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Decomposing an_integer as sum oP two squares
i s Py

' (1 had not I’?l&ﬁﬁed 1o write this EWD, bud" c\ﬁer
T had 9iven this Pro\o\em as homework, i+ turned
out that the mo‘jor]\:j o? my students had Prob\ems
with b, MU Pers:mc.\ c\ifﬁcu\b s, 01? course, thal
1 now have to J?orge} all the o\d-?&s\rﬁoned Wowys
in which T hove solved this Fro\o\em in distant
Pas\‘a.)

T s reo‘uesl'e.d Ao Pr}rﬁ {Z)r N:o all narurel
Solu}-ions og)

(0) wv: (Wi v2aN A usv)

The solubions have do be Pr‘\n}-e.cl in Some order

S‘mce we afle IOO\TEn o 2éros o" u"*r vz—N
9

an incr‘eas‘:nc) -Punchon oP bo“r\ VA and \V)

>

the order o{) increasirg L is o} the same time
the order *DP decreasuzj v . Let us take thal

order in one of’ its direchions. Qrbihm&b ~Yhis
5 o choice we m r‘eSre}‘—- T propose as one

OP the cOnJunc}s of Yhe invarian}
Yo all solulions with  w<x have been \orin’fe.d

(Note Yhol T have chosen < to characterize
the wpper bound : }here may be o solution
with w=0 gnd T wish to characterize ithe
em]a\:j set Qf Fr}n\‘ed so\u\-iuns oﬂ- inﬂ-io\'ulc.)-‘;an
WA th nc}ur‘c«\ %, 5
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In'\\ﬂo\\izc}ion of X 18 no Prob\em: X:=0 . lhe
analbsis OP the qu\eshcm c? {}or w]nic]r-. value c? x
we can 3(.*0..{"&71‘(’26 'H')CA‘ all .‘So\u\'im‘\s QP (O) have

been prin*ed s )aoseronecl because it c\e)oends

in‘-i_ma}elj on the precise s)\ape o\? (o). We
should F‘nrs}‘ investigoate whol we can do with
the ‘?&c“ Yhaot we are ‘OO\(]ﬂj Lor z2eros of an
P.(u,v) which s increas’mﬁ in both o.r*ju.men}s.
We conclude
® cach W is combined with ot most aone v
and vice versa
® \? values ]por w are -ried in increasirlj order,
}hose @,r v  should be }ried in c[ecre:»..‘s'mj
order,
(—nne g-fir‘s}‘ cmc\usim is basec] on ? be}nj iNcreas-
ing ; for the secemd comclusion, P bein asce”d""j
s_u?Géés. 1F we have the kno\,a\eclje, this is the
moment 1o be insPir‘ec\ bJ +he We\?are Crook
with 2 Sequences instead OP with 32, or h\b the
Saddleback Search.)

How can we ceomeluwde thot X IS & Uu-value
to be combined with no v-vaolue 7 Trom the existence

OFQ Y such +thatl —rememher that P is &scenc\inﬁ
in its  Secomd oi;jumen\~_.

().(x,fj)<0 A GCX,5+13>0

How Can we mec\ude H\c.}' x is o u-va\u-e.

-for which  there 15 « v-value? From

?.Cx,:j):o 5
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N '\'\'\a“ cese :j 5 'H‘\e correspondin(ﬁ v-wzlue
We wefe iOo\«inj for' and , \oec.ause (? is inclfeas-

Imj in its second o.r&u\merﬁ‘. we then conclude

*\-hcﬁ‘ ?-(X,:jﬂb >0

Combinin jrhe 4w-<:> observo}}ons, we Pr—opose

o add
“Pa: x2 & CD+1)2> N

GsS Ccfﬂ()'unc.“ Ya 3:\'\e invariant .

Now we return }Jo the postponed queshion o?
an QFProPrio}c ?‘mo\ value ol? x . Al sclutions
have been Fﬁ'n\‘ed .‘(—7 ((u,v) solves (O)) = U< X
We okserve «?or ang Cu,v) that solves (0).

U <X
= {u and X norural §
2-u? < 2-x*
= {Qri”‘\ meHc}
22Ut g wirv? oA Wlavic2.x®
{ Cu,v) solves ()}
N<2x*
< L arith mekic §
N< x*s+ (3+1)z A X C5+1)1§ 2-x*
{ P}
(v:j-n)t% x>
i X and Y no.\'ur‘o.\g

N

h

+1 £ %

= '[ &rin'\mehr.s
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x>y,

which Sujges} the gudr‘d X < and the F&f‘\'hef‘
-no} so ‘nn¥eres\-‘|n3_. Conjunc¥ o? The invariant

V2. 0§ x A X$J+1

Tn the chove Seven-s\‘ep

derivation - ]orobqbb
the price For the chosen direction op solubion
Senercﬂ-ion -~ we have Yeen ]Por‘runc.’re. n Yhe Pa}h

-ro-m U< X \'o p we hove s}re.n }\q enecl “ne
¥ by 9
P redicote hwice

s IS xoy Fe"\"""f’s sh‘cmser Phan
VICCeSSO\I‘;j?. Or, is the COFF@SFOHdm‘S 3uarc\ xsj
Fer]no;r;s weoker }han neceSSc:.rJ? The answer is

no , because (0) mij\'ﬁ- have a solulion with
W=V

With invarien}

1. Yo ~n VA A T2
o Corfect solulion 1S Now

\[\_{ﬂ‘ X,b'. in\'} x,‘j-.: 0,0 {/]DO /\?23
; do x'z-&‘jzsN - Y= yrt od
{X2+31> N, hence V1, hence P}
;do X sy >
gt N o ey
| XPH gt <N o Xz X+
U x*+y* =N \orin!'(x,:j); X:z X+

ke

od

ep——

1l
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QOur last s\-ep -under the QSSumP}';cm Yhotr
Sclu.urin\cj 1S an €x?en53ve c-)oe.ra}")cm—vb s o
coordincte 4r‘oms-()or mokien . We shall deo i+ in
bwo s%ePS, ‘m\-roc\ucing new variables in Yhe
Birst one and de\ehnj old vqriab\esmij the ___li{)‘ B

one.
Ley ws oadd the cchunc)‘
T2 c= xq"i-:jt-N N PETx21 A gz 'Z-J-i-‘\

\[ var x,tj,c,P,cI; in\'B X,b,c,p,q 1= 00,-N, 1,1 {/Ps}
, do c 50 C:=C+q; Y, 9i= Y41, 912 1P3} od P}
; do x$y = |
if c>0 ™ Y92 4y4-1,94-2, C:=C-q {723
) C<O0 —» C:=C+P; X,p:= X+1, p+2 173}
D < :q - )"zriﬂ\‘ (X,%j)
5CECHp x}}tﬁ%ﬁ-n P2 {Ps}

ad

—

A

Thanks Yo P3 X$y = PSq and Ood=@@-Vaq1)2).
Ho.\&'mf) these su\os}i\-u}ﬁons‘ we can eliminate X Qndb‘.

Lyore, p.g:int; c,pq:= =N, 1,9
; docs0 » ci=crq; qi=ge2 od
',é-__o P9 > ft)OJ—) Qi=G-2 <izC-q
U c<o—» cizcap; pr=pr2
I ¢=0 = print ((p-1)/2, Cg-1/2)

&
Q.
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Note Once we have established that Yyi= Yyt

‘ranslotes under invariance c? P3  into

{?33 C:z C'l"q; U:CI = ‘:j+1, q-t-'?. {?3% »

the 4ranslalion of the inverse stotrement gz y-1

is mechanical: the inverse statements g? the trons.

lobion in inverse order. (End o‘? Note.)

* . x
The transition -?f‘om the X,U-Frosr‘&m Yo the
€. p.q- program has c.m\:J been added 4o show in one
o my handouls an GX&mP\e o]() & coordinote trans-
{érmo}ion, c'om}p)e}-e with i}vs L‘Jushﬁccﬁion ba meansg
of an invariani describinj the relotion belween
od and new coordinales.

Comparinj W\J derivolion of the x,j-Proaram
with the c.orrespond‘m‘s c\wq]o)-er im A discip\‘me
aF Frosrmmminﬁ ”, 1 can on\s conclude that ™My
memory 1s Yoo good - or, e.qu.iVO\\enHJ, that T om
not  too good at SeH"“,S rid of my post~ . Ihe,_,,
current derivaltion disra\o-:js & more successFu\
disen\‘anglemen\* bb Iso\a}ins the comsequences OP
the ?&c} ot we are dealin with a ?unc.\'ior\
{that is increasing in both c:?) its ar‘sumen\'&?. Also ,
%‘odoa"s solution 15 o bit more e\egcm}, and in
Wys derivalion the s}eppinj stone o? o Program
with }wo nesbted rePe\-i}icms has been awvoided.
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One o? ALGoL 6o's mayor mistckes -Pa'.}k %\\J
Copied\ %om TORTRAN - was the introduchon oP
the “conkrolled varicble” that wes an intrinsic Pc\r\'
o? each repetitive comshruct. The nolion of the
controlled varicble wes killed in Euclid's algora}hm

fosX ~ 0sY] x40z X,
3 C_}Lo X)tj = X x-b

ntj>‘x-—§3:::b..x
od {x= X gd Y

1]

and 1 very well remember mey excilemen) when L
saw this code {6:‘ the P‘:rs)- e b iden\‘:ﬁed Yhe
noh on o? the controlled variable as a com Fu.s‘m
ar\-eg)ou:\‘. ( The above Pmsr‘am was the Fms* Program
T wrote with o Fepe\-i}‘laﬂ with more Yron 1 warded
commond ; i} S}-rm&b suggested thak re/FeH}'ions
wi Hh Suo.f‘decl Comm and Sex's hnigh}‘ be notl o bad
idea.) Nevertheless, old habits die hard | andl
severa) Years loter T skl ar\or-oached this ,oroblem
b:j nested rer;e]-i\-ians‘. Yhe outer one ;ar— x , the
ioner one Pc:r‘ Y - A soberirlg +\r10u3h¥.

Aushin, 13 Ockober 1438
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