EWDI200 -0

Oh]:j a MO:‘H"er‘ O.f S}j]e?

For eduwcational purposes we anacluyse the
oPeninj Paje"s o{) on I)—Pc.ge arhi r_\e. +hat
o Pe.ar‘ec\ in The American Mathemecatical
Monthl . Volume 102 Number 9—/?@}:’““0(3 1995
We have added line nuwmbers in the r“igh}‘

mar‘ﬁin.

line 4:_ Since in this article, squares don't Se-}-
al'}er;na]-irig colours, it could be argued +hat

the term "“chessboard” is misp\acedﬂ.

line 4. The introduction o() the name “B’
seems Unnecessargy: i+ 1S used —in the
Combinql-ion ”‘}'Hejboof‘c\ B~ in the text
@r ’Fl‘sure i ond in line 7/ ; in both cases
JWS)' "Yhe board would have done Pine.
Tn line 77 occurs +he last use oF) G
wviz., in "X cB', which is dubious since
:B WGAS ¢ qur‘d ona no)‘ Cu SQ‘)‘; in ]'me
77, 1 would hove Freferr‘ed ”Siven a set X
o? cells .

line 7/8: The ](Dir5¥ move ,

like anu other, does not deserve o 5erqr—c}e_
d"scriPQiOn. The t+erm “step” is redundant.

beina O move

line 8. ___}f"kﬁ,, not ‘o0 move consists oF)”?

line 10/11 . A* this ‘5‘}0\33 the italics are
T’MZZ\inﬁ’ Since <& move IS Possible fﬁ


http://www.cs.utexas.edu/users/EWD/transcriptions/EWD12xx/EWD1200.html

EwWD 200~

{zor some ¢, cell (c',J) contains o Pebble
ond cells Cist,j) and (¢, j+1) are emphy .

\'\ne_ 10 - Tuice 'Hne "}'erm ”Fos‘ul'icns” nF)or

what euer:jw]f)ere else 15 called “cells”.

Vine 12 Wh not Q@-er K wmoves the
board has :{(—H Pe]obles on iF. "7

line 12/14: In +he one sentence, k counks
moeves | in the oHner‘ Kk counks Peb\b]es.
Since +he prose does not indicote “he
Scope o? dummies, +this double wse ofg
-H')e same 23 s o “'H'le b:]‘ un%raivc\b]e_

line 14: “and we set R .= Uk:}_l’RCk) ” . We
remark

o +the wse o? the verb do ser” when de.()ini?ﬁ
CYhe sei!) K can be considered Lm{%r\uno.i-e
e 3INncCe '/12" 's nof used on ']'he next two
pages, Yhe name seems 4o be introduced

+oo e.czrlj

e the in}'mduc]-ion o) ’H‘ae neme /R Seems
uﬂhenesso\ujj in the rest o? the pPaper 1

saw it used once in ”an:j C eR"”, where
“ ol = Yon * la h
Q{{j I'“G?QCl’\o. < COan njur‘a i on Wownld owe

cdune. (Note. Tn the context in qu\eshfm
-P (16~ Yhe reachable context can remain
Csr\ondmouS: —\-J’IQ clu,o+ed OCCLrren ce UF
C 15 dthe onky occurrence o() the idenki-
ier C s 'H‘mv}‘ Cc}ﬁ"‘EX}‘. Hu\ conclusisn is
‘Hja}' '”72 reachqlole Ccm{i)gut‘c\ﬁuﬁ }IGS beEn
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called C onb in order 1o admibt the
boolean exPression CeR )

¢ lhe authoers have chosen o 5)Oecic.l symlool
]C)ol" Lwhot 1S SOme.’SimCES 12@2ra‘€d +> as
”delf/—;ﬂil-iona‘ Qquo\libﬁ; -Hﬁ Gre no t er
onb ones 4o do so, but would like Yo
remark thot T have never seen o proper
\')ushgcalion og) +Hne convention (nor‘ can
T })’1\'1\}'( O? one_)

» aprer Hre ‘ntrocluction o{p QLQOLéO, the
mothe m atieal covauniL:j has Cudo)pl-ed he
1&‘}"}‘er‘5 G:S'Siﬁnmen\‘ oper'c}or‘ GS § mlool fgoof‘
“del ini Hona) equolib", '}'}\eﬁzl'i(j onl\uj adding
+o the contlsion sSince QSS&nm@n*‘ hes
no-H"u':n ')rC) do wo';“q erﬂ‘uo.lib Cvide xX:= X+J)
® 1dené€er R has been &ven two meacnings,
Y2 arhcular -]-)16 }-Dr)e o%‘/}? is no \onﬁer
celined: Jhe one R is OF) the Jj)oe T sek u?
Censl'> +he o”ﬁer' Y is OF +he tvpe. " netural
number "— “sef o? cells”

line 15 : Why not ”“je eighl- reachalble
Cc;n?igurc\\-ic;ns h.? “The ]’Dr"lh]'éd \‘ex)~ raises
<he question OP now c. reacchcble con fi-

8u1‘o\§-icr\ cgn be imPossible.

line 17: The prinkted Frexh refer‘s o on obliga-
Hon —@:r‘ Pa\o les, had it been “"some cell
havinj cgof‘dinc}es (c\)') wibh c‘+j <3

mustk contain o Pebble ',, we would have
had an obliﬁq]ﬁon sz" cells! T+ s beHer
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o avoid 'Hm's s)ourious di]emmq b dele‘]‘fﬂ
“musi’ -~ a verb thot s us(Aql\Lj bedrer avoidedt ~
ond to wrike “some Pe\o)ole occupies & cell”
or "seme cell conbains o J:)elo\ole "

Vine l?/lS : I ‘H’ﬁir\k -H'\e au}'lr\or"s rmean t /;,n”s
%c’r seems to haove been noled ?n‘rs#- bj
M. Kontsevich.”

bine 19/’22 g \f\Je remark

®¢ in a Sentence of the struchure I?
L{k) denoles +Hhe set {(é,J): ¢tj=kY then
[..,,_1,” the scope o? the comven ben shabat
in Yhe ontecedent ends ot +the end 0? Hhe

consequen)-' in this paper. Jhe scope w—f
L!S d@@niiiaﬁ ex%—e.ﬂd?s P‘H\rcuﬁlq ’Hﬂ:—Pw)/\oe.

er!
.FO/L: ine 20, L& UL L(?_-)_U LC?)] should
be L) 0 LAD U L@ v LGB) | L is
aso missing in Lemwma 2
e in hﬁnte , delete " must always” - "a.b
reacheble Cc:mﬁaurc:\)ﬂ‘m hes a pebble .. .
{Now T come 4o Hiink of I)~‘ "some cel’
is okaj , -@r‘ the cells are clis\"ihguis]')ecl
bb their COorc\iﬂo.}-es;, “Seme Pebb]e" 'S
nuonsense , (or the Pebbles ore oas indis-
\-rnﬁuis\ﬂo..lole_ oS the e]ec}-rcms in +he ]'\el:"um

otom. ]
\ine 38,45,47 & 49: cdd "L v" .

4
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ine 39 Tk 35 a piky thar the \,\‘,e;?w of cell
Cc‘,J) has bQ?n (cj',ven GS Z‘Cj:ﬁ) ,.‘msl‘ecxc{
O? as (£)Y or rother CINICH I .erre
| atter Yoein Ce sPecic.] case o? F"-c,J with
P+rq=1 . (the lodter eo\ualib equ{va}es Yhe
requirement  Yhal a wmove does not change
’Hﬂe }-t:)-a\ L«Je'rgh'}' Cov@red.) ’”ne, unProved
‘Sl‘a‘}'emenJ‘ Gboux}‘ -Hne \Oound.&rie-s -]?ne 53/55‘“

]()ououos via C]’),q_) = C‘l,O) Gnd CP;qD: (011)

l'lne. 4. T wcu.\d Pj"e?er' /f'HTe %‘OI"O;I wea&lﬂ'}‘

O? the cells covered ” ; Qs Prini—e.ol ik miﬁh)-
be wisrecel os “the wei‘sh’rs o? cells coverad "
T Wou\d C{lSo f‘e,ger *Coverec!” re]o|ac~ad "23
"occwp}ecl ", the +erm wsed helre.

line 52,56,59,60. add 'L{o) L’

line 5§ : reFlace " hich lo:j "Yhat'. Chat wes
C—EG..‘SD.D

line 55‘/59-. “These dwo sentences have bafﬁec{
e ()or ot least 1S wminutes -ond Hhais

wes when T rec\l\‘j 30}' Cross Wwilh +he

onth ors — . /—}Zarﬁc}- obowtr mMinor )oro)olems
such cs ’{(A.)eis}ﬂ‘ covered = — on \*U‘P o?
this Pege cells were the H\ings loe‘”l‘ﬁ
covered — wl'\cci- hir me was "Co.n“ "

line §5 and “these <els” in line B8
Even ]’uo.u.:j T reclized Hhat the verb "can”
)‘)in)'s ol o hidden inetqlib: the conclu- |

Sion H\oﬂ— shou\d hove een™~drawn 1S
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thot the +olal weiglnjr OP the cells oukside
L(,O_) U L(“[) v LCQ) bt v\n}'lﬂ cn—;b one C.e,”
()rum eoch o? the boundories s &1— wmostk 1,
T line 58, “must’ is agom o conclidale
£or delebon . “furthermore, awbhors should
know Yhat an obscure nolion like “these

ce\\s"’ \S ho]‘ C\Oriﬁ@d )D:j Prih)‘mﬁ '})ﬁe

:Precec\‘mj "ol " i~ 1Falies.
line 67/31 ﬂ_I} migln)- be ]ne\/,o@'i ”: he\P@\\ (ér‘
wha F purpose ond how? "in Yhis model:

in which model? 7 the Pebb\es ()i‘rsl- move”:
what s the meaning, OF "ﬁrs}"? The }exh
Vﬂen\-i aNns o Ilo}-er‘ or ﬂseconc["‘; ”qre_
ic\er\\ﬂ'ﬁed in the ohbwvious l,\rOO"-: how

obviou s !

[i ne 74 . delele "in @\c}"‘ as il does nol con-
\‘ribu}'e o\rljﬂ\:n&

" line 75+ the introduckonm o? the adiecotive
"standard” , which is used nowhere “else,

Serves no r)urPo Se. ,

line 72 : This senlence hes no connechom ‘o
whet T:n"e.c.e.c\es '!}', and s c\ose\lj comnechad
bo whot follews ib; dhis is nol reflecked
o~ the vertical sSpacing, which obscures
'“fle LOSiCO.\ S)'ru\c}-uﬂ?_ o 4'}19. ')-ex\\ Moreo-wver,
it would have been nice i(‘“’-”ue easy Induc-
1lic>n -----Qfgumen&',’ hac! been s)')owﬁ: c téew col-

‘eagues and Y 5)96”_} Ve hours on nof ﬁndw\\j
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i

line 75: The in‘i‘rod,uc"l"\on o() the acb'ec.)-ive
”6+O~f\darcl " s '}'ec]nnicc.\ ’}Qr‘m s 3LAJPef'muouS‘,

since the Yerm s rnot used n the rest ‘of)
Hwe PGPer‘.

line 77/81:eThis Paf‘aﬁf‘o\jﬂn dfsJolaj_s the (not
uncommon) shof}'(‘.omin ‘Hf)c.)‘ il-s logicc..]
relction 4o the rest of7 +he text requires
the sludj of s conmtents. Ts it 5°'79 ‘Yo
demonstrete Lemwce. 3 or is it ean inkrro-
cuction Yo Theorem 1A ? (B4 ﬁrs*‘ recding,
T assumed ‘“ﬁe. -ﬁ:rmer, and 3o+ PuZZICc\.
e It is el\iF‘\-'uc:: line 77 announces the
deﬁnil—ion o() ‘he set MCX), but lines
79 ’H’]r‘obxj\h 81 ‘ﬁ)rmab don't do so (H—,:ij
don'd men¥tion M (XD, | 7
e I} 15 very obscure. The notation MIX)
S}'ronab Sta 8654‘3 -“10:}‘ 'H"le Faragra)—)h shoulcl
de?‘;ne C. ﬁ?nci—ion o? + )oe; " Set of) Cells”-»
“ set of moves . The \—ea, ho wever, descrilbes
o process thal seems to depend on an
E’lq\ clistribution o{) ]‘Jebbles. Bt there
s wmore oambhj u.ib. SwFPose there are 2
cells | one in % ond e nok in X, bu?
both c:on—}aining Pebbles; we are then to
fremove ebbles either —@ow\ the one or
—ﬁ‘om 4—|me. o}hier‘: how de we choose? Q\SO,
how do we remove ol but at most one OF

N
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the Peb\olesk? Tor me
notural numbers
removeal o

, "ok most one” is in
"2ero or Oﬂeﬂ, but the
“all butr zero or one of the
«loe\ob)c—:s " is 400 nondelerministic Jo deﬁne
o Aunchtion. “or lhe d@\')endence on the
initial Joebb]e diﬁ“l“fibbsf"i@ﬂ T con su‘jﬁe_s*‘
Ca Gx} butr not r@r‘ ’Hne res+ o() 'Hfte

Gmbiau.i-l-ies.

-.T:f‘ is %ere 41‘)&4‘ I (fja-ue u\o. \:\”’Ien S%"dﬂinj
Cn FGFer‘ —I don")‘ consider fJ- m(j du)-:j o

Coruac\ture whot should have been ror;tren
down,

X x *

The ohove has been Loritten er my shu-
dents b«_ﬂ“\ —Hne iﬂl‘en}-iOn o)p he});jn -qum

+o \'mT):"ove —qu cruo,h]\-j o{? "H’]eir‘ wr‘i}irjﬁs__
Rustin, 22 Tebma:j 1995

(Tollowed \:')\j EwWD 200 ~ 8,9, 10 )

Pro(?dr‘. Edsger‘ w-'ﬁ)ﬁks‘}rq
’jDQParx'Men; o Cohn utrer Sciences
The Univers; oF'TQXaS al RAushin

AQushin, TX 38712-1/33
UsSA
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Pebbling a Chessboard

Fan Chung, Ron Graham, John Morrison,
and Andrew Odlyzko

1. INTRODUCTION. The following puzzle has attracted some attention recently. O
We first learned of it through Martin Gardner [6]. A version of it appeared in
Omni magazine in 1993 [11]. However, it was proposed over l0 years ago by
Kontsevich [9], and a partial analysis of it was published shortly thereafter by
Khodulev [8]. We begin with an infinite “chessboard” B covering the first quad-
rant. The cells of the board are labelled by integer coordinates (i, j) with i,j = 0. 5
[nitially, a single *pebble™ is located in cell {0, ) {the lower left corner; see Figure

1}. The first step or “move” consists of replacing this pebble by two pebbies,
located at cells (1,0) and (0, 1), respectively. In general, a move will consist of
removing some pebble, say in cell (¢, f), and placing o pebbles on the board, in
positions ({ + 1,7) and (i, + 1), provided each of these positions is not already 10
occupied.

o0 @

0 H 2 3

Figure 1. The stacting configuration an the board 8.

After &k steps the board will have & + 1 pebbles on it. We call such configura-
tions of pebbles reachuble configurations. We will denote by R(k) the set of
reachable configurations with & pebbles, and we set R = U, . R(k). In Figure 2,
we show the eight possible reachable configurations with at most four pebbles.

A little experimentation convinces one that in any reachable configuration,
some pebble must occupy a cell having coordinates (4, /) with § +j < 3. This fact
first seems to have been noted by M. Kontsevich {9]. We give the “book™ proof of
this in the next section. If L&) denotes the st for “level™) (i, j): § +j = &} then

5
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Figure 2. Reachable configurations with at most four pebhles.

we can express the above assertion by saying that L(1) U L(2) U L(3) is unaroid-
able, i.e.. any reachable configuration must always have some pebble in a cell in
L{1) v L{2) U L(3). In general, an unavoidable set is one which intersects every
reachable configuration. Of course if S is unavoidable and T2 S then T is
unavoidable. Let us call § a minimal unarcidable set if S is unavoidable but no
proper subsct of § is, and let M(4) denote the family of minimal unavoidable scts
with k& cells.

In this note we will characterize the elements of M(k) and give a polynomial
time algorithm for recognizing such elements. Many of these results were first
proved by Khodulev [8), and we present them here for completeness, since the
paper [8] is not widely available and contains only sketches of proofs. We will also
determine thc asymptotic growth rates of r(k) = |R(k)| and m(k) = |[M(k)], the
sizes of R(k) and M(k), respectively, as & — o (These results are all new.) It
turns out that the analysis of r(k) and m(k) leads to some interesting problems in
asymptotic enumeration.

Further results on this problem. including generalizations to arbitrary partially
ordered sets. have recently been obtained by Eriksson [4].

2. PROPERTIES OF UNAVOIDABLE SETS
Lemma 1. [9] The set L(1} U L(2) U L(3) of afl (i, ;) with i +j < 3 is unavoidable.

Proof: To each cell (£, j) assign the weight 2-U*). Observe that:

(i) The total weight covered by pebbles in any reachable configuration is 1.
This is so since the starting cell (0, 0) has weight 1, and a move does not

114 PEBBLING A CHESSBOARD [February
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change the weight of cells covered. i.e..
3—U+H = 2—«:+n+n + 2—u+(j+n[

(ii) The total weight of /! cells in the board is T, ;, 27" = 4.

(i) The total weight of L{1) u L(2} U L(3} is 13/4. Thus, the weight of the
complement of L(3) is only 3/4, and since that is less than 1, cannot
contain all the pebbles of a reachable configuration. Thus, LD v L2y U
L(3) is unavoidable. [ |

However. L(1) U L{(2) U L{3) is not a minimal unavoidable set. The following

result was proved by Khodulev [8]. It was independently conjectured by Martin
Gardner [6]. The proof given here is due to Harold Reiter {14}

Lemma 2. L{1}) U L(2) is unavoidable.

Proof- As before, assign the weight 2=+t the cell (i, j). Observe now that any
reachable configuration C has exactly one pebble on each of the boundaries
{(;.0) { = 0} and {(0, j): j = 0}. Thus, the total weight which C can cover outside
of L(1) U L{2Yis

2-27%+ ) 27 =1

ijzt

itjz}
This implies that if C is to avoid L(1) W L(2), it must cover all these cells, which is
impossible since C is finite. u

However, L(1) U L(2) is not minimal either, as we will see later.

We should observe that for any reachable configuration C, the set of moves
needed for reaching C is unique. Only the order in which these moves are
executed can vary in the different ways of reaching C.

Suppose now that we relax the rules for moves by allowing the replacement of a
pebble at (i, /) by pebbles at (i + 1,) and (4, f + 1} even when these positions
might already be occupied by pebbles. In other words, we allow the accumulation
of multiple pebbles in cells during the process of reaching C. It might be helpful
for this model to imagine that the pebbles first move onto the vertices of an
infinite binary tree rooted at (0,0). Then the 2% yertices in the kth level of the
tree are identified in the obvious way with the & + 1 celis in the kth level Lk} =
{Ci, j¥ i +j = k} of the board 8.

An casy induction argument now cstablishes the following result,

Lemma 3. If a configuration of pebbles (with at most one pebble per cell) can be
reached by moves which allow accumulations of pebbles in cells, then in fact it can
also be reached by the “stundard” moves, i.e., those which do not allow accumu-
lution.

Given a set X C B, we define the set M{X) of moves recursively as follows,
Starting at level O and proceeding one level at a time by increasing levels, perform
the moves required either to remove wff pebbles from a cell in X. or to remove all
but at most one of the pebbles from a cell not in X. Continue through the last
level L{ACX ) containing a cell of X.

Theorem |, X < B is unavvidable if and only if after executing the moves in M(X),
some cell cantains at least 3 pebbles.
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