o? T_}\_ajLows o?’ThoEﬂ\;\:\
o w\f\‘\ck ore Younded TThe MG“\QMQ\'EC&\ Theories QF
Los‘\c and /?ro o.\oﬂ'u\":es "5. georsq, ’.Boo\e c:\}d 50 ]93
% "n\‘rod\uc\"lcrn o? w\no.\- 1S Now Known as e
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”$oo\eom dOrr\mm"ﬁ Q. ‘wo-\rc.\ued domo.in com‘:rlsina

the volues denoted b “YIrue  ond "@:.\Se" res pec-
hve\j. T 9oes wf'\“nou? So:_‘j"“ﬁ ot the boolean
Vc.\ues, Yein O'r\\:j 130 Dews o\c\, are \93 ond
\QtBQ S‘i“ rec)fed as Second- C\QSS Ci"\ 2ens. (Wi""nou"
Sawing . inceed: w\'\c.} e\se. Cc:u\c\ we emi:ec\- ?rtmn Cn
mos ‘\emc}\co\ Ccﬂhmun\\v -\-3(\&\- in Yhe ?.o“" cer}ur:s
has nof mode wP ‘;\3 mind t‘\,e\- w\qe\-\ner Ao

Cown'\‘ zerd &momD “ne nq\“ufos hum\oers!)

led K and Y be hwo real slruchures o? Yhe
same shape, sa motrices . Had PeoP\e Yeen Worou\a\\\
E"anm'-.\io.r with an \::oo)eo.n Ao ain w\\en mo.}rices wero;-.:j
intro duced , Hne‘j mib\m\- Whave oMoched ko Xa Y
0. ne@anin m Gnc.\oﬁj \'o n’le I eanin 3'\'\23 \wqc‘
decided o ot ach Xci) X+ . Since )& stonds
()cr a  reol waInx of the same sho , @mmed Y%
el ement- wise Gdd;»'lc'h, Y} shamds do ]:':&s«:m Yo \e"‘j
X=X s)ro.nd ?or C. \ooo\eon »mo.\r"x o? the same
s\narg , @;srme.d \::j element - wise compoarison,

:Bu} H\"Is 1S Y\o\' W}\G\' \\GPPe‘ned. ,\DQUP\Q were cﬁ‘
Y hime uv\P&mi\'\o-r' with Yhe boolean domain, &
\ooo\ean ’mc.}r‘m WS 1:') cmcl -\-\f\e‘r‘ Vision, cna
hence X=X wos '\nxcr‘pre\-ed as Yhe statemen}
el X ond X were "Ccmp\ek\j " _ie. elemend \93
ele,mcn\--_ eq'uuol. ‘in Te\'TOSPec} we Com Comsider “\35
cgnven)riona\ ‘\n\'erPre\-o\"\m G o\nomc.\'j,\om¥ Yhat
1S ho}' H\e Poin". 'ﬂqe Poxn} iS: Conn We \‘NP. w.):\'\
Yhot _&nomq\j n dhe sawe Wouy as mathematicians

howve  \ived vath b sinee wodtices were jmvented?

,-n‘ WOu\A \’-'Je, Conven'\en", were “\e answer G LYy mo.-
Mve , as it could e 1 a context i which there s



EWD 928~ 15

no need '?or dea\in with boo\ean S“mc\'ures. Tn
our case, however) struclures being Yoolean will
e Y‘G\‘)')er' the ru\e. )f\r\o.n the exce»f;\'\cm ond we hove
o do SaneHﬂ-'mj cbout it

Ore could -\-rb Ao ghc\ ) ot \DD En\-roc\u.civ\j
wo c\iif?aren} equa\;’P siqns , one Yo express Yhe coum-
Flehe Bqum\"\‘ o) e Ywo s\'mc\'vu‘Es ond one *to
g(?ress -H\e oo \etn s}ruc\w\re. @crmeo\ \D:j e\emen\'-
wise Comparison. “Thas, however, would lead 40 on
e.x\olos‘;cm o? SSW\.\DO\S as Yhe same T,rg\o\em
Preseﬂxs '\\'SG\P s exPreSs'ums \'\ -2 X<Y , Xs\r
ek.

Q.?}ar arn \e c_ons'lc\era";ah we \ncwe c\ecic\ed s‘\'\c.\'
a re\c-\'mnc\\ eroror cov\nec\'ana Ywo shuctures
o? Yhe some (.;Kuou?e 6 Yo be O;T.'F\ieé e\em%\'-w’ase.
und Yhus b}e\c\s o N \ooo\eov-\ 5\fuc\ur‘?. o? \-\r\e sSame
s\no.]-:e. Tn oddiliom we rovide o o o Yiem Qx\FFeSS'mj
thot o)l elements oi o boolean structure are Yrwe:
?cr om:? boolean sructure 2Z . 12) shands ?m*

the Ywoolean value expressin et <l elewn ents
c€ Z are Arue . Hencc,?or ?( ond Y oi? e scme s\uo\pe

[X :Y] ex?rQSScs -}\rlc." S\ruc\'uf'es X ond Y
are _c::mp\ e}e\j equa\‘, |

1 X=X expresses Prot shructures X ond
are Y\O)r com];]e\-e\:% equc..\, V.e. an-“

Yhere exists G point M Jr\'-e space on
which \-\neb are c\e@nec\ e} which “"Q\‘j

) €r

‘_-\(X—_;Y)} expresses Mot stuchares X and Y
are cc;m\o\e‘e i ﬁ’eren\', 1.e. dig’?r in
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each Fo‘mlf o? the space on which -“'w.b are
de?‘med.

The a.-mp\e comsideraticms mentioned involved wmore
n\om o ?eo\r o? Gan ex losion o? »f\e Y\um\per c:s? sbm_
bols i? tne mneeds o Yc.vae c\ass o? Sbm\aols 11! Ywa
Vveérsioms , one <Can introduce o convenlion ?or Senem\‘nrﬁ
Yhe sam\oo\s in Yhe other version. “The point s o}
there is no Jus)fiﬁca)f'lﬁn Por atraching Yo an operalter
e diskinchion el 15 now ex‘aressec\ ‘be 'Hne.]:r_esence

or absence b?a 'S_\';r'f‘ailan'_dinﬁ pPair of square
\oro.o\«e.\'s_ To \Deain M“\, '\r\'le O ero.\‘c\" '\ro Q)A-Gc\'\
the dis\-inc\‘wm o i h} not e Mnerca , OS €x-
emp\i?iec\ b.'j the ex‘of‘e55\ar\ Y.'Z] . Segwdl ,

" moy be unclear Which opern}or— ‘Yo Q‘“‘QR\
i+ Yo Censider

[XvY v2) = (Xv Y]

n Pis case the candidate = O workine is
o‘u.i)rQ cleor. Bul loter we shall see that dhe
ODO 4V, Cd mm:j \OE T'EP\G. tec\ \D:) %e s\rmr*\-er

L X v X v&z) :

which QP e v should now be wmorked 7 The
ﬁrs\‘ one ¢ The last one? Bath?

',\:hsxec\c\ o? mar\<‘m3 each )r’ime awn cperg\‘cr
- whose presence or \den\ﬂ-b we howe \‘)us\‘ seen Yo
e subject ¥o doubl — iF s more comvenient omd
M o wo.:j mwmore »\ones\‘ -\'o '\ﬂ’tmc\uce e ex\“ro\
Umo.r‘j er'G"'C’f' ) w\nose o?em-nc\ cor then e
mo\niru\q ed ?ree\a, We L\ove G\“Owed ourse\ves Yo
denote Mais nony operator \o:j e cdishinchve
Vrock et Po&r Surrﬁhrﬁa‘tﬁr{s- s Grﬁumen} hecouse
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G\W\os" O\‘W&:js )l'\ﬂo;\' Qrsumen’\' 158 & si'zeo\\o\e € X~
PreSS‘:cm.

Tn shork, we use square brackels Yo dencle o
unear oper‘o\“or w:\'\'\ 0.“ “ﬂe ‘Pmper}ies (3} umiver'so.\
cluom'lﬁcc..)ﬂon over Hne sSpace on w\'\'\c\n :Hne. Gnc\osed
boo\eon s\'ruc‘ure 'S de%mcd. “The in\-mduc\ion o?
Yhis specio\ nosrov\-ioh 18 ‘\'\ne rice we \Pan o
Hne Q-nor\irn’ab 0() 'n'ie COOrdiho. es o? )ﬁ-\'\m" SPo\ce.-,

as we Proc_eec\, it w'u“ '\roms‘:nra H\o} Yhis price
% we“-\i:oad.

T 1S5 v Hhs C.onhec)ric:m -\-\no.\- we rec.a“ QL
Vibert Yo Yrea} volues usuall not cemsidered
S‘:mc Wres oGS S\'ruc‘rures on R.

This convenlion O\H'ac\we.s mMmeanin Yo tx = .:)]
also 'n Yhe case Iha} X Qn? Y stanc ?o,—-

Suc\n simP\e Va\ues Suc\r\ as '\n"esers, rea\s,
or booleans.

’F:no.\\:j, in Yhe cose o? boolean ch_;er‘Osnds,
we odwmit besides = on alternalive S:jw\\ao\
or Yhe equa\i\b FE\Q\‘iCM; viz. = . We do so
ar  nore nr\cam \'\]s}oﬁco.\ reasons . “The cne reasan
1 purely opportunistic as i} ogives ws o wou oul
o? \f\e R‘Qc’«ﬁfonc‘\ Sfjn\‘ac\~iq g\emmm u\mo.\-b
‘Di'nc\inP Power -\o QSS!S"“ ‘0 4-\19. ‘m?‘;x e,o‘u.o;\i“:j
cr\oero‘ ar. B 3\V'|n3 = o \'\i&\ne(‘ \D'w\c\ina DO Sr
than  the ‘:)og\)e.an crperc}ors end = one ofF the
\lowest \o‘mdina powers  we enoble ocurselves o
write

X:b = X-SD N X2y

W.l\'h(}\.&“ T)Qrenx‘\\€5i5. “The o\-\r\er reascm \'\'\G\' k‘)us\-'vﬁes

e cme-‘oon& space.
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G specia\ Sbm\oo\ \S -\-\r\c.\ n Yhe cose o? \ooo\eo.n
oPeranc\s, equo.\i‘rb _in Phis connec¥ion also colled
equiva\ence - en\')o:.js N speciq\ Pr‘o‘oer\-n: in thot

cose 1t s c\ssoc}a}'.vc_

No"e 9 SPec‘;o.\ ckc.ro«:}‘ex‘ 1S more o\}xrac\"lve “’\an

dhe a“erhc}rlve. o? %'.v'ms ‘?-Q“C‘\;",‘_j between \om\eaﬁ
eronds a lower Yinding yower Fhon equalit

belween operonds o? o¥her \DFes, as Yhe \other

C('mven\r'uon \.JOu\c\ mc.\te Pars‘mg cm\'e?&-—c\epev\c\en\'.

(End of Note)

Comment ﬂﬁ'&r completion o? bhe obove | asked
m:jse\{) whekbher T s\'\ou\c\ s\‘a\-e e.x‘o\ici'i—\:j Yot in-
@x c—Pem}or.s degneo\ not Yo distribure over poir
@:rminp don} dishribule over Poir ?ormin:j. The
?,Xo.mrae -“r\o.;‘ Comnes )ro mind is \eXicc.\ order\na,

CEnd o? Covnment)

ﬂus\-in, 25 Novem\oer G35

proj-dr. Edsser W.’Daks\ra
’Depcur'\'meﬂ- of Compuler Sciences
The Un'aversi\-\j o? Texms o} ﬂus\"m
Aushin, TX 78712 - 1133
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