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More Gc_iuuo\‘i;'j }:)roo‘()s wﬂ—}-\ irs‘\*c.n“‘icn*ec\ deﬁﬂ{'\'}ons

We quo‘\-e -Fom the chapler “The c‘,esiﬁn o() ca
I)roo?) o-{oequc«\iiz” +he ﬁ

YN CLXrnam OPer'o. or T and ‘Hac—: 22112112217 %44] oPerc}orl,.

l\owinj CJDOM+ 'Hna

For all rec) w’x’fj
(0) xT:,sw = XSW A YyTw

€Y wSXTg CEwWsX Vowsy

il
z
24
X

(‘2.) \,JSXJrj

o~ va

(3) X\LJSMJ = X3Iw \/j:gw

b

and  in the )’31"‘00? OP Yhe ohove , essential use

was made o? +he O‘nhfjmme}:j :o?_:s , €
(4) P=q < PSS9 A qsp {or el p.q

Remark  1n redicote calculus

pl

the Qn)‘i%m—~

me!l'rj oF) the lmrz'ic_c}ior\, i.e.
X=Y] <= X=a37) A [r=X)

£ oﬁen wsed similor) 5 i+ is there known s
“e ?roof b\“j e | 'lm)ocha‘)'l'on”. Also the
somewhat more 5ener&\ ‘erm ((Fiﬁﬁ..):)onj
arsumenjr” 15 0 use: or\’o\p'oeal Yo () leads
o o P‘m_cj-")onﬁ o.r\c_:jumed but net o a Pmo?

\03 mutaal imPliC‘-;‘#:}iOf\. ( End OF /Pemc\r‘k)

Modhematical Methodol Ojj
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Someklimes the Pmcj-FOﬂj arﬁumeﬂ' is en'}'ire\j
QFProysrio\l-c_, -@r instonce, when the Pimg )‘Dc\r\‘ is
40*031\3 'mdepeﬁder\} of the Porfj J’JGH‘: in such G

case, the I;n_cj-loonj Otf‘sumem‘} emboclies «
laud able 'lsen’rcmﬁxemen‘} of the ‘oroo-f. The

avoidable Ping-Fonﬁ arsumen¥,bouoeuer‘, has

o bad nome beccuse o?i\ﬁs Cavoideble) case

[ .
O‘hattj SIS,

A P\rs}' siﬁ\rﬂ', one MiSM' GZX}DQC‘} ec:]u\a\l\ Proops
boased on (0O) +hr0uﬁ)—\ () 4o take the 4orm o()
Pin9~ ong o\rﬁumenk, but {érkuﬂq%@b there is

an chernahive: -Por- o\l real P ,
(5) P:C, < (EN:: P-‘Sw = CiSN) and
(&) P:q < (_ﬁ_w:: wep = WSq )

/Pr‘ou\‘P 0(7 {5)

(Buw: psw = q s w)
< { with wi=g ; with w:= FS

(psa = g% q) A (Tvsp = qsp)
{ g re.?\exwe. , True is idenhb element OF'——“‘—}

Psa A Gsp
1)

=9
P (End o? /\)Foo? o? (53D

l

Kl

Mathemahical He-)'hoo\o\osj



EWD1091-2

- On account o? the obove Pr-.:po{> OF) (5, one
mijh}- e lead 4o believe +hal an O?Peql ‘o

(5) @f’ Provinj P:q 'S eXHe-me wos}e@\:
whj eéob‘is)winfj Psws qsw or _OL’_‘:‘j W,

wherecs “the equivqlence IS on\_cj needed {%r
?

the two special caoses wW=p ond w= g !

“The F&“ﬁ*‘ remarle is  dhot | in‘S7Lw_’£§:-c_(_c3£ (5) , we

could have writren

P=9 = CBw:z st = c]\sw)

— Since, on a ccount 0(7 Leibniz's /Pr'pnci}o]e? Yhe
le@- hand side im)ol'oes the fiﬁh%h(;nd Side — , so
Frovinj the Equ.i\ra]ence @r any W 1S, \Ogicdb
at )eoswl, no exkra burden. The second remark
is  that Provin3 PSW = gsw -ﬁsr any L absorbs

the case anabs‘us of Prov';n W+ {’or W=
and  W=0q sePcmo}e\j_ The third remark s

+h el ?’)f‘OV'lh +the equiVQ)ence —@;r any W
e

"] easier Frovihg i+ —{c)y* SPQC?G‘ Vc.\ues’
because 'n +the Proo? -(éf‘ Q.rl:)i;‘r‘o»r\vj () we
afre ﬁ:rce_c\ +o ijnor*e whaot mokes +hose

'SPecia\ values S\Decia\,

wie sh&“ )’Dl"O\J'e O

’B(_&j wc:_j OF Nuskration
N e r o() li¥He Yheorems

Theorem 0 : O)oer‘c.}or T s idemFo3ren+, l.e. «@r ony X
7 XTx = x
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/Prooj( On account GC (’5),1}— Sl.\ﬁoices Yo ohserve
-(gpf‘ Cnn.\tj X,\Ai
xTx s w

{ (0) with j::x_?]

XIW AN X sw

{Pred.ca\c., n ‘Dar‘h'Cu\ar idemPo+€”Ce o? /\?]

XSW . C End o¢ /Pr‘oof)

i

i

Theorem 4 OPer‘oJ'of‘ T B3 'SUmme}'ric) = J{fm" o.ny X’:j

(8) XTU = U’Fx

/Prcg{‘ On account op (‘Si), 11 su.]ef)ices 1o observe
Por ij .V,j,bo
le:j W

= { (o)}

XIswW A %

r‘f-_]?i‘ed.c_o\)c,,in FQ{'}‘]CulGI— 5jmme}b OFJ /\3

USN i X SwW

$(0) with X4 = :j,x}
UTX s ' (Ena o?’?roo¢>

i

n

Theorem 2 Opera)—or T 1S stocio\'ive , .e. —ﬁ:r c.n_j

X,ﬁ,?.

®) @Tj)’l\z = __XTC\J'F'Z)

/Pmo\P On cnc COLnt OF (5), i\- Su-ﬁ;‘;ces o observe
-{2}‘(‘ Ou(\j X,j,ZJW

Mothemalical -He}})odo\oij
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(XTU)TZ ER
{00 with x4 = CXTD),zE
My sw A zsw
- {¢od}
(x sw A :jsw) A 25w
{?red. c;o.\c.,in Pc.rhcu\or G\SSDcio.Hvi’b o? /\.f;
XswW A Cgsw A 2 €w
1 (o) with %Y = b?z}
x IwW A (tj’fz)gw

‘{(D) W\)fl‘\ 3:.—_ <:j'r2)‘§
x7T (sz)

il

-

Theorem3 OPera}or \lr dis}ribu&s ouer‘T , l.e @,
Omj x,mj,z
(10) (x’l\j)\Lz = (x3=2)7 C‘jlz)
/Pr‘og{ T uiew o? CS), i{- suf«ﬁces Yo observe @r‘
Om‘(j )(’,:j,Z7 Lo
(xtydlz ¢ w
{(3) writh X,b p= CX/‘\D)DZS
(x’T‘\j)S WV ZSW

= { (o}

(Xéw ~ :jgw) v 23w
{Prec\.co\\c., in For\"\cu\ar v dis)‘ribg“es over f\&

i

(xsw v 2swW ) A (bsw~vzsw)
{(35 wath 13:'--?_', (3) writh X,td va 3,2?)
(x42) sw A (b\llz)sw

i

Mathemeatical  Melhodol o9y
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= {(D) L».ﬁ;‘\ Xb(j 1= ()(\LZ), (3\\.2)?}
OAT (ybe) CEnd of Prac(®)

The reader who Nas {)o“.owed the ahove
Proog in  detail mus}t have become H'Sh\:]
susPicious; Vor‘ -Hve rec) nu.m\oers, -H)e oPer‘c}or‘
pair (1) —or the oher way round (4,1 ~
1S vef_‘j much ke 4he o]:era}or- poir Cv,/_\_)
__7£’czr__r—“ne boolean clomain. TThe Pursui}- of such

analogies is a va\id ma)—hema\-‘ncg\ exevcise.
In {?cq\, every equality between Dboolean ex-
pressions ‘" v and A onluy , can e Arans-
laked inte the ecluc.\i-};\? belween ) ex]‘yress}on

o

r inshance , the Law o{)

n T and Y on):j_

Absor ption
X \/_ (_XAY D)= X
yields x T (xdy) = x >
and (XvY) AYvZ) A (ZuvXD =

XAY) v (¥A2) v (ZAX)

aields (x'\‘j) 3 CUTZ) ) (?.Tx) =
GGt (giad T @i

or: J?or vy three real numbers the minimum
og the Pa;rwise MaXima eq._m.\s e wmaximum
oF e Poirwise minima. JThe mater will not
be Pursqed })ere_, we que another theorem

Mathem atical Meth odo‘olij
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nstead.

Theorem 4 Addikon distributes over T, ie. ?or‘

OAﬂj X,D,?.
(41) (x"‘j) +z = (x+2)7 (S-tz)

Proof” Tn view o{) (5) , it suflices Yo observe

-For any X542,
CXth)-rz £ W
{o\ri-}‘nme}ica
(x'\‘tj) < w-2
£00) with wi= w-z}
X< W-2 A Ys w2
= :[ c«;{;}kme}ic, ‘h-vic:e}
X+¥2Z2 3w AN T2 § W

'f (O) L«u")'\ X’J = x-rz,b.‘.z}
(x+2)7T (5-\»2) £ wW :
(End of /Proof)

]

Fﬁno‘[‘j wWe ‘S}‘) (o108

Theorem 5 XTSS x+j = 0¥x A 0-53
/Pr*oog We observe -For‘ any  X,Y
x’?j € X4y

= {7(6) with w:= x+53
XS X+J N\ :j S X+ Y
{ arith me¥ic, hwicel

Sy A OSX g of Treol)
Mathe makical Heﬂnodo\o\ab

h
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All the cbove Fmof)s owe their brevil:j 1o
our G‘eedom to instantiate (0) -}'}wcmgh (3)
with SPecial values %r- W~ ke it direc}l:J
or ‘\}“!nrough (5) or (6D~ . Hed we Yo ken
j?cot‘ the mMmoaximum Q& deﬁn'l‘\'iovw Vike

ix;g-—-—»xDU;x—vb_@ .
Proc,?s with casé o\nabses wowld hove been

unavoid ab)e.

* ¥
*

We conclude This CHQP‘\'er with  +wo Proofs
og) Hne 0\550c§a§--'\,ib o? Fa)anc]-ionc.’ ComPosi‘}ion,

1.2 {ér {&nc_'\ior\s ? o 3 5 h Co? the Qmoro-
Fric.'%e l—:jr:es> we have -"O s\now

(12) ?o(ﬁoh) = <f’°3)°h

\Grs]- Proo? is based on o deﬁni-l-ion

The
op @nchona} ComFosijrion EXPT'ESSEc\ in terms
O? —\rhe ?of‘ma]iSm o{) --pne /\—CG\Cu\us. "FTOP F&nc-
Hons P,q 5 the {)unc}ion TD"q 1S degﬁed
i
(13) F"q = <)~.'z.: P(qZ)) ;
at the i ht-hond side, the durvmlj 2 Is &

‘()ﬂ?-si'\ \JGriO\'D]e C}e 2z does Y'IO} occur GS G‘ee

Mathemalical He}hOdO\on
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variable in P of N )-) con sequenﬂa , +the
on\; occurrence oj‘? the ﬁ‘ee. variable =z in
.Cq.z) 's Jhe one shown as the argumen}

lo which q s o.mo\'ue.cl.

Trom Yhe M-caledlus we use

?

(14) (A x: E):j = ¢E with :j Su)f)s)!'i}u¥ed @::rw X) :

We observe ]Cc))r- any .ﬁﬁ,}'\

10°C5°\'1)
= {1 (13) with P9 = P, (5o\~.)}
(Az: f2((goh).2))
{ (13) with P-q,2 i 3,h,x§
(N2 P.(()\X:S. Chox)).z))
{ (@) with” B,y = g.Chox), 2]
(h=: P(ﬁ(hz ))?
= { G& with E,ye= £(g0x), hal
(A= : (Axc -?(3x) . (Ch))
= {1 (13) with P»9,2 = f,g,x
(A= : (P"S).(h.z))
i (13) with P>q = C?"B),h}
(Peg)=h ,
thus howing Fmved (1"2). The wse OF) the -

A-ca)cwlus enabled wus Yo carry out dhis

Pmog) in Hderms o? equa\ib o )ch:)rions.
led ws now pursue what halopens when we

h

]

Mathematical ﬂeﬂnodo\ogj
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avoid ‘Hﬁe )\—CO\\CM\U.S ana c:orr':j ”}he Qrsum€ﬁ+
our in terms oP equ\o‘li}‘j o{) @nc:)rion QPP\icc\_

Yons. ExPressed n Gnchion QPPlicaHons, our

demons+randum Cn) becomes
(5 ) (_{-j"(SoH)).z ((V°3)°h).2 -E)r all =2
and +the deﬁni\n‘on o? @mc)rionq\ ComPOSi)ﬂDh'

1}

(16D (Y.)"c’),z = P (q'z,) -gar' all =.

Tea order Yo demonshrate (15), we observe
—%2)\" O\Y‘IJ ‘?,S?h, Z |

(£o(g=hD.2

'{(16) with P’Cl T= 1(), C3°}3>3
f. ((3oh).z>
- 3 (16)  with P> = 3,%71
— { (16> with »95 2 '= ?, , (h.z)
(?03). (h.2) j J

‘[ (16) with P,q 1= <?°j>p ‘“)}
(C?os) ch).2 .

"

i

As the instantations o? 59 Show , this
Proo{) OF) (15)  and e Frece.clirlcj Proop

o CQ) are in G sense \(:‘Feren¥ renclerinﬁs
‘the “ same” Pr‘oog), bhu} in onother sSense

'}'he:j are ve,r:j diﬁ?eren}.

Mothematical ﬁe‘u"loo\o\oﬁb
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There are SI-rikinS C,uqv\-)-i*c.)-'a.ve. dig?erences. The
%rmer PmoP requires 6 s¥e]*:s, the la¥ter one
only 4 . TIn dhe lader proof the depth of
T)c\renﬂmesis neshrﬁ 1S homogeneousj 2, in
the -(érmer‘ Proo? i+ b23';ns and ends ot 1,
bu} reaches 4 in between (w}'\ich seems €x-
cessive ). SJM‘DOI counts ]Oor }he eoluanec\ expres.
sions in the former yield 7,16,23,16,23,16,3
(Csum 108), in Yhe latter 1M, 11, 1, A1, 1 Csum
55, sum and maximum difer both by o
-F)cxc}or' OP '2 . Nor‘e iMFOF+C\n+ -H'\o.r\ Jrlnese
dif){)erences themselves s uncler*a?-cmohrb +Fheir

origm.

The Yheorem is about equalil o? Fzmcl“im\s,
-Hne *@)Fmef‘ PTCO{D M an Fu]c‘)‘es fmﬂc}‘ior\ e}()‘)res-
sions. Equo.li\- of) fw\c\“zons, however, 1s de?med
n terms o? t\lere o.ﬂ—gliccsﬁ on

Ct?) ?‘9=5// = (_92:: .2 :‘,D.?)

and instead o? '}roms?orm'url_cj P intao Hb R
as +the ?ormer' Froaf does, the laHer one
é’rcmslgarms Pz intro (l[z."Z %r arbi‘l‘rq‘b 2
We could c)womge Yhe )Q:rmer Proof into one
‘\'Pans{?or‘m‘tﬂj P2 into Y2 btj POS*?I'XRHE)

each o? its equated e?’)ressions b “ 2 ??
._a,ok*o‘ilj Ereﬁx‘urlj P:;) “e» and Fos} :xinﬁ b\j ”).-2_”__,,
bul our \e - T)FOOT s Ver‘v diﬁ?eren’r: none cf)

Hothe m ok cal Heth odol oG Y
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the three intermediate resulrs  has the T/}orm o?
=N ;nc}ﬁon GPP\ied bo 2 . In ohther words, Yhe
exYra manifpu\o.\ﬁve g-eeolom Prou'sded }Db e
imbial and il?:ﬂo.\ “ 22 s used Gl —Hﬁro%jh

Yrhe <ajewlahon “end euiden‘)'b ot 9006( advan%*cje).

Lt Secoand sSource o? breu'n}v s +"r\a}' deﬁn:};m
D '

d6) OF \-u.nc)(}Oﬂcl\ C'omPosi\-ion reo.\l:j Comb‘nhes
Jhot we need il-ffiom (13) and (14). To deduce
J18 ) %nm the later hwo  we observe ?or ang

P> @
CPOO,). rd
£ (13}
Nz P Cq.z))- 2
{ (a) with X, B, 4= 2, P Caq.2), 2]
P.Cq.z)

and, since | tnanks Yo (13), (16D caP}ures all

]

Yhere 1s Yo be said achbow} ﬁnc?ﬁonal COmPosi)HUn,

we don't need lombdas at all.

“The O.dUG\T\}'C\je OF) (fié) aver (13) GS C’leﬁni)‘ion

OF {)unc}iona.\ Com]:)os's\-iom s ‘}nc.)‘ 'l}‘ Con‘rams
o varable wmore Yhal con be instanbated i+ 1s
Yook cdaibonal F‘QEdom that allows ws o elimi-

nc\‘-e \n the loHer ProoF H‘we xwo micdle s)‘eps op

%e, ji/~)<3|"l’1'\et"' Proo?.

Mainemabcal  Methowolegy
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Th Comporison -}-0 (’\?;), d@?ni‘)"ion (16) o]()
’ch.ln‘onc;\ Com]:os‘;5ri0n also  limids our manipule-
Yive @eec\om; Using it, we can Onb moni]ou\od-e
o +inchiona) Com‘POSi)ﬁOn that s qpp]ied ‘o an
orgumen‘\-. Tn the lodter PFOO\P we are -ﬁ:rcec\
lo eliminate the ouker © irst , whereas in
the {ér—mer Proof the ‘pirsi- +wo s+eias could have
been m\-er—d—\o.nﬁe.d; but He oubcome is the same
and +he @eedom 15 irre\e\Jo.n}\ The reader is
nvited o Veri% that Jhe Fr‘oof usinj (16)
can be construcred on Jhe very SimP\e prin-
c-'];le: “There s cmlj one —Hnnj you can clo. "

ﬂcknow\edgemen\- T owe the examples with Yhe
maximam 1o N.H.D.'Fei)en. (End o Qc\cnow\edgemenk)

Rushin, 11 ':Fébmarb 1991

Fro{).dr. Edsger W Eﬁks)-ra
"DePc\r}men}' o? Com}:u}er Sciences
“The Umversﬂ:j O{D‘Téxa.s at Rushin
Austin, TX 38712 - 1188

Ush

Mothemakical T‘ie\-‘hOd.a\%



