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Tor brevily's scke

Since the Yuen c:qp the cenhAr:j,’Russe"'s “Poredox
is & strandard 'mgred‘:en)- op all texts on the \@undc\-
Lion o{) mathe matics. Ths purpose is Yo illustraote
the trouble one can run into b:? od mithina the
seeminag\ innocent nokion OF) “Yhe set of all
sels”. e shall not pursue that Yrouble here
since this is not o book on Yhe JFc;c.ur--clcv‘rj-:m oP
mathematics. Today we are not interested in
Russell's Taradex, we are soleb interested in
its Presen'l-a}rian,___Beirla e.ssen’i-ic\ll:j = one—liner,
ﬂ” 18 a Ver simple exam le to make owur Po'm)-;
it has tYhe added aolvan)raje o? bemj @mi]iar
Yo mangy. Ths u.sual Fre.ser\"]‘o.hon is c\\or)j ‘he

}?ouo w) ng lines.

B set \rnaJ be o member OP i“sel() or not.
Consider nNow +\ne seh o{? c\n SGH 'HTQ‘)‘ are no*
o member‘ oTO -})\emselve.s. CC«“in& '}his set /R »

s ‘@)rm&] deﬁmhon_wodo\ ke

(o) R = {x]| xéx}
—to be f‘ead (%) "«H\e Se’} o(’ o\“ sel-s X su.c.\'\ -\-H::\}

X éx _. /\)‘.e c'ues\‘}On we Nnow ']‘r *o answer s
“Ts R « rmem bec o? 1‘5@)?9 h. Suﬂvose thatl R

is not a member Q? E}Se)?;, since ,ac.cor‘clina bo

(O), R contains g_u such se}S, R would contain
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iHelJI?, which contredicts our assumphan that R
s no}‘ & member o? ‘.\rse\e Ccnuerselb, aSsume
¥rad R is o member OF '\\'se\(); since, according
Yo (0), K contains onl seks that are not

memers of themselves, R would not contain
ﬂsel?, which con}r‘o\o\ic}s owur assumP%or\. So,
our C\L«G’Sl’ion “Ts R @ member OF 'i“se)??” ad-

mits neiH'\er' an swer,

This concludes +the ﬁr& ]:resen*‘o\)-ion oF) Russell's
Poroncdox, Consider now the —Po“owinj c.ner‘no;%'ve.

AN set maJ be & member oP '}se\? or not. Con-

sider now the set o? all sels thol are not «
member of -})\ernSe\yes. C&“ina Yhis set W ,
Yhe ’ﬁDf‘r'na] de{‘?ni“‘non 0{7 members\wiia o? 1)

would Yoe
)] x€eR = X§¢x {’or all x

Tnstantiction of (1) with  x:=2K éjieiols
NeR - R&ER

2

w)'\ic,\f\ is O COY\%'FO\(;‘“C.HO!\_

This cor\c\mo\es +he second f)reseﬁ¥c3ﬁon o?
Russellls Toradox. Tt is so much shorler and
s'im]o)er‘ then the ﬁrslr one thot we had beher

Pul\v understand how +his tremendowus So.c‘n could
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be obhtained.

) mCU'or c\iﬁ?erence behween (O) andl €Y is
Yot (0) stotes +the equ\o\\ib

”R:{x]xﬁxE 5

. 74 \ :
in which x is o bound variable ” —-|.e.,1oc0~l Yo

the right-hand side— whereas (1) stabes the egualihy
xe W = X? X

?

in which x is o “ffee veriable 7~ e, globol
do the w\'\o\e expression-— . The ]a-Her equo\\ib
can now ke insrankated bb Su\oslril-u)rinj an
ar‘b]jrrc»:j set @;r x | “The lotter manipc«\w}'ive
?reeclom 1S ex]o]o‘;lrecl ‘o Srec-.)l ac\van%‘&je \'oJ
the instentiation x:=2 R . TInstanliation is a very
Sim):»le c;}:)erc.}ion, and the EXQm\ole. sujsemls that
-Ezee variables in cleﬁn})rions Caxioms, theorems, ek.)
afre an asseth (Lo.lrer exgmples will COnﬁrm Yhis
as tjel- "’en'}'o}r\\re moral: the auai\aki]i)}) o{) Free
mrio\\o\es o sijmﬁc:an-}\:j con*\ribu}e +o the

econ om:) QP mani]ou}a+i on.)

Another wajor c\i-ﬁ%rence helween (0) and (1)
1S -“\e cdilteren S%‘CA'M.S o() their ecluc'\‘ub siﬁns. |
In CO) , —]\ﬂe ec:iualib S'Lo.jn exFresses é‘.qU\o‘\ib
helween sebs wnd is on\? c\ccepi}oble C\P‘}“‘e{’ sets

have heen o\o\miH‘ec\ as rs)‘-&o.Sg ”cmiﬂ-hiens; in (1),

Mothemeatical Methodol °9y
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the equo.\i]-\-j sign expresses ec,uo.(ﬂ,:j behveen boolean
expressions and s on\d c«cceyﬁo&;le o\@'er boolean
expressions hove been cdmited as ?irs%-c.lass
C':)fi’Ze.ns. Let me exploin whaot s rmeant here ]OU

“ Firs‘r- class cilizens”

Prior to the 3n§-r¢duc']'lon o]p the boolean domain,
PeoP\e wsed whol we now rec03nize as boolean
expressions , but —Hne:) were wviewed as sltojement
og-‘c)c\c}- — <4 - or as condihor\ - X>0-~ or cs
eguation -~ X*ihxrc =0 - or as laws — (owh)’s
o +2eb + b*—  and things like 3>4 ,2+42=5
onc A= Nn+3 were considered ‘‘wrong” . ayy '
this Jﬁargec\ ‘with the introducYion of the Jwo-
element boolean domain 1 true, —Pa\se} which
PFOVides 'H'\e VOC‘.&‘oularJ needed Jro assigr\
values Yo boolean ex]or‘essions: B4 is &
wWo- .{ér wr““?ﬁ Irue 5 Ay4L s a wo 'For
wr‘t?in olse wherecs the value o\?y x>0
dersenc\s on the value o? X {ér l’305§}"lve. x
i+ (lj]e\ds truwe ‘?or‘ nonposlhve x ik Jields
—Ga\se . fis suntactic umi}s) boolean expres-
sions  existed olfder 1558 , when /‘l?ober}- “Recorde
introdluced the now "(i’ami\ic\f‘ equ\a\ib sbn =
s 'mgx oPera%‘or; they became “F’?rslr-clas_s
citizens” in 1858 , when 9@01:96 Boole ir\'}rodgced_
lhe Possibi\ib o? evo.\uo\)rir\j +hem,

Mathemotical Meﬂnodo\o&j
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In retrospect, one might be tempted to regard
-Hne. in)rroo\uc.\‘ion o() some-\kurla a8 S’um)o)e os Yhe
boolean domain cs o minor jnvention , but 1
Yhink  Yhat Yha}l would be a groave mistoke:
+ s a 9rec} invention beco.uuse.,_mbein SO Sianyale,
same level ws the indroduckon op neturel numbers,
which enobled us 40 add 3 e 5, rego\rd\ess of?
whelr})er‘ we ofe chdinﬁ amoles or Peo.rs.

SeorSe Boole mode o radical invention, so
radical, in -Fgc)r, thol now, more than a cen}-w:j
loter, 4he .sc'nen\-'n]@c community has nobt abserbed
it yet. (o S}I'C:j with +he meg]o\\or: o) T/fdc‘]b’
boa?eom express) ons ey have fecched the stodus
OP ﬁrs\--c]ass crrizens, in Frac-‘-ice ~because old
habits and ?rejudices die hard ~ Hnej are skl the

v'tc"-'ims o{) o\iscrim'lﬂa']'EOn.) Let me 3'we you o

{%u} eX mT)]es.

Tn the Programming \Qnsque TORTRAN | as
conceived o Cen-\-u\r:_-j a@er Boole Pub\isheo\ his
invention, boolean ex?ress‘uons are a]\oweo\, but
there are wo boolean variahles! “Their miroduchion
into Progf‘&mrﬂ%n had Jo wolt unkl the c\esiSh of)
ALgoL ébo . (Tn?)c-ct the inclusion o{> boolean variables
anel OPeroJrors es heen one op Pre vnain recsons

{)or the educational sijniﬁcance o() PlLQOL 6o ;

the inclusion o? fecursion Was another reason.)

Mothe mati cal  Meth odolajj
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Vetj -‘reﬂmjlj , their inclusion as ﬁrshclass
citizens did no} Pr‘even‘r rogrammers - eyen

programmerts ot hed 5\<1PFeo\ TORTRABN -
Gorr\ wri)-'nnj

i‘?h;N -_\_\_n_e_;_:\ eq::: '\rue. e\se ec\:= 'Po\se
ihstead 0{) e so much crisper

eq = }\ZN

orT G"OM wri)n'nj
1&7 eq = Yrue then ...
instead of the sim]:\er

':_E)ec, then ... ..

Not on\d CS programmers, but olso as ma‘]'}lema}icions
we have +o learn 40 avoid SL«C\r\ sPur}ous cGase

o\na\Jses andl suPerﬁuous comparisens.

gnO'}‘ner EKO\mF[e o]p "H\E'. s\ow CACC—QP‘]_CK“CQ OF)
'H'\e boo\eo\n dom&if‘\ 18 Frouided bJ -H'le. J(“c:‘cﬂ' i

Otssum?}-ior\ of the mathemoaok cel coﬂsmuxnib
that Hhe "\DJ')}\o\jore.ah Theorem is o theorem

aloou’r rish}—ang\ec\ "h"ncmﬁ\eS. Bt s i-]-? In the
ws ual ’)‘erm]no\ojj »ﬁ:r sides ond ans)es + s*‘o}e.e,

a-zqo" = ol+h izt

and -ﬂ'\e ris)\‘} c;r\gle seems %o 3'\‘01‘6: :)ou 1B} -}he

Mothemodical Hethod o\ow
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-(%hce. But E\Jer:jone Familio\r wi“-n boc\eqn emes-s‘;ons

k_r\?h’s thet the above heas the same uclue as
al+h ge® = 4q0°

The Vulthcaoteon Theorem 15 a dheorem aoout
By Rihens
ol +ric4n5\e.s (and Yhere exisks nice , elemen3-o:j

—P_r;o]() OP ;)~ -For w\wick '\'\'16 Com \erﬁen‘\‘ab Picl‘w‘e
c\is‘fa]o:js an <:.r'\f.)i'\'r.:\r~:1L -\rric.nﬁ\e. .
J

The last remark }o be mode about the two
Presen)-c}ions op/\?ussel\‘s Foradox s ther dhe
instantiction o? (1) enchled us to establish Jhe
contradiction without the case o\n&\ccjsis op
Yhe ﬁr's\‘ Presen—\a)riOh.

* X
*

TIn the lost }orogr‘o.mm‘;hj exam?le 'ﬁ‘mn QLSOL
60 1 wrote eq = true , u;sir:j = do denote
equ&l{b o? boolean oPer‘G.r\ds rether than Hhe
= 1 wsed be?or‘e. Tn o moment we shall
see L.J\'\O G SPeck:.\ equ.o‘[u'x SiSf\ in +he case
o? boo lean oFero\nc\s could e J\/\.S};'ﬁe-dt_
Tor Yhis wrpose, 1 furn Yo o lorob)em, L
owe Yo /b];olcmcl C. Packhouse.

We are sShown a So\den vase and a silver
vase each carr:)infj G inscri]o]-ion. We are

Jro\d '\'\na‘} oneg OP "nne ‘-wo Voses cOn+a;ﬂs fo)

Mathematica \ Helr\rmclo‘ogj
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trecsure lacedd so that the two 'mscr'aP)r'xons
don't lecd 1o o COY\)‘PC«CUC.}"IOH. The Ywo inscrrF-

Mons calre.

. l . .
on the Su\uer‘ Vase . ('nqe %—reo.sure. 1S no‘\‘ N
) |

this vose.

and

on +he So}der\ Vo2 “ O? -Wwese '\wo 3Y\$Cr’iPh oNns
T)reCiseb 1 s ’h‘ue.”

Con we locote the dreasure?

Denol‘inﬁ the Aruhh Vc\}u\es o? Yhese hwo
stotements b\j S  and 5 resPec)r’we\ , the
clno.\\enﬁe 15 4o de'}er‘m'mc Yhe \Jc\\ue op s .
To Yhis end we turm Yo the '\nscri}ohon on o
the 5o)o\en VGse which  in this 4é5m'ﬂ-\"0'05:j

con he Fe)phraseo{ S

9

(The s=ymbol 11 denctes nego}rion, ond Saying

&Y .85

i

thet of two boolean wvalwes Pfecise\:j 1 7S
Arue. 'S '\\ne sSeme Qs SOLS\A 3r\r\c} Hﬁe one

is the nfﬁc}ion o? Yre ot ef‘-j

Expr"ess‘\or\ (2) hein Ca ?ormo“nZo\)r‘\on O
Yhe 5¥o}¢man}“ we hodl c\e.ﬁnedf"o houe the
same volue as g, we conclude

7 _(‘5=_= 19) ’59

Majrhem:\}-ic ol Mehhodol 094
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Besides be‘mj surmmetric, the 4::),'>er“c=3-«.:'r~ =
deno\“ma E'o\u\o.]i\:j o lboolean oPero\nols, hes
the nice ProPerl-:j o() \oe‘mj associchve, ie.,
it does not modter how we P\ace the P&ren-}lne-
ses ,and our conclusion could clse have been

Lrmulaled as

(3> S = ('19 59> ,

which ammeot:a\-e\J Yelds
S = {alse

i.e., the Areasure is in the silver vase.

Equ\ochon (3) in e unknowns S and 9
deter mines the vclue o? S, but leaves the
velue of 9 undebermined. The cbove argu-
ment is so sShork Yecoause i+ aveoids a

SPur]ouS case o\no.ljsis on -}\ne irreleuo.n?-

\J‘O\lU\e c}? 9 )

Tn c wa:j, "H\is EXO\W\P‘@_ 15 \felb Simi\o\r‘ lrc:w

-“ne Previous onNe : 'H'\eb both emT)\OJ
1X = X = Po\se ,
whatever the volue o? X  (Qherel avo&dinP on

QUOic\a\c«]e CG se@ anabs'ns). T." lnas been included
because it i“us}r‘o}es more . '

T would ],il.(e. “en le know -H"lo} when T

_\:\a)f‘qem abcol Mehh odo(o&_v
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C‘_o\uecl 'Hne o\]pove af_gumen‘]‘ —-—w\r\ic)n hC\S Been
designed by ___%_.\{ii\%r_ihl‘___g_—" “so short?”,
T did not exaggerc:}e. Bockhouse draws attenlion
'}O -\'he ?c.c} -Hmo} o\bou‘} %wo O\O'?_en s‘-eps are
requireo i-? one Yockles Hhis Prob\em in the
5)33\6 OF Sen¥2en‘s “Nolurel Deduction ",
whereas Wilkink solves the problem in
wo(no less gr“m_oWs]‘er. Backhouse concludes
@om Yhe )rwo dozen S}-GPS “I{- is C—l&:\f‘ gmm
this EXQMT)‘e -‘r\f\c’}‘ Ca \c:-r*ﬁe o\mOuV\*' O() cle+o\i)

15 reguired n A comP\e‘relj —forma\ r;roo}(’”’,

B _W_\H'Tkls_ o alernchve SJrr‘or\S\ S uﬂges}s
4%0\}“ Sen’r’zen s wlﬂo '\ried 40 fgrm&?i 2e 7f+he
natural wa o? drawinﬁ conclusions ¥ —~in

2%

German. “doas nodirliche Schliessen —~ , nciglec-lec(
the economJ ap mani]':u\o.\-ion, (’Be@,re ’navin&
seen W i_l_)r'\[\w_s_ - alYernakbive , Backhouse
Q\r‘eo.cl‘_j_suspeckc\ some-]-)'\‘:nj op Phis sort: the
O\uo"ed ?r_ob'em and s cumbersome solulon
occur i c 'sec\-‘;on, —\en'm ],_"j H'Hecl “No.\‘ur*a\
Decduckon 77.) T am c\fgc«icl that bfj nc—BlecHng
Jhe ecorom o? mani pulotion Sen\‘2en hes
Ny P >

done lhe methemeohical commum%\:j a disservice:
calcwlehional Proo@. heove 30} o wundeserved

bed nome.

The Pc.c-} that eolua\'nb behueen Joolean operancls

1S associo'}'we, e.. has o Pro]oerl- not erDo:jed

2

M athe m&q‘tco) Meth 00‘0\0\93
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bj equo.)i}:j n 3enef‘o-‘, 'us)riﬁes G sPecicJ neme

and ca sPecio\ sjml”O\ of ik F\ usua! Nname s
¥4 -} |

“equivc\lence” and & Uswa) Smeo\ s = .
1 ado)o-]- both ond propose 1o pronounce h
53“"‘""0\ as “ec‘u‘nvales >

Remark One olso encounters the sjm\oo\ “e ?
?FOﬁOunCEd CS “ilp and onl if”, but 1 shall not
‘F)ollo\.o Hrotd e.xom]o\e. Sambop and name Fromcr}e
the view oP equivalence as a shorthand {)or
mutuel  im ]icc\’}ion, and it s ]'sr"ec)se‘ ot view
thot tends 4o induce the case omab ses that T
wOu]c( \'l\\'e }o avoid. Moreover the “'rF and Onb ifm
Iin uis\‘ic::.lb hides Yhe associo}}vil‘g o? ‘he ec7u3~
vc\?ence SO eﬁ?ed-ivelj +het mar:j feoPle are
uwnowore op ik Ju.s*‘ }':_“j ‘o understanc the sen-

'Lehce "John sces \m”-s \oo'n'\ e'jes i? and onb i{)

he sees with one eye jF) and onb if) he is \D]'mol.”.

ﬂccordinj to all \inﬁms\‘\c standards, tiis sentence
15, ‘r.b virtue o{) s 53n¥o\c}ic c\m\')isuib, total

3ibberisk. (End OP?@MGF]{,)

W"\\"‘“L“S So\u)ﬁon -(23\‘“ \OCQ}":Tj "]')’\e —}reasure
mokes one more thing <¢lear. I shows that it
does not suttice to be {)c.mi\iom with \')uns+ the
idec. © '}}ne boolean domain. To reall reacy

the \oeneﬁ}s, we «lso have Yo be Po;mi\iar" with

the boo]ean o]’.)ef‘c.'lors _..su.c\-\ S equiva\ence,

Mcthemaotical Methodo \Oﬁj
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neaa)rio:'\, ebe. — and with dheir u\gebroﬂc Properhes
— such as 53m»ﬂe¥rj, associa’fivi\"j, erc. — . Ac-
cluirinj 'H'\a} -(Orn}liafilj TEQUITES vd]noﬁ)' \a) quse

*;)imcmcio] +imes 18 known as i irﬁ—enec}ua] in-
word %f‘ i’ 'H’\o.}

Ves+men)' ”; thu can ‘Ih:k)(e m:j

this '.nvesw\men+ qw‘ckb ]oabs o@fo.

Aushkn 15 November 1489

Pro(?clr. Edsser W. :Dalcs}ra\

Department c() Com)@u}er Sciences
TThe Ur\wer.s'sb o? Texos ct HAuskn
Nuskn, TX 78712-1188
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