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A b&_c’]a-‘e\\e on Yolal orders

'_[-F > is Fos}ulc&-ed Yo be re?le.x'.ve, o.n}’a_sbm-
mekric, and trans}ive —-@r' c\e,?in‘ahons, see lcter —
it induces whot is ceolled < P_c\_rj-i_c_:\_l order TP,
Yynoreov er, (E a,b: o3y v bya), the orcer is
total, Tor o dotal order 3 we can de ﬁne

— -

onother relakon > bb
(o) a>b = 1 ba ;

relalion > is Yhen “ransiltive as well. We even

hove +he stronger +heorems
(4) a>b A by 3 ad>c
(2) azh A b>e =5 ad>c

in‘{?or*ma\llj Known as ”®5ks¥rds Lows” (These
’Hoeorems Nneed ¢ name because Hf\e:j have Froved

Yhem se)ves Yo be oP considerable heuristic value)
This bcxgoﬁ‘eue is devoted Yo Yheir demonslration
(which Yurned out be harder than T had ex-

Pec}ed D,
Tniroduckion Letb ”_Pirfadif:a‘res T QAR 50]‘?5%
(2) (Pvavr]

(3a) [P v 1 Q]
(ab) 1@ v AR
(ac) ["R v ~P) ;

Yhen [PV @ = AaR) and Cac\ico.nj .

]
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/Pmo? As (2) expresses tha} the predicates
are weak enough ond (3) that the are sl-ronj
2nowgh, we prove the demonstrandum }D_\j

Ml imP\ico\)r'\on. We observe

IPv @ « 1R]
= {Pr‘edica}e ca\CcA\us}
LY v Q@ v R
£(2%

4rue

U

[Pv Q = R]
{Pt‘ao\ica}e CQ\culus}
(P> R] A [@=1R]

= {Prec\]ca}e caleulush
LaR v a Pl A [1Q v K]
{ ('5\:)_", (%):)§

true

1}

(End O?,PF‘OO?)
(End o? Tntroduchon)

In order Yo qvoid ?oss‘ubb mis]eac\mﬁ con-
notations with the lineor arder of the freals,
we introduce for our relalion Yhe new symbol

> . Let » sal—is?‘j for all  a,b,c

(4) o b o (re?lexiui}j)
(5) apb A bba = a=b (o»n’ris&,mme}rb)
(€) atb A bbc;__=} a e (-}ro-nsi)rivi"j)
H abb v bpa (]'xneo-ril-:._j)
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In terms o-P f‘e\a+ion > we deﬁne relation < bj

(8) adb = 1aoaphb
This encbles ws Yo rewrite (8) and () as

@ agb v baa v a=z=b
(10a) 1aab v bga

Since (4) s eq\.\avc.]e.n} -—one-\ooin}' rule ~ 4o
a=b = aoapb orf o=xh = bpraoa , we deduce

(1ob) 1bda V 1a=b
(10¢) 1a=h Vv 1cadb

With P,QR = agb ,bac, a=b | (@) and (i0)
are oan instanti cation oP (2) and (3), and thus
we have derived - with rewr‘.%‘.n& (8) -

(11) a<db Vv azh = bbda ;

neﬁa)f'mj both Sides of) (11) :j'ie]cls (wi}h (s)
and  de Mor‘ﬁo.n)

W

(12) apbh A akb baa

Tn Omo\\09j to (1) and (‘2) we ',P?_to,,,hdveb

P)"OVE
(13) b<da A bpc = c4qga

()Y agab A copb =$-cx-<3,c:_E

/R-oo_f of (13) We observe ’?or* any a,b, ¢
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baa A bpc
{ (12) ; excluded wmiddle; A dislribules over v}

(a>b A ath A bpc A Gafc) v
Cadpb A ath A bpc A a=c)

= {See be\ow}
abbh A ath A bPc A a#c

= {06 ; FFE’.d‘ICoA'C Ca\cu\usgy
abc A O#C
{(12) with b:= cg
c<d o 5
to see —H'\c} the orn'n-\-}-ec} dis\)unc}- 18 -Po\\ﬁe,

we Ob Serve

—
-—

il

adb A agb A bpc A a=c

= {Leibmz}
abb A a#tb A bpa A a=c
= 1 (3]

a#b A a=b A a=c
= 'inedico:\-e caleulus §

-Pc.\se. .
(End o{) ?roo{? o? (13))

The PrOO{) o? (14) )rm\'j {)o\\ows the same
“.)cr}l'er‘n oand i5 not \ncluded here. <The need

Yo QFFea] once more '\'O 'H'le thsamme:\-rij come

Sc)mewhoﬂ' as G sur‘Prise.)

"-F'mo.\\cj we ohserve ]por- any a,b, e
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agb A b_<lc
{ (12) with ci=c}
agdh A cob A c#b

= { (14) Pr‘e.cl‘uca)re calculus?i
g C

I}

le. also relotion 4 is Fransitive - -?or oll a.kb.c

(15) aab A bac = oa<xc

Theorem Let re)or}-'nons > and < be COU)O]ed

by (8), e the one is +the n-ego}"lo;\—b{? Yhe
ogne.r_ I{) > '.BQ)rfsﬁes (4),i.e is reﬁax‘;ve,
and < is troansitive | le Sa)'xsﬁes (s), ©
SO\)r'ls—Pies (7), the Iineari‘;j .f’?qwfevmen'}.

?l‘iup We observe %f‘ oy a, b

ob>bb v bpa
{ (4]}
ab>bb v bra &= oa>a

il

i

{_(8). Con}‘i‘o]:osi)'i\fe and de Morgom}
ad b A baga = ada
§ (18) with c.zaf

)rru &

1]

CEhCJ o? ’PFOQF?)
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