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Fillers ot o Yo’P-ins\'ﬂ-u)re.

Termat and Wilson

Trom Sraph *heor:j, we use
e o -ﬁni"(e, directed 3f‘0p\n m which each node has
both in-degree and ou"-desfee =1  consisls oPc cles;
® consider 0\0“5 Cn CDC\E oY ‘30-\-"\ O? ed_ses; i?
the poth ends o} the node af which ¥ sfor}s, the
tength OP the cycle —i.e. the number of nodes on ¥ -

s o divisor o P 5 in Porhca\ar, i‘(’ P is prime,
the c:jc\e s © \englr}\ P or s oF \enj% 1 (Cie. is
a ”self—\ool—,”).

We can use +his o prove Por nalural n and
Prime P
(nP-n) mod p = O (Fermal)
(p-D! - (p-1D mod p = 0O (Wilson )

For the Proop op the Yheorem o{) Termal we take
as nodes the nf S’rrings o{) P characters —()T‘om on
alphabet O? size n , and inlroduce o direcled
edse 'Pronn Yr Yo rR -Vor any chauracter
anal S}rma R (OF) Yength ]3-1) . ‘HCCOFC\N‘\S to on,
the groph consisls o?ac:gc\es oP \Enj}\'w P ond of’
se\F—looFs. Because +the se\?—\oops c.orresp-ond- te the
5§-rin35 in which all characters are the some and be-

cause the size o? Yhe o\l:\nobe]- 1S n , the aumber

of nodes occurring in se\f-\oc:f:s' equals n . The
remaini no nl- n nodes are 'H'lere -Pore Fc-r}'n l-}oned
into cjc\es o{) \enSH'm P . which proves Termat's

theorem.
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For The Proo? op Yhe theorem op Wilson we Yoke
as nodes the (P-1)! cbc\ic eromje.men)«s op Yhe
numbers ‘G“Dm 0 ‘H’\r‘Oug\'\ P s {’or each directed
edge we obtain Ghe c:)clic o\rronsemen} mcorfesibondina
{0 ) the '}c.rse} node by increasing each number in

(the Cjc\’gc arranjemen} chres?c:wu:\'\\rlrj 40) Yhe source

node by I modulo P - ﬂccorc\'\nf) }o ee |, }he
Sropk cons':sh;iop cac\es o? \ensﬂw P and o? se\?—
\ooPs. Because the sel?—lo«ops c:>r‘respcmcl Yo the

c:jclic erqnﬁemen\-s with constont c\if?er‘enc.e (mo-

dulo P) between adjucent numbers, and because
1 '}‘)'IFOLA&\"G )9-1 are the Po.ss‘u\o\e; values o? thot di'??er-

ence_) -}-\ne, num\oer o{) nodes occ:urr'}n3 in selg\oops

equo\s ]9-1. The remc{ming (P~1)!-(P~1) nodes ore

+\'1er‘e]oore Porh‘r‘.oned into c.br.:!es o? \8034-\'1 P >

which proves Wilson's ‘)'\’)eore:m.

Maximizing ‘nle produc\‘ por S'Neh Sum
d ' L e vrrr—

RQuestion How do we CQns\'ruc)r G \3&3 o{) Posi\ive
'm*e:-jers with Siven sum SO Yhat their Produc} is

as \orge. as Fossi\o\e?

Answer MBecowuse with Sum 1 , Yhe bogq is unigue,
we onl:j oma\\\jse the cases with sum 22 .

® because TeXx < 14X )Cmd (becauSe o? 5um>,2>

our -‘rarﬁel- \oag o\iWers Prom {’s‘ij our -\nrge% \:)as

contains no 1
* because ’&-(x—z) 22X = x4
need nolf Con*a'\n ‘nn}ejers }/4

, our Jrourge\- baﬁ

2

e Decause 2+21+2 =333 ond 2°2:2< 3.3 our

]
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+ar9e.\- bag contains of most Ywo 2's.

“The obove Cons)rrc:in}s are metY by o ba oP
9 o bag
(2-5umImod 3 2's and ‘?or the rest 3's . (End

°P Anaswer.)
Remark The Predom‘mance QP 3's in the -\-orﬁe¥ \003

re(lects thal 3 is the closest integer ap roximation
o? e —the Ybase c? the netural \ojo.r-ﬂ- m — , which
s lhe soluYion o? —“ne CorresPond'lnS con\"inuous
Prob\em. Tor the same reason it is Jrheorehco\}b
f‘e?era‘o\e fo implement 'Heo»)s.so:-¥ with a -\-Ernor:j
Iree. instead o{) a binc.tj one. (End o? Remoark. )

On “TPoor Man's Induchon X

We consider n Poin}s Q\Onj -“"le Circum?erEnce
of) a circular coke and culs a\on3 all Yhe chords
between them, the points bein chosen jn such
o wou Yhat all internal interseclion Poin)'s o?

Pqirs oP chords are clistinc}. With g‘ e number

o’ pieces the cbove suﬁjes)rs ?: 2" The
Tedé\ei‘"’mo.&j veﬁ% Yhat” n=5 indeed yields ?:!6.
However, n=06 -.jie\c\s ?'; 3) ' How does {)de]oend

on n ?

This Pro\o\em s most easily solved in two s%e)os:
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the Pirs)r s}e]a expresses Q in terms o?

¢ = Yhe number oP chords | andl |
P 'Hﬂe humbei_"ﬂo-r in’rerm;\ ‘m\‘er".sec)rion ]oo'm}s .

Yhe second s\rep expresses
£ n

e {or the increase Pa OPF caused by o new
chord we observe

af

$ Hng new chord culs pieces into %wo}
the number o? pieces cut loj the vnew chord

= {o pece is cut b:) N saamer& op the new Chor‘d%
Me number o() sg9men\:s on Yhe mew chord

= {segqments are sef:c.m)'ecl oy intersechon PO?“‘SS
1 + J:Ee number @P intersecYon Po‘mx‘s on the new

chord

— {';n)rerna\ 'm)rersec.\"non )ooin}s o? FQWS o()c\ﬁorcls

are diS\r'znc}?i |

Ac + AP

I

C ond )9 in +6rms

I

From this and <c=0 = p=0 A pz,l e derive
b:j maothemoatical Induction

.Q=1+C+|°

@ from Ythe one-}o-one Correspondence belween
chords and Pairs o? Fo‘m\:s on Hne circum@.rence_

we derive
N .
C:(z) ;

Qrom Yhe one-Yo-one Corr‘eSPOnc\ence belween
internal intersection Foir&s and quadruP)es ofj
po"m\‘s on jr)ne'-_* Circum terence we deryve
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_/n
P=()
Com\o‘m'.nj the results from e@ we establish

For ()~ (2)

or -b roperties © \o‘.rgom'\c\} coe "icien)rs— equi-
:{ Prey

v&\en)rj
SR W CORGVEIPO RS
I.e. {)Equo\s the sum oP the ﬁrs‘r Gve values on

o lhne of the /Pasca\ -lrian&}e, lines which each add
'u]o o o power OF 2

The obove argument owes its extreme elesance Yo
its high degree oP disenlro.nglemen}: Yhe Pirst blob
s nol concermed with n  ond the second cne not
with «P . while dheir combinalion is no more
Yhan Ywo substilulions. Note thot this Par’ri\'iomnj
into  two mutually independent blobs was only
Possi\a\e thanks %jc: the introduction o? ¢ and
P which carry the in’rer{)ace.

Acknowledgement We owe the obove bemu}i?ul
solution 10 2 Blok huis. (End of Qcknow]edge-

men}.)

The binory search

Llet A be a non-emply, oscending, integer
N :
sequence of length N | more Precnseb, et
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Ns>o , ond

>

(Bi,t)‘: ogi<j<N: Ais F%.J)

let X be on 'mlreaer. We are requested Yo c\esﬁn
o program SO\V'\HS the equalr‘ton

Presen‘r:(Pr«asemr = (Ei:ogi<N: Ai=X))

¥ X

*

We dis)r‘mgu'ss‘n {wo coses , H.O0>X and Aos X,
the \O‘]‘\"er‘ cose be'mg the harder oneg, we decl with
thal one Virs)'.

TH s hard to visualize an a\gor‘ilr\ﬁm correc}\\\.)
es)to-‘o\is)'\inj Presen“ , e, de¥ermininﬁ that the
value X Tindeed occurs in the Sequence , without
deter minin ol the same Yime where X QCCumrs,

i.e. withou es\'a\a\is)ﬁn‘g {z:r Some 'm)'eéer, ¢ 50:3’
Hl = X ~ 05 N,_

As in\‘ermedio\'}‘e resu\\', this 15 ‘oo S}rgn to

aim {)or; i{) 1Presen} 15 to be established, no
such value —?or i exists. The bes} we can do

n Yhat case i1s to let 1 detYermine the pair of

Qc\‘)acen} values in the sSequence “between
L]

which X is  wissing , le. Yo establish
Ai < X< AG+Y A~ Os5i<N

for which purpeose  we define AN so thad
X < AN

Combimn ‘“"\e 4wo

mtermediare rvesulrs e
construct tYhe more

realishic "rcur'ﬁemL o? es’rab\ishinﬁ
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R: Al g X < ARG A O g£i<N

Qur PrOSrom can then have the -()orm

\C vor j: ink

. establish R

»

; Presen‘r:: Ai=X
1

Yor "ee}'ahlis\'\ 'R"‘ -‘the Preconc\i)’ion Q.DSX-( Q.N
suggests @ repetition whose invarion} TP s
obktained Q-om R b\aj reP)o\c'ms Cit1) b\"j o
?resh voriable, § soy. Te with

P Ris X <A A 05i<")sN
we Suﬂae’s} -Por “establish W'

I \ﬁr‘j: int |

’ i,J:: O_,N {P}

3 g\-_c_););éi-r-‘\ — shrink (J-i) {P3 od {RS
] AR

Lel us now 'mves}iﬁo}e -?or “shrink (L')-i)k }o whalt
exrent a c\'\cmse of i will do the Jo\o. To this end
we derive the weaokes} Precondihdn such that
ir=h decreasés (\)*!‘) under invarionce QP Y

\=h < {=i A

.hs)\é-d:l.j A Os\-\<J < N
which -Fonows Prom

’P/\i<h<J A Ah X

Tor j-.:h we derive in the same manner

P A i<\n<J A X< fh
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These Iwo Y)recond‘:)ﬂons Vead ‘?of‘ “shrink (Jﬁ)"
‘o

\[\ﬁf e oink
. solve h:(.{<\'\<J'>

i X <Ah —»J-.:‘h

]lg

We observe, Pnrs}b, Yhal | its %uo.rds \oe‘w:j each

other's Com]o\emen}-, the ollernative constrach
does not aborl, and . secondly thal the
Preconc\ﬂ‘mn o? S}lr]n\f (‘-'))-i) - In Par}iCu\or:
3<J A \#Fi+1 , o, equiva En)’\jj' i+1 < 3-1 —
'}m}o\ies +hot equon\')on h:(¢‘<h<'_’)) has af
least one So}u)t'nqn. Jor reasons o € |cienc:j
we don't '\mp‘emen¥ “solve h:(i<\-,<J)H \93

h= i+1  or b:j s j—’\  bulk roYher b:j

h:'.-_ Qu‘9_i;j
The nice -H\'mj o? the obove deri\/a}'lof"l 1S -Hna}

1 mokes it so cleor that the terminaYion QP Yhe

fePe)ﬁ}ion and  Yhe establishment oP R are -‘ro*al\\‘j

'mde]:enden} o? the sequence - be‘anﬁ"asceﬁcﬁnﬁ,

Even i? the a\ﬁor}})nm es)ro\o\‘;s\nes Pr‘esen} we
need not kWnow thot A s ascendlnﬁ; onl
the oulcome ﬁFresen\r requires -?or' its %m“s?x-

worthiness thot A s indeed c«scenclinj_

Tn Yhe case Re>X , Ro>X A o05i<N  is an
invariont and chove pregram eaYablishes Vpresent,

as it should.
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IH_QTheorem og) ’Pom?e oy

Theorem Consider an equi\a)rera\ )rrio.na\e and an

arvitrar Poir& in the Plone oP the }rionﬁle, Then the
three E?is)rances 'F‘om the vertices o? the +rian3\e to
the {)our“-a Foinlr sahs% the -}r'\angu‘ar inequqli}ies_

’Proo£ The proc? is \o‘:{ Cons*ruc}inﬁ a ?}jure that
ith

contains a -}riomg\e w the three“distonces as its
edge lenaths. To this end we consider two instances
of? the ?r‘mng\e/}ooinl- con Rﬁurohon , rotYaled over
60° around one o? the verhices o? the *rkans\e.

Recause the triangle s e.c,u%\cﬂ'ero\\, one instance
OP one o? Yhe other two vertices coincides wihh
the other instance oP the third vertex. The Iriangle
Pormed bl'? s Poin}- o? coincidence and the hwvo
instances o? the {jour}\'\ Poin¥ has the desired
edge, \enj-n'\s, a8 we see as J‘?o\\ows,

Because the rorakon is over 60°, the distonce
between the two instances 0? the Pour”r oint
equa\s their C\'\S}ance Prom -}He. Cen)'re crf
Yion, which is one oF the vertices. PBecause in
the Poin‘r oP coincidence, diﬂ’eren‘t instances op
}he 1wo remaining Vertices coincide, its distances
?rom e two ingonces o? he Pourhn Fo‘m* ore
Yhe cdistance Prom the {)Our}\n Poin\ to the Ywo
other vertices oP Yhe Equ‘n\o}rEroJ Jrr‘\omsle. (End

OP ’Proop)

rota-

Acknowledgem ent The above constuclion is due

Yo S.W.Vé]qump. (End QP Hcknow\edgemenk)
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Remark In my {)iner o} the YoP Inshitute T used a
Pic%ure, which was anov¥n35 oversPedﬁc: -Por instance,
one cc\ﬂno} avoid choos')nj Yhe -Vouf-\-\n Po':fﬁ inside
or outside the triangle. Uater in the inshitute, Jon

L A. von de Snepscheul showed how he could describe
o class oP mutuo.\- exclusion a\gori‘n’lms with his
honds in his Pocke\-s. The above resentalion oP
\/eld\«'omrsfs PrOO{) OP the Theorem oE Pompeiu has
bheen 'msp'ﬂ’ed b:j -H'm“ ‘Per{)ormonce; 'A- is o S)ﬂ"!\ﬂr:ﬂ

examp\e o ovoidina ovoidable cose analyses.

(End 0? ’Remark.)

The mono¥onici\-~1 oP exYreme solukions

In the -?onow‘mﬁ, co\)oijtal leHers P, Q,X,Y,Z
denote T:reclaco}es on some space. Universal
o\uan}-iﬁco-}ion over thot space is dencted b
Sur‘r‘Ounc\ina the universall qucm“if’uﬂc\ Pregico}e
bu o poir op square brac ets, known os
”Rye everywhere opercﬁorn. Lower case lelters

Q,S denote predicate +rans{jormers, i.e. -@mc\‘\ons

QfUY';'\ ?f‘_éé'ic"a es  (or Predic:ﬁe Poirs) to
Pr‘ec{ic.o\sres; unc}iona\ QPP\QC&)r'JDn S deno*ed
bD cGn 'm?'lx ul) 64‘0)3.

Lel -{) be wmonotonic in both its QrSumen}s,‘\.e.

P=>Ql »
[EPY » Pavyl A [PxP= {Xxal g

ol @, XY

Let , for all X, S'X be the s"ron‘ses“ solukion
o? the Equoﬁhon
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2

i.e.

@ [Z20xEX] = [Z29X)  foral X2
(1) [E.XY = Y) = lgX=2Y])  foral XY

Nemark Mono+onici\~b OP F in its second
argum ent 'i"fvi}_a_nés_ Yhe existence _c;r -nn_cul- 5¥ronges¥
SO u\-’nons (0) s ec!u'\v'c\\etn¥ o [()X(SX) = BX] ,
ie. it shates that  og.X is a solution; (1)
states thatl 9-X imPhes each solubon, (End

o() ?EMOI"\K.)
Then | 3 S mancr}Onic, I.e. gor all 'P,Q

[(P=2Q) = [gP =9Q)]

’Proog We observe APor any QR

Ea.? = 3.Q]
& {(’\) with X, Y = ?, 3(;)}
[g’.‘P,(g.Q) = SQ]
&« [ whk X2 .= Q, PP(e@)}
[ ?.'P. (S.Q) =5 pQ.(s.Q)]
& {F is monotonic in its st &f;ﬁumana}

I P= Q) |
( End OP ’Proof.)

The obove 3-step rooF’ is in o sense the shortesh
one possible: the ?irslr s‘rep tokes jnto account thal
the 5
5\-a\o tokes into account thal the ?umchon Q-PPHe.e.l
o @ s 9 and the third s*e}o wses +that 1()
s monoltonic in its st arSumen} —~and all three
-Pac.\'s are indis\oe.nSQ\o]e —_—

unchion cnmo\iec\ to T s , the second
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T} hos, however, been jincluded Fc:r more than its
brevi\-\:j alone; it has been included because it is the
5’|m}:]es} examrﬂe og) Ihe stondard derivation oP
Froo?s o? theorems involvin’j exyreme solulons.

The s\waFe o-() the consequent [3,’P=.—.> S‘Q]
immed‘:a¥el.j tells ws %‘\mﬁ -?or the QPP\ica)r’:on o{)
9 o P, (0) is irrelevant | and (1) hence essentidl,
and , ConVerseb) thot Por" —H)e. QFP“CQ"‘]OV\ o{) 3 o
@, (1) is irrelevant and hence, (o) is easential.
The obove heuristics all but dictate the design of
Such ProoPs. (We Po‘mF out thatl these heuristics
would have been ho\rd\j available had the
5\‘ron3e.s¥ solubion been deﬁned by “iF is a solubion
and Imples all other solutions” instead oP b,fj “i} is
o selution and imP]ies all solutions )

Finall we would like 1o Po'm] out that +the
wuse o the Po\lows-?rom stbo\ &= has
enobled UAS -‘ro Presen}' Hne CQ)cu\ahcn \Nﬂ-\f\Ou}

]:)u“inj Ca s‘lngl.e:. r"o.\o\oi} oul QE (oY \ﬂc«)‘

An clgebraic opproe\ch ‘o the predico}e. calcdlas

As in +the ]orev‘lou-s {-)‘nner', cc.PﬂcJ \e—Hers can
be viewed as standin ‘f)or Prec\ic_a}es on Ssome
S ac.e',un'werso\ quon 3ﬁca¥'|on over which is then
denoted b'j oy Pair OP square brackels. Pecause
we wish o replace what is wsu.o.lb called “recson-
‘,'HS" wheneuer ProPi)cho\e b:j CC\'CM}G\}'}OF\) we here
r;re.sen\- -Hne logcd operor}*or‘s sh’ess‘mj %heir‘

a\ge\ormic Frol:er)ﬂ es.



EwWwDIOt? - 12
) equ.qli}:] belween Predicm)res X eand Y s exPreSsed
b.:j ”e_ve.rdwhere eclu.i\JoJen¥’-. [>x=Y]
[

o ?unc\-‘\on a{:)o\ic»a\ﬁon 1S c\norac}er‘ezad J the
Tule c? Lei\omz, i.e. bj \oeirLcj eo\uah\'j-\:)r‘eservirgz
[x=Y]) = (@x = €¥] ;

efo‘essions are Posha\\cﬂre.cl *o be ()unc:}-'nons oP
their Su\oax?ressions.

. equiua\enc.e. 18 Pos}u\cﬁed to be assocaahve, ie,

(x=Y)=2) = (X=(r=22]

— 50 that, f:—om here on, pareniheses in conkinued
equ'tva]ences will be omitted - and 4o ke sSym-

melic, 1.e.
IX=Y¥Y=Y=X)

TParsina the last {)orrnu}a és [X E(YE’Y E—X)]

and as (X=Y¥=Y)=X)] , we see that = has
a left- and o righ’r-idenl—ﬁj element -wviz. YEY -,

+\ner-e€6re. = has a unigue ';den\-':\:j element

v———

which we dencte \ob ‘rue
[X = true = X))

. disdunc¥'non 'S Fos¥u\o\*ed to be C\SSOC';Q¥:ve,t'.e_

((XvYDvZ = Xv{¥v2))

~so that V\n continued disjunclions Poren-‘%eses
can be omitred—~ |, Yo be s:jmme\-r'\c., e,

[XvYy = YvX) )
lo be io\emPo\en}, \.e.
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(xvXx = %)
and Yo dishribule over equivalence, ie.

[Xv¥y=22) = XvY 2 XvZ]

[X v Yrue = true )

O

’Proof We observe {or any X, Y
X v true

= {deﬁ oP brue §
X v (=YD

{ v distribules over =3
XvY = XvY
{de?. o? brue S

Froe . End o() /Proo().u

& c.onjunc_\-'non 15 de?’med n ‘\‘erms of equ'wc.)ence

and di%unc\'ion bj
[XAY =2 X =2Y = XvY] ,

C \pormu\o; known as +he So\den Tule

]

O ConJunc.‘rion is associal-'we., sc«jmme}ric and

'\c\e,m]oo)rEn\-
’Proof This is leﬂ- Yo the recader. (End of/Proc,(?)

o [Xa(¥z2) = XAY = Xn2Z = X

M We observe ?or any X.,X.,z2

XAY = X &
{Solden Tule, lrwice}
X=Yz2 XvY¥= X=22= Xv<Z

= { re&rrc\nainﬁ terms of con¥inued equivalencei

n
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Xz=Y=2 = XvY = XV = X
§ v dishn bules over ES

=(y=2)= Xv {(X=2) =
= {90|den /\?u-\e}

X A (Yz2) = X . (End of Proof.)
o XaUzY=2)=z= XaU = XaY = XAZ)

!

3
L£4

—
—
m——

ie. A distributes over

’Pmc_:{ This is leﬁ lo the reader . (End o()’Pﬁoo().)

I

O [XVCY/\Z) = (XVY)/\<XV2)3 and
o [Xa (¥Yv2) =2 (XAY) v (XAnZ)]

e,

di%unchon and Conjumc\-'aon d'ls)rr';\'bu\‘e over each

other.

?\’02(_: To prove the last one we cbserve Corr any XY, 2

(XAY) v(XAZ)
{SO\dEn ’\?u\eﬂ
XAYY A (XA2) =2 XAY = XAZ
I A s assecialve, sgtjmme}r‘;c:.. and ic‘En;Pcﬁ‘erﬂ'}
Xa(XYAZ) = XAY = XA 2
= { A~ disinbultes over ==

Xna (YAZ=X=2)
- {So\den TNule]

XA (Xv2)

)

H

,‘EreCCdms one con be Pr‘ove.ol &rm\ara (End

'"00
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o [XAa(XvY) = X1 and
o [Xv(XaY) = X)  known as the
Laws o? Rbsorphon

?rooE . Jo prove the Pi(‘s\' one -~ the second wne
con be Provec\ Simi\o\r\b— we observe {)or any X, X

XA (XvY)
= { Golden Rule$
X= XvY = Xv (XvY)
{associo\‘ivi\-:] and idemj:ojl-ence OP v}
Xz XvY = XvY
= {idenvly element of =]

A (End of Proof’)

)

T‘ma\LJ we derive ?or }he c,on‘.')unc\"aon

O L XA }rue = X__S
’Proog | We ohserve Qor cw:j X

X A true

{Golden Ruled
XE true = X v Frue

{-}rue is ?.Ero-e\emen\ o? VS
X £ }rue = Yrue

= {_'ldEn\‘ib e\eme.rﬁ 0? "—.:3
X ) | ( Enad o? /Pruo?i)

N

h
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® rm \ica)ﬂon IS de?ine.d in *}Erms oP equ‘wa\ence

ancl disjunc}iOh b:)
[ XY = XvY =Yl

Using the go\den TRule +he reader ey derive

o [ X=Y = XaY = X)
and usinj the lows o? ﬂbsorp¥'lon
o [X = XvY) and

o L XaX = X

we shall Prove
o [Xx=2(r=>2) = Xa¥Y=32]

’PFOOE We observe Por‘ ow:j X,Y,2

X = (Y=2)

{re]a\-‘ron bbelween = and AS

XA(¥YazZz=zY)=X

= -j_re\ahon belween N~ and E?;
XAYAZ = XAY

= {relo\ﬁo\n belween => and /\3

XA = 2 ' ( End o? ’Proo?)

|

o XA (X2Y) = XAY])

’Proo? We observe {?of‘ Gnyy X,Y
XA (X =Y)

= {relohon helween = and N
X A (XAM =z X)

{relation between A ond =)
XAaXaAaY = XaX =X

i
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= 4 ';dem]ocﬂ*en ce of AY
XAY = X =X |

= {iderﬁi}j elemen} o? E—B
XAY , |

(Eﬂd o? ’Prco‘?-)

Tm])}i(:o»\‘lon 18 '}r&nsihve, 1.2,
o [(X=aY)A(¥32) = (X=2))

’Proo§ We observe ()or any X.Y., <
((Xa3Y) A (¥=22) = (X=22))

= { re‘:rev}ous 'H’N?Of‘emi
[ XA (X3Y) A (r22) = 2]

- { previous theorem }

CIXAY A(YS2) = 2)

= -f revious -\-heorem_’;

CIXAYAZ = 2]

- { Loaw o() H\osothOn N imPhcca}'rve. versiony

‘\T'«Ae (End o? /Pr‘oo?.)

o [X=a3Y) v (¥ =>2))
,PTOOE we c,bse,rve {-)Dr‘ Q‘f\j Xa\()z

[(X=2Y) v (M=2)]
$ relabion between = und v
[(XvY=Y) v OrvZ =2))
= {v diskributes over =
[XvYvYvZ = XvYv2 =2NvYv2 = VMv2)
-['ndem?c)rence o? Vo iden\ﬁb eclement o? =)

hrae ( Erd o? ’T’rocJ?)

J

H
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o [(X=2Y) A (=X) = X=Y)

’Proog We cbserve {Dor- any X.,Y

(X=23Y) A (Y= X)
{%o\den Tule Prev'\cus -H')eorem?j
X=2 = M=X
{definihon of =]
XvyY =YY = XvY = X
= '{iden“}j element of =3

X=Y ' CEnd O(D "Pr‘oo(j)

So  wmuch {)or the imFlico..)riOn. Note thol com-
unction and im]:]icc\lf‘aon hove been deﬁne.d n
erms OP equwa\ence and disiuncron. In order
Yo inYrocduce the nega\rion we erre?ore ‘:osh\o)re
s Pmyer\ies with respecﬁ o the later two

connectives on\:j', i}s )oroPer\r':es with respect Yo

h

]

chunc¥‘|on and im)o\'ncc}'lon carn Yhen be dernved,

® nejo\}ion and equ‘walence ore Pos%u\c¥ed ‘o
e connecied b:‘j

[1()(‘:-\’5 = aX =Y

o [ X=Y = X =1Y]
’Proo£ We observe —()or' any X,

)

X =Y
= _m{cannec\ﬂon between 11 ond z}
(X =Y)
= { comnechom belween 1 ond = ssmme}rj U‘P -EB
K=Y . (End o?/Prou‘E.)

Subshtbon Xiz 14X  in the chove 3ie\c\s
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') [X = 2 X

o ne\%ahon and C\i‘.ijunc\‘ion are Pos\m\c&ed bo be

connected bj te Low o? the Txcluded Middle, te.

X vaXx]

EXP\Q:—'mq w\ﬁcd- we can derive Qrom the chove
Ywo Pos‘rﬂ.ﬂa%es %)or ‘he neﬁo\\r'»cn, we observe ?or

any XY

true

{Ex:\uded Middle , X.= XEYS
[(X=zY) v i{Xx=YD)

{ relobon loetween 1 and =
[ (X=Y) v (X =Y

{v distmbules over ES
[XviX = XvY = YvaX = Yv Y]
=  {Excluded Middle; idempotence of’ v §
o I XvY = XvY =Y]

i

)

Con?r'onhn the chove theorem with the
de@ni\‘xon o ‘H’\e 'Jm]a\'lcc\hm we 32}

o [X%Y = X VY]

We can ()ur-]-\nermore use i+ 10 derive +he
Laws o? de Morgan:
o [iX v Y = a(XaY)]

) LiX A~ Y =2 A (XvY)]

’Proof We shall prove Mhe ?irs} one. 10 this end
we observe ()or any XX

20
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X v Y
- {recent theorem with iz Y]
X v 1Y = Y

I

”{’ sowe theotem with X, Wz Y, X}

XvY¥Y = X=z0Y

= { relohion between 1 and =3
A(XvY = X=Y)

= {gc\c\er\ /l?u]e}.

1IXAY) (End OQ/PT‘OOE)

We leave ‘o the recder the dernvahon of
-H\e Onnc.\\ogous

o [WXaY = XaY=Y]

]

Ete.

*

The obove lext 1s somewhat more elaborale thon
what T showed as [iler o the YoP Tnshlute; also
here the Vnani]ou\o.)r'non oP -formdo.e with e_x‘o\ici)-
quon}iﬁce\}}on has been omitled. The wmaterial has
been included because it deserves Yo be beler
known than i} is. We regret that classica) \og.c
has not yet become e dcﬂb, calculational tool of

the working mothemodician, ifor we find it indispens.
° 9 ) P
able,

The reason uh:j \oa'u: 15 Sso \i}r}\e wsed is Pro\oo\:)}j

that it has been presen}ed in the wrum woy, Vi,
as -?orma\':zo&\on o() how mathematicians “Hhink”
in stead o? o calculus in ks own righ)‘. As Yhe

21
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reader wil hove noticed, we have allowed the

equivalence o P\aj o very centra|l réle. For a
Ca}cu\ct“'\ono.‘ oFProuc\'\, this s eSSEn}}o\: the noton
o? ?unc\‘ion &PP\icc\)ﬁon 15 de?med b:j Yhe '?QQ} P}
s eo.uo.l‘ub—j:reserv'mj. And i} s ]orec\se_b Vhe
Equ.'waience. Yhat 1s Yhe loaico.\ conmechve Hhot is
the hardest +o render in nolural lc‘”ﬁ“‘o‘jei we
have the a‘e{) and r.m\:j if“, buy ks deﬁciencies are
c\earlJ ch.s)v)o\:jed in the {)oﬂowirlﬁ sentence: "\john
sees with both eyes '1() and cm\:j i{) John sees with
one  eye EP and W\S if Jo\m is blind. ’BJ all
\ingms\"nc stondards, ths sentence s Yotal)

3} bb erl 5}'\ .

“The PurPose of loaic s not 40 mmic verba)
reasoning bul Yo Prcvide o calewlabional aller-

nqhve.

Nuenen, 2y December 1987

Prof.dr. Eds‘ﬁer W. ’\Dﬁ\(s}ro\
’DePar‘men} o? Cbm?u}Er Sciences
The Umver‘s‘sb op Texas ot Bustin
Aushin, TX 3I8712-188

United Sloles c:;? Bwmerica
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