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A teatalive axiomotization of” ascending sequences
Y [y

Yes-}erdc:j T Yied 4o base my leckure on EWD8!7
“An introduckion Ho three alﬁor‘r\']nms -@r sorting in
sitw ” \ghich T had writen  with Q.J.N.Van asteren
in éarb 1982 . A} the time, T remember, T liked
thet  dext ve:j much | but 3es3rerdo:) T learned
that now , mere thon 11 (ears later, 4he Aext
did not work c.vlijre‘ T {dund Yoo ver bose
and was several Aimes 4em)o+eol 4o resort o
Y)l'c:-\ur‘es: I gove & {é\irb Qbom}na\o}e lecture,

So let me '}r:j an alternalive.

We use caPn‘oJ leters  X,Y, 2,... as varicbles
o]? bxse /'Wpini'}e Sec]ueﬂce ©
Fveee GS VGriab\es of 4;er Sindje}cm Sequence ,

and € o denote the emF}j seguen ce. Conse-

&

> lower case leHers P,q,
7

o‘uerﬂ—' s X::P and Yz € are instances o? lejq\
'ms-}an\giwlicms 9 P::X ond o,::E are not.
The assmio,']-‘:ve cjaera-)ion OF Concor}enc\)rioh 13
-»dar\-yjerousl(j and s}uricﬂ , bul le} me sin

! L :
{ér‘ once.~ denoted b.j .ux'\-c\ osition with a
b’mdiﬂj ower }'llj})er‘ —)_-ﬁ’an Gncton o) &)')t}i cqg -
)rion,.. w‘wic}\ is denoted B& an infix clot.

O least ’(Elr the dime loe‘mj, 1 wont
axiomatize Cc:nco\'}enalrionj his Mnn VloJr FreuemL
me 'E‘?Um Carr‘(jinj outb ma}—%emajrical induchm
over  the leng}k or the grommar i Sequences.
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(This because wmcthemetical inducktion over «
Po'\ren‘—i clb ambiguous ST'GMWJO.\" s @H‘ ’}o
be o Se/ParQ)‘e '\SSLA-Q-) Hence 1 do not

cowmmikt w:jsel{) concerning the stalus

—oaXiom or 'H"ne.Or‘Ern —_ o ]DJ"O)Oosi)r'loﬂs 1i1<e
XY = X = M= &
X =2 X = ¥Y=¢€
XN =€ = X=z& A M=¢g

PX%X XP%X

PX=CIY w XP“'Y‘i = P=9q A X=Y ek,
* ¥
x

I wisk -}o CO&P"LAFG ”a:Sc-_endln& se uences:'
degned in terms o? the relatiewn <, which
s a Joral order on +he sinj]ehns:

PSP (reﬂexive)

P SO\ N 9 < P = P=C1 (o.n}-is:jmme}ﬁc.)
PSSy A QST = psr (Arons bive)

P SCI A q < P .(4-0*1.1])

but propose Yo ceo thet vie « reletion
bet voeen Sequences. Informeal X<Y

saus +hot <9  holds —@r‘ o\'r:j P Gam X
and an fom Y . The relalicn =< ~let
J Cl 'l /| 4

w3 Prcmuunce f s 'under—-has been in*'ro-
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duced ‘'n +he hoFe_ thot 4+ will reduce the
umber op L,m'\verso.‘ qu&n+1@CQ"ﬁUﬂS we

honve do  indicoate exr)]iciﬂ . The srbec*io.l
chorcacter <X  has been infroduced because
< heas Froper}ies Ve ditlerent {?am <
< 13 no Teﬁex‘;ve.) not QnJ‘is\vmmeHc,

not tronsibive . and not Aestal |

(0) X <€ g <X

(1) P<q = p<q

(2) XY<2Z = X332 A NY<2Z
C3) 2< XY = Z<X A Z<YXY

Relabion < is not “Fronsibive -
X< A Y<2 = X<7Z

Teduuces g:r‘ \r:= £ o GCCOQV\“' C’E (O)
to X< Z , Which need not hold. ’P@qu:e

Y J::j \)_/C_l_’ and
(4D X‘{Yq /\Yo|-<Z = X< 2

We shall Fr‘ove (4) Yo show +he

TDOVH‘ern, To Froue (4) we observe

X < Yc] A Yg 4 Z
{(3): -}wice?

X< Y A X«q A Y<Z ~ qg=2
=) {Freci.co.lc._g

I



EWDU64 -3

X-(q A c1-<2
= { ¢35
X< Z w]oere.

>

(5) X<q ~g<2Z = X<Z
r‘eFresan‘rs ol remainiﬂ% Froof 019’580.“'1'01’1,

which we meet b mao emaJ'iC‘al Ihdu.c'}‘fcm
over C—Hne le-n3+\«1 )z . Tor the base

we chserve (2= &)

X < E
{ (o)}
Yrue
= 2 ?Fed. COJC}
X-<c\ N GgxE

I

For ‘H1e S}eF Lo obser\fe (2:'.—_ rZ)

X<rZ

= { ()]}
X<r A X=xZ

<= {_ex—h T;oﬂnesi, e (5)
Xsr A X'(CH' A O\-< Z

<« { (&)}
X< A g=<r A cl-{z
= {c](?»} L
X<q A o <rZ Where.

(6 X«q AN QRT D X<r
r@\gresen}s oL Temair\ir:j ]Orou]pc\o[iﬁa}im,
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w\nicln'com be melt b:j Enduc}‘:m ouer (—;U‘;e‘
leng}—h uf) X . Tor +4he base (X:=g)

we o\o sernve

2~<oi A cl=-<r‘ = E&<4Kr
= ‘{CO), Fﬂ’d.co.lc}

'\'ru.e ,
r@r the 5)‘%) Le _?b_ms*erve. (X:: PX)

X=<r
= F{CQ)}
<r A X<r
<= -[ex \r\j})oﬂ'\esi, (6)3’
P*T' A X-<q AN c\-<r
= § ()}
ST A X<g A g<r
< P{ £ is ’}rojsi}-‘uvj}
9 A qsr*/\'X<ﬁ 2Rl
{ ¢V and Preo\. c'c.lcj
P-(q_"’}& X‘{C) A q-{l‘“
= { (D}
pX=<q A q<r

)

mi“ﬂ w\'ﬁc‘/\ oL RJOF o\o\ijal}cms have been
@Lﬁl\ed. T hrust '”no} Yhe cbove Froop

S)Ltuclur‘e s b}@i(‘a' \oheneuer‘ if\olu c)—ic:n 'S

needed. 5 § .

T would like o deﬁne Ahe {a\nc\‘fcn-\ “asc”
o? \yFe Séguence - bool bj
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&) asc.)o

(8) asce. XM = asa. X A ase. Y A >(-<Y

2

bt I o If\o\‘ u.H-e_ sure C\\DOLA-} Y

TJWDOF) obl@a]ﬁms that j‘ms __deﬁni)-ion :jo’f

asa mckes sense , i.e. 75;@5 YIO)‘ lecd Yo

.c:cm')-r‘c.c[';c"}cnn. H.:j 3(»‘)‘ -Pee)ir;? IS H’la)‘ 1

hove cdlune W\J clu when T  thave shown
’H’\G’r "ase” s a u.nc.}'ncm, i.e. sqhsﬁes

Leibniz's Frinc:F’e_
X=X = (asc.x z asc.Y)
'{;r all Fossllole wous in Which X=X can

hold, where the Possible ways are  lisled
}zj -)-]':e GXioms &bOu')‘ QQua }b V‘FSequeans_

Se  we wwld haue “O ‘Sl’\ﬂ-"bo that L

&> /\_(8) . is Ccom Po\l—‘:ble with
asc. X = asc. X¢€ ond
asc. X = asc. £X

Jhe oblfja]'io'h risin G‘Um X: Xz onel
X=X . The obligation is met b

9 v,
deffninj Ccmcludicﬁ?) asc. &€, lLe. the

empl:j Seguence S ascendirzﬁ .

So we \ﬁo.xre \'D S]’\ooo ’Hﬂa} C?)/\(S)
is ccmqraa]-ible Lsi
<)) asc. XO(2) = asc. (X2

Yhe. o‘ol'ijaj-im 1'533125 gffm }lne. aSSaCia}'ivib o€
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concatenation; 1 expect Yo prove D) in view

o{) (8) Yhanks +o the cgssocics‘\r'svil\\j of A .

asc. X(YZ)
= {(8) with Y= Y2}
asc. X A osc. YZ AN XXYZ |
D) Wl XY = Y2, (3) Wik XY 212X
asc. X ~Acse. XY aasc.Z AYKZ A XY A X<Z
{(®, )}
osc. XY A asc.Z A XY<Z
‘{(8) with XY = XY, 23
asc. (X¥)2

1

The above Proof I8 o() GnN c\]mos)- embc.rrassi;lcj
+rivia\‘s)r(j, bet b s nice that we did not need

Y‘no\'u'\e morical  in duction.

A sim]o\e lemmo. 1S
(10) asc. X¥2Z = oasc. X<

which is }Qroved in the Same ven as 'lr\ne_ ?r'evious
one :
asec. XY Z

{see cbovel
ose. X A asc.Y A asc. Z A YXZ A X<Y A X <2
= i reolcalci

cse. A ase. 2 N XxZ
= { ]

csc. XZ

'?epea)red c».J)Flicc«\ion of C10) Yells us that

N
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(n) ang eubsequence oF) an ascendinj

S Sequence is GSCef}diﬂﬁ

Slij)-n\b more ombitious s
(42) GSC.X)DY = asc.XP N ccsc.PY
We observe —E;r Qrtj X]'D\(,

asc. Xp A asc.p Y

{(8)3) —}wice_’i P
osc. X A ase.p A asc. ¥ A
X-«P A P-{Y

£ (4

asc. X A asc.p A asc. ¥ A
X‘(P N P«Y A X=<Y

= {(8) and <'l) or (3)}
asS<. X‘PY

Remark T+ was « Surprise -(c):r me Ghat no)r\nirla

'S Sq'.nec\ b:j Frovi:g C’I’Zlc))wﬁ-l\ c. }3103~Fon3

[}

argumen)x (End o

And now we are f(eacd Yo rove +the
beaw k] J i
(13) asc. XY = aSC.XF v asc. PY

’Rejre-H-cJo ., T cannor ovoid case analysis
(i) \l/-::;j and (i) Y= qz j

(1) Since Y=g = agsc. PY on account OF (7)
lemmea (i3) has been T)roved in Yhis case.
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G ITn this cose we recorite our demonshran-

clum C‘\%) wi'}\m Y= qZ b,fj S\'\un'\'inﬁ as
asc. XqZ A N aSC.Pc]Z = asc.XP
ond observe «?or o\rbi}r‘o\r:j P'o',X,Z

asc. Xgd A 1 Gsc. PqZ
$012), dwice , and de Morgun}
asc.Xcl A Qsc.qz ~ (1asc, Pq Vv "ICZSC.qZ)
= { Pred. CO.lc.3
Gsc. xo' A 7 asc. pg
= {_s'mc.e —-(1),(7),(‘83- 7 asc. Fc‘ = asc.c]Pj
asc. Xc! A asc.qp

{ G}

asc. Xq

I

I

asc. Xp ,
which comp}elres -Hne )Oroo? o{? (13)
L *
-

The next theorem do be proved is Cof’course)
(4) ase.Z = {IXX: XY=2Z: ase Xp A asepY)
or , In view of) G2) equiva\en HJ
(14") ase.Z ={IXX. XY=2Z: ase. XpY)

a lemme thal can be viewed cS under\j'mj

the -(Deasi\oilil:) o? ”inser)r‘.é?\“ sort 7.
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One o o( Tvrov'm this is b ma-f-)qemalica\
inducdion over +he (?enj-l-h o() 2 . For the
boce we have 4o show

asc. &€ =D <3 UY: UV==¢: GSCUPV> ;

the widness Uzg,V=zg demonsirates the Aruidk

D{) s cms@qu&&. For Jhe 5)‘6}7 i+ Su-fﬁces
Jo show

asc. Lq = <3 U.V: LV= Zci . GSc. U}g\/)

o '.f qsp we dn Yoke as witness U= Zc) , V=g
asc. UpV  reduces 4o asc. Zq P or (12D Ho
asc. 2‘1 A asc. 9P > which is implied;

. i? I: Sq , we tcke XY So\'}'is%'mj (14)
() X¥ =72 | G.S'C.XP , Osc. PY
and can dcke as wi%ess U= X , V= Yc] , and

observe » (Qslsum'mﬁ QSC.Zq AN\ P$C‘)

“ GSsc. UP\/
{ (D

asc.Up A asc. F\/
Tdef” of LVE
Qsc. X A Gsc. Yq
{ (lg) 1 GSC. X)’JSF
Qasc. FY‘:‘
{ 8%
asc. p N\ asc.Yol N }:)-{Yci

< {(».@®),0G%
asc. XYq A P-<Y A P9

fl

i

]

)
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e« {05 XY=2,@),MF

asc_.'Zc] A asc.PY A ]’)Sq
{C!S) > Gsc. PYS

asc. 49 A Psq

w]qick waes  owur GSSMM)’J)im’\.

)

:Fér Hﬁe Sc.ke of c.om}:le%_nes we g'xve C.

' c\'\%rerﬁ Nreosin OP virtuall Jhe same
Fmo? ol” (44) 9 J

Letr Y be Jhe shorlest Sequence such
Hthat A ond Y fur‘”’ermore So)’ns%

(16) XN=22Z A asc_XF

[ Such o shorjest Sequence exists | —@r (t6)
has ot least 1 solutom: X=28 | Y= Z] :
Our Proog 0}3)5&}\ on IS now -~ser (14) -

(l?) G.SC.PY .

1? Y=28 |, (17)  holds becawse c? (7).
Otherwise, we write Y= qU , ond have o

cenclude
(3") G3<. Pq U
Bom

(16") XqU:Z A asc.XF
(18) asc. 2
Ci9) 1a5c.>(q|0
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where (18) is a reminder of the antecedent
o() C14) and (19) exY)resses Yhat Y was

Yhe shorlest sequence mee‘hng Yhe reguire-
menk  We observe , u_usinﬁ '(lé’), (is)

—Lru.e

= {06 A~ (8
asc. XqU /\ GSC. XP
= {084
asc. Xq A asc:.)(lo
= {a)
osc. Xa A asc. Xp A 1 asc.Xgp
= {(8)6,16753 v 1
&sc.Xq N O.SC.X\P A (“l qsc.Xﬁ VoA Xc:\-(I))
= { Y)rt?d. ca\c.} -
asc.X]o A Xci-<P

= {08, (23, (W]
X<p A (AX<p Vv = qép)
= {Ff‘ed Cc.\c.‘.}

P19

o { ), (& ; (16'5,a8), (8%
asc. pg. A asc. q'U

= {(.‘\'2.):'}
asc. PqU :

T howe no diskinet Pfc{érence or the latter
thsmﬁ' RAustin, 27 Oct. ~ 10 Nov. 1993

(Jroﬁdr. E_dsﬁer‘ \rJ."DSL(s}Ta. , ";De‘ﬁ. o? ComFukar‘ Sclences
The Univer‘sib UF Texas of BPushn
PAuskn, TX 7832~ 188 , USH



