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Chapter 1

Introduction

intro to computational algorithms and data structures fodeting of molecular models and macromolecular complesas f
PDB

Molecular Solvation Models and Minimal Surfaces

Molecular surfaces of proteins and other biomolecules,often modeled as smooth analytic interfaces separating the
molecule from solvent (an implicit solvation model).

These analytic solvation models are often of high genus avittyriad of interconnected tunnels and pockets with opening
(mouths). All these interfaces are biochemically signntas pockets are often active sites for ligand binding oyeratic
reactions, and tunnels are often solvent ion conductanmeszo

In this talk, we present a general characterization of tlsebeation interfaces and approximately model them as piece
wise minimal surfaces, namely, the solution of non-lindptic or biharmonic partial differential Euler-Lagraagquations
obtained from the minimization of high-order energy funofils.
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Chapter 2

Spatial Occupancy

Molecules are commonly modeled as a collection of atomsessmted by spheres, with radii equal to their van der Wadls ra
Three types of surfaces are de ned based on this repregantat

Probe sphere

VDW Surface \_ 7 VDW Volume

SAS Reentrant patc
/ of SCS

Overlapping regions
SCS and VDW Surfaces

SAS Volume

Figure 2.1: Different molecular surfaces and regions aoavsifor a 3 atom model in 2D. The SAS is the locus of the center of

the rolling probe sphere. The VDW surface is the exposedruoigpheres representing atoms with their van der Waals radi

and contains the VDW volume. The lower side of the rollinglpgale nes the smooth SES which contains parts of the VDW

surface and reentrant patches. The region between the SNB@BES is de ned as the SAS volume, and the region between
the SAS and the VDW volume is refered to as the SES volume.

van der Waals (VDW) surface.The surface of the set of spheres is known as/ireder Waals surface

Solvent Accessible Surface (SASProteins do not exist in isolation, but commonly found inuians, especially water. The
Solvent Accessible Surfa®@AS) is de ned as the locus of the center of a solvent problg.( a water molecule) rolling along
the VDW surface of a molecule [57]. If water molecules are gled as spheres with radias 1.4 A, then the SAS of a given
molecule can be found by increasing the radius of each ataimainmolecule by 1.4 A, and taking the surface of the set of
in ated atoms.

Solvent Contact Surface (SCS)The VDW surface contains too many internal atoms and patehésh are not accessible by

the solvent, and the SAS contains regions that should bep@tby the solvent. Thus both these surfaces contributar¢e |
errors in biomolecular energy computation. In order to ogate this drawback, Richards [66] gave a de nition for mallec
surface as a set of contact and reentrant patches. A proEnsasphere, rolling over the atoms of a protein de nes aaegi

in which none of its points pass through. The boundary of ¥hisime is continuous and de nes a new molecular surface.
This surface is composed of convex patches where the prolsbéds the atom surfaces, concave spherical patches when the
probe touches more than 2 atoms simultaneously and tongédethes when the probe rolls between two atoms. This sudace
commonly known as th8olvent Contact Surfa¢€CS), orSolvent Excluded Surfa¢8ES), or_ee-Richard4LR) Surface, or
simply the Molecular Surface. The major drawback of SCS & tusps created by the self-intersection of the rollindpro
cause singularity during energy computation.
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convex spherical patch patch

concave
spherical patch

Figure 2.2: 3D image showing the decomposition of SCS intetifferent kinds of patches: convex spherical, toroéhal
concave spherical.

Figure 2 shows the surfaces described above for a 3 atom éxampa 2D cross section, and Figure 2 shows the different
types of re-entrant patches on an SCS.

See Appendix A for further details about structure of bioacoles like proteins and RNA.

In Section 2.1 we introduce different ways to model the VDWSSand SCS surfaces of molecules. Sections 2.2 and 2.3
describe two different algorithms to produce such represems. Section 2.4 and 2.5 presents techniques to maititai
surfaces under dynamic change of radii and atom movementsS&ction 2.6 discuss multiresolution models of molecules

2.1 Surface Representations

2.2 Molecular Surface using Voronoi-Cell Complexes
2.2.1 Atom Boundary Patch as a Trimmed NURBS

The representation we use for molecule (property) surfacadoundary representation. Two classes of informatieruaed:
(a) geometric description of each patch, (b) topologidakiens amongst the patches. We maintain the following siatectures
related to the molecule.

1. The weighted Voronoi diagram [4, 53] (power diagrdinpf the molecule atom centers (the weights are the squares of
the atoms radii).

2. Aregular triangulatiod (dual of the power diagram) of the same set of weighted paisia [37].

3. ANURBS patch per molecule atom.

We have selected NURBS as basic modeling primitive [55]. &wmm@ppropriate choice of parameterization we obtain
a single trimmed NURBS for each atom's external surfacerdmrton. Each such patch is the intersection of one sphere
(representing one atom) with the exterior of all its neigtiig spheres. Consider the intersect®n R of a spherical surface
S=fx:kx Xk = rOgwith the external of sphef®= fx:kx x;k rlg. There always exists an halfspgze fx:(x 1) dg
such that:

S\ R= S\ p:

For each atom we can reduce our patch representation problra intersection of a sphere with a set of halfspaces. The
union of balls model [35] provides the equation of each Ipalé® intersecting one atdmNote that, since we use a parametric

1Given the Voronoi complex of the weighted centers of the ke atoms, the halfspaces whose common intersection afesehe Voronoi cell of the
atomB are those with whicls= 1B must be intersected.
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representatio®= f(u;v), we need to compute the domdnin (u;Vv) space such thdt(D) = S\ p.

To have an ef cient representation we want to obtain only BiWRBS patch per atom. Moreover, since we will use this
formulation to achieve a representation of the surfacemandc in the radii of the atoms we need a formulation that snap
continuous modi cations of the radii into continuous modtions of the domaib. This is not achieved with the classical
NURBS sphere representation as a rotational surface off@ihek [65] since there are two points (north and south pofe
the sphere that are the image of two lines in the parameteaitofsayu = 0, u= 1 if the interval of theu domain is[0; 1]).
This implies that when the boundary plangmoérosses one of the poles the corresponding trimming curtreeifu; v) domain
would have a discontinuous change in shape.

Without loss of generality we assume ti#as the unitary sphere. The parameterization we adopt isitenfing (see [13]):

« = 2u
TRV
2v
Y = grerl (2.1)
v+ 1
ST RV |

This parameterization maps the (in nite) rectangular doma
[ ¥;+¥] [ ¥;+¥]

to the unitary sphere. Note that in practice we do not dedl &t in nite domain since we do not represent an entire sphere
but only one spherical patch. In particular assume that wecansidering the intersectid® of the unit spherés with the
halfspacez d (with a rigid body transformation and a scaling we can alwagkice the rst intersection to this case). We
determine a positive constdnsuch thalS  f(l), wherel is the square domain |;+1] [ I;+1]. Ianhe parameter domain

this corresponds to the conditi@ |. The minimum value of that satis es such condition is= %g. Regarding the

numerical stability of the method it is important to notettfa d = 0:999 we get = 44:710:::. Even wherd is much larger
than a realistic value, we still deal with a small domain oagi

The next step is to determine the doma&in At this end we simply replace the parametric equations) (@ the of the
sphere to the variables in the Cartesian inequality obtaining the Cartesian inequality de nirigy

w+v o1 ) )

Thus the domai is a disc with center in the origin and radiusNote that a variation ofl corresponds to a scaling Bf, that
can be performed by simply scaling its control polygon (ca®d8JRBS representation is de ned for the trimming curvé)f
For any additional cutting halfspage: ax+ by+ cz d we have:

(c d)u’+(c d)V2+ 2au+2bv (c+d) O (2.3)

If the planeax+ by+ cz= d contains the singular point of the parameterizatton ( 0;0;1) thenc= d. In this case the
trimming curve is the straight line:

2au+ 2bv (c+d)= 0: (2.4)
The domairD must be intersected with the half-plare.2 2bv (c+d) 0.
If ¢ d6& 0 the trimming curve derived from (2.3) has Cartesian eguati
b ., &+b’+c? d?
i (c d)2
In general we note that all the trimming curves are circlesgbly with in nite radius) so that the regidh can be modeled as
progressive intersection/difference of a sequence ofesiraCorresponding to the cutting halfspacef n%rrrilized equation

(2.5)

a \2
(u+ ﬂ) +(v+ c

ax+ by+ cz d, witha?+ b?+ ¢?=1, we have in parameter space a citClef center(%3; %) and radiuscl—ddz. The region
de ned by such circle (inside/outside) depends on the sighe@termc d. Forc d< 0P=(0;0;1) is insidep and hence
the points of the plane at in nity are included in the regimesponding tg. That isp is mapped onto the outside ©f This
requiresC to be parameterized with a clockwise orientation. Symroalisi c+ d < 0 implies thatp corresponds to the region

insideC and henc€ must be parameterized with a counterclockwise orientation
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2.2.2 Solvent Accessible Surface

In this section we discuss the representation of the solrecessible surface of a molecule. Since we are represehtng
molecule with a union of ballB , in the following, with some abuse of terminology, we willllcB both the molecule or the
union of balls. Similarly each single ba@lwill be called either a ball or an atom.

Assume we have a baB of radiusr (a solvent atom) free to move in space without intersectirggunion of ballB (a

molecule). We say tha@ is in alegal position if its interiorB does not intersed .

De nition 2.2.1. Thesolvent accessibleurface § of the union of ball88 relative to a solvent atom B of radius r, is the locus
(envelope) of the centers of the spheres with radius r tantge® .

(@ (b)

Figure 2.3: TheHIV-2 PROTEASKa) and one solvent accessible surface (b) for the same aielec

From [35, 36] we know tha%, is the boundary surface of the union of bal¥ that has the same set of atomsBasut
with all the radii increased by (see gure 2.3). On the basis of this property we can achiepeesentation db; parametric
inr. Forr = 0 we obtain the van der Waals surface of the moleflde Varying the value of we get the accessible surfaces
of different solvents.

LetV92 V %be the convex cell corresponding to the AR B  VVis the intersection of a set &fhalfspaceo\ :::\ py.
The the contribution oB to the boundary oB (the surfaces, for r = 0) is given byfB\ pi\ :::\ py.

Now assume > 0 and consider the spheB8in B °corresponding t® in B . The contribution oB%to S, is computed by
intersectingB°with the same set of halfspace§ :::; pQ.

To compute the trimming curves in the parameter sface) of the NURBS patch representirfi39\ pf\ o\ pfo we
apply a mapping that transforr@Sinto the unitary balB,. Under this mapping the variation ofcorresponds to have a xed
(unitary) radius balBy intersected with a set of varying halfspaces. FormallyéfallB°and one halfspage®have equations:

BC: X+ y+72 R
p°: ax+ by+ cz+d 0

we apply the coordinate transformatios RX>y= Ry’ z= RZto mapB°to By:
By: X+ y2+ 2 1
p°: adl+ byP+ cP+ % 0

The change of the radiu®of B°to R+ r is hence mapped in normalized coordingt€s/® 2 to the change of the parameter
% of the halfspac@®to %. This means that the equation of the trimming circles carebeitten, including the parameter
as:

24 124 2 d y2
b a+ b +ct (gr)

d
(¢ g)?

a
5 )2+ (v+

d
RHT C mr

(u+ )%= (2.6)

C
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Peerr
that is a circle of centef—42—; —db—c) and radiug = %. To maintain the description of the domdihwe have
Rfr R+r
to maintain a 2D dynamic ‘union of balls that is equivalent imtain a weighted Voronoi diagram of moving points in the
plane [43, 6].

Note also that the coef cierd of the plane equation is also functionrfin fact as the radius of each ball is increased by
r the Voronoi plane that separates two balls moves towardrttadler one. An example is shown in gure 2.4. The distances
I1;1> of the Voronoi plang from the centers of the two balls must be such that the povetauties op are equal, that is:

Moreover the sum of two distances is constant (the two batia/ gput do not move):
1+ =1

From these two equations we get fpiso:

2 2_ 2 2
T ri=(l 1) r3 ) =
Whenr; changes to; + r andr, changes ta, + r we have:

ri rp
9= I, + ——=r
1717

TN
; AE \(\,__/ ¥
"—
ot
\H-u.__

5 s
= S iRl 5 H ’
g " ! ¥
] ] “-‘___E__,—"”
L L :
- -y —es -
i
l ' L
[ S :.... .............................. -
]
I e e esmemssanaaann S -

Figure 2.4: As the radius of the two balls is increased by Mirenoi plane that separate them moves towards the smailller b

2.2.3 Rolling Ball Surface

In this section we extend the method to achieve an exact NURB®sentation of the rolling ball surfaBeof a moleculeB .
The goal is to achieve an intermediate stage toward to agtiin the solvent contact surfae de ned in the next section.



14 CHAPTER 2. SPATIAL OCCUPANCY

In Figure 2.5 is shown the Fullerene molecule along with tetvent contact surfaces corresponding to two differentesut
radii.

We assume to have a b8lbf radiusr (the solvent molecule) which is free to roll along the uniéballsB (the molecule).
The union of all the ball8 (moving tangentially td in all the possible directions) is a region whose outer espektrictly
contains (ifr > 0) B and whose inner envelope is tangenBtqsee [9]).

) (b) (c)

Figure 2.5: The Fullerene molecule (a) and two solvent arirstiarfaces (b),(c) corresponding to two different solveuii.

De nition 2.2.2. Therolling ball surface $ of the moleculd with respect to a ball B of radius r is the inner envelope of the
region described by B rolling oB in all possible directions.

The close relationship between the solvent accessiblacieind the rolling ball surface is evident from this de oiti

Proposition 2.2.1. (Necessary Condition) If a point p lies on the rolling baliface $ then it lies also on the boundary of a
ball B with center on the solvent accessible surfage S

PROOFE By De nition 2.2.2 whenp 2 S there exists a baB of radiusr such thatp2 1B, B\ B 6 0 andB\ B = 0. But if
the centenq of B does not belong t&, either
B\B=20

or
B\B &0

u

Using the regular triangulatiol ° associated wittB ®we can de ne the set of patches composiig First, recall the
relationship betweefiT ®and B

each vertex of T ®corresponds to a spherical patchfts ¢
each edge of T °corresponds to the intersection line between two adjagémrical patches of B ¢
each trianglé of T °corresponds to the intersection point between three auljapierical patches ¢fB °

We base the construction of the rolling ball surface on tipesperties. Using Connolly's terminology [27] (as we wdkér
see that the solvent contact surface is a subset of thegdihii surface) we have (a) each verteaf 1T °corresponding to a
“convex” spherical patch i%, (b) each edge of 1T %corresponding to a “saddle” toroidal patchSn and (c) each triangle
of T %corresponding to a “concave” spherical patclsin The de nitions of these three kinds of patches are repdrtete
following three sections.

“Convex” Spherical PatchesConsider the spherical patetwith radiusr + ry of B ®associated with the vertex(see
gure 2.6). It represents a moving solvent ball that mainsagontact withf/B at a pointp. The surface described by the point
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p is in turn a spherical patch of radiugpart of B ). It can be computed from the power diagranfi@ . Call B the ball (of
radiusry) of B with centerv. It contributes the patclfiB\ pi\ :::\ pk (that is the Voronoi cell of7is p;\ :::\ py) to 1B .
The ballB contributes the patcfiB\ p;\ :::\ pxto &, wherep; is parallel top; but nearer tov. Without loss of generality we
assume to be the origin(0; 0; 0) andp; to be orthogonal to theaxis (with a rigid body transformation we can always achieve
this situation). The halfspagm isx d and the halfspace; isx d where:

dr1
(r+ra)

We can so determine any halfspggeorresponding t@; and hence/B\ py\ :::\ py.

=

N

Figure 2.6: A solvent atom of radiusthat rolls on the molecule surfa& maintaining its center on the solvent accessible
surfaceB @ Its point of contact wittB belongs to the solvent contact surfake

“Saddle” toroidal patches

A similar argument holds for saddle toroidal patches. Weference to gure 2.7 we consider the edgef T %with
extreme vertices; andv,. The edge corresponds offB °to a (portion of) circlee of intersection between two adjacent balls
B1\ 1B.. Thus, itis possible to roll a solvent ball, moving its ceralong the are.

If the edgee is not a facet of any triangle dfT °thené€’is an entire circle. The ball that rolls maintaining its @smine
describes a torus. We are interested in just a portion $E. Consider the planp of the Voronoi diagram on which lies.
Applying the procedure speci ed in the previous section wempute two planep; andp, by translatingo towardsvy andvy,
respectively. The intersection §fE with the region withinp; andp, generates two toroidal patches. The one nearest to the
torus axisviVz is the toroidal patclE that belongs t& .

Figure 2.7: (Left) A solvent atorB of radiusr that rolls on the molecule surfad maintaining its center on the solvent
accessible surfacB °and two points of contact with two molecule atoms. The paorti6 circle of B that belongs to the

triangle with the three verticeg,v, center ofB, belongs to the rolling ball surfac®. (Middle) The toroidal NURBS patches
of the rolling ball surfac& of the caffeine molecule. (Right) The toroidal NURBS pa&b€&S shown together with the union
of balls.

If the edgee is the arc from point; to pointt, then the toroidal patch associated wilis the portion of the patck
intersected with two more halfspaces. Gafli;Vvo;Vvs;Vvs) the halfspace that containsg; vo;v3 in its boundary andy in its
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interior (with vy;vo; v3; V4 af nely independent). The toroidal patch corresponding e (see gure 2.7):

E \ p(vi;vaitiito)\ p(va;vaitaita):

“concave” spherical patches

Figure 2.8: A solvent atom of radiugangent to the molecule surfaBemaintaining its center on the solvent accessible surface
B %and three points of contact with three molecule atoms. Thiguoof B inside the tetrahedron with verticegv,, v, center
of B, belongs to the rolling ball surfac®.

Finally, consider the trianglieof 7T Owith verticesvy, v», andva. It corresponds to the poifin 7B 2 In this case we have
a solvent atonB with no degrees of freedom (it cannot roll since its centexrésl in t). The contribution oB to & is thus
given by:
B\ p(vi;va;t;v3)\ p(va;vait;va) \ p(va;va;t;vy):

Figure 2.9: Complete Connolly surface of a caffeine molecul

Figure 2.9 depicts a complete solvent contact surface (arsapof the rolling ball surface) of the caffeine moleculghw
the concave patches highlighted in purple.

2.2.4 Solvent contact surface

In this section we extend the method to achieve an exact NURRB&®sentation of the solvent contact surf§¢€also known
as the Connolly surface) of a molecBe The surface is de ned as follows.

De nition 2.2.3. A point p belongs to thseolvent contacsurface $ of the molecul® with respect to a solvent with atoms of
radius r iff:
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there exists a legal ball Bof radius r that contains p in its boundary:

9B;jp2 TBiandB1\B =0 2.7
there is no legal ball B of radius r that contains p in its interior:

B2\B =10 ) p 682 (2.8)

The close relationship between the solvent contact sueadehe rolling ball surface becomes clear from this deaniti
Proposition 2.2.2. If a point p lies on the solvent accessible surfag¢h®n it lies also on the rolling ball surface .S
PROOFE The proof can immediately be derived from the comparisaheafition 2.2.2 with de nition 2.2.3. Further, from this
follows that lemma 2.2.1 holds not only f&, but also fors. u

The problem that remains to be solved is the removal of (ptesielf intersections that the rolling ball surface migate,
and that make it differ from the solvent contact surface §alassi cation of the classes of self-intersection thayroacur
see [9], gl). This problem can be geometrically highligtheven with a set of two small balls along which a large radiobe
is rolled (see gure 2.10). In this case the blending surfadermed by a toroidal patch that is self-intersecting.

@
(@) (b)

Figure 2.10: (a) The rolling ball surface (in green) with alpe of radius 10 on two spheres (in red) of radius 1 is a self
intersecting surface. (b) The corresponding solvent abistarface has no self intersection.

To show the same problem for the concave patches at least shteeres are needed. Figure 2.11 shows three possible
con gurations of the solvent contact surface for a set oé¢hipalls. From the picture it is clear how complex the shapegea
(with sharp features, varying in genus and possibly diseoted) even for a simple con guration of three balls.

In the following sections we will show how the patches of thkimg ball surface can be trimmed to get the exact represen-
tation of the solvent contact surface. As for the previowseaae will report a brief sketch of the proof of correctness.

Convex PatchesThe convex patches of the solvent contact surface are gxaetlsame of the rolling ball surface. This
derives immediately from the following:

Proposition 2.2.3. The solvent contact surfacg & the moleculd® is completely included within the region betweff® and
1B © where{B Cis the corresponding solvent accessible surface.

SinceS; does not intersect the interior Bf there is no nee to further trim the convex patches since thkng toB .
Toroidal PatchesFirst of all, we exclude the possibilities of two toroidaltplaes intersecting each other and of a toroidal
patch intersecting with a concave/convex patch.

Proposition 2.2.4. Given two toroidal patches,Tj (with i & j) their relative interiors are disjoint:

Ti\Tji=0

Proposition 2.2.5. Given a toroidal patch iTand a concave (convex) patch,@neir relative interiors are disjoint:

Ti\ Cj=0
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(CY

Q‘v

(b)

(©

Figure 2.11: Three possible con gurations of the solvenitaot surfaces and rolling ball surfaces for different iradlithe
solvent and molecule atoms. On the left the self-interagatlling ball surfaces are shown. On the right the corragpt
solvent contact surfaces are shown (without self-int¢ises).

R 2
-
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From the two previous lemmas we derive that one toroidaltpatm intersect only itself. This happens when it can be
constructed as rotational surface of an arc of circle ar@amalxes that intersect the arc (see gure 2.12). For each@ating
around an axi§intersectinga we must remove that portion aflying on the “wrong” side of. In this way we compute the arc
a%(a disconnected subsetafwhose rotational surface arouhtias no self intersection as in gure 2.10.

/ \ \'x ; / \

@) (b)

Figure 2.12: (a) The ar@rotating around the axéslescribes a self intersection portion of torus. (b) Thesrotating around
the axed describes portion of torus with no self intersection.

Trimming the Concave Patches
First of all, we exclude the possibility of a concave patdeisecting either itself or a convex patch (we already kritat t
it cannot intersect a toroidal patch).

Proposition 2.2.6. Given a concave patch @nd a convex patchCtheir relative interiors are disjoint:

Ci\ Cj=0
Proposition 2.2.7. One concave patch cannot intersect itself.

As show in Figure 2.11 two distinct concave patches cangetgreach other. Since each concave patchis a portion aksphe
we have to deal again with a sphere-sphere intersectiongmmolbience we can simply maintain the regular triangulaticthe
centers of the concave patches (in this case all the weightscual) so that we have all the relation of reciprocal seetion
between concave patches. It has been shown in section Ba thé intersection between each pair of spheres is mapykd t
insertion of an additional trimming circle in the domain spaTaking into account the intersections between paireotave
patches, we must add some trimming circles to the domainaabf eoncave patch to obtain the result of Figure 2.11.

2.3 Molecular Surface Computation using Adaptive Grids

An algorithm to compute the molecules SES and other relatedegties is presented, which provides an accurate surface
de nition and ef cient representation for operations réea during docking.

The algorithm uses an octree based subdivision scheme pdiselg improve the resolution of the representation nbar t
surface. The surface itself is approximated as a level ses@fned distance function computed based on values adsagtiee
gridpoints.

2.3.1 Signed Distance Function based Family of Surfaces

We de ne a volume functior and use its contours to provide a family of molecular sudacgonsider the union of atoms
of the moleculd B. In ate each atonb in this set by the probe radius (solvent radigys}o give the new complekB,,,. Let
its boundary bé&s. Let F de ne the signed distance function 88, such that the interior (closer to van der Waals) is given a
positive sign. Let all regions within the atom (see [84] ferrdtions) be given a constant positive high valHe

Observations and lemmas:

Isosurfaces§ with isovalued :0 | H form a family of surfaces.

G = S, as de ned by Lee and Richards, is the SAS of the molecule.
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Figure 2.13: (a)The Molecular Surface de ned as the contbardistance of, away from theSsas towards the atom centers.
(b)3 atoms showing different surfaces and regidhgas dark blueVsag pink, Sses red,Vseg light blue, Sypw: yellow and
Wpw: green

S, is the SES.
Sy y isthe van der Waals surface.
fx:0 F(X) Hgde nesavolume exclusion function, which can be conventenise in electrostatic computations.

The regionfx: r, F(X) rpg has a high probability for the presence of surface atoms gbteim docked to the
current one.

The above observations point to the obvious advantagesng ssch a de nition for our molecular structure represénta
for docking. Let us further examine some of them in detail.

Gs = §isthe SAS, andh, is the SES: By de nition of the SAS, it is the locus of the cerdéthe probe as it rolls over the
spherical atoms of the protein. But it should be noted thagttid based de nition also includes holes, which may be resdo
if necessary. The SES surface is always de ned by pointsemptbbe. It is in fact the boundary of the region accessibénto
part of the probe radius. Hence, it is always at a constatdrtis ofr, away from the locus of the center. Therefore, our third
observation follows. Again, holes are included in our déiom and need to be removed if required.

fx:0 F(xX) Hgprovides a volume exclusion function: Volume exclusiondiions are used in setting up dielectric
constant for electrostatic computations. The twin requésts of smoothness at the boundary and accuracy in modhing
SES are not met by many of the de nitions in practise today. @unition is provides a “suf ciently' smooth function atmd
the SESFE is smooth in the radial direction), and contains the SESiwith

Isosurfaces § with isovalues 1 : 0 | H form a family of surfaces

At the extremes isovalues, we have the SAS and the VDW sugfacel the SES lies in between them at an isovalug.of

Interface of docked ligand is in the region fx: rp F(X) rpg:

For good shape complementarity, as observed in docked esxaglatoms of the ligand must lie close to the surface of
the protein. The above “skin' de nition provides a funct@dmepresentation for such a region, as it de nes the regibare a
probe sphere is in touch with the protein.

2.3.2 Notations

Let the moleculeM is represented as a collection of atoMand each atom is represented using a centand radiug;. Let
the radius of the prove used for de ning the Solvent accéssibrface (SAS) and Solvent excluded surface (SE$)be



2.3. MOLECULAR SURFACE COMPUTATION USING ADAPTIVE GRIDS 21

Figure 2.14: Quadtree, a 2D analog of Octree. The root repteghe largest square. Children of a node represent the fou
sub-squares of the parent square (nodes are ordered lgfhtp corresponding to sub-squares ordered clockwiséirayaat
top-left)

Let us consider a gri@ in which the molecule is embedded to have a maximum and mimigmid spacinghmax hmin- Let,
| be the length of the maximum side the molecule. We assumgthat= 2Xhimin andl = Nhy,in. For each grid-cely 2 G, let
dist(g; p) be the shortest distance from an arbitrary pith any point org. See notes at the end of this chapter for details.
Also, letSypw represent the van der Waals surface of the moleculd/pg be the volume enclosed ISypw. Similarly,

we de neSsas VsasandSses Vses

2.3.3 Adaptive grids octree

An octree is a spatial decomposition data structure for 3dsions. It is a special case okal tree withk = 8. The entire
volume (usually uniform cube) is represented by the roohefdctree. Every nodg of the octree has no children or exactly 8
children, corresponding to the 8 sub-cubes formed by hisgtiie cube represented hyalongX, Y andZ axes. If a node has
no children, then it is called a leaf. See Figure 2.14 for a 2&ngple.

Hence, instead of havin@(N®) grid-cells, we can only ncrease the resolution near regidristerest, namely near the
surface of the molecule and have a coarse-grained grid letsevjoutside the molecule and inside the VDW surface).

To facilitate the computation disgs Sypw etc., the adaptive grids is de ned as an augmented octreerendach cell
(node) and each gridpoint (corners of cells) contains satdéianal information as listed below.

Grid-cells: The following are stored at each grid-cgl2 G-

— Whether it belongs t&/pw or Ssas
— Alist of atoms,Aypwj8A; 2 Asas: dist(g; i) i
— Alist of atoms,Asad8A; 2 Asas: dist(g;ci)  (ri + rp)

Grid-points For each gridpoinp

— Whether it belongs t pw, Vsasor lie outsidevVsas
— Alist atoms,Bypwj8A; 2 Avpw : dist(p;c) T
— Alist atoms,Bsag8A; 2 Asas: dist(p;ci)  (ri+ rp)

— A signed distance valug denoting the shortest distancepfrom theSsas
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2.3.4 Algorithm sketch

The algorithm iteratively classi es the grid-cells anddypoints and then computes the signed distance vatl)es (

Initialization:

1. Create a grid with uniform grid-size fyax

Create corresponding octree.

Mark all cells as belonging to neith8ypw nor Ssas
Mark all gridpoints as outside ¥as

o~ Db

Assignd = ¥ for all gridpoints.
Insertion: For each atordy, 2 M

1. Insertd into G by locally updating pointp 2 G as belonging t&sasor W pw- If p belongs toA/pw, setd = ¥.
Re nement:

1. For each celj2 G, determine whether it is a boundary cell.

2. For all boundary cells intersected by more than three st@ubdivide recursively and classify the subdivided
vertices and cells.

Computing Sses For each gridcelty 2 G classi ed asS,pw

1. For each poinp aroundg belonging toVsas nd the closest distancd of the pointp from the Ssasboundary.

2. Use level sets of the signed distance function de ned leyctlvalues. See Section 2.3.1 for details of the signed
disance function based family of surfaces.

Each step of the algorithm is explained in greater detath@following sections.

2.3.5 Algorithm details
Vertex classi cation

For any gridpoinp, if dist(p;ci) ri thenp is classi ed as belonging to thé,pw, and ifr; < dist(p;c)  (ri+ rp), thenp is
classi ed as belonging to thésas The listsBypw andBsasare also updated. Note that, vertices classi ediasy are xed
while vertices markeWsascould become markéd, pw with the insertion of new atoms.

We use the method described by [3] for sphere-cube intéoseigists. The cost of this insertion is linear in the number o
atoms and cubic in the resolution of the gri(Mh3,,..).

Cell classi cation

We examine the classi cation of the eight corners of eachafethe grid. If some vertices are classi ed ¥gpw and others
are not, then mark the cell (and the vertices) as belongigyt@. Otherwise if some of the vertices are classi edvgasand
some other vertices are classi ed as outsidgs mark the gridcell (and the vertices) as belongin@éas Update the lists
Avpw andAsas This operation is linear in the number of cells of the gBigN  1)3).

Adaptive subdivision of Sgas

Each boundary celi which contains more than three atoms contributing to it ledétided up to a user de ned resolution. We
classify each subdivided vertex using the atomadnsof g, as belonging to the interior of thgasor not. Using a technique

similar to obtain boundary cells, we generate a list of neuhdary cells in the subdivided cells. The maximum cost i&f th
operation iSO((N  1)3(hmax=hmin)3), although the average case cost should be much smalleryashertboundary cells are

involved.
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Figure 2.15: An adaptive subdivision of the input grid. IistBD gure, we have subdivided quads with more than 1 SASHpatc
as an example. In the gure, brown and greed lines de ne thaldary of atoms without and with solvent enlarged radiug Th
cells belonging t&sasare colored light green and the cells belongin@gew are colored light brown. Gridpoints belonging
to Vovw andS,pw are colored red. Gridpoints belongingMgasandSsasare colored blue (these are used $& Sestimation).
Gridpoints belonging t&sas but outside o¥/sasare colored green
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Computing d

For each gridpoinp in VsasandSy pw, search all cells belonging ®asaroundp for the shortest distanagfrom p to theSsas
For cells with only one intersecting atom, the exact distainomp to the spherical patch @sasin that cell is computed (see
Section 2.3.6 for details). On the other hand, if a cell cmistanore than one atom (and is hence subdivided), we justhteke
minimum distance from the center of all the subdivided aefl &is the distance of the spherical patch in the cgll.tdhe cost
of this search will vary as, the number of boundary van der Waals cells in the volume la@@c¢curacy desired (as provided
by Nmin).

2.3.6 Spherical Patch Intersection

Let us de ne a sphere as having a center fcy; cy;C,g and radius. De ne a cube with pointsy;::;ag. The following
computations are applied for each gridpaniff dist(a;;c) r.

Intersection of sphere and face of cube

The intersection is always arc(s) of a circle. We will corsidnly a face parallel to the xy plane. Other cases shoulo\ol
similarly. The point of projection of to the plane containing the faced$= f cx; ¢y; z coordinate of face  g. This point is
the center of the circular arc. The radius using Pythagbresrem is r2  dist(p®c)2. The intersection points on the edges,
if any, is now computed by intersecting this circle with threlcontaining the edge, and checking whether the pointsitién
the edge.

Shortest distance of point to a circular arc on the same plane

Lemma Given a circular arc with centef, radiusr and endpointg,, p, and a poing on the same plane, lép = dist(q;c9,
d; = dist(q; p;) andd; = dist(qg; p,). Then, the shortest distancefo the arc is de ned as follows-

If the point is inside the in nite sector de ned by the arcetihthe shortest distance is : dj.

Otherwise, the shortest distancesn(dy; dy).

Shortest distance of point to a spherical patch inside a cube

The spherical patch is bounded by circular arcs on the fattseccube. Consider the circle a boundary arc is part of. The
centerc of the sphere and this circle will form an in nite cone. Hertbe collection of boundary arcs form a collection of
in nite cones.

Lemma The shortest distance of a pomto a spherical patch in a cube is:
Point is inside each of the in nite cones. The shortest dis¢ais :r  dist(p;c).

Otherwise, the shortest distance is the minimum of the sbbdistances of the point to each of the bounding arcs.

2.3.7 Complexity

For M atoms (including® boundary atoms), smallest grid spacimggrid lengthN, VDW radiusr and solvent radiusy, the
timing complexity is

SDF initialization: O(N?3)
Insertion of atomsO(M(z(Lhrp))%
Boundary atom detection:

— Uniform grid traversal O(N3)

— Sphere traversaD(M(z(Lhrp)P)
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— Octree traversalO(log(N®)B)  O(log(N3)M)

Patch voxel distance computatida(M(z(Ltf"))GC), C is cost(dist(patch, voxel))

Isocontouring for visualizatior®(N3)

2.3.8 Self Intersections in Patch Complex Model

A patch complex (consisting of convex, concave and torgdéthes) can be derived using our adaptive grid structud S&s
sphere intersection enumeration. But the patch complemasvk to have problems of bad intersections. According tanem
3,4,5, 6 and 7 from Bajaj et al [15], there are only two pogsgdlf intersections that occur in the commonly used roltialy
model:

A toroid can self intersect with itself (Figure 10(a) in [15]

A concave patch can intersect with another in the case of a8 atodel (Figure 9 in [15]).

In gure 2.16, we show the surface computed when two atompersent, and moved close till they form a single surface
patch. In the case of surfaces computed from the rollingtbaliiel, we would instead get a self intersecting toroidatipat
when the gap between the atoms becomes smaller than thetdiashéhe probe radius. This can be computed by looking at
all pairs of intersecting SAS spheres, which is alreadymineour adaptive grids. To examine the intersection of twacawe
patches, we look at the three atoms model as shown in guré. ZAgain, we get similar results compared to [15]. This case
occurs when there are three intersecting SAS atoms, andecanumerated by our grid.

Co 09

(a) The toroidal patch is disjoint and there is no self (b) As the atoms come closer, a well de ned
intersection. toroidal patch is created.

Figure 2.16: The solvent excluded surfaces of two atomsihwtidene closer.

(@) The 2 concave patches are disjoint and (b) As the atoms come closer, a well de ned (c) At mutually closer distances,
there is no wrong intersection. patch, similar to the approximations in [15] the topology changes and the cen-
is created. ter hole disappears.

Figure 2.17: The solvent excluded surfaces of three atoncvdome closer.

2.3.9 Operations Supported by the Adaptive Grid

1. Surface atoms detection
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Surface atoms are de ned as those within a certain distarwa the Molecular Surface. To obtain these atoms, we
rst compute the Molecular Surface. Next we search locattlyumd each atom to nd the distance of the atom from the
surface. This operation is linear in the number of atoms aricdn the resolution of the grid.

2. Population of skin region

We de ne the skin region of one molecule as the region belog¢p the probe as it rolls on the surface, and de ned as
Solvent Accessible Surface 2 Voluméspg). We de ne the skin implicitly as a set of spheres packingrégion. The
packing density is itself chosen to approximately equaptheking of the atoms belonging to the molecular surface. The
region is de ned over a trilinear grid in which the molecuseémbedded. The grid spacihgs chosen to preserve the
features of the molecule. Assuming that the interatomitadie is 1, we can usé = 0:5. By nding the boundary
vertices of theSAS we can obtain potential centers for the skin spheres. Aipgadgorithm decides, based on the
packing density required, if a potential center should aorén atom or not.

3. Area volume computations

We use primal contouring to de ne the surface and volumese atea under the surface is approximated by piece-
wise linear elements of the isocontour. The volume is apprated by the volume enclosed by that piecewise linear
approximation. This cost is linear in the size of the grid.

4. Curvature and normal computations

These differential properties are computed using a two gtepess. Initially, when we propagate the distance from
the Ssas we also store whether the nearest patch is the intersestione, two or more spheres. In each case, we
can analytically provide the answer to the curvatures. kanmle, for a sphere with radiusthe Mean and Gaussian
curvatures are 1=r and %r? respectively. In the second step, we compute the derisatioen the isocontour. At points
where the two vary signi cantly, we choose to keep the valteyed by the differencing scheme as the signed-distance
algorithm used is only an approximation.

2.3.10 Sum of Gaussians (SoG) based approximation

The adaptive grid is also used to compute a sum of Gaussigexamation to the Molecular Surface. A base uniform
grid is used to compute the Fourier coef cients of the atomtees and the kernel function using a non-equispaced fasidfo
Transform. The summation is evaluated at points aroundutiace chosen from the adaptive grid. For details of thiswtigm,
kindly refer to the technical report [14]. The cost of thealthm, for M atoms,N output pointsn Fourier coef cients and a
accuracy requiremerstis:

Lemma For tensor product kernels with Fourier coef ciedg, the number of coef cients needed is at most:
im (102
n=min(A) : & (Kw)? ;’—p W(%)Z,wherev is the integral of the kernel froffy 0:5::0:5]°.
w2lg

Lemma For tensor product kernels whose Fourier coef cients dextdgast inversely with frequency, the number of
coef cientsn needed iO(M=e332).

Lemma The fourier coef C|ents of aanu33|an functien®® decay as the inverse of the frequemzy

Gw max—%—,zperf(pp—) e3p352,4 pze'Be_(l’;ﬂ =; (w 2). The truncation of the Gaussian can be expressed as

convolution with aﬁsync function in Fourier space. HenceRbarier series coef cients of the truncated Gaussian fonatan
be now written as¥ P ge p2t2=Bsin(2pW):(2pW t)dt. We then bound the sync function with a polynomial and irdég by

parts to obtain the result.

2.3.11 Results

Region classi cation and construction of molecular surfac es
Before we provide timing, geometric and functional projgariand skin, surface regions, we present the results of our
classi cation and signed distance function on a 3 atom madeure ??. Using a relatively high resolution grid of 128wve
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classify grid points depending on the volume and surfaceirt of, giving priorities of surface class over volumed &&S
class over other surfaces. The gure is a 2D cross sectiornvofuame rendering of the classi ed volume.

The Solvent Excluded Surface
The solvent excluded surface is obtained as an isocontdlivaiue equal to probe radius. In gure 2.18, we show colored

visualizations of four different molecules.

(a) An acetylcholine esterase (1C2B.PDB). Itis shownin (b) The nicotinic acetylcholine
its tetramer form. Each unit, containing 4172 atoms each, receptor with over 14,000 atoms

is colored with a different color. (2BG9.PDB). It has 5 chains,
shown in different colors.

(c) The large ribosomal subunit (1JJ2.PDB) has almost (d) The tobacco mosaic virus, a helical virus
100,000 atoms. The main RNA chain (in brown) and (1EI7.PDB). The repeating subunits, each contain-
other chains are shown. ing 2806 atoms, are shown.

Figure 2.18: The solvent excluded surfaces of four differeolecules.

Family of surfaces

In gure 2.19, we show four different surfaces computed fritva adaptive grid, at four different isovalues. The myogiob
molecule, 101m.pdb, is used as a test case. At a distancendf §et the SAS surface, which is the union of spheres model,
with each atom represented as a sphere with radius equa suith of its radius and a probe radius. In this example, weaised
probe radius of 1.4A. As we go further away, we get a smootbrdedtion of the SAS surface to the SES surface, as shown in
the different gures. Since we are interested in the SES, waat compute further in practise, but in theory, higher &oes
will take us closer to the van der Waals surface. This examsipbevs the utility of our method as a volume exclusion functio
for computing electrostatics, which needs a smooth decthye@ES boundary.
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(c) Intermediate surface at isovalue 1.1 (d) Atisovalue 1.4 (probe radius), we obtain the SES.

Figure 2.19: Our signed distance function based de nitieglds a family of surfaces which we can extract using a novel
adaptive grid based algorithm.

Timing

The cost of the algorithm depends on the depth of the adagtidethe resolution of the initial base grid and the size of
the molecule. In table 2.1, we provide the time taken to camfhe properties on the grid, including surfaces and deimgrk
volumetric regions for different molecules and grid siz&s.the number of atoms increase, the time taken increasethdu
xed output grid size reduces the number of relevant seaaihtp within the SAS and VDW regions. Hence there is no direct
correlation seen between the two. If the grid resolution marchosen depending on the molecule size, then the time would
increase monotonically with the number of atoms for moleswhith similar distribution of atoms (say for a set of glabul
proteins).

Surface atoms detection

The surface atoms of three proteins from the complexes,aintypic fab (liai.pdb), hemagglutinin (2vir.pdb) andtx
white quail lysosyme (1bgl.pdb) are visualized in gure@.Zhe interior atoms are colored by the residue they belomdile
the outer surface atoms all have an orange color. We showo# ofithe three molecules to reveal the surface and interior
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PDB Id | Number of atomg time (64) | time (128)
3sgb 1912 11 85
1lbrc 2197 6 58
2ptc 2243 6 53
2kai 2267 7 74
pi | 2313 6 54
1tab 2387 9 72
1ppf 2520 7 63
4cpa 2739 10 85
Imkw | 4844 8 60

Table 2.1: Times (in seconds) taken to compute the adaptisebgsed surfaces and volume regions for different ingréds
which are adaptively subdivided to a depth of 3.

(a) Hemagglutinin (b) Anti-Idiotypic Fab (c) Bob-white quail lysosyme

Figure 2.20: Surface atoms of three complexes shown in eraner the interior atoms which are colored by their resigpe.t

SAS? skin region construction

From the same above three complexes (liai,2vir and 1bglgxtract the second protein and compute the skin regions (see
gure 2.21) de ned by the volume where the probe is presemt #muching the molecule. This region is used later in docking
as it represents a volume where the interface atoms fromatidrty protein have a high probability of being present.

2.4 Dynamic Update of Molecular Surface Under Change in Radli

We analyze the complexity of two main classes of updates/thlt a family of all the molecular surfaces obtained fofaiént
solvent radii: (1) updates that keep the Power Diagram >eaab@ratic growing of the radius of the solvent ball); (2) afEb
that modify the Power Diagram (linear growing of the radifithe solvent ball).

In both cases ef ciency is achieved trough the introductiéra novel geometric construction. In case (1) we use a new
constructive approach to duality that generalizes thedstah“lifting” scheme [35], showing that the Power Diagrafnao
molecule (3D union of balls) constitutes a compact repriegiem of the collection of all the Power Diagrams of the tmimg
circles of all the patches in a molecular surface. In paldictne convex cell of the 3D Power Diagram relative to the Bal
is the dual of the 2D Power Diagram of the trimming circleBofAs a rst approximation (with the bonus of being simpler
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(a) Immunoglobulin from in uenza virus  (b) Idiotypic fab of virus neutralizing antibody (c) Hylel 5 Fab

Figure 2.21: Surface atoms of three complexes shown in eraner the interior atoms which are colored by their resigpe t

and more ef cient) we consider the molecular surfaces oletdiby disproportionally increasing the solvent radiushsa the
associated Power Diagram remains unchanged. We show howamieeep track of the topological changes that occur in the
trimming curves of the patches that form the molecular @grfo that its boundary representation can be updated efigie
Furthermore, we compute and dynamically update an exactdaoy representation of the molecular surface so that tine sa
dynamic data structure is also suitable for molecular mindealperations such as those supporting synthetic druga¢sb].

In the case (2) setting, where the 3D Power Diagram is subjeqts, we use the same construction as in [41] based on
the de nition of a 4D complex of convex polytop€s whose “horizontal” slices are all the possible 3D Power Daags of
the growing balls for any growth factar Hence we apply a simple hyperplane sweep algorithm to @bfnmaintain the
dynamic Power Diagram of the linearly growing balls. Thuhis case we compute exactly the offset of the union of batis (
that its topology can be precisely determined), even whegnjitires a change in the nearest neighbor (under powendeta
relations among the atoms corresponding to ips in the dased Regular Triangulation. More generally, for a set dfsba
in d-dimensional space this requires the construction of a ¢éaxgf convex polytopes ifid + 1)-dimensional space whose
“horizontal” slices are all the possible Power Diagrams.

In Section 2.4.1 we introduce the fundamental equatiortddinan the basis of the presented approach for molecular tnode
ing. For a more extensive discussion of the conditions untiéeh the present approach can be extended to a more geaseal ¢
unifying geometries other than spheres, the interestetkreareferred to [18]. While for our purposes we deal with 3, the
results are easily extended to arbitrary dimension.

See Section 2.2.1 for a discussion on trimmed NURBS reptatsen of Molecular surfaces. And the Relavant Math Section
for details about power diagrams.

2.4.1 Preliminaries
Balls in A2 and Halfspaces inA*

In this section we introduce the fundamental equationsftirat the basis of the presented approach for molecular rmadel

For a more extensive discussion of the conditions underiwtiie present approach can be extended to a more general case

unifying geometries other than spheres, the interestetkreareferred to [18]. While for our purposes we deal with 3, the
results are easily extended to arbitrary dimension.
Consider inA4 the implicit equation of the unit ball:

X2+ X2+ x2+xZ 1 0: (4.9)
Its boundary has parametric equations which are:

_ 2202
2 _ Xttt xg 1

X= 5————ms—; =123 Xq = ;
X2+ x5+ x5+ 1

; 4.10
X2+ x5+ x5+ 1 (4.10)
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The boundary of the ball (4.9) is the closure of the imagA &fn A4 under the mapping (4.10). The inverse map of (4.10)
is given by

xi= . i=123 (4.11)

- 1 Xz
for (x1;X2; X3; X4) on the unit spherae?+ x2+ x2+ xZ = 1. The point(0;0;0;1) in A% is the image of the point at in nity of
A3,

Now consider the linear halfspace:

h: ag+ apxg+ apxo+ agxz+ asxy O; (4.12)
where not all off a;; ay; az; a4g are zero. lts pre-image i3, given by the mapping (4.10), is
b: ag(XE+ X5+ X3+ 1)+ a1 2x+ ap 2+ ag a3+ a4+ x5+ x3 1) O0: (4.13)

If a2+ a2+ a3+ a3 a3 Oandag+ as> 0, thisis the ball of center (ay; az; ag)=(ap+ as) and radiuga? + a3+ a3+ a3 a3)'™2=(ap+
a). If af+ a3+ a3+ a3 a3 Oandag+ as< 0, this is the union of the sphere of centefas; ay;as)=(ao + a4) and radius
(@5 a3 a3 a3 aj)=( ap a) andits exterior. Whesg+ a4 = 0, this is a halfspace, and whefi+ a3+ a3+ aj a5< 0
andap+ a4 6 0, this is a ball of imaginary radius, and contains no reah{soi

A fundamental relationship is that spheres that containiat§o;; c2; cz) in A2 map to hyperplanes that pass through the
point(2cy;2cy; 2c3; 3 + 3+ 3  1)=(c+ ¢4+ ¢+ 1) in A%, This is a result of the relation

(B+ B3+ 3+ Dap+ 2(Crag+ Coap+ Caag) +( GG+ 3+ 3 1ay=0:

A consequence of this relationship is that a set of spherssimmthrough two distinct points i correspond to a set
of hyperplanes irA 4 that contain a certain line. Since the actual points of sgetion inA3 are mapped to points dB, the
line in A% must intersecB in two points. A set of spheres i3 which intersect at one point are mapped to into hyperplanes
whose line of intersection is tangentBo A set of spheres whose combined intersection is empty appethto hyperplanes
whose line of intersection, if any, does not interdcT his situation is illustrated fadl = 2 in Figure 2.22. Let be the line of
intersection of the boundarigth® Th®corresponding to two distinct intersecting baifsandb® We have thaffb%intersects
6%Gf and only if| intersectsB, that is, if the distance fromto the originO is smaller than 1:

b0\ b°% 1 or 2 points () I\B&60O | dis(l;0) 1:
dim (X b%=0 I\ B= 1point ( dist(l;0)= 1 :

Figure 2.22: The intersection between the boundaries otliaksb®, b°Gn A2 corresponds to a linkintersecting the sphei

Similarly we can consider three distinct didsb% andb®0If their intersection is a region bounded by three circalaus,
one from each disk, then the three boundary circles correspmthree plane§h®, 7h% and Th®that intersect in a poinp
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Figure 2.23: The non-empty intersection, when bounded bsetleircular arcs, between three digisb® andb®4n A2,
corresponds to a poimtcontained in the balB.

contained irB. This is illustrated in Figure 2.23. If the three circulaunalaries intersect in one or two points, then the planes
intersect in a point oif B (or possibly in a line that interseds).

bA\ b8 b%°% region bounded by 3 arcs (or points)) p2B (4.14)
dim (76 76°% 70°%=0 p2 1B : (4.15)

Proof of equation (4.14).
Let the three circles béx x)2+(y V)2 =r? i= 1,2;3. Then the three corresponding planes @re xZ+ y?
) 2xx1 2yx+(1 X2 y2+r?)xs= 0. Their point of intersection, if unique and nite, is givéay (x1;X2; X3) =
(D1=D4; D2=Dy; D3=D4), where
1 X2 y2+r2 2y 1 X2 y2+r?
Di1= 1 x5 y%"' I’% 2y> YE"' rs
1 x2 y3+r3  2y3 1 X% yi+r3

NI
[N
I\)><

2 2. .2 2 2
2 1 x% y%+ r% 1 x y§+ r%

D, = 2Xo 1 x% y%+ r% 2 Y5+ r% ;
2x3 1 x5 y3+r3 1 x5 yi+r3

[
I\)><I\)

21 2n 1 X yi+r? 2 21 1 X yi+rf
D3= 2% 2y 1 x5 ys+r15 ;Dg= 2% 2% 1 x5 y5+7r13
223 23 1 X5 y3+r3 23 2y3 1 x5 yi+r3

The condition that this point of intersection lies in theeiror of B is
D?+ D3+ D3 D3<0: (4.16)

If D4 = 0, then the point of intersection is at in nity, and the in@djty (4.16) cannot be satis ed. (D1 = D, = D3= D4 = 0,
then the three planes have a line in common which interdgcmd it can be shown that the centers of the three circles are
collinear and the circles intersect in two points.)

The intersection of three disks is bounded by three circates exactly when each disk contains exactly one of the two
points of intersection of the other two circles. In order floe rst two circles to intersect in two points, we need thiag t
distance between their centers is strictly betwjeen r + 2j andrq + rp. This can be expressed algebraically as

Ar=l(x1 %)%+ (y1 Y22 (1 )7l x)?+(y1 y2)* (ri+r2)?<0: (4.17)
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Next, we need thag is between the distance frofxs; y3) to the two points of intersection of the rst two circles. Bhuiondition
turns out to be expressible as

X1 X2 X3
Vi Yo Y3 A+ A3
t 11 <0 (4.18)
[(x1 X2)?2+(y1 y2)?J? '
where
A = [ x)0e X)+(y2 y)(y2 ya)r?
H(x x)(xa x)+(y2 y)(ys yolrs
H(xe x)?+(y2 Y% x)(xs X)+(ys Y(ys Y2) r3l:
Remarkably,
X1 X2 X3
D?+ D3+ D3 D3= y1 Yo ys A+AZ:
1 1 1

Therefore, if the intersection of the three disks is bourlalethree circular arcs ((4.17) and (4.18) hold), then therggction
point of the three planes is withBi((4.16) holds). If the intersection point of the three plargea point withinB ((4.16) holds),
then (4.18) holds. Since (4.18) holds, we must haye 0, so that (4.17) holds as well, and then the three circlessatt
pairwise in two points, and each disk contains exactly orta@two points of intersection of the other two circles.

Convex Hulls and Boolean Combination of Balls

Consider the intersection ofballs or their complements, suchlag\ b,\ bz\ \ b,. We can map each of thg or b; to a
halfspacénin A%+ 1 so that the computation of the intersection is reduced taxaeohull computation. Note that if all the balls
are complemented we get the complement of the union of bglis E85]. In general, for the computation of the topological
structure of a non-linear, non-convex, possibly discotegeegion inA9, the intersection of inequalities of the type (4.13) is
reduced to the computation of the boundary of the convextpp8CP, intersection of halfspaces (4.12), and intersecting this
boundary with the unit sphere (4.9).

This mapping generalizes the “lifting” scheme [33] so thagin represent both the interior and the exterior of baltssm
that one can compute any boolean combination of balls idsi€pust their union. In the present formulation we also esgnt
the balls by their implicit inequality (4.12) instead of j@scenter and a radius, so that one can deal with in nite adpheres
(note that such cases arise in practice in the computatitimarhing curves).

An additional advantage of the present mapping with respebe “lifting” scheme is the compact representation otsal/
collections of curve arrangements in the special case otdliection of trimming circles of patches that form a moliecu
surface. In fact, in this case we need only to observe thatdheex polytop&P, that is dual to each arrangement of trimming
curves of each patch, is indeed the cell of that patch in tbar&nsional Power Diagram. This implies we need not repitese
a separate polytope for each arrangement of trimming ciueines the 3-dimensional Power Diagram contains them aké Th
advantage in storage comes from representing only onceommeridimensional face shared by more than one polytopes Thi
sharing of faces also provides savings in storage of explijacency information for each boundary curve of eachipatc

2.4.2 Maintaining the Molecular Surface Under Quadratic Growth

We call quadratic growth the scheme of growing balls whichgssthe Power Diagram unaltered and thus the topology of the
union of balls is given by the correspondiagshape. Under this growth of the balls we only need to mairites set of trimming
curves of each patch in the surface. In particular we neefidiertly detect any topological change (new intersectdretween
curves, creation/deletion of connected components) t@irdn the trimming curves (circles and lines) in the donane.

This goal can be achieved by looking at each patch separ@etyally the computation can be performed in parallel for
all patches) and classifying the faces of its associategt@ueCP with respect to the relative ball at the current size. This is
achieved by using the relations stated in Section 2.4. 1|svi&

Each facet o€P that intersectgB corresponds to a circle that is effectively involved in teéaf trimming curves.
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Figure 2.24: (a) If the radii of two balls are incremented bg same amount, then their Voronoi separator moves towards
the smaller one. (b) If the squares of the radii of two balksiacremented by the same amount, then their Voronoi separat
remains the same.

Each edge of P that intersect$/B corresponds to two circles that intersect each other.

This leads to the following algorithm for maintaining trinmg curves. For each fack of CP we determine its minimum
distancedy and its maximum distancdy from the origin (the center dB). This tells us when the circle associated with

is involved in the boundary of the trimming circles. We orgarthe ranges of all the faces in an Interval tree so that we ca
ef ciently perform range queries, optimal in space and tifvéhile growing the balB we look at the faces P which range
[dm; dm] contains the current radiuof B to directly determine the topology of the trimming circl&ar example, if the range
of a facet ofCP containsf but none of its boundary edges implies that an entire ciraten$ a separate component in the
boundary of the trimming curves.

At the same time this tells us that in the growing process #hges ofdy, dy of the faces o€ P constitute the set of “event
points” at which the growth of produces some topological change in the trimming circlesndeé we can ef ciently maintain
the dynamic arrangement of circles in the plane.

The topological structure of the molecule is given by the iRagTriangulation and its dual, the Power Diagram. We
examine the family of triangulations that yield the topdtad structure of the molecular surfaces (solvent contasbtvent
excluded surfaces) while the solvent radius grows.

The determination of the topological structure of such rooler surfaces is an important problem addressed by several
papers [30]. The family of shapes obtained from a weiglaeshape [37, 35] is based on a quadratic growth of the radii of
the balls and therefore not directly related to the familgdzhon the growth of the solvent ball radius. In fact the funelatal
property on which th&-shape construction is based on is that for anyhe Power Diagram/Regular Triangulation remains
the same. This is achieved by growing each sphere by a diffaraount, namely the radius of each sphere is augmented by
a quantity such that the square of each radius is increaséitebsame quantity (see Figure 2.24). This implies that enall
spheres are grown more than the larger ones. As a consedienoesulting surface does not re ect exactly the required
molecular surface (see Figure 2.25). When this level of@dpration (possibly incorrect both in geometry and in taupl) is
not satisfactory, one needs to resort to the method intredlircthe following section.
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Linear
Growth

Quadratic
Growth

Figure 2.25: The difference between a quadratic and a ligemawth of the molecule for a given probe radius. The molecula
surface (top) is grown quadratically (middle left), hencaimiaining the topology of the set of patches, giving an epipnation

to the real molecular surface computed by linear growth ¢teidight). The topology differences can be seen in the weih
zero alpha shapes (bottom) from a different view point.

Figure 2.26: Examples of several topological changes is¢hef NURBS patches, while growing the probe radius linearl
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2.4.3 Maintaining the Molecular Surface under Linear Growth

The fundamental dynamic setting we consider is the caselobadinear growth of all the atoms of a molecule, corresting
to a linear growth of the solvent atom radiusln this case the Voronoi Diagram (or more exactly Power Biag plane that
separates the two balls moves as a functionrelulting in topological changes of the triangulations emithe set of NURBS
patches de ning the molecular surface (see Figure 2.26fadh as the radius of each ball is increased jthe Voronoi plane
that separates the two balls moves towards the smallefmalexample in Figure 2.24, the distantg$, of the Voronoi plane
p from the centers of the two balls must be such that the povetainties op are equal, that is:

12 r2=12 r2
Moreover, the distance between the two balls is constaattb balls grow but do not move):
[1+1=1
>From these two equations we obtain far
12 r2=(1 192 r23=12+12 24 13

2. .2 2
_17+r7

| 2
1=

2l
Whenr; changes to; + r andr, changes to, + r we have:

12+(ri+ 1%  (ra+71)2

l{ =
! 2l
1242424 2rr 12 1% 2rpr
2l
2.2 2
_ 15+ e+ 2r(n o)
2l

In general, consider two balBy; B, (of radii r; andr, respectively) inA9 and assume, without loss of generality, a
coordinate system with the origin in the centeBafand the center dB, on the positive part of the; axis (the center 0B, is
the point(l;0;:::;0)). The hyperplane of the Power Diagram that sepamBtdsom B, has the equation:

_I2+r% r§+r2(r1 ra)

p-a= 2 .

1-dimensional case of two balls (segments) that grow qiadity (a) or linearly (b). In the rst case the hyperplanktbe
Power Diagram that separat@sfrom B, remains the same for all valuesrofin the second case, the hyperplane of the Power
Diagram that separat®; from B, moves linearly withr with a slope towards the center Bf.

This fundamental observation leads to the constructiohe@Power Diagram of a set of growing balls as the intersection

G is de ned as the intersection of all possibieg- 1 halfspaces since by linear growing many ips can occur i fegular
Triangulation. A ip occurs when an edge connecting two ogipvertices of a quadrilateral comprising two triangleshie
triangulation is replaced by the edge connecting the othewertices, as illustrated in Figure 2.28. The brute foqmgliaation

of the technique as described here requires the compuitioconvex hulls [22] in four-dimensional space, which leads to
anO(n%) time worst case complexity. For our purposes this is jusepicessing step needed to construct the data structure
used for animating the molecular surface, so we do not réptne present paper the details of an ef cient computatithic
complexC. Note however, that in the case of a molecule in three dinoaséil = 3) we have to compute a set of 4-dimensional
convex hulls that can be computed more ef ciently, in an otigensitive sense, by using the algorithm given in [21]. Ube

of this algorithm would indeed be bene cial because the allerumber of faces i€ is indeedO(n?). This is proved by a
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Figure 2.27: The 1-dimensional case of ball growth. The gatizigrowth (a) keeps the Power Diagram hyperplane (a point
still. The linear growth (b) moves the Power Diagram hypamngllinearly withr.

technique introduced in [18] that generalizes the “liftisgheme for the computation of Power Diagrams [33] and mhes t
construction of the comple€ to a convex hull computation (intersection of halfspacasyrie dimension higher (that is in
dimensiond + 2). In the case of a molecule in three dimensions, this leatiset computation of the convex hull in dimension
ve that can be computed optimally [22] i@(n?) time. This is certainly optimal in odd dimension (and in jrarar in the case
of molecules wherd = 3) since a single Power Diagram (a@dcontains many of them) already has the same number of faces
as a(d + 1)-dimensional convex polytope.

In the previous section we introduced the construction obmmex of convex polytope€ embedded in théd + 1)-

Diagrams of the ball8 with radii uniformly increased by. This data structure allows us to animate (update) ef dietlite
representation of a molecular surface (solvent accessitdelvent contact) with respect to a change in the solvetitisa

In particular we can achieve simple and ef cient updatest@nRower diagram localized in regions where the topological
changes actually occur. In this way we can then in turn diregiply the method described in Section 2.4.2.

Being that the Power Diagram is the intersection of a hotalomyperplaneH : r = constwith the complexC, in the
dynamic setting the linear growth of the radii is simply a sw®f such horizontal hyperplankelsalong ther-axis. Hence the
“event points” at which we have to update the topologicalcttire of the Power Diagram are the vertice€ofin particular to
compute these hyperplane section€aive apply the robust approach in [17] which is based on thestlabove or “below”
classi cation of the vertices of with respect tdH. We sort the vertices d€ by theirr coordinates so that their classi cation
is obtained in logarithmic time by locating the current ltigalue ofH in such a sorted list of vertices. This approach is also
suitable for the dynamic growth setting in which we will bentioauously moving the hyperplar¢. In fact in such a scenario,
each time we cross a vertex 6f, we will need to update only the cells incident to this verté4oreover in general, if we
suddenly change our solvent radius from a valut a valuer,, we will be able to detect the vertices whaseoordinate is in
the rangdrq;rp], change their above/below classi cation and consequeittiate all the incident faces bif\ C.

We reach the conclusion that when spheres grow linearlyes@gms can occur in the Regular Triangulation, unlike the
guadratic growth, so that the uswsishape construction is invalid (see Figure 2.28).

2.4.4 Examples
Example 1

Here we choose a coordinate system so that two of the balksdeaters on the;-axis inA 3. Speci cally, consider three balls
B® B andB° Choose a coordinate system so that their centers are tbag(@; 0;0), (112;0;0), and(l13cosb;l13sinb;0),
wherel;, andly3 are the distances between the cente®’@indB®? and between the centersBfandB®®respectively, and
is the angle made by the three centers, \Bilat the vertex. We can assume@® < p. Let the solvent ball have radius

We consider the two plangs; p, relative to two trimming curves;; c,. The position of the liné= p1\ p, of intersection
is used to track the intersection betwegrandc, and to give their 2D NURBS representation.
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Figure 2.28: A simple case of a Regular Triangulation forekhthe topology changes in a simple linear growth of the mdiu
of the balls.

With the above coordinate system, the two planes have emsafsee Figure 2.29):

p1 . X1=atra (420)
p2 . (cosb)xi+(sinb)x, = ag+ rag (4.21)
where
|:|2_2+ rf I'% rh rp
= =< = £ a =
21 l12
_ I+ 4 S
213 l13

in accordance with (4.19).

The image of the trimming curve is the intersection of theesjgal surfaces of the balBYr) andB°r), which we de ne
as the balls of radif; + r andr, + r centered af0;0;0) and(I12;0;0), respectively. The implicit equation of the spherical
surface oB{r) is thenx?+ x2+ x2=(ry+ r)2, and one nds that thes coordinate of the two points of intersection between
this sphere and the lifes

q
X3 = (ri+rn?2 x% x2 (4.22)

The segment of the linke= p1\ p» within BYr) then has the parametrization:

X1 = atra
Xo = 85+ rag (4.23)
x3 = (ri+n? (a+rap)? (as+rag)?u;
1 u 1;
where
az ajcosb _ a4 acosb

as = - "
sinb sinb
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For brevity, these quantities which will appear frequeitlyhe sequel will be named as follows. Keep in mind that all of
theseb; are functions of .

b1 = ri+r

b, = aj+rap

bs = aztras

by = 85*‘ rag

bs = b2 b2 b2
g 2 2

bs = b2 b2
q

by = b3+ D2

To map the surface of the b@f(r) to a plane, we use an inverse mapping similar to (4.11) bu &phere of radius, + r
instead of 1 and speci callg = 2:

X1
g = —
rn+r Xz

X2
Xo = —=
rn+r Xz

>From this one obtains the intersection poigt@ndqg; (see Figure 2.29(b); these points lie on a line through tiggrrin the
(x1(r);x2(r)) parameter space as

_ b | b
= b+ b5,b1+ bs
_ b by
ar = by bs by bs

and the trimming curve is an arc of the circle with center

and radius
be
b_2 .

One next needs to nd suitable break pointsandgs (see Figure 2.29). Ideally we want none of the ais, 9305, 9507
to be close to 180 We can make sure that none of these arcs exceedsasZ0llows. Letgg be the midpoint of segmeniay,
and letgg be the Iintersection of the perlpendicular bisectog@f; with the arcgzgs. Now chooseys andgs to be on the line
perpendicular tajgqg that intersects thggqg at a point 3/4 of the way fromg towardsqg. In the limiting case when; and
@ coincide, which occurs whefiy + r)2 = (ay + ray)?+( as+ rag)?, the three arcqids, 930s, 9507 are all 120, and they all
shrinkasthearq: gz Qs Q7 shrinks.

In the x1X2-plane, Iineq!1q7 has the equatiofes + rag)x (a;+ rap)y= 0. We also have

_ Dbaby biby
T

and
by, babs. bs
b, bob7" by
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>From this we get

q
Abyb2  byb2+ 3bsbgb;  BIDE+ 73bE+ Bbibsbeby
0z = ;

4,2 43% .

2112 2112
bibs  3bghy by 6b1b4+ 7b2b5+ 6b1b4b6b7A

402 4,2

q
Abyb2  byb2+ 3bsbb; | BIDE+ 75bE+ Bbibabeby
= + .
9 Agh? 402 ’

1
bibs  3bghy . by Gb%bzzl‘l' 7b%b§+ 6b1b4b6b7A .
a2 Abh? '

We now determine, g4, andgg as the points of intersection of the tangents lines thrayghs, gs, andg;. We get
7h2b3 + 4b2bab?  12bibgb3  7h3bsbZ  Obsb2bZ 7hZb3+ 7bsb+ 52+ 9bdb3

G = 4byb2(bsb,  3bghy) ' 4b,b2(bibs  3bghy)

Also
Q2 = (1=d1) bo[7b3b3b3+ 7b3b; 4bSbibs+ 7hibsbibs+ 4bZb3bsbsb? + 7h?b3bs

4b?b3bsb? + 1202b2bgbS + 7bybibsb2+ 7hib3b3b2  4bib3b3b2+ 13b;b3bsbib?
1201 b3bsbgb3 + 9bsb3bgh3 + 12b1b3bsbebs + 7bibsbs + 7h3bib3 + 12b3b3beb3
+ 9b3bybshdb?  12b2b3b3 + 9b3bshih?
+( 4b2bybsb?  8bibobsbsb?+ 4bob3h?  4bobsbib?)cy];
7b1b2b3be + 7byh3b2bg + 7hib3b3bZbZ + 7hZb2bgbd + 7b2b3bEb + 1202b,b3hs
+ 9b1b3bdb3 + 7h2b3b3bsbZ  12b3bsb3bS + 7b3b3b3b3 + 9bZh3bsbibs  12bih3bsbsbgb’
4bibabzb? + 7bib3bzbs  4bThibsh? + 4b2b3b3bshs + 9bibabebs + 7bibjbsb?
Ab3babzbs + 4byh3bzhgh?  4b3h3b2b3 + 9bib3b2bibs + 12bZbsb2bgbs + 9bibibibib3
+ 1203hsbsbgh3 + 7b3b3b2b2 + 5b2h3bsbZb? + 9bzbsbib? + 12b1bsbsbibs + 9b2bshib?
+ 7b3b3b3 + 7bibibs + 7b3bjbi + 7bybibd + 7b3bbE + 7bibibd + 12b3b3beb3
+( 4b3bobsb?  4b3bob2b?  4bZbobdb3 + Abib3bsb?  4bibobsbEb?  4b3bib3 + 4b3bib3)cy
and
O = d—12 ba[4b?b3bsb?  9bsbsbsbzb?  12bibibsbebS  9b3bsbibs + 7b3b; + 1203b3bsb3
+ 9byb3b3b?  7bib3bibs+ 12b3b7bebS  12b3b3b3 + 12bib3bsbebd  4bZbsbsbsb?
+ 13b1b3bsb3b3 + 7b3b3b]  7bibzbs  4b3b3b?  4bib3bib?  7bjbsbd
7h3b3bs + 7byb3b3bZ + 7bibibsb?
+(4b2bybsb3 + 4bybsbabs  8bibobabsb?  4bob3b3)cyl;
7hib3bZb?  7bib3bZbZ  7byb3b3bZbZ + 7bib3bIbd+ 7h3bzbib  12b?bsbEbd
9b;b3bab3 + 7b3b3b3bsbi + 12b2bsb3bS  7b3b3b3b3 + 9bZb3bsbibs  12b1b3bsbsbebS
+ 4b;b3bib2 + 7bib3bZbs  4bib3bsbZ+ 4bZb3bibsbZ  9bih3bibZ+ 7bibjibsb?
+ 4b3babgbs  4byb3bzbgb? + 4b3hib2b?  9bib3b2bib?  12bZbsbibghd  9bib3b2bib3
+ 1203hsbsbgb  7b3b3b2b2 + 5b2h3bsbZb? + 9b3hsbib? + 12bibsbsbibs + 9bZbshib?
7h3bibZ+ 7bibibs  7b3bibZ  7bybibd+ 7b3bioZ+ 7b2bibE  12b3b3bgh3
+(4b3b2b3  4b3b,b2bZ + 4bybobshh? + 4bdhobsh?  4bZbybdbs  4bib3bsb?  4b3bib3)cy
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where

C1 6b%b£21+ 7b%b§ + 6bybsbgh7
di = b3(by+ bs)[( bibsbs b3bs babd)cy

+ b2bobsbs  bibob+ bibybgb3  3bibobsbgby + 3bsb3bsb;  3bob3by]
dz = bi(by bs)[(bibabs bibs babB)c

+ b2bybsbs + biboby  bybobsb3  3bibobsbeb;  3bob3bgby + 3bobiby]

We now need rational parametrizations of the circular arbg parametrization foray ¢y 0z is provided by

(1 t)2gs+ 2t(1 t)wagp+ t2qs

0t 1
(1 )2+ 2t(1 t)wg+t2 ’ '

(X1;%2) =

for a particular value for the weighi;, which turns out to be the cosine of half the anglg gogs, or cox)1qode. This can be
computed as

Wy = (@ %) (B2 ) .
kar  gokkdz  gok
Analogous parametrizations hold foramgs g4 gsandgs ds Q-

(a) (b) (c)

Figure 2.29: (a)xy;x2) section of the(x1; X»; X3) space. The circle is a cross section of ) of radiusry + r. Linel,
which is parallel to thess axis, is the intersection of the planesandp,, which in turn are the Voronoi planes separatB¥y)
andB%fr) and separatingqr) andB°%). (b) control points of the trimming curve that is part of theundary ofo{r) for
Example 1. (c) the same control points in Example 2.

Example 2

Here we place the balls #&? so that the line through the endpoints of a trimming arc iserto thex;-axis inx;x,-space. Con-
sider three ball8° B® andB°°°Choose a coordinate system so that their centers are doai{@ 0;0), (I1ocosa; lissina;0),
and(l;scogb  a);lizsin(b  a);0) wherely, andly3 are the distances between the centerB&dnd B and between the
centers oB%andB‘respectivelyp is the angle made by the three centers, \gflat the vertex (& b < p), and

1 (agtras) (a1t rap)cosb
(ap+ rap)sinb

a = tan

With this de nition we have thas is the angle between the ray through the centeB’ahdB®) and thex;-axis, and

cosa by sinb
(b2 2bgbzcosb + b2)1=2
sing = b3 b2 cosb

(b2 2bsbscosh + BD)2
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Note thata is a function ofr. This coordinate system is chosen so that the Voronoi pldee&d below intersect at the -axis.
Let the solvent ball have radius We consider the two plangs; p, relative to two trimming curves;; c,. The position of

the linel = p;\ p, of intersection is used to track the intersection betwgemdc, and to give their 2D NURBS representation.
With the above coordinate system, the two planes have emsati

p1 : (cosa)xy (sina)xy= a;+ raz (4.24)
p2 . [codb a)lxi+[sin(b a)lx;= ag+ ras (4.25)

where theg; are the same as in Example 1:

2 .02 2
_ |t 13 a,= L2
- 1271 2 , =
201 l12
2 .02 2
_lfgtri 13 _ M 13,
ag= T oha ay | ;
213 13

in accordance with (4.19).

The image of the trimming curve is the intersection of theesjaial surfaces of the balBYr) andB°fr), which we de ne
as the balls of radii; + r andr, + r centered af0;0;0) and(l12cosa; 11z2sina;0), respectively. The implicit equation of the
spherical surface @) is thenx?+ x2+ x2=(r1+ r)?, and one nds that thes coordinate of the two points of intersection
between this sphere and the linis

q
X3 = (rn+n2 xz x2 (4.26)

The segment of the line= p;\ po within BYr) then has the parametrization:

x1 = (ap+ rap)=cosa
Xo = 8 (4.27)
X3 = (re+1)2 (ap+rap)?=cofau;

1 u 1:

To map the surface of the b@f(r) to a plane, we use an inverse mapping similar to (4.11) bu &phere of radius, + r
instead of 1 and speci callgd = 2:

X1
g = —
rn+r Xz

X2
Xo = —=:
rn+r Xz

>From this one obtains the intersection poigt@ndqgy (see Figure 2.29(c)) in thix1(r); x2(r)) parameter space as

0 q_——— 1
bicosa  b?cofa b3
u=@ b ;
2
0 — 1
bicosa+ b?cofa b3
ar = ;0A

b, ’
and the trimming curve is an arc of the circle with center

_ bicosa_ bjsina
Qo = by by
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and radius
be

b_2 .
1 1
In the x;1xo-plane, lineg: gy is just thex;-axis, and lineggqg is x; = by cosa=h,. We also have

gs = blzosa ;0
2

and )
bjcosa  bisina+ bg

Qo = by by
>From this we nd that the break pointg andgs are

!
bicosa (72 bZsir?a+ 6bjbgsina)? 3bysina + bg
by 4b, 4 by

03

!

bicosa (70 bZsirfa+ 6bybgsina)l™? 3bysina + bg
by 4b, 4 by

05

We now determine, g4, andgg as the points of intersection of the tangents lines thrayghs, gs, andg;. We get

_ bycosa_ b;sina N 4h?
W= Th, " b, | bybisina 30
Also
_ bycosa 3bZ(by sina + beg) ~ bysina ba(co 4c)
4@ = by bz[bl(Cz Cj_) sina + 3b601] ' by bz[bl(Cz Cj_) sina + 3b601]
and
_ Dbycosa 3b(by sina + beg) ~ bysina ba(co 4cy)
% = by bz[bl(Cz Cj_) sina + 3b601] ' by bz[bl(Cz Cj_) sina + 3b601]
where
q___
¢t =  bicofa b3
q
c, = 7bZ  bfsirfa + 6bibgsina :

2.5 Maintaining Union of Balls Under Atom Movements

We describe thpacking grid data structurg7, 8] for maintaining a seM of balls in 3-space ef ciently under the following set
of queries and updates. B/= ( c;r) we denote a ball withcenterand radius.

Queries.

INTERSECT c; r ): Return all balls inM that intersect the given ball = ( ¢;r). The given ball may or may not belong
to the seM.

RANGE( p; d): Return all balls inM with centers within distancé of point p. We assume that is at most a constant
multiple of the radius of the largest ball M.

ExPosEQ( ¢; r ): Returngrueif the ballB=( c;r) contributes to the outer boundary of the union of the ballginrhe
given ball must belong t.
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TIME COMPLEXITY

ASSUMING ASSUMING
OPERATIONS tg = O (loglogw), tq= O(loglogn),
ty = O (logw) t,= O Jogn

loglogn

RANGE( p; d) | INTERSECT(C; r ) | EXPOSEI(C; I) O (loglogw) (w.h.p.) | O (loglogn) (w.h.p.)

(d= O(rmay)
SURFACE() O (#balls on surface(worst-case)
ADD(c; r) | REMOVE(C; r) | MOVE(cy; Cp; 1) O (logw) (w.h.p.) 0 Io'gl% (w.h.p.)

ASSUMPTIONS (i) RAM with w-bit Words,(ii) Collection ofn Balls,
and(iii) rmax= O (minimum distance between two balls

Table 2.2: Time complexities of the operations supportethbypacking grid data structure.

SURFACE( ): Returns the outer boundary of the union of the ball/in If there are multiple disjoint outer boundary
surfaces de ned by, the routine returns any one of them.

Updates.

ADD( c; r): Add a new balB = ( ¢;r) to the seM.
REMOVE( ¢; r ): Remove the baB = ( c;r) from M.

MoVE( c1; Cp; r): Move the ball with centec; and radiug to a new centec;.

We assume that at all times during the lifetime of the datzcsure the following holds.

Assumption 2.5.1. If rmax is the radius of the largest ball in M, andyg is the minimum Euclidean distance between the
centers of any two balls in M, theggx= O (dmin).

In general, a ball in a collection afballs in 3-space can interse@{n) other balls in the worst case, and it has been shown
in [25] that the boundary de ned by the union of these balls havorst-case combinatorial complexity@f n? . However,
if M is a “union of balls” representation of the atoms in a molectthen assumption 2.5.1 holds naturally [49, 76], and as

proved in [49], in that case, both complexities improve bgetdr ofn. The following theorem states the consequences of the
assumption.

Bi. If rmax= O (dmin) (i.e., Assumption 2.5.1 holds), then:

(i) Each B2 M intersects at mo216 (rm;,v(:dmm)3 = O(1) other balls in M.

(if) The maximum combinatorial complexity of the boundary otithien of the balls in M i€ (rmax=dmm)3 n
= O(n).
PrROOFE Similar to the proof of Theorem 2.1 in [49]. u

Therefore, as Theorem 2.5.1 suggests, for intersectionegugnd boundary construction, one should be able to handle
more ef ciently if assumption 2.5.1 holds. The ef ciency ofir data structure, too, partly depends on this assumption.
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2.5.1 Preliminaries

Before we describe our data structure we present severaltdms in order to simplify the exposition.

De nition 2.5.1 (r-grid and grid-cell) An r-grid is an axis-parallel in nite grid structure in 3-space costing of cells of size
r r r(r 2 R)with theroot(i.e., the corner with the smallest X, y, z coordinates) & ofthe cells coinciding with origin of
the (Cartesian) coordinate axes. The grid cell that hasatst at Cartesian coordinatdsir; br; cr) (where ab;c2 Z) is referred
to as the(a; b; c;r)-cell or simply as thé€a; b; c)-cell when r is clear from the context.

De nition 2.5.2 (grid-line). The(b;c;r)-line (where
b;c2 Z) in an r-grid consists of al(x;y;z r)-cells with y and z xed to b and c, respectively. When r is cfeam the context
the (b; c; r)-line will simply be called théb; c)-line.

Observe that each cell on tlis; c; r)-line can be identi ed with a unique integer, e.g., the ce¢linalexa 2 Z on the given
line corresponds to thi@; b; c;r)-cell in ther-grid.

De nition 2.5.3 (grid-plane) The(c;r)-plane(where c2 Z) in an r-grid consists of al(x;y;zr)-cells with z xed to c. The
(c;r)-plane will be referred to as the c-plane when r is clear frdra tontext.

The(c;r)-planecan be decomposed into an in nite number of lines each iderig with a unique integer. For example,
indexb 2 Z uniquely identi es the(b;c;r)-line on the given plane. Also each grid-plane in thgrid can be identi ed with a
unigue integer, e.g., the; r)-plane is identi ed byc. The proof of the following lemma is straight-forward.

rmax= maxfrig and let dyin = min;;; d(ci;cj) , where dg;;c;) is the Euclidean distance betweenand G. Suppose M is
stored in the2rmax-grid G. Then

(1) frmax= O (dmin) (i.e., Assumption 2.5.1 holds) then each grid-cell in G aorgthe centers of at mos# (rmax=dmm)3 =
0O (1) ballsin M.

(i) Each ballin M intersects at most 8 grid-cells in G.

(iii) For a given ball B2 M with center in grid-cell C, the center of each ball inter8eg B lies either in C or in one of the
26 grid-cells adjacent to C.

(iv) The number ohon-emptyi.e., containing the center of at least one ball in M) griells in G is at most n, and the same
bound holds for grid-lines and grid-planes.

At the heart of our data structure is a fully dynamic one digiemal integer range reporting data structure for word RAM
described in [62]. The data structure in [62] maintains aset integers under updates (i.e., insertions and deletj@rs)
answers queries of the form: reportany or all pointSima given interval. The following theorem summarizes thégenance
bounds of the data structure which are of interest to us.

Theorem 2.5.2. (proved in [62]) On a RAM with w-bit words the fully dynamiceodimensional integer range reporting
problem can be solved in linear space, and w.h.p. bounds(af) andO (t5+ k) on update time and query time, respectively,
where k is the number of items reported, and

(i) tu= O(logw) and ;= O (loglogw) using the data structure in [62]; and
(ii) tu= O(logn=loglogn) and ;= O (loglogn) using the data structure in [62] for small w and a fusion trée] for large
w.
The data structure can be augmented to store satelliteniafiozn of sizeO (1) with each integer without degrading its
asymptotic performance bounds. Therefore, it supportéofl@mving three functions:
1. INSERT(i; s): Insert an integeirwith satellite informatiors.
2. DELETE(i): Delete integer from the data structure.

3. QUERY(l; h): Return the set of ahi; si tuples withi 2 [I; h] stored in the data structure.
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2.5.2 Description (Layout) of the Packing Grid Data Structue

We are now in a position to present our data structure.DREG be the data structure. We represent the entire 3-space as a
2rmax-grid (see De nition 2.5.1), and maintain the non-emptydgplanes (see De nition 2.5.3), grid-lines (see De nitigrb.2)

and grid-cells (see De nition 2.5.1) iDPG. A grid component (i.e., cell, line or plane) is non-empti fontains the center of

at least one ball iM. The data structure can be described hierarchically. lahase structure with 5 levels: 4 internal levels
(levels 3, 2, 1 and 0) and an external level of leaves (sea&®@30). The description of each level follows.

@ grid
/\ (level 3)

g g @ planes

/\ /\ (level 2)
lines

AN TAT A A
i - o O W, WY = N Pt cells

AALATTA T [ veso
ST WSO S G S W TV U W WS G- W N Y. S — ba”s

(leaves )

Figure 2.30: Hierarchical structure of DPG

The Leaf Level “Ball” Data Structure ( DPG 1). The data structure stores the certer ( cy; cy; ;) and the radius of the
given ballB. It also includes a Boolean agxposedvhich is set tarueif B contributes to the outer boundary of the union of
the balls inM, andfalseotherwise. If another baBCintersectd, it does so on a circle which divides the bounddByof B into
two parts: one part is buried insi@®@and hence cannot contribute to the union boundary, and tes part is exposed w.rR°
and hence might appear on the union boundary. The circutersiections of all balls intersectirgde ne a 2D arrangement
A on dB which according to Theorem 2.5.1 h@41) combinatorial complexity. A face ok is exposed, i.e., contributes to
the union boundary, provided it is not buried inside any ptiel. Observe that if at least one other ball inters&tandA
has an exposed fade then each edge df separated from another exposed fadd@ which belongs to the arrangemeiitof

a ball intersectindd. We store all exposed faces (if any)Afin a setF of sizeO (1), and with each facé we store pointers
to the data structures @i (1) other balls that share edges wittand also the identi er of the corresponding face on each ball
Observe that iB does not intersect any other balls tHemvill contain only a single face and no pointers to any othdisba

The Level 0 “Grid-Cell” Data Structure ( DPGg). The “grid-cell” data structure stores the root (see Demit2.5.1)(a; b; c)

of the grid-cell it corresponds to. A grid-cell can contdie tenters of at mo€ (1) balls inM (see Lemma 2.5.1). Pointers to
data structures of all such balls are stored in &s#tsizeO (1). Since we create “grid-cell” data structures only for nonpgy
grid-cells, there will be at most(and possibly n) such data structures, wharés the current number of balls M.

The Level 1 “Grid-Line” Data Structure ( DPG1). We create a “grid-line” data structure fofla; c)-line provided it contains

at least one non-empty grid-cell. The data structure stheegalues ob andc. Each(a; b;c)-cell lying on this line is identi ed
with the unique integea, and the identi er of each such non-empty grid-cell is stbirean integer range search data structure
RRas described in Section 2.5.1 (see Theorem 2.5.2). We audriio store the pointer to the corresponding “grid-cell”
data structure with each identi er it stores. The total nembf “grid-line” data structure created is upper boundeadhland
possibly much less tham
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The Level 2 “Grid-Plane” Data Structure (DPG). A “grid-plane” data structure is created focalane provided it contains
at least one non-empty grid-line. Similar to the “grid-lim&ata structure it identi es each non-emg{y; ¢)-line lying on the
c-plane with the unique integéx and stores the identi ers in a range reporting data stred@Rdescribed in Section 2.5.1. A
pointer to the corresponding “grid-line” data structuraliso stored with each identi er. The data structure alsoesto. The
total number of “grid-plane” data structures created caeroeech, and will possibly be much less than

The Level 3 “Grid” Data Structure ( DPG3). This data structure maintains the non-empty grid-planagb®f may-grid in
an integer range reporting data structi (see Section 2.5.1). Eachplane is identi ed by the unique integer and each
such integer stored iRRis also accompanied by a pointer to the corresponding ‘gladie” data structure. The “grid” data
structure also storessarface-roopointer which points to the “Ball” data structure of an ardiy exposed ball i,

We have the following lemma on the space usage of the dattsteu

Lemma 2.5.2. Let M be a collection of n balls as de ned in Theorem 2.5.1, Etéhssumption 2.5.1 holds. Then the packing
grid data structure storing M use3 (n) space.

PROOF The space usage of the data structure is dominated by tlce sisad by the range reporting data structures, the
grid-cells and the “ball” data structures. Since the ramg®rting data structures use linear space (see Theore®) arfl total
number of non-empty grid components (i.e., planes, linescatis) isO (n) (see Lemma 2.5.1), total space used by all such
data structures i® (n). The grid cells contain pointers to “ball” data structurasd since no two grid-cells point to the same
“ball” data structure, total space used by all grid-cellal®O (n). Each “ball” data structure contains the arrangenfeand

the face decompositiof of the exposed (if any) faces of the ball. The total space e@éd store all such arrangements and

decompositions i© (rmw(:dmin)3 n (see Theorem 2.5.1) which reducesQgn) under Assumption 2.5.1. Thus the total
space used by the data structur®ig). u

2.5.3 Queries and Updates

The queries and updates supported by the data structunmplenented as follows.
Queries.

(1) RANGE( p; d): Let p=( px; py; Pz). We perform the following steps.

i. Level 3 Range Query We invoke the function
QUERY( I; h) of the range reporting data structtRR underDPGg (i.e., the level 3 “grid” data structure) with=
b(p; d)=(2rmayc andh= b(p;+ d)=(2rmayc. This query returns a s& of tuples, where each tuplec; P12 S
refers to a non-emptg-plane with a pointeP to its level 2 “grid-plane” data structure.

ii. Level 2 Range Query For eachhc; P.i2 S, we call the range query function under the correspondingj [2 data

structure withl = (py  d9=(2rmay) andh=(py+ d9=(2rmay , where(d92= d?> (c p,)%ifc p;< d, and
d°= rmax Otherwise. This query returns a St of triples, where each tripleb; ¢; P, i2 Sy refers to a non-empty
('b; c¢)-line with a pointerR,. to its level 1 “grid-line” data structure. We obtain the Sgby merging allS;; sets.

iii. Level 1 Range Query For eacthb; c; B,ci2 S, we call the integer range query function under the cornedjpg level
1 “grid-line” data structure with = b(px  d°§=(2rma)c andh = b(px+ d%=(2rmac, where(d%§2= a2 (b p,)?
(c p)?ifd®> (b py)2+(c py)% andd®= rmaxotherwise. This query returns a i, of quadruples, where each
quadrupleha; b; c; Pypci2 Sopc refers to a non-emptya; b; c)-cell with a pointerP, . to its level 0 “grid-cell”
data structure. We obtain the Stby merging allSy.pc sets.

iv. Ball Collection: For eachha; b; ¢; Pypci12 S, we collect from the level O data structure of the correspag@la; b; c)-
cell each ball whose center lies within distarit&om p. We collect the pointer to the leaf level “ball” data struetwf
each such ball in a s& and return this set.

The correctness of the function follows trivially since itagies a region in 3-space which includes the region coveyed
a ball of radiusd centered ap. It is straight-forward to see that the function makes attnisp (dd=rmae+ 1)2 calls to
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@) (b) (© (d)

! e —— (i ==l
@ 0) © @

Figure 2.31:Top row: Level 3 Range Query. (a) Query region de ned by the spheradiusd at pointp inside the level 3
grid, (b) The level 3 grid as a collection of level 2 grid-pée (¢) and (d) Range reporting query returns the set of ngutye
grid-planes within the query regioiiddle row: Level 2 Range Query. (a) On each grid-plane, query regioe isedl by a
circular slice of the sphere of radidsat pointp, (b), (c) and (d) Range reporting query on such a grid-platgns the set of
non-empty grid-lines within the query regioBottom row: Level 1 Range Query. (a) and (b) Query region in each grieikn
de ned as an interval, (c) and (d) For each grid-line, rargggorting query returns the set of non-empty grid-cells

a range reporting data structure, and collects balls froma#tO %p (dd=rmaxe+ 1)3 grid-cells. Using Lemma 2.5.1 and
Theorem 2.5.2, we conclude that w.h.p. the function tertema O (d=rmax)2 tg+((d+ rmax)=dmm)3 time. Assuming
r'max= O (dmin) (i.€., Assumption 2.5.1) and= O (rmax, the complexity reduces 10 (tg) (w.h.p.).

(2) INTERSECT( C; r ): LetB={(c;r) be the given ball. We perform the following two steps.

i. Ball Collection: We call RANGE( ¢; r + rmax) and collect the output in s&which contains pointers to the data structure
of each ball inM with its center within distance+ rmaxfromec.

ii. ldentifying Intersecting Balls: From Swe remove the data structure of each ball that does not @dtBs and return
the resulting (possibly reduced) set.

We know from elementary geometry that two balls of ragi@ndr, cannot intersect unless their centers lie within distance
ri + ro of each other. Therefore, st€p) correctly identi es all balls that can possibly inters&;tand stefii) completes the
identi cation. Step(i) takes
(@] tq+(rmaX:dmin)3 time w.h.p., and stefii) terminates irO (rmax:dmm)3 time in the worst case. Therefore, under As-

sumption 2.5.1 w.h.p. this function runs@(tg) time.

(3) ExXPOSED( C; r ): LetB=(c;r) be the given ball. We locaté's data structure by calling RNGE( c; 0), and return
the value stored in itexposedeld. Clearly, the function take®© tq+(rmaX:dmin)3 time (w.h.p.) which reduces 1O (1)
(w.h.p.) under Assumption 2.5.1.



2.5. MAINTAINING UNION OF BALLS UNDER ATOM MOVEMENTS 49

(4) SURFACE( ): Thesurface-rootpointer under the level 3 “grid” data structure points to thall” data structure of a
ball B on the union boundary d¥l. We scan the st of exposed faces d8, and using the pointers to other exposed balls
stored inF we perform a depth- rst traversal of all exposed ballsMnand return the exposed faces on each such ballnmL_et
be the number of balls contributing to the union boundariWofThen according to Theorem 2.5.1 the depth- rst searchgake

(@] (rmax:dmm)3 m time in the worst case which reducesQ¢m) under Assumption 2.5.1.

Updates.

j k
(1) AbD(G; r): Letc=(cx;cy;¢,) and letcd = Zrcn“]ax , whereu 2 f x;y;zg. We perform the following steps.

i. If M6 0, letG be the grid data structure, otherwise create and initi@izAdd input ball toM.

ii. Query the range reporting data struct@#RRto locate the data structurefor the c%-plane. IfP does not exist create
and initializeP, and insert? along with a pointer td into G:RR

iii. QueryP.RRand locate the data structurdor the(cS; c9)-line. If L does not exist then create and initializeand insert
CS along with a pointer td into PRR

iv. Locate the data structu@for the (c2; c}g; c9)-cell by queryingL:RR Create and initializ€ if it does not already exist,
and insert? and a pointer t€ into L:RR

v. Create and initialize a data structudor the input ball and add it to the s&tS.

vi. Call INTERSECT( c; r ) and nd the setl of the “ball” data structures of all balls that intersect theut ball. Create the
arrangemenB:A using the balls id. The new ball may partly or fully bury some of the balls it irgects, and hence
we need to update the arrangemBhA, the seB®F and the agB%exposedf eachB2 |. The setB:F is created and
B:exposeds initialized using the information in the updated dataistures inl . If the surface-roofpointer was pointing
to a ball inl that got completely buried by the new ball, we update it toptn B instead.

Observe that the introduction of a new ball may affect théasgrexposure of only the balls it intersects (i.e., bury atah
of them partly or completely), and no other balls. Hence,updates performed in stepi) (in addition to those in earlier
steps) are suf cient to maintain the correctness of theremtata structure. Stey and(v) takeO (1) time in the worst case,
and w.h.p. each of steis), (iii) and(iv) takesO (t;+ ty) time. Finding the intersecting balls in stéy) takes

O tg+( rmax=dmm)3 time w.h.p., according to Theorem 2.5.1 creating and upddkie arrangements and faces will take

O (rmacdmin)® (Tmacdmin)® = O (rma=dmin)®  time (w.h.p.). Thus the BD function terminates in
O tg+ tu+(r,mlx=dmin)6 time w.h.p., which reduces © (t;) (w.h.p.) assumingmax= O (dmin) (i.€., Assumption 2.5.1).

(2) REmMoVE( c; r): This function is symmetric to the BD function, and has exactly the same asymptotic time complex-
ity. Hence, we do not describe it here.

(3) MoVvE( c1; ¢p; r): This function is implemented in the obvious way by calliRgMoVE( ¢;; r ) followed by
ADD( Cp; r). It has the same asymptotic complexity as the two functitmase.

Therefore, we have the following theorem.

Theorem 2.5.3.Let M be a collection of n balls in 3-space as de ned in TheoPenl, and let Assumption 2.5.1 holds. Lett
andt, be as de ned in Theorem 2.5.2. Then the packing grid datatira storing M on a word RAM:

(i) usesO (n) space;
(ii) supports updates (i.e., insertion/deletion/movementazig in O (t,) time w.h.p.;

(iii) reports all balls intersecting a given ball or withi@ (rmax distance from a given point i@ (tg) time w.h.p., wherenax
is the radius of the largest ball in M; and
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(iv) reports whether a given ball is exposed or buriedity) time w.h.p., and returns the entire outer union boundary of M
in O (m) worst-case time, where m is the number of balls on the boyndar

In Table 2.2 we list the time complexities of the operatiomgmorted by our data structure.

2.5.4 Molecular Surface Maintenace Using DPG

In this section, we brie y describe applications of the pagigrid data structure for ef cient maintenance of molemdurfaces.

Maintaining van der Waals Surface of Molecules
For dynamic maintenance of the van der Waals surface of aculeleve can use the packing grid data structure directlyhEac
atom is treated as a ball with a radius equal to the van derd/adlus of the atom (see [19] for a list of van der Waals radius
of different atoms).

Maintaining Lee-Richards (SCS/SES) Surface
We can use the packing grid data structure for the ef cienintemance of the Lee-Richards surface of a molecule under
insertion/deletion/movement of atoms. The performanagnde given in Table 2.2 remain unchanged. We maintain two
packing grid data structureBPG andDPG'. The DPG data structure keeps track of the patches on the Lee-Riskarthce,
andDPG' is used for detecting intersections among concave patches

Before adding an atom OPG, we increase its radius, wherers is the radius of the rolling solvent atom. TB¥G data
structure keeps track of all solvent exposed atoms, i.eatains that contribute to the outer boundary of the uniorheté
enlarged atoms. Theorem 2.5.1 implies that each atddPi@ contributesO (1) patches to the Lee-Richards surface, and the
insertion/deletion/movement of an atom results in locaraes of onlyO (1) patches. We can modifpPG to always keep
track of where two or three of the solvent exposed atomsdatgy and once we know the atoms contributing to a patch we can
easily compute the patch @ (1) time [10].

The Lee-Richards surface can self-intersect in two wgysa toroidal patch can intersect itself, a(ig) two different
concave patches may intersect [10]. The self-intersestifrioroidal patches can be easily detected fidRG. In order to
detect the intersections among concave patches, we nmathtacenters of all current concave patcheBR(G', and use the
INTERSECTquery to nd the concave patch (if any) that intersects agieencave patch.

2.6 Clustering and Decimation of Molecular Surfaces

In this section we discuss a multiresolution represemaditheme for molecular shapes using the object's skeletadtate
(i.e. zero-shape). This scheme is coupled with error estistaat takes into account the actual boundary surfaceeatthpe.
The boundary representation is derived from the topoldgittacture underlying the representation of the molechlzy
(see Figure 2.40). Speci cally, we consider the followitgede different boundary surface models: the Solvent Adgless
Surface (SAS), the Lee-Richards Solvent Contact Surfaakttee molecular skin. These three surfaces all have an lyirdgr
topological structure based on the regular (weighted Delgutriangulation and power diagram of the input set ofsalh
case of actual molecules the input is a set of atoms eachseaqtasl as a ball with its van der Waals radius. The correspgnd
weighted-point representation is the center of the atomciested with a weight equal to the square of the van der Wadlis's.
See section 2.2.1 for details about this representation.

A particular kind of vertex clustering as is used as deciamfirimitive. The clustering replaces two balls (atomshwit
one. The weight of the new ball is chosen in order to presesugescovering relation between the coarse and ne levels of
resolution. This covering property is important to guaegd conservative estimate of the location where the madieisland
can be used in several application domains such as collilgtattion and ray casting. The Delaunay property is presiafter
the clustering by applying a sequence of ips in the triaragioin.

For fast traversal, the multiresolution data structurate using this ball clustering primitive is a Directed Aby&raph
(DAG) of nodes, where each node represents a clusteringipeiand the edges denote dependencies between nodes. A cut
in this graph is a collection of edges which intersect alhpdtom the root to the leaves once and only once. Any such cut
represents a valid multi-resolution approximation of thedel [29, 58]. A more adaptive and space-ef cient model isra$t
of binary trees storing the cluster ball as the parent of wwereplaced balls. This model depends on run-time updatéseof
triangulation (ips), but supports a much larger space ogble triangulations due to the reduced number of depeameen
The hierarchy is built bottom up by a sequence of decimatiages until a maximum error tolerance is reached or thera@re
more balls to be removed.
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A B

Figure 2.32: Scaffolding model. PoimdsB;C; D; E, in the plane = 0, are the atom centers, and are the vertices of a Delaunay
triangulation. Point®, Q; R, in the planez= 1, are the vertices of the corresponding Voronoi diagram.

Several error norms are used to evaluate the quality of aapta@ level of detail including support for the estimatioi
conservative bounds of the exact Hausdorff distance. Whéedecimation scheme, the hierarchical structure andriioe e
estimates are de ned in any dimension, we show practicaillt®for a 2D implementation.

2.6.1 Preliminary- Mixed Cell Complex

The mixed cell complex consists of the weighted Delaunaygulation, or regular triangulation (see the Related Nsittion
for de nitions), at the lowest level, say the plame 0, and the corresponding weighted Voronoi diagram, or paliggram,
at the highest level, s~ 1. Then each vertex of the power diagram is connected by digments to the three vertices of the
triangle to which it corresponds in the regular triangwlati(see Figure 2.32). Thus tetrahedra are formed by thistagstion;
one example is tetrahedréBC Furthermore, two points connected by an edge in the povegralin are connected to two
triangles that share an edge in the regular triangulatitiusanother set of tetrahedra is formed by the four endpofritgo
such corresponding edges. For examplandQ are connected to triangldsABC and4 ACE, and the edgeBQ andAC form
tetrahedroPQAC

For any value ofz between 0 and 1 we can take a cross section of the structureedeabove and obtain intermediate
tessellation of the space into convex cells. In each nonetilptwe have a portion of a quadratic surface (curve) thatiman
C! continuity with the patches de ned in the neighboring til@he whole surface is called tmeolecular skirand is used as a
representation for molecular boundaries.

At each level we can connect appropriate segments with #epbr a molecular skin to represent the molecular surface
at varying degrees of resolution. Figure 2.33 shows the paiggram and regular triangulation a& 1=3 andz = 2=3,
respectively.

2.6.2 Decimation of Molecular Shapes

In this subsection we focus on the problem of decimating owdé shapes. We consider the problem from the viewpoint of
decimating the set of weighted points that induces the nutdeshape (the centers of the atoms) rather then decimsdimg
triangulation of its boundary. This approach has two maivaathges: (i) one has to deal with a set of smaller cardyjnalit
because a high quality representation of the boundary wegjdire a dense sampling with many points per atom, (ii) #mees
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© (d)

Figure 2.33: (a) Power diagram and (b) regular triangutefiy the cross section of the mixed cellzat 1=3, and (c) power
diagram and (d) regular triangulationzat 2=3.
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multiresolution data structure induces a hierarchicatesgntation for several types of molecular shapes (e.g., S&S or
skin) instead of having a distinct multiresolution reprgsgéion for each of them. Roughly speaking the goal of detiilga
a molecular shape is to produceearsebut simplerrepresentation of the original model that is too large fa #vailable
computational resources.

De nition 2.6.1. (Coarsening). Given a model M (molecular shape) of cardinality k (numbfdralls) anycoarse representa-
tion M%of M (written M® M) is a model of cardinality %< k and such that: @ M) p2 M%

We say thatM®is a coarsening df1. For example Figure 2.34(a-d) shows three coarse repeageTgM;; M,; M3 of the
molecular shap® in Figure 2.40. The four representations are in the follgwiglationshipMz M, M; M
More generally it is easy to show that:

Property 1. The relation“ " is transitive.

The transitive property of “ ” suggests a simple and ef cient way to build a multiresautrepresentation of a molecular
model by successive application of local coarsening priast
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Figure 2.34:Top: Coarsening relationships between three representd¥grid,; M3 of the molecular shape in Figure 2.40.
Bottom: Coarsening relationships between four representaliinl,; Ms; M4 of a second molecular shapk

Vertex Clustering

General decimation schemes like edge-contraction do esepve the Delaunay property which is the basis for all ouemn
lar models. The known schemes like [28] for decimation thetrgntee the Delaunay property while building a multiresoh
hierarchy also do not seem appropriate in our case. Thiscause we do not use the triangulation as a direct shape repre-
sentation of the molecular body. The triangulation is iadtesed to describe the skeletal structure of the molecuémcél
in the decimation process we have to take into account mane ttie modi cations that occur in the triangulation itseiet
modi cations that are induced to the corresponding molacshape (union of balls, SAS, SCS, ...).

Let py = (u;wy); pv = (V;W) be two weighted verticese = (u;Vv) is a part of the zero shape iku  vk? w, w, <0
(see [34] for the complete condition). This means that the Ialls representing, and p, overlap, and therefore they are
good candidates for clustering. In order not to be depenaiettie radius of the atoms, we actually use the Euclideaardist
between the vertices to represent priority for clusteribince, we are looking on all atoms which overlap and cluster t
closest ones rst.
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Clustering is done by removing the two vertices from thengislation and inserting a new one. We choose the weight
and position of the new vertex such that its ball will encldse two replaced vertices balls. The fact is, that if we cleoms
ball which ise greater than the enclosing ball, and correct to preservgudaetriangulation, then the two old vertices will be
redundant and will not need to be remo%ed/e use two variation of the Vertex Clustering primitive deding on the tradeoff
between ef ciency and accuracy.

De nition 2.6.2. (Coarse Representation Ball) Let M= f bigg‘:o be the set of balls representing the original atoms of a given
molecular shape, and let¥ M. Then b is ecoarse representatiai MOif for eachj 2 M*, b bj.

LVC (Local Vertex Clustering) is the simpler and more ef nteversion of vertex clustering (see Figure 2.35(a)):

De nition 2.6.3. (LVC). Let by;b, be be a coarse representation of M1, (Mj M). The Local Vertex Clustering (LVC)
coarse representation of Ml M, is a single ball b of radius r such that:

b= minfb:b b beg:

Figure 2.35a shows the case where the k@lisc;d;eand f are in the following relatione= LV Cf a;bg, f = LVCf c;dg
andg= LVCfe fg. It is easy to see that tH&/C can be computed in constant time. In particular considertaits by ; b, of
radiirq;rp and which centers;; c; have distancd = kc;  ¢cok: The ballb = LV Cf by; bog has radius and centec given by:

_d+ri+rg, _Gatc non

2 ’ 2 2d

(1 ©):

A more tight coarsening procedure is based on the followingtering scheme (see Figure 2.35(b)):

De nition 2.6.4. (MVC). Let by;b, be be a coarse representation of N, (M; M). The Minimum Vertex Clustering
(MVC) coarse representation ofi¥1 M, is a single ball b of radius r such that:

b= mrinfb:b M1[ Mog :

Clearly, the computation of the MVC coarsening is more espa&than the LVC. We determine the MVC using the Smallest
Enclosing Ball Library by Dave White [79] which implementstoptimal algorithm by Emo Welzl [78] generalized from the
case of a set of points to the case of a set of balls.

< D
a0 \

(@) (b)

50

Figure 2.35: Two cascaded step of Vertex Clustering coargen(a) Local Vertex Clustering (LVC). (b) Minimal Vertex
Clustering (MVC).

2Note that the points do not always become redundant in treegbat a ip will remove them from the triangulation. Theyaedundant only in the sense
the points of their ball are also points of at least one otladl hence their removal would not alter the molecular bddglf (the set of boundary points does
not change and the set of interior points remains the same).
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2.6.3 Multiresolution Hierarchy

Construction
The basic decimation operation used for building the h@mais vertex clustering of edges which lie on the zero-shape

De nition 2.6.5. (independent clustering) Let & = (vo;Vv1);€u = (Ug;u1) be two edges in the triangulation. ang;u, the
two new vertices introduced ifg, were clustered. gand g can beindependently clusteratland only if8i;v; 6 u;.

The construction algorithm proceeds by creating conseelgivels of coarser approximations of the triangulatioacte
level is constructed by using a priority queue (heap) for zbm-shape edges according to the error norm used (see Sec-
tion 2.6.4). For fast traversal, The decimation operatamscollected in a DAG similar to [28]. This structure re@sithat
only non-dependent vertices be clustered in each level.

De nition 2.6.6. (Dependent Vertex) A vertex v is consideredependenat level k if one of the following is true:
1) v has been clustered at any level k.
2) v has been introduced (as a cluster of two others) at level k
3) v is a neighbor of u, where u satis es either 1 or 2 above.

In order to gain larger adaptiveness in the space of possiblegulations, and reduce considerably the storage size,
scheme introduces a cluster-forest of binary trees insiée DAG. Each node in this forest represents a new balleapahent
of the two balls being clustered. The triangulation is updaturing runtime while traversing the trees and insentergbving
balls. In this scheme, a vertex is considered dependentfihbatis es the rst two conditions of the above de nitigrhence
the number of dependencies are much smaller and the spaossibie triangulations is larger.

In both hierarchies, to guarantee a broad structure, edgsgle the zero-shape are considered if a prede ned minimum
percent of the vertices are not removed (very rare in practién outline of the algorithm for building the hierarchyds
follows:

let T be the triangulation
let Z be the zero-shape
let H be a min heap of zero edges
loop until coarse enough:
insert all Z edges to H
while  H is not empty do:
remove minimal e=(u;v) from H
check that u and v
are non-dependent
cluster uand vito w
remove u from T and correct
remove v from T and correct
insert w to T and correct
update Z
update H

The supporting structures for this algorithm are the tridatjon, the zero-shape, and the heap of zero edges. Aftér ea
decimation step, the triangulation is changed, which iedlacchange in the zero shape. Some zero edges could be gne, an
new zero edges can be created. This means the heap needptiabedafter each decimation step. Also, in order to maintai
an independent set in each level, vertices are marked asdepeand in the case of the DAG, also their neighbors).

2.6.4 Error Estimates

While we use the zero-shape to guide the decimation proitdssimportant to have a bound on the geometric error while
decimating, and during traversal of the hierarchy. Thetygte of error metric that we consider is just the length ofdtige. In
order not to be dependent on the radii of the atoms, we agtusdl the Euclidean distance between the vertices to reyribse
priority. Hence, we are looking at all atoms which overlap aluster the closest ones rst. However, since we are isterkin

the union of balls and not the actual zero shape, the secomdmetric we use involves the difference in area betweemdhe

ball and the two old balls. The larger this area is the momdyikhe shape will change drastically if this clusteringsed. The

last error metric actually computes the exact Hausdorfadize between the boundary of the two old balls and the new one
The Hausdorff distance function is de ned as:
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De nition 2.6.7. (One Way Hausdorff Distance) Given two molecular shapes;MVM, and a point-point distance function
(norm) d p; g), the one-way Hausdorff distancét ; M,) is the maximum of the minimum point-point distance funatignqg)
forall pin M1 and g in M:

h(My1; M) = g;«md qngg/,r; d(p;0)g:

De nition 2.6.8. (Hausdorff Distance). The Hausdorff distance between two molecular shap@di:t-M>) is the maximum
between the two one-way Hausdorff distance functions:

H(Mq; M3) = maxf h(My; My); h(M2; M1)g:

By de nition 2.6.1 of the relation “ ” we have immediately that:
Property 2. M; is a coarse representation of Nf and only if the one-way Hausdorff distance of wom M, is zero:
My Mz, h(Mz;Mp)=0:

Property 3. If M1 is a coarse representation of Vithen the Hausdorff distance between &hd M, is equal to the one-way
Hausdorff distance of Mfrom M:

M1 Mz) H(My;M2)  h(Mg; M) :

We determine a conservative estimate of the Hausdorffraistd (M1; M2) by computing the one-way Hausdorff distance
between two adjacent levels in a Local Vertex Clustering stefollows.

(@) (b)

Figure 2.36: The one-way Hausdorff distance betweendb; [ b, is determined at the poiptof intersubsection betwedfbs
and the Voronoi separator betweenandb,: (a) Con guration ofb,\ b, 6 0 wherel > 0 (note that in such 2D subsection of
the balls, the Voronoi separator has a secondary closeé mside the two circles that is not of our interest). (b) Cguration
for by\ by = O wherel < 0:

Consider two balld,; b, of radiiry;r, > 0 and whose centerg; ¢, are distanc&c; cok=r1+r, 2l apart (see Fig-
ure 2.36). We assume that neithar b, norb, by, which impliesl < minfry;rog or | > maxry;rog: Without loss of
generality we place the centers of the two circles aroundbtigin along thex axis so that their centers have coordinates
c1=( ri+1;0)andc,=(r2 1;0). The LVC ballbs then has centerz =(r, r1;0) and radiug;+ r, |. The pointp where
we can evaluate the distaneéb; [ by;bg) is the intersubsection between the boundarigzodnd the Voronoi separator bf
andbs,. Itis hence given by the solution of the following system:

8
E(X ro+ 1)+ y?=(ri+r; 1)?

A N
' (X r2+1)2+y2 1y
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This has a closed form solution that can be readily derivechfr

8
(re+rp 2|)2X2
% +2(r1 rl(ra NZ+(rz 1)?x
(2rp 1)(2rz2 1)(r1 r2)?=0

g y= [ X+2(rz r)x
' +(ritra )2 (1 rp)?E:

Error of MVC  Using the Minimal Vertex Clustering decimation we can aehia tighter encapsulation between each level
of resolution and the input model. This makes it more diftaiol compute the error bound as we cannot simply accumulate th
error bounds from level to level. This is because each levasolution contains the input model but not the immedijatetr
approximation. This means that we have to compare eachttbi aurrent level of approximation with the contained gl

the nest level of resolution, requiring the evaluation béterror function at several vertices of the actual Vororagchm (the

real Voronoi diagram and not the Power diagram) and at tleesnbsection between the Voronoi diagram and the cluster ba
Fortunately it can be shown (see Appendix 2.6.6 for dettils) the square root of the norm of the Power distance candik us
as an upper bound of the actual Euclidean distance so thatmvese the Power diagram in place of the real Voronoi diagram.
This makes such computation viable in practice because wethacompute the Power diagram and hence this error estimate
does not substantially increase the complexity of the caatjmn.

2.6.5 Analysis
Hierarchy Construction.

We rst consider the case of LVC where the entire hierarchgasstructed by a sequence of vertex insertion steps. Each
insertion can make at least two vertices in the previousl lef/eesolution redundant or irrelevant. Redundant mearg th
are removed from the triangulation by the ipping sequenkeclevant means they do not contribute to the boundary ef th
molecular shape any more and hence are not considered inltbwihg decimation steps. Therefore, the complexity & th
molecular shape decreases by at least one ball per decmsidip so that for an initial shape baseddwalls, the hierarchy is
constructed with a sequence of less tndtyVC steps. In other words the complexity of constructingithial ne resolution
mesh and the complexity of constructing the entire hienaerk the same. W is the dimension of the embedding space, then
the complexity isO(nlogn+ n%=%) (or O(nlogn+ n®=2¢) if appropriate randomization applies) [38] since it is atsnthe
triangulation time for 8 points. Note that the logarithmic factor introduced by tlséng a priority queue in the decimation
does not increase the overall complexity. If MVC decimat®used the only difference is that instead of just inserdingrtex,
each decimation step involves the insertion of one ball haedémoval of two, which means a factor of three is added.

Traversal

As mentioned previously we consider two possible optioa¥:ekplicit storage in the hierarchy of the sequence of ips-p
formed during the decimation or (b) reduction of the hiehgro a tree of balls.

In the rst case the storage size@n™=¢) (which reduces to expect&n®=2¢) in the randomized case), this being the
order of the total number af-simplices in the triangulation as well as the total numbeipooperations performed during the
construction of the hierarchy. In the second case, thegasize remains linear in any dimension, since it is only arted
tree of 2h nodes in the worst case.

The complexity of the traversal needed to transform the rfresh one cut of the hierarchy to another is proportional ® th
number of ips it takes to perform the transition, which iportional to the number of simplices that are being reglac¢he
initial and nal triangulations. In particular ik d-simplices are being created in the new cut then the transiiine isO(Kk).

The constant that is hidden in tk¥k) depends on the kind of hierarchy that is used. For a full DAS3esentation the constant

is very small since the new triangulation is just read from EFAG. In the case of a tree hierarchy the constant is largeesin
each ip operation involves the determination of Delaunayditions that are equivalent to computation(dfr 1) (d+ 1)
determinants. Using for example Gaussian eliminationtierdeterminant evaluation, it would make the overall coxiple
O(d3k): Note that in this case the space of possible adaptive trlatigns corresponding to cuts of the tree hierarchy is much
larger than in the case of the DAG hierarchy because one isanstrained by neighboring dependencies between the pre-
recorded sequences of ips.
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2.6.6 Examples

The method was tested on both arti cial shapes and 2D priojesof real molecules (see Figure 2.37). The hierarchiés bu
would be different mainly in the order of decimation stepy] differences would be mostly local in nature. As can be geen
the examples, the desired behavior of preserving as mucbssihye the structure of the shape while decimating is met.
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Figure 2.37: Multiresolution molecular shapes. The imagsv the boundary of the union of balls and the zzrshape. The
numbers denote the number of balls in each resolution. Re@/ark arti cial examples demonstrating how the topologica
structure is followed during decimation. The asymmetryha spirals shape is a result of the pair-wise clustering. Réw
and 5 are two different parallel projections of the graniicitiolecule. There is a large amount of overlapping ballstdube
projection, which accounts for the rapid drop in the numbdradls at the rst stages of decimation with small error.
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Related Work

Union of Balls using Voronoi-Cell Complexes

Several different approaches have been developed to acthisvef ciency for molecular surface computations [27, 7Q,
72, 75, 77]. Other work on surface representations featimesise of metaballs, molecular surfaces, and blobby models
[1, 20, 80, 31, 44, 47, 52, 60, 63, 64, 81, 82, 83].

In previous work on dynamic triangulations the focus hasmbmestly on the simpler Delaunay/Voronoi structures (un-
weighted case) [6, 53, 24, 43, 48, 2, 67, 68]. Little has bemredn the more general case of dynamic Regular Triangula-
tion/Power Diagrams and for dimensions greater than tworelgher, the kinds of dynamic operations developed are lysual
just the insertion/deletion of a single point. Such locadigtions become inef cient when we need to perform even gkm
but global modi cation.

Molecular Surface Computation using Adaptive Grids

Since Richards introduced the SES de nition, a number diégues have been devised to compute the surface, botb stati
and dynamic, implicit and explicit. Connolly introducedawalgorithms to compute the surface. First, a dot based riaater
surface construction and second, an enumeration of thégmtbat make up the analytical surface (See [27], [26] aad hi
PhD thesis). In [77], the authors describe a distance fangirid for computing surfaces of varying probe radii. Outada
structure contains approaches similar to their idea. A remobalgorithms were presented using the intersectiornrinéion
given by voronoi diagrams and the alpha shapes introducdsteisbrunner [37], including parallel algorithms in [75ida
triangulation scheme in [1]. Fast computations of SES isitilesd in [71] and [70], using Reduced sets, which contaaistg
where the probe is in contact with three atoms, and faces @gelseconnecting such points. Non Uniform Rational BSplines
( NURBSs ) descriptions for the patches of the molecular s@d$aare given in [11], [10] and [12]. You and Bashford in [84]
de ned a grid based algorithm to compute a set of volume etgs@hich make up the Solvent Accessible Region.

Maintaining Union of Balls Under Atom Movements

Though a number of techniques have been devised for the statstruction of molecular surfaces (e.g., [27, 26, 777371,

71, 70, 84, 46, 11, 10, 85, 16]), not much work has been donesmhborhood data structures for the dynamic maintenance
of molecular surfaces as needed in MD. In [12] Bajaj et al. siaered limited dynamic maintenance of molecular surfaces
based on Non Uniform Rational BSplines ( NURBS ) descrigifor the patches. Eyal and Halperin [39, 40] presented an
algorithm based on dynamic graph connectivity that updagsnion of balls molecular surface after a conformatichahge

in O log?n amortized time per affected (by this change) atom.

Clustering and Decimation of Molecular Surfaces

Using multiresolution models for molecules can substéptimprove rendering speed and interactive response nat@eslec-
ular interaction tools. Similar improvements in perforroamvould be achieved when a set of balls is used as an appraxima
representation of a generic object either for modeling éafetlls [47, 64], blobby models [83]) or for collision detien [52].
Direct application of previous approaches for the deciamatind multiresolution representation of the surfaces tebras
[71, 56] can have serious embedding and self-intersectiobl@ms and are speci ¢ to the surface de nition. A possibte
lution if this problem has been addressed in [74] but limitedhe case of the boundary surface of tetrahedral meshes. Ou
multiresolution scheme updates the underlying structéitheomolecule, maintaining at any level of detail a regutartgu-
lation of the current weighted point-set. In this way we &ifply track the topology of the molecular body at any adegpti
level of resolution. Moreover this guarantees correct eddbey in all resolutions and creates an approximation frdrictvthe
surface boundary can be computed in any of the previous shem

There are many approaches for creating multiresolutioresgmtations of geometric data for graphics and visu#ia$s9,
59, 54]. They vary in both the simpli cation scheme like \@ttremoval [28], edge contraction [50], triangle contracti45],
vertex clustering [73], wavelet analysis [32], and alsdhi@a structure used to organize the levels of detail (eitheveat order
or a using a DAG).

Maintaining the regular triangulation at all resolutiondes out the possibility of using decimation techniques dge
or triangle contraction, which do not guarantee the (weighDelaunay property. Other known decimation schemesctrat
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guarantee this property such as vertex removal, do not spenog@riate in this case since they do not preserve the mielecu
features as a subset of the whole triangulation. Technighé&h preserve features in the triangulation by taggingspedges

or vertices [23] are more suitable for preserving speci gesior regions. We are more interested in applying the deicima
on a subset of the triangulation while this subset can chduogag the decimation.

Sphere trees have also been used in [51] for the purposet@bitision detection. In this work, Sphere hierarchiestardt
around a given object either by replacing special octremnsgr by placing balls on the medial-axis surfaces appnaxed
using voronoi edges of some point sampling of the object. Gdmic approach of building the hierarchy by clustering gair
of balls for collision detection [52] is similar to ours. Hewer in this scheme the simpli cation process does not uptie
underlying triangulation and hence does not track the tgioal changes induced by the decimation process. This alake
the scheme unable to cluster balls that get in contact otdy abme simpli cation steps.
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Relevant Mathematics

Voronoi-Delaunay Diagram

For a nite set of point in R3, the Voronoi cell ofp 2 P is
Vo= fx2R3:8q2P f pgikx pk k x gk)g:

If the points are in general position, two Voronoi cells withn-empty intersection meet along a planar, convex Vortauait,
three Voronoi cells with non-empty intersection meet alangbmmon Voronoi edge and four Voronoi cells with non-empty
intersection meet at a Voronoi vertex. A cell decompositionsisting of the/oronoi objectsthat is, Voronoi cells, facets,
edges and vertices is the Voronoi diagram Raf the point seP.

The dual of VoiP is the Delaunay diagram DRlof P which is a simplicial complex when the points are in geneasition.
The tetrahedra are dual to the Voronoi vertices, the trizmglte dual to the Voronoi edges, the edges are dual to thedioro
facets and the vertices (sample points fienare dual to the Voronoi cells. We also refer to the Delaumaypkces aDelaunay
objects

Euclidean vs Power distance.

For MVC the choice of using the Power distance in place of thelilean distance is motivated by the the ef ciency and
simplicity of the construction of the power diagram togetéh the fact that the power distance can be proven to be prrup
bound of the Euclidean distance.

P(p, B)

(@) (b)

Figure 2.38: Relationship between the Euclidean dist&{geB) between the poinp and the balB and their Power distance
P(p;B), (a) Con guration ford > r. (b) Con guration ford < r.

Consider a poinp at distancel from the centec a ballB of radiusr as in Figure 2.38. We de ne:

q
E(p;B)=jd rj; P(p;B)= jd2 r?3:

Then we have the following chain of inequalities (whewndd are positive numbers):

0 4dr(d r)?=4d® 8dr?+ 4dr®
(d n* = d* 4d+6d%? 4dri+r?
d4 2qd2r2+r4=(d2 r2)2

E(pB)=jd rj  jd® r%=P(p;B):
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In conclusion we have that for any given bBland pointp, the functionP(p; B) provides an upper bound on the distance
E(p;b):
E(p:B) P(p;B); (6.28)

with equality holding only wher = r, i. e. the point is on the surface of the ball (and in trivides\whera orr is zero).

E(p;B) = 1miinnjdi rij (6.29)

r....
P(p:B)=  minjd? rf (6.30)
I n

The problem in comparing(p; B ) with P(p; B ) is that they may achieve their minimum for different valuésleecause in
general the Power diagram is not coincident with the Vorali@gram. Figure 2.6.6 shows an example of comparison betwee
the Voronoi diagram of two circles (in red) with the corresdimg Power diagram (in blue). In this example the minimum
distance of the poinp from the seB = fBy;Bygis achieved at= 1 for P(p;B ) and ati = 2 for E(p;B ):

P(p;B) = P(p;By)
E(p;B) = E(p;B2) :
In general for a given poinp we callip;ig the two indices such that:
P(p;B) = P(p;Bip)
E(p:B) = E(p:Big) :

From equations (6.29) and (6.28) we have that:

E(B) = E(p:Bi) E(p;Bip)
P(p;Bip) = P(p;B ) :

E(p,{Bq1,Bgo})

ﬁ {B1, B2})
55 }) y

2

(V]

(@) (b)

Figure 2.39: Power diagram (in blue) and Voronoi diagranr€it) of two circles. (a) Case of nonintersecting circle$.Qase
of intersecting circles.
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@) (b) © (d) (e) ®

Figure 2.40: The combinatorial and geometric structuretedging a molecular shape: (a) The collection of balls (éed
points). (b) Power diagram of a set of the points. (¢) Reguilangulation. (d) Thea-shape (witha = 0) of the points. (e)
Partitioning of the molecular body induced by the power diag (f) The boundary of the molecular body.

Power Diagram

Given a weighted poirf = ( p;w,) wherep 2 IR" andw 2 IR, thepower distancérom a pointx2 IR" to P is de ned as

q_
pr(X)=  kp xk2 wp;

wherekp xkis the ordinary Euclidean distance betwgeandx.

In molecule context, we de ne the weight of an at@with center atp and radius to bewg = r2. Thepower distancef

xtoBis
q

pe(X)= kp xkZ r2:

Given a sef Pg of weighted vertices (each vertex has a weighassociated with it), the Power Diagram is a tiling of the
space into convex regions where ftietile is the set of points nearest to the verRexin the power distance metric [4]. The
power diagram is similar to the Voronoi diagram using the podistance instead of Euclidean distance.

The weighted Voronoi cell of a bal in a moleculeB is the set of points in space whose weighted distan8d¢dess than
or equal to their weighted distance to any other baBif36]:

Ve= fx2 IR%pa(X) pc(x)8C2Bg:

Thepower diagranof a molecule is the union of the weighted Voronoi cells foeleaf its atoms (Figure 2.40(b)).

Regular Triangulation

Theregular triangulation or weighted Delaunay triangulatiqiis the dual (face adjacency graph) of the power diagrarhaps
the Delaunay triangulation is the dual shape of the Vororagm. Vertices in the triangulation are connected if anlg d
their corresponding weighted Voronoi cells have a commoa {&igure 2.40(c)). This implies that two vertices are amtad
if and only if they have a nearest neighbor relation measiwrpdwer distance metric

Given a set oh 2D points with weights, it has been shown [38], that theiufagtriangulation can be computed@fnlogn)
time, by incrementally inserting new points to the existingngulation and correcting it using edge ips.

Weighted Alpha Shapes

A simplexsin the regular triangulation dfP g belongs to thea-shape off Bg only if the orthogonal center of (the weighted
point orthogonal to the vertices af)is smaller thara (see [34] for the complete condition). The alpha shape where0,
called the zero-shape, is the topological structure of moés [41]. For example, an edge (u;V) is a part of the zero-shape
onlyifku vk?> wy, w, < 0;which means that the two balls centerediandyv intersect (Figure 2.40(d)).
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Adaptive grid, Oct-tree and k-d tree

B-splines and B-patches

A-splines and A-patches
An A-patch of degrea over the tetrahedrof, 1> 13 14] is de ned by

Gn(X;y;2) := Fn(a) = Fn(ar;az;as;as) = 0; (6.31)
where
[o
Fa(aiiazaszas)= @  ajuBly(anazasas); (6.32)
i+ j+k+1=n
N (mmemane Mkl
Bli (a1;a2; as; as) = T 2182838
and(x;y;2)" and(as;ap; as;as)" are related by
2 3 2 3
X a,
yé_ h B B T gazz
g z57 1 1 1 1 4a3b (6.33)
1 as,

Control points computation for trimmed NURBS patches

In this appendix we explain the computation of the NURBS mmiroints. The approach we take is to compute the control
points once for all molecule atoms. That is each atom will éqgresented by its speci ¢ domaid in (u;Vv) space and the
same set of normalized control points that represent thianynsphere with center in the origin. Then we apply an af ne
transformation to map the unitary sphere to the positioandky the atom. To have a unique base set of control points{deg
a portion of the normalized sphere) that can represent amy ate need to be sure that for each li&ih B there is at least a
neighbor balB, that intersect8 for the smallest portion. This is because we wish to compgetbntrol points of a portion of
sphere which is a (bounded) rectangular domain and a minisuparset of any domaib of any atom.

Fortunately this condition is satis ed for all moleculesrfexample in the ball and stick representation used in Rz3t5,
61] a bond (stick) is drawn between to atoms of ragir, if the distance between the centers of the two atoms is less than
0:6(r1+ r2). Since in a molecule there is at least one bond per atom wethav#r each atom there is at least a neighbor atom

for whichr < 0:6(ry + r). If we also consider that minimum atom size in a molecule®aland the maximum is:28 A we
have that each atom is intersected by a neighbor atom foast (85477% of its radius. This means that, with reference to
equation (2.2) we can always assume to hive0:84523 that id  3:45288299571568. For this xed value bfve apply a
change of polynomial basis to get the coordindtey, 7) of one quarter of the control points (and relative weights in the
table below.

The other control points are just computed mirroring th@gee with respect to the andy axis. The knots vectors are
u:[ 1 1 100113v:[ 1 1 100111
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x[y[ z]w
P l0]0] 1|1
P01 111
0|2 02
P,11/|0 111
BI1]1] 1|1
Ps11|2 0| 2
R2[0] 0|2
PBl2|1 0| 2
B1212] 1|3
A
Ps B P
P, |P5 |Pg
P P P

Figure 2.41: Control point computation
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Chapter 3

Smooth Surfaces

The computation of electrostatic solvation energy (alssvkmas polarization energy) for biomolecules plays an irtgrarole
in the molecular dynamics simulation [63], the analysistabgity in protein structure prediction [110], and the t@io-ligand
binding energy calculation [66]. The explicit model of trev@nt provides the most rigorous solvation energy catoutd87].
However, due to the large amount of solvent molecules, mfdsieccomputation time is spent on the trajectories of thees!
molecules, which severely increases the computation ¢dsisanethod [96]. An alternative method is to representibigent
implicitly as a dielectric continuum [102], then the eledtatic potential is known by solving the Poisson-BoltzméRB)
equations [26][80]. A more ef cient method is to approxiradhe PB electrostatic solvation energy by the generalizat B
(GB) model [111][28][72], which computes the electrostadlvation energpGejec as

2
d

Gpol = %é % ‘ 1; ©-4
i [r? + RR;jexp( =lk

wheret = é %, & is the solute (low) dielectric constargy is the solvent (high) dielectric constawg,is the atomic

charge of atom, rj; is the distance between atdrand j, F is an empirical factor (could be 4 [111] or 8 [72]), aRdis the
effective Born radius of atorn The effective Born radius re ects how deep an atom is buingtie molecule and consequently
determines the importance to the polarization. The fortiaraf the effective Born radii is derived in [55]:

VA
_ 17 (r x) n(r)
R "= p e jrxj a8 02

whereGis the molecular surface of the solute,is the center of atom andn(r) is the unit normal of the surface at
The details of the derivation of (6.13) and a fast evaluasityorithm based on the fast Fourier transform (FFT) for 3pi%
discussed in [20]. Since the numerical integrations aredonthe molecular surfacg an accurate and analytic representation
of Gis needed.

Three well-known molecular surfaces are shown in Figurar82D. The van der Waals surface (VWS) is the union of a
set of spheres with atomic van der Waals radii. The solvergsgible surface (SAS) is the union of augmented van derswaal
spheres with each radius enlarged by the solvent probesgdarmally taken as 1.4 ) [69]. The solvent excluded surface
(SES, also called molecular surface or Connolly surfactjddoundary of the union of all possible solvent probesdbatot
intersect with the interior of the VWS [40][93]. As describim [40], the SES consists of the convex spherical patchéshwh
are parts of the VWS as well, the toroidal pathces and theas@nspherical patches, which are generated by the probiegrol
along the intersections of neighboring atoms. The VWS caaseoverestimation of the electrostatic solvation enextpyie
the SAS leads to an underestimation [72]. The SES is the nwostate when it is applied in the energetic calculation and
therefore it is most often used to model the molecular sarfalowever the SES still has one signi cant drawback: it edrg
cusps when the rolling probe self-intersects, which maygeaingularity in the Born radii and the force calculations.

In the energetic computation, knowing the patch complexeseomolecular surface is not enough. For convenience, an
analytical representation of the molecular surface is ed@hd the singularity should also be avoided.
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Water Probe
* (14 4)

Figure 3.1: Three molecular surfaces are shown for two aiarhgo dimension. The boundary of the union of balls (pink)
with the van der Waals radii is the VWS. The SAS (purple) isuh@&n of augmented van der Waals spheres with each radius
enlarged by the radius of a solvent probe (light blue). Th& 8Be blue curve) is boundary of all possible solvent prabat

do not intersect with the interior of the VWS.

3.1 Implicit Solvation Surface from volumetric Density Maps (Radial Basis Splines,
C'nf)

We extract an implicit solvation surface (molecular suefieas a level set (isocontour) of the volumetric electrorsdgmaps
[15]. The implicit solvation surface is chosen to be a goodragimation of the Lee-Richards molecular surface [69] by
choosing an appropriate weighting parameter of the sunemafi Gaussian kernel functions.

3.1.1 Gaussian Density Map
The molecular surface has been approximated in the pash$2%8] by an isocontour:

N g kx xik2 1

M:= x2R3:G(X)=1 with  Gx)=8e 7T (1.3)
i=1

where (x, r;) are the center and radius of thtk atom in the biomolecule, arig] < 0 is called the “decay rate', which controls

the rate of decay of each atom's Gaussian kernel. NoteBihaust be negative to ensure that the density function goesrto z

ask x X k goestoin nity. In order to make the distance betwé&¢mndMp as uniform as possible, we take= B; =ri2, where

C< 0Ois agiven constant. No®(x) becomes

Y — \ C(kx xk? r2).
G(x;C)= g € A (1.4)
i=1

3.2, the different effects d and constanB;(= B) are shown for a two-sphere system, one is centered at () v@iftOradius
of 1.0, the other one is at (2.8, 0, 0) with radius of 2.0. It barobserved that

Table 1: C (1/Angstrorf) /B; (constant) and Implicit Solvation Models in Fig. 3.2
Red Green | Magenta| Blue

Fig.3.2(a)| C=-0.125| C=-0.25| C=-05| C=-1.0
Fig.3.2(b)| Bi=-0.125| Bj=-0.25| Bij=-0.5 | Bj=-1.0

C leads to more uniform in ation thaB;.
Small balls have more in ation than big ones.

Large error occurs around the intersection region, andrttee eeduces gradually away from it.
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(a) (b)

Figure 3.2: Implicit Solvation models by choosing variousnQa) and B in (b). Yellow balls are two input atoms. The
correspondence between CiBlues and these models are shown in Table 1.

LargerC andB; lead to greater in ation. For the same C aBdvalue, e.g., -0.12%; tends to introduce more in ation.
In ation of the molecular surfaces distorts the polar stitva energies and hence to be seriously avoided.

Fig. 3.3 shows implicit solvation models of Ribosome 30SmPared with Fig. 3.3(a), proteins in ate much more serigusl
in Fig. 3.3(e). rRNA in Fig. 3.3(c) and (f) looks similar, bpitoteins in Fig. 3.3(f) look a little more in ated than Fig.3b).
rRNA in Fig. 3.3(d) and (g) looks similar too, but proteinsHig. 3.3(g) are close to proteins in Fig. 3.3(c).

3.1.2 Multi-Level Gaussian Density Map

In order to reduce the in ation caused by Gaussian summatsonell as to model molecular surfaces with varying resotuti
on the implicit solvation surface, we introduce a multideGaussian map. First, we introduce some notation as showig i

3.4. LetNg = f N((JO); ; N(()”)g denote the index set of all the atoms V\mﬁ) = fig. Supposé\p is grouped into several subsets
() iz qoo - Mmoo S :
N;’,i= 1,2, ;m,such that NS) = No: NS) Ni]) = f (1.5)
i=1 1i6j m
The seiN; ;= f Nf)ginzll, whose eIementiazare_aIso sets, may Qe further grouped ime sobsetblg), i=1,2; ;np suchthat
N = Ny NS N = £ (1.6)
i=1 1i6j np
The collection off Ng)gin:z1 is denoted byN,. This hierarchical grouping process could be repeatedaktimes according to
the molecular complex considered. In practice, two or tliterations suf ce. By using these sdtlé') and a given sequence
f pxg of pwith px > 0, thek-level Gaussian map are de ned recursively as
Go®= & [GnI™; N 2N
NPV
where 0-level Gaussian map is de ned by Eqn. T4~(1.0) or
G (¥ = K(kx  xik)=K(r)); K(x)=e 2.
0

The atom group format depends on what kind of structure wh teisnodel and mesh. For a protein, atoms may be grouped
by residues, meaning that atoms in the same residue areedbisgo one group. Then the residues are grouped accorting
their neighborhood along the protein backbone.
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(e) B=-0.03125 () B=-0.125 (g9)B=-0.5
Figure 3.3: Implicit solvation models of Thermus Thermdpsismall Ribosome 30S (1J5E) crystal subunit for variousssa
sian kernel parameters. The pink color shows 16S rRNA ancktihaining colors are proteins.

N:.I:l = ‘INE:::l- N.:ua- N.:: I‘ N'm = {N.::- N(um- NI::I }

M m 0 _level Surface
Mo 1_level Surface

e 2 lewel Surfoace
Lavel Two Emor L HE

Bo_ 3
NI. _-{N':,N?.N':::'} {N-JIJ Nclrz:ﬂxln}

H

Figure 3.4: The de nition of multi-level surfaces.
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(a) low resolution (b) residue-level resolution (c) atoteieel resolution

Figure 3.5: Implicit solvation models of Haloarcula Marisrtui large Ribosome 50S (1JJ2) crystal subunit.pg@ay 0.03125;
(b) p1 = 0.125; (c)p1 = 0.5. p2 = 1.0. The light yellow and the pink color show 5S and 23S rRigpectively, the remaining
colors are proteins.

For each k-level Gaussian M& ) (¥), a k-level surface is de ned by
K

This surface encloses the surfadg for N 2 NS). Hence, alll thesellf) de ne a hierarchical surface family. We call the surface
My as the child oMN(i), andMN(i) the parent oMy. The enclosing relation of this hierarchical surface farislstrict, meaning
k k

that the minimal distance frofdy to MN“) is greater than zero for arly 2 NS). We further de ne the B-surface dfly for all
k

N2 NS) as

[
S = Bd fx2 R®:Gn(X) 19 ;
“ N2

where Bd() denotes the boundary of a regioiiRth Note thalSN(i) is enclosed strictly bMN(n .
k k

The purpose of introducing a multi-level Gaussian map isddress the structure of molecules at a certain level. For
instance, at the residue level of a protein, we dealt withheasidue as one unit and therefore the protein is considered
the residue level resolution. The sub-structures of thielues(atoms), are not individually identi able. Similarlgt the next
higher level, a group of residues is dealt as one unit anetbes the protein is considered at an even coarser featsokiten.
The goal of addressing certain level structure and un-adirg the higher level ones is achieved by the properly seteof
the parametepy in the multi-level Gaussian map. Basically, largrrshould be chosen to address #akevel structure and a
smallerpy 1 is used to un-address tiile  1)-level structures.

Considering three levels of structures, including the atothe residue and the next level of grouping, we can coostru
a three level Gaussian map with givpir p, and ps. To address the second level structure, we need to chmplseger and
p2 smaller, whilep; has less in uence than the second level structure. Quitenaftalso suf ces to consider only a two-
level Gaussian map instead of three: level one is at the ipragsidue level, while level two is at a coarser resolutievel.
Henceforth in this paper, we provide details for only twedkeGaussian maps.

In computing implicit solvation molecular surfaces, varsanodels are constructed by choosing diffeqgn® (0;¥) and
p2 2 (0;¥) in the Gaussian map. To make the constructed model corrdspancertain levelp; and p, need to be selected
properly. For a xed level, the structure at this level stibbk distinguishable. For instance, at the residue levelintividual
residues should be observed, while atoms may not be dissimea clearly. Fig. 3.5 shows constructed models of Rib@som
50S at low resolution, residue and atomic level resolutions
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3.1.3 Approximation Computation

In order to obtain a good approximation to the molecularaeffrom the multi-level Gaussian map, we bound the error at
each level. To bound the approximation for the rst level, meed to compute the minimal distance frdfg; N 2 Ni') to its
parent surfacél N On the other hand, in order to have an error controlled afipration of the second level surface, we need
to compute the maX|maI error fromMy; N 2 Né) to its parent surfac®l N Hence, we need to consider the error computation

for both levels of surfaces. The error computations aredase point prOJectlon algorithm.
Given the surfacdy, a pointq 2 My and a unit directiom, the point projection algorithm in the following computes a
nearby intersection poirg of the lineg+ tn (t 2 ( ¥;¥)) with the surfaceMy.

Algorithm 3.1.3.1 (Point Projection).

1. Compute an intervaé;b] fort, on whichGy(q+ tn) 1 changes sign once. This is achieved by a linear search step
in a certain rang@A;B]. If (NGn(Q) Tn[Gn(g) 1] < O, search im direction, otherwise in n direction. If such an
interval could not be found, the project point does not exigl return a failure signal. After the interval is deterndine
setto = 252 andk = 0.

2. Computey. 1 by the Newton iteration method

Gn(g+ tkn)

t = —_———————
17K NTRGN(+ tn)

(1.7)

If twe 1 2 (;b), replacey. 1 by 252
3. Replace the intervd;b] by [a;ty. 1] if Gn(q+ tn) 1 changes sign ovéa;ty. 1], and replacgg; b] by [ty 1; b] otherwise.

4. Ifib aj < e (eis a given error tolerance, we usually take it tolfe*), stop the iteration ang = q+ ti, 1n is the
projection point, otherwise, skt= k+ 1 and go back to step 2.

We specify the searching ranfy& B] in step 1 of the algorithm to be 4;4], since the atom diameters are around 4. Errors
beyond that are not considered here. If the projection gxiken the projection poirg of point g on the surfacéy in the
directionn is denoted byRy,, (g; n).

Minimal Error of Level One Surface
Now we assumd& = 1, then the child surfaces are atoms. Net f jg 2 N(') the minimal error fromMly = Sy to MN(i) is
de ned by '

dv:= min kp xjk rj; j2N:
PM0

Letg= xj+ rj kp X k, thengis on the spher&y andpis the projection ofj to the surfacéM 0 in the spherical normal direction
n(q). Thatis,p= Py (I)(q n(q)). Hence in order to computl, we need to comput@y (I)(q n(q)) forq2 S\.

Next we conS|der the computation of the minimal distancenfidy to MN(.), where N 2 Ni). First we assume that each

atom (sphere) is uniformly sampled withvertices. This sampling is achleved by translating a tridatged unit sphere to each
of the atomic centers and re-scaling it to the atom's van dealwadius. We obtain the unit sphere triangulation fron6]11
For each verteg on the triangulated atom surfabty, Py o (g;n(q)) is computed using thpoint projectioralgorithm, where
N
n(q) is the spherical normal at

Algorithm 3.1.3.2 (Minimal Error computatioi.
Setdy = 4. for each triangle vertex2 Sy\ Sy, dof computhMNl(q; n(q)), and then compute

dn = minf d; kP, (0;n()) Xk rjg;

f Pl (G(0) 2 My 49
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g

Table 2 shows the minimal error of our level one surface fesédue and a chain from Ribosome 30S, wis¢k) is de ned
ase(M) = max @ dn. It can be observed that the error decreasesiasreases. The algorithm for computing minimal error
1

can also be used to compute the maximal error by changingithtormax in (1.8). Maximal errors for Ribosome 30s are also
listed in Table 2 for differenp; (see the second row).

Table 2: Minimal Error and Maximal Error of First Level Suects of Ribosome 30S (1J5E) (Angstrom)

[ 0.25 0.5 1.0 2.0 4.0 8.0 16.0
Min Error (atomic) | 8.338e-02 | 2.829e-03| 6.287e-06| < 10 ° <10°© <10°© <10°
Max Error (atomic) | 1.634e+00| 8.656e-01| 4.121e-01| 2.038e-01| 8.893e-02| 3.940e-02| 1.842e-02

Maximal Error of Level Two Surface

The maximal error fronMy to MN(i)' N2 Ng) is de ned as
2

d = g, TAX kq PMN(i)(q;n)k;
q N'PMNg)(q'n) Ng);N 2

whereq 2 My, Pu 0 (g; n) is the normal direction projection afto the surfaceMN(i). This error is computed as follows. Let
N2 2

Ni 2 NS). Algorithm 3.1.3.3 (Maximal Error computatioh

Sethl =0.
for eachN 2 N; dof
for each triangle verteg2 Sy\ Sy, dof

computedj := Puy, (0;n(d)), and

computeRy , (G:n(@) if G2 My,

and then cozmpute

dn, = maxt dny; kP, (6n(a) P g, (@ n(D)k
2

if H\ANg)(q;n(q)) 2 MNg);Nl'

g

g
Again, the projection pointg = PMNl(q;n(q)) andRy 0 (G;n(q)) are computed by the point projection algorithm, where
N

the searching randé; B] is set to bg0; 4], since we knovaN(i) enclosingMy and we are not interested in the errors that are
2

larger than 4.

The rst row of Table 3 shows the maximal errors of the secanel (residue level) surfaces for ribosome 30s, whagre
is chosento beB, pp = 0:25;0:5;1:0; ;16. The second row lists the maximal errors of the second (e level) surfaces
for the samep; andp,. The results show that the errors decrease approximatelyiasar rate ap, increases.

Table 3: Maximal Error of Second Level Surfaces of Riboso®® GLJSE) (Angstrom)

P2 0.25 0.5 1.0 2.0 4.0 8.0 16.0
Max Error (residue)| 3.923e+00| 2.124e+00| 6.832e-01| 3.240e-01| 1.550e-01| 7.794e-02| 3.278e-02
Max Error (low) 9.899e+00| 7.695e+00| 8.045e-01| 2.365e-01| 1.390e-01| 6.113e-02| 2.653e-02

3.1.4 Good Approximations of Molecular Surfaces

We have discussed that it is often suf cient to consider a-lev@l Gaussian map to approximate molecular surfacesddmeas
certain structureq; is taken to be a small value to blur the higher level detailss chosen to be larger to enhance the feature
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of the current level structure. As we have shown in the lasti@e, a smallep, leads to a larger error for the level one surface,
and a largemp, leads to a smaller error for the second level surface. Thexebur strategy for obtaining a tight enclosing
surface approximation is to remove the level one error andrigjithe error of the second level.

Figure 3.6: The left picture shows the in ation effect by tBaussian map. The right one shows the tight enclosure ofsatom
The centers of the ve atoms afe 2;0;0), (2;0;0), (0; 1;0), (0;1;0) and(0;0;0). The corresponding radii ared) 0.9, 1:1,

1:3 and 13. The parametep in the Gaussian map is chosen to bé.0rhe tight approximation on the right gure is obtained
by shrinking the ve radii into 065644, 072525, 060476, 104567 and @ respectively. The unit is Angstrom.

The main idea to obtain a tight level one enclosing surMﬁg) is to reduce the radii of the atoms, such twi) touches
1 1

the original atoms (see Fig. 3.6). SuppgﬁeMNm is the nearest point to thieth atom,j 2 Nf), and the distance fromto the
atom isdj. Then we have '

o

a [Kky xk)=K(r)IP+[K(ky xjk)=K(rj]P = 1: 1.9)
12N 16

whereK(x) = e “ Now we adjust the radius; to fj, such that the new nearest points on thej-th sphere. Since the
dominating part of (1.9) is the second term of the left hadé sive therefore requimg Satisfying

Fjoorps (1.10)
K(rj+ dj)=K(rj) = K(rj)=K(f)): (1.11)
From this we obtain ( h o )
Kp)? = e K()) :
0; otherwise

whereK ! denotes the inverse function K{x), RangéK) := fy2 R:y= K(x); x2 (0;¥)g. Based on this analysis, we build
the following iterative algorithm for computing.”

Algorithm 3.1.4.1 (Sphere Shrinking
Fori= 1;2; ;ng do the following steps

1. set=0,r"=r;,d" =¥ 82N,
2. Compute the minimal distandéa“ b, 8j2 Nf) from thej-th atom to the iso-surface de ned by the multi-level Gaassi

mapG:\'lZi) (9= & o [K(kx xik)=K (r{")1Px, using Algorithm 4.2.
1
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3. Compute 8

< 1 Kepke?y o ke _
— ——L-2R K
r%”l) = K(rj+dD) K(rj+di) angeK);
0 otherwise
4, IfmaxJ ZN(i)de(') dj(“l)j < e (we takee= 10 4), terminate thé loop andrf“l) are the required results. Otherwise, set
1

| = 1+ 1 and go back to step 2.

o KK . L
Remark: The condmon% 2 Rang€K) may lead to some of the atoms located in the interior of theemdé to become
rj+ i
untouchable. Figure 3.6 shows that the circle at the orgyimot touched.
The experiments show the sphere shrinking algorithm cgasgeat a linear rate. Table 4 lists the enﬂfgx: maszN(” id
1

for 20 amino acids wittp; = 0:4.

1.
¥

Table 4: Errorse,(T'])aXfor 20 amino acids ang; = 0:4

ALA ARG ASN ASP CYS GLN GLU GLY HSD ILE
5.13e-01 | 6.97e-01| 5.99e-01| 6.23e-01 | 5.36e-01 | 6.26e-01| 7.06e-01| 4.34e-01| 7.36e-01| 6.00e-01
6.22e-02 | 1.37e-01| 2.66e-01| 6.75e-02 | 5.86e-02 | 1.16e-01| 7.78e-02| 5.33e-02 | 7.20e-02 | 5.62e-02
2.80e-03 | 3.79e-02| 5.83e-02 | 1.50e-03 | 6.82e-04 | 1.76e-03 | 4.57e-04| 1.90e-02 | 1.45e-02 | 2.73e-03
5.76e-04 | 2.30e-02 | 1.83e-04 | 4.93e-04 | 1.81e-04 | 4.51e-04 | 1.38e-04 | 8.62e-05| 5.30e-03 | 5.60e-04
1.30e-04 | 6.95e-04 | 6.06e-05| 1.64e-04| 4.97e-05| 1.74e-04 | 4.26e-05| 6.31e-06 | 2.20e-03 | 1.25e-04
3.14e-05| 2.18e-04 | 2.22e-05| 5.59e-05| 1.39e-05| 7.84e-05| 1.32e-05| 7.16e-07 | 9.94e-04 | 3.11e-05

| O BN O] —

=
(=)

LEU LYS MET PHE PRO SER THR TRP TYR VAL
8.48e-01 | 8.62e-01| 6.08e-01| 6.14e-01| 7.98e-01| 9.63e-01| 1.06e-00| 6.01e-01| 6.10e-01| 7.07e-01
6.51e-02 | 3.96e-01| 1.13e-01| 8.94e-02| 2.06e-03| 8.81e-02| 3.06e-02| 9.17e-02| 6.03e-02| 2.86e-02
5.72e-03 | 1.54e-03| 7.78e-03| 6.50e-03 | 3.62e-04 | 5.28e-04| 6.63e-03 | 1.49e-02| 4.25e-02 | 5.76e-03
1.27e-03| 5.18e-04| 2.25e-03 | 1.90e-03| 9.12e-05| 1.19e-04 | 1.68e-03 | 6.42e-03 | 1.69e-03| 1.36e-03
3.03e-04 | 1.77e-04| 6.77e-04| 7.13e-04 | 2.35e-05| 2.66e-05| 4.67e-04 | 2.90e-03| 6.93e-04 | 3.56e-04
7.52e-05| 6.23e-05| 2.09e-04 | 3.02e-04 | 6.26e-06 | 5.88e-06 | 1.36e-04 | 1.56e-03| 3.52e-04 | 9.78e-05

| O | N Of —

=
(=)

Fig. 3.7 shows multi-resolution implicit solvation suréaapproximations of an ASN-THR-TYR peptide with varigus
andp,. Fig. 3.7(a) shows an atomic level model, Fig. 3.7¢dare residue level models. It can be observed that wherathe s
p; is selected, smallg, leads to fatter surfaces. Compared with Fig. 3.7(g), Fig(fBis more tight.

Fig. 3.8 shows multi-resolution implicit solvation suréaapproximation of Ribosome 30S. Fig. 3.8(a) is a low levedlaip
the pink color shows 16S rRNA and the remaining colors aréeprs. One protein (Chain B) is separated from the whole
structure. The residue level model can be constructed bytied) smallp; and largep, as shown in Fig. 3.8(b), and the atomic
level model is constructed by selecting laygeand smallp, as shown in Fig. 3.8(c).

3.2 Mixed-Voronoi-Del complexes((il)

3.3 Algebraic Shell SplinesCY)
3.3.1 Algorithm Sketch

There are four main steps in our algebraic spline moleculgase (ASMS) construction algorithm: (1) construct artidhi
triangular mesh of the SES; (2) build a prism scaffold sunding the triangulation; (3) de ne a piecewise polynomiattw
certain continuity; (4) extract the 0-contour of the piesmapolynomial. We are going the explain each step in deiaihé
following and discuss how to make use the parametrizatith@ASMS in the numerical integration.

3.3.2 Initial triangulation of the MS

So far a lot of work has been done on the triangulation of th8 8Eits approximation [35][2][67][122][17]. The ASMS
generation could be applied to any of these triangulatidnsour current research we use the triangulation generatesl b
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@) (b) © (d)

Figure 3.7:Different effects of changing, and tight/non-tight approximations for an ASN-THR-TYR fidp which consists of 49 atoms.
The surface (b), (c) and (d) are the same as outer surfacey (f @nd (g) respectively. The inner surface of (e), () &) is the hard sphere
model of three residues. (a) shows the atomic level appratkim of the hard sphere model, whgye= 5:0, po = 1:0; (b), (e), (c) and (f)
show the tight approximation of the residue level with= 0:4. But differentp, are used. We choog® = 2:0 for (b) p» = 0:5 for (c). It
could be observed that largps leads to closer approximation. (d) and (g) show non-tigipraximations using the sanm® andp; as (c)
and (f). Comparing with (f), even larger error is observe(in

(b)

Figure 3.8: Multi-resolution models of Ribosome 30S. (a) - Ribosome 3@%he low level withp; = 0:0625, p, = 1:0 in multi-level
Gaussian map. Ribosome 30S contains 22 chains and eachmofgipainted in a different color. The pink color shows 16S ARNd the
remaining colors are proteins. The blue box shows one prd¢t@hain B). (b) - Chain B at the residue level wiph = 0:4, po = 5:0. It
consists of 234 residues. (c) - Chain B at the atomic levei pjt= 5:0, p> = 1:0. It consists of 1900 atoms.
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program in the software TexMol [17][7] as the initial. Feasiof the molecular surface are well preserved in thisdudation.
We then decimate the mesh [21] to obtain a coarser one.

3.3.3 Implicit/parametric patches generation

Given the triangulation mesh, let[viv;vy] be one of the triangles whevg vj; vy are the vertices of the triangle. Suppose the
unit normals of the surface at the vertices are also knowmptgel as; (I = 1;j;K). Letvi(/ )= v, + I n,. First we de ne a
prism (Figure 3.9Djjk := fp: p= byvi(/ )+ bavj(/ )+ bavi(l ); I 2 lijkg, where(by; by; b3) are the barycentric coordinates
of points in[vijvjvi], andl;j is a maximal open interval containing 0 and for dng@ i, vi(/ ), vj(I ), vk(/ ) are not collinear
andnj, nj, ng point to the same side of the plaRg (/) := fp: p= byvi(/ )+ bavj(/ )+ bavi(l )g.

Figure 3.9: A prisnD;jx constructed based on the trianfevjvi].

Next we de ne a function in the Benstein-Bezier (BB) basigothe prisnD;jy:

F(b;bzibsi )= @ bij(l )Bl(by;ba; ba); (3.12)
i+ j+k=n
whereB{}k(bl; b,; b3) is the Bezier basis
n!

i 1) K-
iljIk! bibzb3:

Bl (b1; b2; b3) =

003

b102 b012

\F b210 [7120 V.f

Figure 3.10: The control coef cients of the cubic Bezierisaxf functionF.

We approximate the molecular surface by the zero contoér, afenoted a$. In order to makes smooth, the degree of
the Bezier basis should be no less than 3. For simplicity, here we considec#ise oih = 3. The control coef cientsy;j (/)
should be properly de ned such thats continuous. In Figure 3.10 we show the relationship ofcitatrol coef cients and the
points of the triangle when= 3. Next we are going to discuss these coef cients are de ned.

SinceS passes through the verticas vj; vi, we de ne

b300= bogo= Pooz= I : (3.13)

To obtainC?! continuity at the vertices, we requibe1g bsgo = %NF(vi) (vi(l)y wvi(l)), whereNF(v;) = n;. Therefore
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boto= 1 + 50 (vi(l) vi(l): (3.14)

b120, b201, b102, bo21, bo12 @re de ned similarly.
To obtain theC! continuity at the midpoints of the edgesbfwe de neby11 by using the side-vertex scheme [85]:

1 2 3
b111: Wlb(ll)l+ Wzb(ll)1+ W3b(ll)1; (3.15)

where o
bj by

" 02bd+ b2+ D23

Wi i=123i6 j6 k

Next we are going to de nb(lll)l, b(lzl)1 andb(fi)1 such that th€?* continuity is obtained at the midpoint of the edgex, vivk

andviv;. Consider the edgav; for instant. Recall that any poipt= ( X;y;2) in Djjx can be represented by

(6¥:2)" = bavi(l )+ bavj(l ) + bavi(l ): (3.16)
Therefore differentiating both sides of (3.16) with redgec, y andz, respectively, yields
0 )
by fb /
i Will) v )T
b= ™ ke (i) wi)T A (3.17)
fop b g1 (byn; + bznj + bgnk)T
9z 9z 9z

wherelzis a3 3 unit matrix. Denote

Vi) wI )T
T=@ (vi(l) w(I)T A (3.18)
(bani + bonj + bgny) T
andletA= vi(l') w(/),B=vj(l) w(l)andC= bin;+ bonj+ bany, thenT = (A BOT.
From (3.17) we have

O oy g, g !

B o G111 5 ccoaA B (3.19)
& ﬁ ﬁ de{(T) ' '
1z 1z 1z

According to (3.12), at the midpoint efv;, (by;bz;bs) = ( 3;3;0), we have

0 T ! T 1 0 3 1
o Vi) w(1)) i+ ni g(bZlO b111)
%) r § = @ vi(l) w(nT A TJ + @ 3(biz0 brip) A:
9F (ni+ nj)T=2 2
1l
By (3.15), at(by; by; bs) = ( 1;1;0) we havebs 11 = b{Y,. Therefore the gradient &; 1;0) is
- = 9F TF
NF=T Yo; o o)T
(ﬂbl oy 17/)
=M [Blbao bI)B C+ 3bizo H)C A+A B (3.20)
4 " 2de(T) 1 H

De ne vectors
di(l)=vj(l) vi(l)=B A
da(by;bp;b3) = byni + bonj + bang = C;
dg(bl;bz;bg;l ): d, do=B C+C A (3.21)
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Let

11
2’2
ds(l) = dg(%;%;o;l )=B c+c A (3.23)

c=C( 0); (3.22)

Let NF = NF(3;4;0). In order to haveC! continuity at(3; 3;0), we should havélF ds(/ ) = 0. Therefore, by (3.20)
and (3.23), we have

d3(/ )T(3bo10B ¢+ 3bio A+ A B).

b =
e 3jjda(/ )jj?

(3.24)

Similarly, we may de neb(lll)l and b(121)1-

Now the functionF(by; by; bs; !/ ) is well de ned. The next step is to extract the zero level SeGiven the barycentric
coordinategby; by; b3) of a point in the trianglgviv;jvi], we nd the corresponding by solving the equatioR (by;by; bs; /) =
0 for | and this could be done by the Newton's method. Then we mayhgeatdrresponding point ddas

(% ¥, 27 = byvi(l )+ bovj(l )+ bavk(l ): (3.25)

3.3.4 Smoothness

Theorem 3.3.1. The ASMS S is¥aat the vertices of T and the midpoints of the edges of T.
Theorem 3.3.2.S is C everywhere if every edgevj of T satisesn; (vi Vvj)=nj (vj ).
Theorem 3.3.3.S is C everywhere if the unit normals at the vertices of T are theesam

Proofs of the theorems are shown in [124].

3.3.5 Parametrization and quadrature

In this section, we would like to show how the ASMS is appliedhe computation of (6.13). Since we use the ASMS to
represent the molecular surface, nG& S. Let f = %(r—) We decompose the entire surfégmto patcheg S;g with S
being the AMSM generated over trianglethen we have I
z z
f(x)dS=§ f(x)dSs (3.26)
S j S

For any pointx = ( x;y;2) onSj, by the inverse map of (3.25), one can uniquely mdp a point in trianglej and get its

baricentric coordinate@®s; by; b3) withbs =1 by by. Thereforey, y, zcan be represented in terms(bf; by):

x= x(by;bz;);  y=y(bibz);  z= z(by;by)
Replacing(x;y; 2) with (by;by;b3) in (3.26) and letting
g(b1;b2) = f(x(b1;b2);y(b1;b2); Z(b1; b2));

we get
Z Z P
f(x) dS=  g(bi;by) EG F2dbidhy; (3.27)
] Sj
where
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( )2 ( )2 ( )2
_ ﬂx = . ﬂy Ty fy ., ﬂz fz .
ﬂbl ﬁbz ﬁbl b, ﬁbl by’

)2( )2( )2

We then apply the Gaussian quadrature to (3.27):

4
P — -
g(bi;by) EG F2dbydb, ang(bkm EG  Fjyy; (3.28)

Where(b'{; b‘g; b§) andW are the Gaussian integration nodes and weights on the lemng

3.3.6 Error of the ASMS model

In order to show the error db to the true surfac&, we do a test on some typical surfaces (Table SglF f(XVy;2) : z=
f(x;y); (xy) 2 [0;1)%g which are considered as the true surfaces. We generategutiion mesh over the true surface with
the maximum edge lengthbeing Q1. Based on the mesh, we construct the ASMS m&ddlhe error ofSto § is de ned

as ma% wherep 2 S, g2 &, andp andq have the saméhs; b,; b3) volume coordinates but differehtcoordinates. We

sample(p; q) on the surfaces and compute the maximum relative error.

Table 3.1: Relative error and Convergence

Function(x;y) 2 [0;1]2 max ”ﬁqu” g C

z= 0 0 0

7= 32+ y2 2.450030e-05 1.010636e-2

z=x3+ 3 1.063699e-04| 2.610113e-2

z= e illx 09*(y 057 5.286856e-07|  6.288604e-5

z= 1:25+ % 2.555683e-04|  4.58608e-2
= fpni(9y 9% 1.196519e-02| 1.896754e-1

z= 1 3@ 8.614969e-05| 1.744051e-1h%)

z=[(2 1 y2)2 x?¥2 | 1.418242e-05 1.748754e-02

For the point paip(by;by; bs; 1 p) andqg(by; bz;bs;/ q) de ned above, we prove that their Euclidean distance is bdedrby
the difference of theit coordinates.

Lemma 3.3.1. The error of the approximation poimptto the true poing is bounded byl , [ 4.
PROOF

lipdii bajjvi(lp) Vil g)ii + ba2ivi(l p) V(I q)ij + bajivil p)  vi(l o)ij
i Tp Tqi(oainifj + balinjjj + bsjjnidi)
=ilp ld
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To study the rate of converges 8to &, we gradually re ne the initial mesh. Since the error is bdea byj/ , [ ¢j, we
compute the ratio of the maximum differencelgf and/ q to h, h?, h3, and so forth. A decreases, we check if the ratio
converges or not, which allows us to know the highest rat®n¥ergence o6to &. For Ig1ost of the test functions in Table 3.1,
we observe thaB converges t& as fast a©(h®). We also observe thatforthe case 1 x2 2, the rate of convergence

reache®©(h%). We show the limit of the ratié’hT'q ash#0, denoted a€, in Table 3.1. Hence we draw the following claim:

Claim: Lethbe the maximum side length of triangulation méstp be the point on the ASMS) be the corresponding point
on the true surface, thgnconverges taj at the rate oD(h®). i.e. There exists a consta@isuch thafjp qgjj Ch®.

4600 Triangles 9216 Triangles 18434 Triangles

Figure 3.11: The top row is the triangulation of the SES of@ro1MLO with different number of triangles. The bottom row
is the ASMS generated from the above corresponding triatigul.

We generated the ASMS for the real proteins based on diffesiza of meshes (Figure 3.11) and show the error of the
ASMS to the SES of three proteins: 1GCQ (843 atoms), 1MLO {1&6ms), and 1KKL (1276 atoms) in Table 3.2. Here
the SES is modeled as a level set of the summation of fast oep&aussian functions. The ASMS is generated from the
triangulation of the SES at different resolution. The nundfdriangles of the initial meshes are listed in Table 3.Be®rror

@nax is de ned as the one-way Hausdorff distance from the ASM$ 1®0SESgnax= max min jjp  qjj. As we see in the
p2ASMS q2SES

table, the errors are small and decrease rapidly as thalitiingulation becomes dense.

3.3.7 Application to the biomolecular energetic computatn

We apply the ASMS model to the GB electrostatic solvatiorrgymeomputations of the example proteins 1HIA (693 atoms),
1CGI (852 atoms), and 1PPE (436 atoms). The ASMS mo8éts the proteins are generated based on the initial mesh
with different number of triangles (Table 3.3). We show thBMS of the example molecules generated from the decimated
triangulations in Figure 6.4 and Figure 3.13. As a comparisee compute the polarization ener@y,for both the ASMS

and the piecewise linear (PL) surfaces and show the enesgjtseand the timing in Table 3.3. For all the computations, a
4-point Gaussian quadrature rule over a triangle [43] igldsethe numerical integration in (3.28) when computing Boen
radii. The running time contains the time cost of computimg integration nodes over the surfaces, computing the Baafin r
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Table 3.2: Error of ASMS to the SES

1GCQ 1MLO 1KKL
No. of Ds Emax No. of Ds Emax No. of Ds Emax
16,312 | 0.266069| 18,400 | 0.233949| 19,968 | 0.260418
32,624 | 0.142149| 36,864 | 0.142380| 39,544 | 0.134689
65,456 | 0.082550| 73,736 | 0.083895| 79,096 | 0.085855

and evaluatingsy. If we consider the energy computed from the dense mesh asadecas we see from the table, Bgy
computed from the coarse PL model has a large error, howewénd coarse ASMS model, it is very close to the dense mesh
result but with less time. On the other hand, to get a enegyltref the same accuracy, fewer number of triangles areatted
for the ASMS model than the PL model. For example, for thegnolCGl, theGpo computed from the ASMS with 3674
triangles is -1394.227 kcal/mol. However to get a similautg 8712 triangles are needed for the piecewise lineareinod
Therefore the ASMS model is much more ef cient in the enamedmputation than trivial piecewise linear models.

Table 3.3: electrostatic solvation energy and timing

Protein| No. of Gpol (kcal/mol) Timing (s)
ID Triangles PL AS PL AS
29108 | -1371.741894 -1343.1496| 39.64 | 40.31
1CGlI 8712 | -1399.194841 -1346.2230| 12.94| 12.64
3674 | -1678.444735 -1394.2270| 7.40 | 6.11
27480 | -1361.226603 -1340.6384| 30.23| 31.18
1HIA 7770 | -1389.017538 -1347.8067| 9.43 | 9.93
3510 | -1571.890827 -1388.4665 5.21 | 5.21
24244 | -835.563905| -825.3252| 17.27| 18.26
1PPE 6004 -852.713039| -828.2158| 5.09 | 5.39
2748 -933.956234| -845.5085| 2.74 | 3.27

3.4 Variational B-spline Surfaces C?)

3.4.1 Geometric Flow for Molecular Surface Construction

Given a non-negative functiofi(x) over a domainW2 R3, we generate a molecular surfaGén W, such that the energy
functional z z

E(Q= Gf(x)dx+ | Gh(x; n)dx (4.29)
is minimal, wherex andn are the surface point and surface normal, respectitékyn) is another given non-negative function
overR® R3whichis used for regularizing the molecular surface. Here0 is a constant. From minimizing energy functional
(4.29), the partial differential equation (PDE) in the leget form is obtained as the Euler Lagrange equation [22jthérmore
an evolutionary PDE equation is obtained as an iteratineg(tlependent) geometric ow approximation to the PDE.

Given a molecular representation (i.e., PDB) which coasi$ta sequence of atoms with centéxsg™ ; and radiif rigi® ;

(see Fig. 3.14(a)), we construct molecular surfaces whittinmize the general energy functional (4.29). In [25], wéese
f(x) = g(x)? andh(x;n) = 1 with

m
g=1 § e Gl Xk,
i=1

fi = ri+ rp;

wherery, is the probe radius, which usually is 14the radius of water). The consta@it> 0, which is also called the Gaussian
decay rate, is determined so tigfik) = 0 is an approximation of the solvent accessible surfacenvitlgiven tolerance. We
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(@) (b) (€) (d)

Figure 3.12: Molecular models of a protein(1HIA). (a) is Tdtemic model. (b) is the initial dense mesh of the SES (27480
triangles). (c) is the decimated mesh of the SES model (#rattgies). (d) is the ASMS (7770 patches) generated from (c)

(@) (b) (c)

(d) (e) (f)

Figure 3.13: The top row are the models of 1CGI and the botmmare the models of 1PPE. (a) and (d) are the atomic
structures of the proteins. (b) and (e) are the decimataagtilar meshes of the proteins with 8712 triangles and G@i#btes,
respectively. (c) and (f) are the ASMS models generated ftprand (e), respectively.
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@) (b) (©)
Figure 3.14: Molecular Surfaces of Protein (PDB Id: 6PT4).the van der Waals surface. (b) shows Geismooth implicit

B-spline molecular surface. (c) shows the tight enclostite@implicit B-spline molecular surface superimposedwtite van
der Waals surface.

(@) (b) (©)

(d) (e) ®

Figure 3.15: Resolution adaptive molecular surfaces ofthéslycoprotein (PDB Id: 10KE) of the envelope of the Dengue
virus. (a) the van der Waals surface. (b) @rimplicit B-spline molecular surface of 10KE at 2resolution (Residues 1-52,
133-193 and 281-296 are colored red. Residues 53-132 ar@8®4re colored yellow. Residues 297-394 are colored blue.
The coloring method is based on [84]). (c) @frimplicit B-spline molecular surface complexed with a ligefgreen) at 1\
resolution. (d) (e) and (f) are a zoomed view of the boxedipostin (a), (b) and (c) respectively (only one of the two koxe
are shown in each case as they are identical).

chooseC; as'g—ﬁz. The second term of (4.29) is used to regularize the contstlsurface, wheré is a small number. In the
examples provided in the following, we chodseas Q01. To further eliminate depression and smooth out highwturas, we
select functiorh(x;n) = kNg(x)k? in this paper and demonstrate its ef ciency by comparingiaitnumber of prior analytic

surfaces [18, 123]. Minimizing energy functional (4.29) fiois choice oh(x; n) yields the following Euler-Lagrange equation

Nf N 29(Ng) "Nf + I [N(kNgk?)]"Nf 0
kNIf k KNIf k -

(g?+ | kNgk?)div

Thus the corresponding level-set formulation of the evoluequation (see [118] for derivation details or [47]) is

”7: (g®+ I kNgk?)div k—:k kNf k+ 2g(Ng) TN + 1 [N(kNgk?)] " Nf (4.30)

1
pral

e

H(f)+ L(NF);
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where

(f)=(g*+ | kNgk?)div kNfk; L(Nf)= 2g(Ng)"Nf + I [N(kNgk?)]"Nf :

Nf
kNf k
This evolution equation is solved by our higher-order lesetl methods [25]. The rst order terin(Nf ) is computed using
an upwind scheme over a ner grid, and the higher order terfi) is computed using a spline presentation de ned on a
coarser grid. Iff is a signed distance function and a steady solution of equ#4.30), then the iso-surfade= ry is an
approximation of molecular surface (see Fig. 3.14(b)).

We suppose that equation (4.30) is solved in a bounding bmatfoV/ which is uniformly partitioned with verticeGg =
injkgﬂ-k:o- Let G| be the set of vertices of the grid which is generated by bisabdivisionGy uniformly | times. Letf be
a piecewise trilinear level set function de ned on a g8d with | = 0 or 1 or 2, and= be the cubic spline approximation of
f over gridGy. Without loss of generality, we take= 1 for simplicity. Thus the main algorithm in [22] can be raped as
follows.

Algorithm 1. Smooth molecular surface construction
1. Computeg(x) over the gridG.

2. Compute an initiaf (= fo) by takingf (x) = g(x) and then update it using a reinitialization step, such kifetk = 1.
Let & be the initial closed level set surfacefefwith interiorD  R3.

3. Updatef by solving equation (4.30) for one time step using a nitdeliénce method.
4. Reinitializef , convertf to F, and then return to the previous step if the stopping cdteis not satis ed.
5. Generate a level set surfaice: F(x) =  rpg, which is the required approximation of the smooth molecsiaface.

In the following subsections, we summarize the main issudisd implementation of the above algorithm.

Level set evolution

Equation (4.30) is solved in a thin shell of the moving suefé@ accelerate computation and reduce errors. We rstiidg
f 0 to be the signed distance function@t, if necessary, reinitialization step can be done rst (sglessibsection 3.4.1). Then
we de ne a thin shell aroun@® by

N°=fx2 G :jf°(X)j< H g;
whereH is the thickness of the shell should be evaluated rst. Tos@né numerical oscillations at the boundary of the thin
shell, we should introduce a cut-off functio(x) in (4.30) as

I = o(F)[H(F)+ L(RF));

f(x:0)= Fo(x); (4.31)

on NP for one time step and gét'(x). The time step is chosen such that the interface moves lastie grid siz®x. At each
grid pointxij in the thin shelN®, compute®(xijx) = c(f °(xijk))[H(F°(xijk)) + L(Nf O(xij)]. Let
n 0
t = min Dx;Dx= max jV’(xijk)j :
Xijk2NO
Then updaté © by the explicit Euler scheme
f (i) = FO(xiji) + tVP(Xijk); Xijk 2 NO:

Sincef ! is no longer a signed distance function, a reinitializastep is required to get a neft and a new thin sheN™.
The process from° to f * described above is repeated to get a sequeh®g, o of f, and a sequence of thin shelN™g,, o,
until the following termination conditions

j i) < <
xiijaNijvm(X”k)J e andm< M
are satis ed. We choose= 0:001.M is a given upper bound of the iteration number, we chddsen, wheren? is the number
of grid points inG,.
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The construction of an initial surface G

The construction of an initial surface is pivotal to the leset methods. If the initial surface is near to the nal nmival surface,
a few evolution steps are enough. In our variational mokcsiirface construction, we ugéx) = 0 as an initial surfac€’. To

further speed the computation, we use a local fast compatafithe Gaussian functios ¢ %k* 71 in g(x) aroundx;. For

details on fast Gaussian summation, refer to [18, 23].

Adaptive reinitialization

In general, it is impossible to prevent the evolving levélfaactionf (x) from deviating away from a signed distance function.
Flat or steep regions could develop around the interfac&ngdurther computation and level set determination highhc-
curate. Hence a reinitialization step to reset the levefsettionf to be a signed distance function is usually necessary. This
problem has been carefully studied in [90]. The main idea solve a Hamilton-Jacobi equation. We omit the details hacke
refer the reader to [22].

3.4.2 lllustrative Examples

In this subsection, we provide implementation details oésal applications of the methods. Our variational molacaurface
algorithm has been implemented in our molecular visuatimasoftware package TexMol [8]. We now present illustrativ
examples of variational molecular surfaces, such as restilution molecular models and hierarchical macromobgcttuc-
ture surfaces. Quantitative comparative surface analyiflisGaussian and adaptive grid molecular surfaces methedalso
described.

(@) (b)

Figure 3.16: Adaptive Resolutia® Smooth Implicit B-spline Molecular Surfaces. (a) yellows$eand green antenna at about
5 Aresolution, and the blue body at aboutA @esolution of 1HZH (PDB Id). (b) adaptive resolution witlgteand antenna at
about 10A resolution, and the body at aboufAFesolution.
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Adaptive resolutions of molecular surface models

To capture molecular features, such as pockets and tunmadscan model molecular surfaces with varying and adaptive
resolution. Our variational molecular surface method jotes an approach to achieve this. Since the initial surfacani
approximation surface, one can select a spatially adagéeay rateC to capture the initial surface at adaptive resolution. In
Fig. 3.15, we show such an example of a ligand-binding packiéie dengue virus (DV) envelope (E) Glycoprotein. Fig.63.1
shows another example, where different portions of the oculde surface of a monomer of the intact human Immunoglobuli
B12 (PDB Id 1HZH) are shown at different resolutions.

@) (b) ()

(d) (e) (f)

Figure 3.17: Hierarchic&?-Smooth Implicit B-Spline Molecular Surface Models of thevElope of the Dengue Virus Figure.
(a) Two chains of the monomeric envelope glycoprotein. (tirée-fold envelope and the van der Waal of the other pafteof t
envelope. (PDB Id: 1K4R) (c) 1 ve-fold envelope and the var @Vaal of the remain part of the envelope. (PDB Id: 1K4R).
(d) the smooth implicit B-Spline molecular surface of twaits of the monomeric envelope glycoprotein colored us8g.[
(e) similar to (b) using the coloring of (d). (f) similar to)(bsing the coloring of (d).

Hierarchical molecular surface segmentation of large maas-molecular complexes

Large biomolecular complexes, such as ribosomes and giaresassemblies of multiple proteins and nucleic acids arerts
to thousands of structural/functional biomolecular sutsurHierarchical molecular surface segmentation withikigiishable
coloring is extremely useful in achieving better underdtag of the structural organization of such assemblieseiear present
one example of a hierarchical structure organization ohtloéecular surface of the icosahedral envelope of the DeNgus
in Fig. 3.17. Where gure (a) is the molecular surface of tnains. Figure (b) is a molecular surface of a three-fold pfitie
envelope with the other parts as van der Waals surfacesteHglis a molecular surface of a ve-fold part of the envadayth
the other parts as van der Waals surfaces. In gure (d), niddesurfaces of different residues groups are coloree wifftly.
The other two gures are similar to (b) and (c) separately.
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Comparative examples

In this subsubsection, we compare @frsmooth B-spline molecular surface with molecular surfapsserated by level sets
of Gaussian functions [123] and molecular surfaces geeetat adaptive grid methods [18]. We also compare the diffeze
between different regularization terms in the generatioradational molecular surfaces, in particular with resyte [22, 25].

@) (b) (©) (d)
Figure 3.18: Comparison of Three Different Molecular Socef#odels (PDB Id: 1FSS). (a) the Gaussian molecular surface
(b) molecular surface by the adaptive grid method with tlifedince between this surface and the surface of (a), displas
a color mapped function on surface. (c) @frmolecular surface and the difference between this surfadéree surface of (a),
again displayed as color mapped function on surface. (tigiedlor bar of the difference.

Fig. 3.18 shows this comparison for Acetylcholinesterasamexed with Fasciculin-I1, havingd 1FSS as its PDB Id. The
k2 )2
molecular surface using Gaussian functions is de nedg R3: g(x) = 1g, whereg(x) = &L e ?[kx K ]: In gure
(a), we show Gaussian molecular surface. Figures (b) argh(my the results of the adaptive grid method and our variatio
method. The differences between the Gaussian molecultcsuwith the surfaces generated by the adaptive grid method
and our variational method are also respectively plottecbésr mapped functions on the Gaussian surfaces. For tWaces
S1; S, we calculated the difference by the following simple metho

Diff (x; &) = minf dist(x;y);y 2 $0,X 2 Sy;

where distx;y) is the Euclidean distance of two points. Then we displayediifference by a color mapped function de ned
on the initial surfacé&;. In this example, we select Gaussian surfacgamnd adaptive grid surface and our variational surface
asS;. In Fig. 3.19, an illustrative example is given for the Adpge Carbamoyltransferase (PDB Id 4AT1). We show our
molecular surface in gure (a). Similar to the above example depict in gure (b) the difference between our variatibn
molecular surface and the Gaussian surf&és the molecular surface produced by our variational met&iailarly in gure

(c), we show the difference between the adaptive grid médeaurface with our molecular surface. From these gures, w
can see that the variational molecular surface is diffdirent the Gaussian and adaptive grid surface.

To better quantitate this difference, in Table 3.4 and T&ble we compare the results of area and volume computation
using our variational method, and that of Gaussian, of adagtrid molecular surfaces. The results of Gaussian mddecu
surfaces and adaptive grid molecular surfaces are implerdém TexMol. Since the surfaces produced by Gaussianifursct
often yield artifacts such as narrow depressions or turaredsfurthermore are quite in ated [9] (see Fig. 3.18 and 3.1t
surface area is enlarged and the enclosed volume is snidtleresult shows that our method gives larger volumes to $aus
molecular surfaces but much smaller surfaces areas. Thaysar free from the topological surface artifacts. Comarésults
with the adaptive grid method, we nd that both the surfacsaarand volumes of our method are larger.

On comparison between different regularization terms

In this paper, we use another regularization term to deeraawanted surface depression or narrow tunnel artifacthen
molecular surface. Compared with the regularization teeusged in [25], while no obvious visual differences can besoled,

we show example of the molecular surfaces with our differegtilarization term in Fig. 3.20. Figures (a) and (d) are the
variational molecular surface enclosing the van der Waattase. Figures (b) and (e) are the mean curvature and Gaussi
curvature plots of the functional with area as regularaaterm. Figures (c) and (f) are the mean curvature and Gaussi
curvature plots of the functional with the new regulariaatierm used in this paper.
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(a) (b)

(©)

93

(d)

Figure 3.19: Comparison of Three Different Molecular Soefodels of the Aspartate Carbamoyltransferase (PDB Id14A
(a) our B-spline molecular surface. (b) Gaussian moleauaiace with difference with (a) shown a color mapped florctn
surface. (c) molecular surface using an adaptive grid wiith igesolution 128 and with difference with (a) shown as a color

mapped function on surface. (d) is the color bar.

Molecule |PDBId] A1 | A2 | A3
Acetylcholinesterase Fasciculin 1FSS | 25638.6 | 20233.6 | 20335.6
Fas.2 Mouse Acetylcholinesterase Comp|esMAH | 16920.2 | 17061.0 | 17121.8
Glutamine Synthetase 2GLS | 262196.6| 172746.3| 158346.8
Aspartate Carbamoyltransferase 4AT1 | 45059.5| 32608.0 | 32300.5
HIV Capsid C 1A80 | 11294.4| 7015.9 6334.3
GroEL-GroES Complex 1AON | 404391.4| 283704.5| 204322.9
Quinoprotein Methylamine Dehydrogenase2BBK | 63868.9 | 25349.6 | 21396.8
Scapharca Inaequivalvis 2Z8A | 22827.4 | 11228.7 | 9997.8

Table 3.4: Surface area of different proteins computedgugiree different methods. Al is computed for Gaussian nuddec
surface. A2 is computed for adaptive grid molecular surfé&&is computed for the molecular surface using our methods.

Molecule |[PDBId| Vi | V2 | V3

Acetylcholinesterase Fasciculin 1FSS | 94653.5| 78017.2 | 84453.0
Fas.2 Mouse Acetylcholinesterase ComplestMAH | 116586.9| 113528.9| 119776.8
Glutamine Synthetase 2GLS | 48724.5| 46250.6 | 42617.0
Aspartate Carbamoyltransferase 4AT1 | 96081.7 | 90061.6 | 97158.3
HIV Capsid C 1A80 | 22997.3| 21801.2 | 24718.3
GroEL-GroES Complex 1AON | 43316.1 | 38817.6 | 30928.9
Quinoprotein Methylamine Dehydrogenase2BBK | 130205.1| 133399.8| 144046.2
Scapharca Inaequivalvis 2Z8A | 44518.0 | 45002.0 | 50330.7

Table 3.5: Molecular volume of different proteins computesing three different methods. V1 is computed via Gaussian
molecular surface. V2 is computed for adaptive grid methafase. V3 is computed for the molecular surface using our

methods.

3.5 Meshing of Molecular Interfaces

In this subsection, we describe an approach to generatéyqgtrangular/tetrahedral meshes for complicated bicgnalar
structures directly from the PDB format data, conformingtgood implicit solvation surface approximation. Theretaree

main steps in our mesh generation process:

1. Implicit Solvation Surface Construction — A smooth ingfilisolvation model is constructed to approximate the Lee-
Richards molecular surface by using weighted Gaussianojsict atomic kernel functions and a two-level clustering

techniques. See subsection 3.1 for details

2. Mesh Generation — A modi ed dual contouring method is use@xtract triangular and interior/exterior tetrahedral
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(@) (b) (©)

(d) (e) ()
Figure 3.20: Feature Preserving Adaptive Resolution MdeecSurfaces of the Nicotonic AcetylCholine Receptor Birot
2BG9. (a) (d) our molecular surface enclosing the the van/dels surface. (b) and (c) are the mean curvature plots of the
variational molecular surface generated by the minimad aegularization and the gradient magnitude squares nezatian
functional. (e) and (f) are the respective Gaussian curgatlots.

meshes, conforming to the implicit solvation surface. Thaladontouring method [120, 121] is selected for mesh gen-
eration as it tends to yield meshes with better aspect ratiorder to generate exterior meshes described by biopdlysic
applications [108, 109, 119], we add a sphere or box outhiglénplicit solvation surface, and create an outer boundary
Our extracted tetrahedral mesh is spatially adaptive gethats to preserve molecular surface features while maiigi

the number of elements.

3. Quality Improvement — Geometric ows are used to imprdwe quality of extracted triangular and tetrahedral meshes.

The generated tetrahedral meshes of the monomeric andh&gicamouse acetylcholinesterase (MAChE) [31, 32] have
been successfully used in solving the steady-state Smmlugtti equation using the nite element method [108, 109,]119

3.5.1 Mesh Generation

There are two main methods for contouring scalar elds, pticontouring [77] and dual contouring [61]. Both of them can
be extended to tetrahedral mesh generation. The dual aamgouethod [120, 121] is often the method of choice as it $eiod
yield meshes with better aspect ratio.

Triangular Meshing

Dual contouring [61] uses an octree data structure, and/aeslthose edges that have endpoints lying on differens sifle
the isosurface, callesign change edge3he mesh adaptivity is determined during a top-down oatagestruction. Each sign
change edge is shared by either four (uniform case) or tla@@pive case) cells, and one minimizer point is calculéted
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(@) (b) ()

Figure 3.21: The analysis domain of exterior meshes. (&) is'the geometric center of the molecule, suppose the circum
sphere of the biomolecule has the radius.oThe box represents the volumetric data, a&lis the maximum sphere inside
the box, the radius igp(ro > r). "S' is an outer sphere with the radius af(r; = (20 40)r). (b) - the diffusion domain is
the interval volume between the molecular surface and tker sphereS;', here we choose; = 5r for visualization. (c) - the
outer boundary is a cubic box.

each of them by minimizing a prede ned Quadratic Error Fioxc{QEF) [54]:

QEFpI= 3 [n (x p)I?; (5.32)

wherep;, n; represent the position and unit normal vectors of the intessction point respectively. For each sign change edge,
a quad or triangle is constructed by connecting the minirsiz&€hese quads and triangles provide a “dual’ approximatfo
the isosurface.

A recursive cell subdivision process was used to preserv&rilimear topology [121] of the isosurface. During celbsiit
vision, the function value at each newly inserted grid poent be exactly calculated since we know the volumetric fonct
(Eqn. (1.4)). Additionally, we can generate a more accuraagular mesh by projecting each generated minimizentamito
the isosurface (Eqgn. (1.3)).

Tetrahedral Meshing

The dual contouring method has already been extended tacex#trahedral meshes from volumetric scalar elds [120]1
The cells containing the isosurface are called boundaly,@id the interior cells are those cells whose eight \estare inside
the isosurface. In the tetrahedral mesh extraction proedishe boundary cells and the interior cells need to beyaeal in

the octree data structure. There are two kinds of edges indaoy cells, one is a sign change edge, the other is an interio
edge. Interior cells only have interior edges. In [120, 12iferior edges and interior faces in boundary cells ardt deth

in a special way, and the volume inside boundary cells isletralized. For interior cells, we only need to split theno i
tetrahedra.

Adding an Outer Boundary In biological diffusion systems, we need to analyze thetebstatic potential eld which
is faraway from the molecular surface [60, 71]. Assume thatradius of the circum-sphere of a biomolecule.isThe
computational model can be approximated by a eld from arenepheres, with the radius o020 40)r to the molecular
surface. Therefore the exterior mesh is de ned as the tethatiization of the interval volume between the moleculefase
and the outer sphe® (Fig. 3.21(b)). Sometimes the outer boundary is chosen todubic box as shown in Fig. 3.21(c).

First we add a spher& with the radius ofrg (Whererg > r andrg = 2"=2= 2" 1) outside the molecular surface, and
generate meshes between the molecular surface and thesphemeS,. Then we extend the tetrahedral meshes from the
sphere, to the outer bounding sphef&. For each data point inside the molecular surface, we kegpfiginal function
value. While for each data point outside the molecular serfave reset the function value as the smaller ong(®f a and
the shortest distance from the grid point to the spisgr&qn. (5.33) shows the newly constructed functi¢x) which provides



96 CHAPTER 3. SMOOTH SURFACES

a grid-based volumetric data corgaining the biomoleculdiase and an outer spheg
< min(kx xgk ro;f(x) a); iff(x)< a;kx xgk< rg;
gx)= . kx xok ro; iff(X) < a;kx xgk rg; (5.33)
() a; iff(x) a;

wherexg are coordinates of the molecular geometric center. Thealseva = 0.5 for volumetric data generated from the
characteristic function, anal = 1.0 for volumetric data generated from the summation ofSSin kernels.

The molecular surface and the outer sptrean be extracted as an isosurface at the isoval8g(0) = f xjg(x) = 0g. All
the grid points inside the interval volunig0) = fxjg(x) Og have negative function values, and all the grid points detgi
have positive values.

(a) (b)

Figure 3.22: 2D triangulation. (a) Old scheme, (b) New saheBiue and yellow triangles are generated for sign changesd
and interior edges respectively. The red curve represeatnblecular surface, and the green points represent nzieipoints.

Mesh Extraction

Here we introduce a different scheme from the algorithmemeesd in [120, 121], in which we do not distinguish boundary
cells and interior cells when we analyze edges. We only dengwo kinds of edges - sign change edges and interior edges.
For each boundary cell, we can obtain a minimizer point byimiring its Quadratic Error Function. For each interiorlcel
we set the middle point of the cell as its minimizer point..F3g22(b) shows a simple 2D example. In 2D, there are two cells
sharing each edge, and two minimizer points are obtained.e&ch sign change edge, the two minimizers and the interior
vertex of this edge construct a triangle (blue trianglesy. éach interior edge, each minimizer point and this edgstcoct a
triangle (yellow triangles). In 3D as shown in Fig. 3.23,réhare three or four cells sharing each edge. Thereforehtbe {or
four) minimizers and the interior vertex of the sign chandgesconstruct one (or two) tetrahedron, while the threedar)f
minimizers and the interior edge construct two (or founakeedra.

Compared with the algorithm presented in [120, 121] as shiowkig. 3.22(a), Fig. 3.22(b) generates the same surface
meshes, and tends to generate more regular interior mestielsatter aspect ratio, but a few more elements for interédls.
Fig. 3.22(b) can be easily extended to large volume decoitipos For arbitrary large volume data, it is dif cult to ingpt
all the data into memory at the same time. So we rst dividelttrge volume data into some small subvolumes, then mesh
each subvolume separately. For those sign change edgestaridriedges lying on the interfaces between subvolumes, w
analyze them separately. Finally, the generated meshesaaged together to obtain the desired mesh. The mesh aidajstiv
controlled by the structural properties of biomoleculeke Extracted tetrahedral mesh is ner around the moleculdase,
and gradually gets coarser from the molecular surface ovdrids the outer spher&. Furthermore, we generate the nest
mesh around the active site, such as the cavity in the monoarat tetrameric mAChE shown in Fig.3.29 (@), and a coarse
mesh everywhere else.

Mesh Extension

We have generated meshes between the biomolecular suni@dteseouter sphei®), the next step is to construct tetrahedral
meshes gradually from the sph&gto the bounding spher® (Fig. 3.21). The spher§, consists of triangles, so we extend
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Figure 3.23: Sign change edges and interior edges are adallyZBD tetrahedralization. (a)(b) - sign change edge (@de r
edge); (c)(d) - interior edge (the red edge). The green galidts represent minimizer points, and the red solid poeypsesent
the interior vertex of the sign change edge.

Figure 3.24: (a) - one triangle in the sph&g(blue) is extended steps until arriving at the sphe& (red); (b) and (c) - a
prism is decomposed into three tetrahedra in two differextsy
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each triangle radially as shown in Fig. 3.24 and a prism isiokt for each extending step. The prism can be divided into
three tetrahedra. The extension step lerigtian be calculated by Eqn. (5.34). It is better for the spi&gite be triangulated
uniformly since the step length is xed for each extensiapst

_ 2(r1 ro)

o+ h+ 2h+ + nh= r =) = m

(5.34)
wheren is the step number. In Figure 3.24, suppage;u; is a triangle on spher&, andup, ui, Uy are the unique index
numbers of the three vertices, where< ug andu; < up. For one extension stepgu; Uy is extended tagvyvo, and the two
triangles construct a prism, which can be decomposed inée ttetrahedra. In order to avoid the diagonal con ict peob) a
different decomposition method (Fig. 3.24(b)) is chosen based on the index number of the three vertiteg.< up, then
we choose Fig. 3.24(b) to split the prism into three tetraheli u, < up, then Fig. 3.24(c) is selected

Assume there amatriangles on the sphef, which is extended steps to arrive at the sphese mprisms or 3ntetrahedra
are generated in each extending step, and a totatwft8trahedra are constructed in the extension process. foherd is
better to keep a coarse and uniform triangular mesh on theregh

3.5.2 Quality Improvement
There are two sub-steps in mesh quality improvement:

1. Denoising and improving the aspect ratio of the surfacemgsurface vertex adjustment in the normal and the tangent
directions).

2. Improving the aspect ratio of the volumetric mesh (vea#jistment inside the volume).

We use geometric partial differential equations (PDEsyiodie the rst step. Geometric PDEs, such as the mean cuevatu
ow, the surface diffusion ow and Willmore ow, have been fansively used in surface and imaging processing [117,.116]
Here we choose surface diffusion ow to smooth the molecalaface because of its volume preserving, and furtherntore i
approximates spheres accurately (quadratic precision).

x

m = DH(X)Nn(X) + V(X)T(X); (5.35)

whereH is the mean curvature, is the unit surface normal vectoi(x) is the velocity in the tangent directioi(x), andD is

the Laplace-Beltrami operatdd,= ( ﬂ”—;; ﬁ”—yzz; ﬁ”—zzz).

Eqn. (5.35) is solved over a triangular mesh with verticgg by discretizing each of its terms. In temporal spa%éis

1 n
approximated by the Euler scherﬁet—xi, wheret is time step-lengthq is the approximating solution &t nt, x,-n+1 is the

approximating solution &t= (n+ 1)t, andx’ = X serves as the initial value. Discretizing schemedfandH in the spatial
space are given in [116], we do not go to detail here. Furbgi (x) is approximated by

) T neD) T XIn(E); (5.36)

wherem(x") is de ned as the mass center of all the surface triangleslémtitox!. A mass centelP of a regiorV is de ned by
nding p2 V, such that,, ky pk2ds = min, whereV could be a piece of surface or a volumeRA. For our surface mesh
caseV consists of triangles around vertgk Then we could derive that

o

1 1
o) = 3 5 & X4+ 4 )T, (5.37)
J2N(i)

whereN(i) is the index set of the one ring vertex neighborgb# | is the area of the triangle'’] 1Xj]. A(x) is the total of
triangle areas.

Usually, people use the geometric center [116], instealdenfrtass center, however we observed that the mass center work
better for biomolecules. The discretization leads to atpestle nite linear system, and the approximate solutismbtained
by solving this linear system.
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Figure 3.25: The surface comparison before/after quatifyovement. The left column shows the original surface oA&N-
THR-TYR peptide, and the right column shows the surface afiesh regularization. The top row shows the smooth shading
surfaces, and the bottom row shows snapshots of the meshes.

After the molecular surface is regularized, the next step is\prove the volumetric mesh by relocating each interartex
to the mass center of its surrounding tetrahedra. gidte an interior vertexp; be one of its neighboring vertices, then the
mass center of all tetrahedra aroymds computed byn(p;) = %pi + 4—\14 & Vij pj, whereVj; is the volume summation of all the
tetrahedra around the edfi®pi], Vi is the volume summation of the tetrahedra around the vextekhis is similar in spirit to
the multi-linear centroid smoothing scheme [14].

Fig. 3.25 shows the difference of the mesh before and afteqtiality improvement steps. The left column shows the
original iso-surface of an ASN-THR-TYR peptide, and thehtigolumn shows the results after mesh regularization. It is
obvious that after quality improvement, the surface meshdse regular and has better aspect ratio (twice the ratinadfdle
radius to circumcircle radius).

The left picture in Fig.3.28 shows the improvement of theeaspatio, and Fig.3.263.27 show the improvement in mesh
regularization. We can see that noises are removed anddsatre preserved since the surface diffusion ow preseroksne
and spherical geometry. The surface error is restrictebinvitalf of the grid size for the binary data from the chareste
function, and almost zero for the data from Gaussian dems#ép since we have projected each boundary vertex onto the
isosurface.



100 CHAPTER 3. SMOOTH SURFACES

Figure 3.26: Comparison of mAChE (9308 vertices, 1861 2glies) before and after surface mesh regularization. (@ginal;
(b) - after mesh regularization.

Figure 3.27: Comparison of Ribosome 30S (13428 vertice852&iangles) before and after surface mesh regularizatieft
- original; Right - after mesh regularization.

In [121], the edge contraction and linear averaging methasl used to improve the quality of tetra meshes with the edge-
ratio (the longest edge length over the shortest edge leagthJoe-Liu parameter%Z 3 (jVj)%:éo i<j 3i€jj?, wherejVj
denotes the volume;j represents the edge connecting vereandyv;) as metrics. The goal is to improve the worst parameters
in each iteration. Here we still use the same edge contrastibeme, but relocate each interior vertex to its mass icage.
(5.37)) since it can minimize the energy de ned earligrky p k? ds). From the right picture in Fig. 3.28, we can see that
the worst Joe-Liu parameter is improved signi cantly affjerality improvement. Fig. 3.29 and 3.31 show interior teteshes
of mMAChE and Ribosome 30S.



3.5. MESHING OF MOLECULAR INTERFACES

Statistics of 2 r / Fout (triangle)

- @ -mAChE(no improve)

. Statistics of Joe-Liu Parameter (tetra)

| | —®—mAChE (improved)

- -mAChE (no improve)

101

- f v 10
‘2 10%F m'AChE(lmproved)' I - e -Ribosom 30S (no improve)
o - © - Ribosome 30S(no improve) [} —=—Ribosome 30S (improved)
e —=— Ribosome 30S(improved) £ 10%
g g
Y— 4= 10
o o
g 10 ) o
o g 10°F o gpe
< P
g 101 ,—_g—'—'w > e’g’ ’D'
=z o- —"ﬂ" zZ 101, o) e
a aliad ¢ ’
~ - 1
10° DGt 1ol 2 A
-3 2 1 0 © * * *
10 5y 10 10" 10° 107 10" 10°
in" “out Joe-Liu Parameter

Figure 3.28: The histogram of the aspect-ratio and Joe-aiampeter.

3.5.3 Results and Conclusion

Monomeric mMAChE: The extracted tetrahedral meshes of the monomer as showig.irBR29 have been used in the nite
element analysis of the steady-state Smoluchowski equésiSSE) for diffusion rate constant calculations [108[9[LINote
the adaptive meshes around the narrow gorge region (theaiti in mMAChE is at the bottom of this gorge).

Figure 3.29: Interior and exterior tetrahedral meshes afienteric mMAChE. The left two pictures conform to the SAS with
in ation s = 2, and the right two pictures conform to the surface congtdiérom Gaussian summation with = 0:25,

p2 = 1:0. From left to right: (65147 vertices, 323442 tets), (1X16&rtices, 656823 tets), (103680 vertices, 509597 tet$) an
(138967 vertices, 707284 tets). The color shows electiostpotential (leftmost) and residues (the right two).

Tetrameric mMAChE: We also generated adaptive tetrahedral meshes for thdcdudigesterase in tetrameric form, with
two different arrangement of the monomers. Each monomemhaactive site accessible though a long narrow gorge (20
Angstrom), so there are a total of four gorges. Fig. 3.30 shitve two crystal structures. In the rst crystal structuweo
gorges are partially blocked, while the other two are comebfeaccessible to solvent. In the second one, all the fougem
are open. Each of the adaptive meshes have ner trianglemdrite region of the four gorges. These meshes are alsorused i
calculating the diffusion rate constant [119].

Ribosome: Ribosomes are macromolecular complexes responsibleddrahslation of mMRNA into proteins. These com-
plexes consist of two subunits: the larger 50S and the sn3l§, both of the subunits are composed of rRNA and protein
constituents. Atomic level, residue-level and low resolutstructure models were constructed from density maphasrs
in Fig. 3.3 and 3.5. The constructed exterior meshes argyheied for the nite element solution of the Possion-Boltama
equation [27]. Fig. 3.31 show interior and exterior mesHdh® Ribosome 30S/50S.

We have developed a quality molecular meshing approachkttjifrsom PDB molecular structural data, with adaptivity
at prescribed active sites on the molecular surface. Ouergéed meshes continue to being used in several boundéey/ n
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Figure 3.30: Interior and exterior tetrahedral meshestoditeeric mMAChE p; = 0:5, p, = 1:0. The left two pictures show the
1st crystal structure 1C20 (133078 vertices, 670950 tats) the right two pictures show the 2nd one 1C2B, (10646 et
551074 tets). Gorges are shown in red boxes.

Figure 3.31: Interior and exterior tetrahedral meshes bbBdme 30S, low resolutiop = 0:03125,p, = 1:0. From left to
right; (33612 vertices, 163327 tets), (37613 vertices AB&aets) and (40255 vertices, 201724 tets). The pink cblows 16S
rRNA and other colors show proteins.



3.6. MULTI-RESOLUTION SURFACES 103
element biophysics simulations [108, 109] [119].

3.6 Multi-resolution Surfaces

Exploratory visualization of large molecules and evendardgiomolecular complexes (LBCs) is useful in understagdire
structure of the entity in question and visually inspechitschemical properties. Although, advancementin corpgitaphics
has made this exploration possible, it is still extremelymmoey intensive and far from being real-time when it comes to
visualization of large macromolecules and molecular cexgd at high resolution. As the resolution of the represiemtés
varied, different features of the molecules are discemahbt high resolutions, near the 1 and 2 A range, one can disith
atoms from each other, showing a very high detailed map ofrtbiecule. At this atomistic resolution, biologists candstu
the active sites in detail. Active sites, or activity sitelsase different proteins bind and interact, or small molesifligands)
dock with proteins are often studied by molecular biolagatthis ne resolution. For example, during the oxy-deorygqess

in the hemoglobin molecule and the binding/dissociatiothef oxygen ion with the Iron ion, the activity site is the mayi
surrounding the heme group of atoms containing the Ironama, hence the area of interest and activity is necessariy be
visualized there at atomistic detail(resolution), while test of the atoms of the protein scaffolding the heme doilchptured

at coarser resolutions. In gure 3.32, we show an examplrisfrhultiresolution visualization of the hemoglobin maléxwith

the region surrounding one of the active sites depicted aearesolution. At lower resolutions, between 5 to 10 A, secoy
structures become more apparent in volumetric maps. Irgadama of large structures like icosahedral viruses, captat
very low resolutions show the arrangement of protein cagssran their genomic enclosing shell. When scientists Idok a
each capsomer in a higher resolution, the arrangement tipsp then the structures in the proteins and nally therato
arrangements become apparent. In gure 3.33, we show thgelRibosomal Subunit at two different resolutions, brirggin
out different sets of features independently. Hence wetssestudying large biomolecular complex (LBC) structure®lves
visualization at multiple levels of resolution.

3.6.1 Interactive Exploratory Visualization

This program takes an ASCII formatted le containing the tegrcoordinates commonly referred to as the PDB (Proteia Dat
Bank). Each atom's type gives it a unique radius. The useratamselect to color the resulting adaptive meshes by ptieper
like the chain number etc. The interface allows the user émgh the resolution inside and outside thveer and the isovalues.
A set of three axis, aligned with the global x, y and z axesdia red, green and blue for the positive axes) are used ko bot
move and resize thever. A wireframe of a cube is rendered to show the outline ofrthver. These geometry are rendered
with no depth in OpenGL to always keep them on top (In gured3\8e have added depth to thaverto show the reader the
actual position). Knobs at the end of the axes are used tweréd® inner region. The traditional user interface tramsédions
like translation, zoom and rotation are provided.

On loading a PDB le, an adaptive surface is extracted withrtiverin a default position, the outer region at low resolution
5A and the inner region at atomic resolution and more dersstypled. Ul widgets are provided for the user to change all of
the above parameters.

Autonomous Movement ofRover

We also generate a trajectory for tlowerto move autonomously by tracing a path within the pocketprgsions) and tunnels
(through holes) on the molecular surface that we identidy.this purpose, we realy heavily on the critical points & dlistance
function imposed by the molecular surface. The distancetionhs assigns every pointits distance to the surfac When
Sis known only via a discrete representation, for examplet @fspointsP, one approximatelss by hp where at every point
x 2 RS, the function value ofp gives the distance to the nearest sample ppP. The critical points ohp are of four types
- maxima, index-1 saddle, index-2 saddle, minima and alt fgpes of critical points can be detected along with theilides
by using Voronoi and Delaunay diagram®f{107].

To automate the movement of thever, we rst detect the pockets and tunnels of the molecularasagf A pocket is a
depression on the surface with narrower mouth and a tunrzethsough hole on the surface that contributes to the genus of
the surface. In order to detect these topological featwessluster the maxima and index 2 saddle points lying extésithe
surface and compute their stable manifolds. For detaileetgorithm, see [9].
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(a) The entire hemoglobin molecule is represented at a €oars (b) TheRoveris moved to a region of interest, which is resolved
resolution, showing the main globular chains. at a higher resolution.
(c) A zoom into theRovershowing smooth adaptive surfaces. (d) The wireframe rendering shows crack free isocontouring

Figure 3.32: A single resolution image of the hemoglobine&rale hides important active site details. We provide thex us
with a roverto dynamically compute regions of interest with higher heson using a combination of novel fast summation
algorithms and smooth dual contouring techniques.
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(a) A lower resolution model showing the different RNA chain (b) The Ribosome is rendered at higher resolution, showéay n
and proteins in different colors. The tertiary and globaliciure atomic details. While this is useful to study a small portiie
of the molecule is apparent at this resolution. an active site, this destroys all global information in thege.

Figure 3.33: Comparison between details revealed by highamresolution molecular surfaces.

Once these features are detected, the task is to build atoajehrough these features so that theer can follow the
path. To build one such path, we restrict our computatiof within each pocket or tunnel and collect the index 1 andxnde
2 saddle points lying inside these features. We then contpatenstable manifold of the saddle points. The unstablédfoldn
of an index 2 saddle point)g) is one dimensional, where as the unstable manifold of tHexrl saddle pointU;) is two
dimensional. Computation of these structures has beemibleddn detail in [57]. TheJ;s are further starred to remove the
tiny, thin patches along the path and a clean one dimenspmiginear trajectory is created. We can this trajectdryThe
distance function is then sampled ®rat close enough intervals in order to estimate the dimessibtheroverat every sample
point onT. The dimension of theoveris then set to the maximum distanxe function value withingheket/tunnel. Figure
3.35 shows the performance of the feature (pocket and tyidezit cation along with the trajectories of threver computed
inside them.

3.6.2 Multiresolution Molecular Surfaces

Let us consider an LBC witM atoms centered af, and radiir;;0 i M. Since we are dealing with proteins and RNA, we
can simplify our problem by assuming that the radii come fiasmall discrete set, so each set can be computed separately
and summed up (the fast summation algorithms do not condifferent radii for the kernels). Let the roving cube break
this set into two disjoint setgoyt; Vin With Moyt; Min : Moyt + Min = M atoms each. We allow three different kinds of dynamic
updates. First, the resolution of the inner and outer fonstifou, fin), controlled by changing the parametéxs: and by,.

The isovalues in each regiois@ot; iSGin) can be changed, showing the skin (molecular surface atlise\l) and the backbone
(regions of higher density). The user is also allowed to rdlendataset, visualizing regions in higher resolution gishre
Rover. In gure 3.36, we show the main steps in our algorithm. Thieseractions require maintaining a set of active atoms in
theRover, dynamically updating the new function and a smooth adejiocontouring algorithm.

Atom set query

To speed up the query of particles lying in and out of the soiibhwme we construct of a range tree on the input centers [65]. A
range tree is a®(log(M)) method (for arM atom system) for determining a subset of the input whichitisgle any given
range. We consider the construction of the range to be preegsing and is not included in the actual computation. @nyev
repositioning of the sub-volume, we have to query the rarggetob obtain the subset of centers inside the sub-volumésand
complement set (centers that are outside the sub-volumaté tlat this is two range queries and not one. The complexity
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Figure 3.34: Theoverin action.
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Figure 3.35: Top row: The surface of gramicidin D ion charisghown (transparent) with the detected tunnel insidddyel
body and red mouths). The sub gure in the right pannel shdwegpiath detected via the unstable manifolds of index 1 and 2
saddle points falling inside the tunnel. Bottom row: The ewollar surface of mouse Acetylcholinesterase (mAchE)asvsh
(transparent) with the pocket (green) identi ed. The agtite of this molecule resides inside the gorge encloseddéopacket.
A closeup of the triangulation is shown in the left corner émelpath detected inside the pocket is shown in the rightezorn

for the range query given a bound@log(M + k))) for some constark. Range tree also carries the storage overhead of
O(MlogM).

Fast density function update

For interactive visualization of dynamically updafedverand resolution, isovalue parameters, we need algorithwstgpute
the functionsfyy; and fi, ef ciently. When theRovercube is moved, a new volunig, needs to be computed for isosurfacing.
This is probably the most common update operation perfodneidg interaction. We provide precomputation based dtlgois

to speed up this update.

Direct summationif we haveN output points and/l Gaussians, then we can compute the sum at all the points iMP(N
time and O(M+N) memory. If the rate of decay of the Gaussidrigh, then we can use a truncated Gaussian and update only
around it. Consider a width of for a truncated Gaussian. Using local summations, we getguatation cost oMw?. For
grids (whereN is large, typically 128to 256), and slow decay Gaussians, this operation can be expensive

Fast summation algorithms The Gaussian function summation can be expressed as a ataxolThis allows the functions
fout; fin to be quickly computed with a change bfy; bin using the Fourier transform. There are fast Gaussian suimmat
algorithms including general multi-pole methods. We falithe method outlined in [91],[16] to compute both the fuoos.
The cost of updating the function in thRoveris seen to vary aMlogM for M atoms in uencing the inner function. In the
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Figure 3.36: A block diagram showing the system implemémtat

case of LBCs where a large number of atoms are representesiimaller subgrid, this dependence on the number of atoms
will be a bottleneck to the update process. In [16] the sununas$ approximated as a sum of locally de ned functidnsuch

M 1
as bsplines or truncated Gaussians (see also [92§)= G & d(x ¢) f & ki icd(bx ic) wheref is a locally
i=0 21

supported functiork is a the set of coef cients fof . |, is a cubic set of indicedf i;j;kg:i;j;k2 n=2::n=2 1}. Their
algorithm use©(n®logn+ Mm3+ N3logN) time andO(n®+ N2+ M) memory, whera is taken to be the same orderdfand
controls the error withm for this precomputation. The truncated function has sutpgiosize 2n+ 1. Using this higher order
grid, a simple convolution witli is used to computé,. Thus, for grids with low atom density, a range tree is useahbt@in
atoms within the newover and the function computed. For grids with high atom density,switch to using a precomputed
higher order grid. A convolution witlh with the correct subset éfgives usfi,. This step is independent bf, but requires the
precomputation of the coef cients

Updatebyi: The Fourier transform of the new Gaussian can be done acallytiThe cost is in multiplying the two set of
frequenciesQ(N3,)) and performing an inverse Fourier transfoi@(K3 ;. logNowt)). We also need to isocontour the outer and
boundary regions.

Updatebis: For the range tree partitioning method, we obtain the lisittofns within theRoverin O(MlogM) time and
perform a fast summation in approximat@gMi, + N2 logNin) time [16]. The higher order grid update is more expensive. We
would need to precompute the coef cieritsigain everywhere, and then perform the convolutioh @fith a subset to update
fin.

Roverupdate:The currenty, gives us the width of the truncated kernels. Using the raregedata structure, we query for
the set of atoms in uencing thever and perform a fast summation to updde The mesh needs to be recomputed. If the
movement of the rover was small we can reuse the previoushpate fi, and its corresponding isosurface. The movement of
theroveralso allows us to perform any well known caching algorithnstiare frequently visited active sites in high resolution
in our cache.

Smooth adaptive isocontouring

We use dual contouring [62] as our surface extraction algori Dual contouring uses the dual map of the primal conibayri
(Marching Cube) and normal tagging (Hermite Data) to exttiae iso-contour. We choose this method primarily becatdise o
it avoids the degenerate cases of primary contouring whexeks are introduced. Our algorithm differs from that of du e
el [62] in the minimizer computation. Instead of Hermitealahd QEF minimizer, we compute a vertex terrbéshoulder
point[76] that closely approximates the true contour. In gurd@.we show how the bishoulder point is a better minimizer for
smooth functions (If we were to perform isocontouring ofeatt§ with sharp edges, we would not use this technique). 4 ope
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(a) The traditional QEF minimizer forces sharp edges intinef (b) A bishoulder point based dual contouring algorithm lsso
tion, leading to unrealistic isosurfaces for the smootictede smooth contours.
density function of molecules.

Figure 3.37: The hemoglobin molecule (PDB:1A00) is renderging the traditional QEF minimizer and our bishouldemnpoi
based dual contouring algorithm. We see that our method leasinooth realistic isosurfaces.

and Brodlie [76] detailed in their reports the mathematieakoning behind bishoulder point's accuracy. We retadrgégmeral
principle of dual contouring in generating quads. The athor traverses each cell recursively. Upon locating a |eafenthat
contains iso-contour, we check tegn-change edgesf the cell. Consider the interval de ned by the functionwes of an
edge's endpoints. If the iso-value is within that intentakn the edge is a sign-change edge. For example, in Fig8¢a3,
AB, AC, and AD are sign-change edges. We refer to a sign-aghadge as beininimalwhen it is an edge of the smallest
cell neighboring itself. In Figure 3.38(a), AB is the minihs&@gn-change edge. If the edge is not minimal, then it is gk If
the sign-change edge is minimal, then a quad is createdecting the four bishoulder points of the four cells neighibgthe
sign-change edge.

Our dual contouring algorithm uses an octree as its surfataaion data structure. The octree is a recursive sufidivi
of space into variable-sized cells. Its structure is inh#lyesimilar to that of a uniform cell division in MC. We can ghoit
its subdivision structure to produce adaptive cells. Thia simple matter of subdividing cells that borders the salbrae.
Figure 3.38(b) illustrates the use of adaptive cell cortsion with octree.

3.6.3 Examples and Timings

We have implemented the algorithm for tReverusing standard C++ and QT (www.trolltech.com). All the expents were
done on an AMD Opteron 246. We looked at different size mdesguranging from the hemoglobin (PDB:1A00) which has
approximately 4000 atoms, to the Ribosomal subunits (PI&EEIPDB:1JJ2) which have around 100,000 atoms and the Human
Rhinovirus Virus, which has over a million atoms.

In gures 3.39 and 3.40, we show both the methods of multiggmn our algorithm provides. First, the site of interast i
the molecule is smoothed using a sharper kernel than thefrést molecule to differentiate it and provide higher detathat
region. Next, we use our smooth, adaptive dual contouriggrahm to extract an adaptive mesh which provides highildeta
at the region of interest and lower resolution elsewhereeséhwo parameters, the kernel decay rate and the isocorgour
mesh re nement can be controlled by the user to obtain feabased functions and visualizations. In gure 3.39, the diem
is the active site of the molecule and the region of interence, the atoms of the heme are smoothed using a gaussian at
a 1A resolution while the rest of the molecule was blurred arser resolution of 3A. Also, by allowing the user to provide
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(@ (b)

Figure 3.38: (a) is a 2D analog for the sign-changed edges @) example of adaptive cell construction with octree.

a cube around the heme, the adaptive isocontouring algokiths used to extract a higher resolution mesh around theeacti
site. In gure 3.40, we use the same two multiresolution teghes to show the trimer, a unit of symmetry of the icosahledr
Human Rhinovirus. The Large and small Ribosomal subunés@sponsible in part for the creation of proteins and widely
studied. The main active sites are called as the A,P and & Jiteere is also the formation of the cavities and exit tusimethe
bound complex. Itis a rich complex with various featureduding small proteins helping its activity. In gure 3.41ensee
that increasing the resolution in tfoverand changing properties like the grid spacing and colorshdp user focus on the
regions of interest. The smoothness of the dual contousinggiintained even though there is a sharp increase in batluties
and sampling density, as shown in gure 3.42. Timing resaitd the number of quads generated in the adaptive isocamgour
are presented in table 3.6.3.
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(a) The heme of the myoglobin is colored (b) The atomic resolution is able to (c) The wireframe mesh of the iso-
differently using an additional color func- clearly distinguish the ring of atoms com- contour.
tion summation. The function around the posing the heme structure.

heme is extracted at higher resolution.

Figure 3.39: The myoglobin molecule showing the heme stirectWe used a kernel with sharp decay rate, modeling theiatom
structure for the heme where the oxy-deoxygenation takeeplA coarser rate of decay was used for the rest of the melecu
as the active site is of primary interest for the end user.régmn around the heme was extracted at a higher resolutiog an
adaptive isocontouring algorithm. To maintain the recaifieatures, fewer frequencies were required for most of thikecule

as compared with the heme.

(@) The virus with one capsid (b) A zoomed view to present the (c) The wireframe mesh of the
shown in higher resolution. smooth isocontour. adaptive isocontour.

Figure 3.40: The Human Rhinovirus, an icosahedral viru®{LIPDB) showing a trimer (a symmetry unit) in higher resolut
The trimer was smoothed using a sharper gaussian than thef tbe virus. Also, an adaptive isocontouring techniques wa
employed to extract a higher resolution mesh in a cube auintathe trimer.

Related Work

Implicit Solvation Surface from volumetric Density Maps (Radial Basis SplinesC'nf)

There are three different yet often used molecular inted88], the van der Waals surface (VWS), the solvent-adiess
surface (SAS) and the solvent-excluded surface (SES) [49metimes called the Lee-Richards surface [69]. The SHiseor
Lee-Richards surface is by far the molecular surface ofaghfuir solvation energy calculations [60, 71], and is théazer for
our meshing approximations.

According to the properties of molecular structures, Laug)Borouchaki used a combined advancing front and genedhliz
Delaunay approach to mesh molecular surfaces [68]. Algmstwere developed for sampling and triangulating a smooth
surface with correct topology [3]. Skin surfaces, introedidy Edelsbrunner in [44], have a rich combinational stmecaand
provide a smooth alternative to the Lee-Richard's surfd@leeng et. al [36] maintained an approximating triangutatb a
deforming skin surface. Bajaj et. al [10] give NURB approateion of Lee-Richards molecular surfaces as well as ptesen
methods to maintain molecular surfaces for varying solvedii [13]. Compressed volumetric representation of mlizc
surfaces is given in [6]. Simplex subdivision schemes asziue generate tetrahedral meshes for molecular strucitires
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PDB | Number of | Coarse Volume Fine Volume Polygonization Number of
ID particles Summation Summation Time Quads
(secs) (secs/atoms)
Coarse Volume Resolution: 4 Subvolume Resolution: 52
1A00 | 4770 0.94 0.32/470 0.72 73181
1J5E | 51743 0.94 0.66/10997 0.68 43092
13J2 | 90418 0.93 0.63/10426 0.66 49176
Coarse Volume Resolution: 128 | Subvolume Resolution® 104
1A00 | 4770 2.95 3.09/474 4.32 313421
1J5E | 51743 3.68 2.95/11180 3.82 216307
13J2 | 90418 3.02 2.95/10598 3.54 251904
Coarse Volume Resolution: 256 | Subvolume Resolution? 206
1A00 | 4770 10.81 25.79/474 28.76 1257644
1J5E | 51743 10.89 27.97/11180 29.04 926541
13J2 | 90418 10.35 26.32/10598 23.55 1074166

Table 3.6: This table shows the timing results of our methallitests are performed on AMD Opteron 246 with 16GB of
memory. The subvolume is samplifig0%)°3 = 6:4% of the entire input domain. In the third set of results, weefgrm the
surface extraction at very high resolutions, where the lstomhain in theRoveris sampled at 206

(@) The Small Ribosomal Sub- (b) Theroveris used to visualize (c) The Large Ribosomal Sub-
unit at a single resolution. a region of interest at higher res- unit at a single resolution.
olution.

(d) An active site is extracted at
higher resolution showing atomic
details. The rest of the molecule
still presents the global features.

Figure 3.41: We present global and local views in the Ribad@ubunits and contrast it with using a single overall nesoh.
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Figure 3.42: Close up images of an active site in the Smalbgdimal subunit, showing the smooth adaptive dual contour.

solving the Poisson-Boltzmann equation [60]. Gaussiantfans have been used to construct density maps [29, 58, 83],1
from which implicit solvation models are approximated agsmcontour [58, 71, 52]. However, it still remains a chagjerio
generate quality and adaptive triangular and tetrahedeahes for arbitrary molecular structures.

Algebraic Shell Splines C1)

One way to generate an analytical representation of thecul@és to de ne an analytical volumetric density functidor
example, the summation of Gaussian functions [59], Ferimadswitching function [73], or piecewise polynomials [7and
approximate the SES by an iso-contour of the density funcfi@chniques of fast extracting an iso-contour of smoothéde
functions are developed in [5][19]. However the error of lemerated isosurface could be large and result in inaccaregrgy
computation. A NURBS representation for the SES is preskeintgl1]. Although it provides a parametric approximation t
the SES, it does not solve the singularity problem. Edelsibeu[45] de nes another paradigm of a smooth surface referr
to asskinwhich is based on the Voronoi, Delaunay, and Alpha complekes nite set of weighed points. Thskin model
has good geometric properties such as it is free of singuland it can be decomposed into a collection of quadratichyzet
Triangulation schemes based on #kénmodel are provided in [34][35]. However when applied to thergetic computation,
the skin triangulation which in fact is a linear approximation to tBES has to be very dense to gain accuracy, which causes
oversampling on the surface and hence makes the computatipisiow.

Meshing of Molecular Interfaces

Mesh Generation: As reviewed in [89, 112], octree-based, advancing fronetand Delaunay like techniques were used for
triangular and tetrahedral mesh generation. The octrémigee recursively subdivides the cube containing thetigpometry

until the desired resolution is reached [104]. Advancirapfrmethods start from a boundary and move a meshed front from
the boundary towards empty space within the domain [50, D&Jaunay re nement is used to re ne triangles or tetrahedra
locally by inserting new nodes to maintain the Delaunayecddin ("empty circumsphere') [38]. Sliver Exudation [37hsv
used to eliminate slivers (bad aspect ratio). Shewchuk][46es the problem of enforcing boundary conformity by oe
constrained Delaunay triangulations (CDT).

The predominant algorithm for isosurface extraction fromume data is Marching Cubes (MC) [77], which computes
a local triangulation within each cube to approximate tlesusface by using a case table of edge intersections. MC was
extended to extract tetrahedral meshes between two iseesrf51]. A different and systematic algorithm was proddee
interval volume tetrahedralization [86]. By combining ureNets [56] and the extended Marching Cubes algorithrh [64
octree based dual contouring [61] generates adaptivenesdiution isosurfaces with preservation of sharp featufée dual
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contouring method has also been extended to extract adagt quality tetrahedral meshes from volumetric imaging da
[120, 121].

Quality Improvement: Algorithms for mesh quality improvement can be classi etbithree categories [112, 89]: local
coarsening/re nement by inserting/deleting points, loeaneshing by face/edge swapping and mesh smoothing bgatéig
vertices.

Laplacian smoothing relocates vertex position at the @eodithe nodes (vertices) incident to it [48]. Instead obcaking
vertices based on a heuristic algorithm, the optimizatexhhique measures the quality of the surrounding elemends t
node and attempts to optimize it. The optimization-basedathing yields better results, nevertheless it is more Bspe
than Laplacian smoothing. Therefore, a combined Lapl@@ptimization-based approach was recommended [33, 4%. Th
Laplacian operator was discretized over triangular mef8#s and geometric ows have been used in surface and intagin
processing [101, 117]. Physically-based simulations aesglio reposition nodes [74]. Anisotropic meshes are obddfirom
bubble placement and equilibrium [106]. Mesh regular@atvas discussed in [88, 115].

Multi-resolution Surfaces

The electron density and shape are used in a similar senke literature with respect to molecular surface modelingerg
have been many de nitions for the molecular surface of biteooles.

Molecular surface visualization Many smooth models of the molecular surface have been pedpascluding explicit
rolling ball blend models and implicit Gaussian models. Hudvent Accessible Surface (SAS) [70] is de ned as the locus
of the center of the probe when it is in touch with the mole@urid not intersecting it. The Solvent Excluded Surface (SES)
[94] provides a smooth contour of the molecular surfaces the surface which envelopes the region not accessiblesto th
solvent. Later analytical expressions for the patches hvimiake up the surface were given in [42] and [39]. A generdhser
description for a set of points is given in [46]. Non Unifornatidnal BSplines (NURBS) descriptions for the patches ef th
molecular surfaces are given in [12] and [24]. A triangulatbased on a similar idea of using weighted Voronoi and Delgu
triangulations is given in [4]. Fast computations of the S&8escribed in [99] and [97]. In [100], the authors descebe
algorithm to update the triangulation if only a part of thelemale changes positions. Using Gaussians around the atiotars

to represent the van der Waals region of in uence, many asthepresented molecular surfaces as isocontours of thds e
[30], [58]. A similar function was used at the interface todebvarying probe radii by [113]. Fast computation of the NRfR
representation when the probe radius changes was givedjin[Rie to its computational ef ciency, the gaussian fuontis
being used more frequently even in docking algorithms [95].

Resolution of density maps The electron density of an atom at a poinis represented as a Gaussian functidx) =

ix g2
Rl 1), wherec;r are the center and radius of the atom. If we consider theifumealue of 1, we see that it is satis ed at
the surface of the spherme(jx ¢j = r). Using this model, the electron density of a LBC withatoms ak is just a summation

M 1 b('x—rgL 1)

of Gaussiansf(x)= 4§ e i . Hereb is a parameter used to control the rate of decay of the Gauasiknown as the
i=0

blobbinesf the Galljssian [30], [58]. Isosurfaces of this functionhwigtovalue 1 are extracted using traditional isosurfacing
methods like primal/dual marching cubes. In [#8F 2:3; f(x) = 1 is provided as a good approximation to the Molecular
Surface. This is used as tladomic resolutionres) model's parameter. Through correspondence with Dt Glaiu's group
from from Baylor College of Medicine, Houston USA, and frorvBN [79], we also have the following parameters for the
Gaussians: The Gaussian is weighted by the number of etsdtréor theit" atom. The resolution is taken as the distance in

M 1 . .
A where the Gaussian function decays to either 0.5 or 1/eeptak. Hencef(x) = & tie &% Gl: a= ':;%22; ora= é
i=0

Another commonly used de nition is method is in the Fourienthin:F (e aXz)(k) = e pzkzza; a= %; ora= ;g—zg

Adaptive isocontouring Marching Cubes (MC) has been a widely used uniform grid istmaring algorithm [78]. By
storing only the cells containing an iso-contour, uniforatadgrids are converted adaptively into octrees [103]. Gdpost-
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processing are performed in which cells meeting certatergai are merged, producing an adaptive contour. Westerragal.
described an octree-based extraction method [114] theheathe cracks produced by traditional MC by limiting diffiece

of levels between neighboring cells to two and by applyingyeamid averaging scheme to cover the cracks with additional
polygons. Dual contouring reported in [62] describes a wetinat contours on the dual graph of MC, producing crack free
isosurfaces.

Multiresolution modeling There have been various algorithms used in multiresolutiodeling in research areas both in
and outside of molecular modeling. A good survey of existexhniques are presented in [53].
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Partial Differential Equations

Fast Summations and Fourier Transforms



BIBLIOGRAPHY 117
Bibliography

[1] R. C. Agarwal. A new least-squares re nement technigasdua on the fast fourier transform algorithrcta Cryst,
A34:791-809, 1978.
[2] N. Akkiraju and H. Edelsbrunner. Triangulating the o€ of a molecule Discrete Applied Mathematic§1:5-22,

1996.

[3] N. Akkiraju and H. Edelsbrunner. Triangulating the sw0€¢ of a molecule Discrete Applied Mathematic§1:5-22,
1996.

[4] N. Akkiraju and H. Edelsbrunner. Triangulating the suré of a moleculeDiscrete Applied Mathematicg1(1-3):5-22,
1996.

[5] C. Bajaj, J. Castrillon-Candas, V. Siddavanahalli, ZnKu. Compressed representations of macromoleculartstes
and propertiesStructure 13:463-471, 2005.

[6] C. Bajaj, J. Castrillon-Candas, V. Siddavanahalli, ZnKu. Compressed representations of macromoleculartses
and properties structur®iscrete Applied Mathematic43(3):463—-471, 2005.

[7] C. Bajaj, P. Djeu, V. Siddavanahalli, and A. Thane. Tekmioteractive visual exploration of large exible multi-
component molecular complexeBroc. of the Annual IEEE Visualization Conferenpages 243-250, 2004.

[8] C. Bajaj, P. Djeu, V. Siddavanahalli, and A. Thane. Tekxmiateractive visual exploration of large exible multi-
component molecular complexes.\'iS'04: Proceedings of the conference on Visualization [feges 243-250, Wash-
ington, DC, USA, 2004.

[9] C. Bajaj, A. Gillette, and S. Goswami. Topology baseestbn and curation of level sets. TopolnVis 2007Accepted.

[10] C. Bajaj, H. Lee, R. Merkert, and V. Pascucci. NURBS liaBerep models from macromolecules and their properties.
In Proceedings 4th Symposium on Solid Modeling and Applingtjmages 217-228, 1997.

[11] C. Bajaj, H. Lee, R. Merkert, and V. Pascucci. Nurbs bidseep models from macromolecules and their properties.
Proceedings of Fourth Symposium on Solid Modeling and Aafiing pages 217-228, 1997.

[12] C. Bajaj, H. Y. Lee, R. Merkert, and V. Pascucci. Nurbsdxhb-rep models for macromolecules and their propertmes. |
Proceedings of the fourth ACM symposium on Solid modelidggaplications pages 217—-228. ACM Press, 1997.

[13] C. Bajaj, V. Pascucci, A. Shamir, R. Holt, and A. NetdavaDynamic maintenance and visualization of molecular
surfacesDiscrete Applied Mathematic427:23-51, 2003.

[14] C. Bajaj, S. Schaefer, J. Warren, and G. Xu. A subdivisscheme for hexahedral mesheBhe Visual Computer
18(5-6):343-356, 2002.

[15] C. Bajaj and V. Siddavanahalli. Fast and adaptive sadand derivatives computations for volumetric partiet@adCS
and ICES Technical Report, the University of Texas at Au2005.

[16] C. Bajaj and V. Siddavanahalli. Fast error-boundedam@s and derivatives computation for volumetric partddga.
Ices report, The University of Texas Austin, 2005.

[17] C. Bajaj and V. Siddavanahalli. An adaptive grid basesthrod for computing molecular surfaces and properties SICE
Technical Report TR-06-57, 2006.

[18] C. Bajaj and V. Siddavanahalli. Adaptive grid basedmoels for computing molecular surfaces and properties.riieah
Report TR-06-56, Department of Computer Science, The Usityeof Texas at Austin, 2006.

[19] C. Bajaj and V. Siddavanahalli. Fast error-boundedem@s and derivatives computation for volumetric partdd¢a.
ICES Technical Report TR-06-06, 2006.

[20] C. Bajaj, V. Siddavanahalli, and W. Zhao. Fast algorighfor molecular interface triangulation and solvationrgge
computationsICES Technical Report TR-07-08007.

[21] C. Bajaj, G. Xu, R. Holt, and A. Netravali. Hierarchigalltiresolution reconstruction of shell surfac€amputer Aided
Geometric Design19:89-112, 2002.

[22] C. Bajaj, G. Xu, and Q. Zhang. Smooth surface constonctia a higher order level set method. ICES Report 06-18,
Institute for Computational and Applied Mathematics, Thaudrsity of Texas at Austin, 2006.

[23] C. Bajajand W. Zhao. Fast molecular energetics andcfcomputation. ICES Report 08-20, Institute for Compaiei
Engineering and Sciences, The University of Texas at Au2008.

[24] C. L. Bajaj, V. Pascucci, A. Shamir, R. J. Holt, and A. Netivali. Dynamic maintenance and visualization of malacu
surfacesDiscrete Applied Mathematic427(1):23-51, 2003.

[25] C. L. Bajaj, G.-L. Xu, and Q. Zhang. Higher-order lexsdt method and its application in biomolecular surfaces con
struction.Journal of Computer Science and Technold3(6):1026—1036, 2008.



118 BIBLIOGRAPHY

[26] N. Baker, M. Holst, and F. Wang. Adaptive multilevel tei element solution of the poisson-boltzmann equation ii.
re nement at solvent-accessible surfaces in biomolea@yatems.Journal of Comput Chem21:1343-1352, 2000.

[27] N. Baker, D. Sept, S. Joseph, M. Holst, and J. McCammadectEostatics of nanosystems: application to microtubule
and the ribosomeRProceedings of National Academy of Scieri®10037-10041, 2001.

[28] D. Bashford and D. A. Case. Generalized born models afroraolecular solvation effectésnnual Review of Physical
Chemistry 51:129-152, 2000.

[29] J. Blinn. A generalization of algebraic surface dragvifCM Transactions on Graphic§(3):235-256, 1982.

[30] J. F. Blinn. A generalization of algebraic surface dirmyv ACM Trans. Graph.1(3):235-256, 1982.

[31] Y. Bourne, J. Grassi, P. E. Bougis, and P. Marchot. Conétional exibility of the acetylcholinesterase tetrame
suggested by x-ray crystallograptipurnal of Biological Chemistry274(43):30370-30376, 1999.

[32] Y. Bourne, P. Taylor, and P. Marchot. Acetylcholingase inhibition by fasciculin: crystal structure of the quex.
Cell, 83:503, 1995.

[33] S. Canann, J. Tristano, and M. Staten. An approach tdewaed laplacian and optimization-based smoothing fontria
gular, quadrilateral and quad-dominant mesheg&thnnternational Meshing Roundtablgages 479-494, 1998.

[34] H. Cheng and X. Shi. Guaranteed quality triangulatibmolecular skin surfacedEEE Visualizationpages 481488,
2004.

[35] H. Cheng and X. Shi. Quality mesh generation for molacwkin surfaces using restricted union of ballkEEE
Visualization pages 51-58, 2005.

[36] H.-L. Cheng, T. Dey, H. Edelsbrunner, and J. SullivaiynBmic skin triangulationDiscrete Computational Geomefry
25:525-568, 2001.

[37] S.-W. Cheng, T. Dey, H. Edelsbrunner, M. Facello, ande®\g. Sliver exudatiorProceeding Journal of ACMA7:883—
904, 2000.

[38] P. Chew. Guaranteed-quality delaunay meshing in 3dL3th ACM Annual Symposium on Computational Geometry
pages 391-393, 1997.

[39] M. Connolly. Solvent-accessible surfaces of proteind nucleic acidsScience221(4612):709-713, 19 August 1983.

[40] M. L. Connolly. Analytical molecular surface calcutat. Journal of Applied Crystallographyl 6:548-558, 1983.

[41] M. L. Connolly. Analytical molecular surface calcuta. Journal Applied Crystallographyl6:548-558, 1983.

[42] M. L. Connolly. Analytical molecular surface calcuta. Journal of Applied Crystallography6:548-558, 1983.

[43] D. Dunavant. High degree ef cient symmetrical gaussipiadrature rules for the trianglénternational Journal for
Numerical Methods in Engineering1:1129-1148, 1985.

[44] H. Edelsbrunner. Deformable smooth surface deditjscrete Computational Geometr31:87-115, 1999.

[45] H. Edelsbrunner. Deformable smooth surface deditjscrete Computational Geometr31:87-115, 1999.

[46] H. Edelsbrunner and E. P. Miicke. Three-dimensiondlakhapesACM Transactions on Graphic&3(1):43—-72,1994.

[47] O. D. Faugeras and R. Keriven. Variational principlssiface evolution, PDE's, level-set methods, and the stere
problem.IEEE Transactions on Image Processifi§3):336—344, 1998.

[48] D. Field. Laplacian smoothing and delaunay triangale. Communications in Applied Numerical Methpds709-712,
1988.

[49] L. Freitag. On combining laplacian and optimizatioased mesh smoothing techniqgegsMD-Vol. 220 Trends in Un-
structured Mesh Generatigppages 37-43, 1997.

[50] P. Frey, H. Borouchaki, and P.-L. George. Delaunayatetdralization using an advancing-front approach.5tim
International Meshing Roundtahlpages 31-48, 1996.

[51] I. Fujishiro, Y. Maeda, H. Sato, and Y. Takeshima. Voktnit data exploration using interval volumMEEE Transactions
on Visualization and Computer Graphj&{2):144—-155, 1996.

[52] R. Gabdoulline and R. Wade. Analytically de ned suéacto analyze molecular interaction propertiégurnal of
Molecular Graphics14(6):341-353, 1996.

[53] M. Garland. Multiresolution modeling: Survey and ftewopportunities. IfEurographics: State of The Art Repot999.

[54] M. Garland and P. Heckbert. Simplifying surfaces withas and texture using quadric error metricsIHEE Visualiza-
tion, pages 263-270, 1998.

[55] A. Ghosh, C. S. Rapp, and R. A. Friesner. Generalized bardel based on a surface integral formulatidournal of
Physical Chemistry B102:10983-10990, 1998.

[56] S. Gibson. Using distance maps for accurate surfageseptation in sampled volumes.|EEE symposium on Volume
visualization pages 23-30, 1998.

[57] S. Goswami, T. K. Dey, and C. L. Bajaj. Identifying at drtubular regions of a shape by unstable manifolds. In



BIBLIOGRAPHY 119

Proceedings of the 11th ACM Symposium Solid and PhysicabMuglpages 27-37, 2006.

[58] J. Grantand B. Pickup. A gaussian description of mdkacshapeJournal of Physical Chemisty®9:3503-3510, 1995.

[59] J. A. Grantand B. T. Pickup. A gaussian description ofenolar shapeJournal of Physical Chemisty$9:3503—-3510,
1995.

[60] M. Holst, N. Baker, and F. Wang. Adaptive multilevel tei element solution of the poisson-boltzmann equation i:
Algorithms and exampleslournal of Compututational Chemistrg1:1319-1342, 2000.

[61] T.Ju, F. Losasso, S. Schaefer, and J. Warren. Dual aantpof hermite data. I8$IGGRAPHpages 339-346, 2002.

[62] T. Ju, F. Losasso, S. Schaefer, and J. Warren. Dual adntpof hermite data.Proceedings of SIGGRARHages
339-346, 2002.

[63] M. Karplus and J. A. McCammon. Molecular dynamics siatigins of biomoleculesNature Structural Biology9:646—
652, 2002.

[64] L. Kobbelt, M. Botsch, U. Schwanecke, and H. Seidel. tkeasensitive surface extraction from volume data. In
SIGGRAPHpages 57-66, 2001.

[65] M. V. Kreveld, M. Overmars, O. Schwarzkopf, and M. D. Be€omputational Geometry:Algorithms and Applications
Springer-Verlag Telos, 1997.

[66] B. Kuhn and P. A. Kollman. A ligand that is predicted tm8ibetter to avidin than biotin: insights from computatibna
uorine scanning.Journal of American Chemical Society22:3909-3916, 2000.

[67] P. Laug and H. Borouchaki. Molecular surface modelind meshingEngineering with Computerd8:199-210, 2002.

[68] P.Laug and H. Borouchaki. Molecular surface modelind meshingEngineering with Computerd8:199-210, 2002.

[69] B. Lee and F. M. Richards. The interpretation of proticture: estimation of static accessiblillpurnal of Molecular
Biology, 55:379-400, 1971.

[70] B. Lee and F. M. Richards. The interpretation of prot&iuctures: estimation of static accessibililpurnal of Molec-
ular Biology, 55(3):379-400, February 1971.

[71] M. Lee, M. Feig, F. Salsbury, and C. Brooks. New analgpproximation to standard molecular volume de nition and
its application to generalized born calculatidlournal of Computational Chemistrg4:1348-1356, 2003.

[72] M. S. Lee, M. Feig, F. R. Salsbury, and C. L. Brooks. Newlgtic approximation to the standard molecular volume
de nition and its application to generalized born calcidas. Journal of Comput Chem24:1348-1356, 2003.

[73] M. S. Lee, F. R. Salsbury, and C. L. Brooks. Novel gerizeal born methodslournal of Chemical Physi¢c416:10606—
10614, 2002.

[74] R. Lohner, K. Morgan, and O. Zienkiewicz. Adaptive grielnement for compressible euler equationccuracy
Estimates and Adaptive Re nements in Finite Element Coatiouis, |. Babuska et. al. eds. Wilgyages 281-297, 1986.

[75] R. Lohner and P. Parikh. Three dimensional grid geimamdiy the advancing-front methodinternational Journal for
Numerical Methods in Fluid$3:1135-1149, 1988.

[76] A.Lopes and K. Brodlie. Improving the robustness anclaacy of the marching cubes algorithm for isosurfacldzE
Transactions on Visualization and Computer Graph@(d):16—29, 2003.

[77] W. Lorensen and H. Cline. Marching cubes: A high redoluBd surface construction algorithm. i GGRAPH pages
163-169, 1987.

[78] W. Lorensen and H. Cline. Marching cubes: A high resotluBd surface construction algorithhCM SIGGRAPH '87
pages 163-169, 1987.

[79] S. Ludtke, W. Jiang, L. Peng, G. Tang, P. Baldwin, S. F&hd<hant, and L. Nason. Eman. Software for Single Particle
Analysis and Electron Micrograph Analysis by National Geriobr Macromolecular Imaging, 2005.

[80] J. D. Madura, J. M. Briggs, R. C. Wade, M. E. Davis, B. Aty,lA. llin, J. Antosiewicz, M. K. Gilson, B. Bagheri, L. R.
Scott, and J. A. McCammon. Electrostatics and diffusion ofaoules in solution: simulations with the university of
houston brownian dynamics progra@omputer Physics Communicatio84.:57-95, 1995.

[81] N. L. Max. Approximating molecular surfaces by sphaticarmonics.Journal of Molecular Graphics(4):210, 1988.

[82] M. Meyer, M. Desbrun, P. Schroder, and A. Burr. Discrdiféerential-geometry operators for triangulated 2-nfialalis.
VisMath'02, Berlin 2002.

[83] P. G. MezeyShape in Chemistry: An Introduction to Molecular Shape amgblogy VCH Publishers, New York, 1993.

[84] Y. Madis, S. Ogata, D. Clements, and S. C. Harrison. Atid-binding pocket in the dengue virus envelope glycopmote
Proceedings of the National Academy of Sciences of the dSii@tes of America00(12):6986-6991, 2003.

[85] G. Nielson. The side-vertex method for interpolatiortriangles.J. Apprrox. Theory25:318-336, 1979.

[86] G. Nielson and J. Sung. Interval volume tetrahedroratin IEEE Visualization 97pages 221-228, 1997.

[87] M. Nina, D. Beglov, and B. Roux. Atomic radii for continm electrostatics calculations based on molecular dyreamic



120 BIBLIOGRAPHY

free energy simulationslournal of Physical Chemistry,B01:5239-5248, 1997.

[88] Y. Ohtake, A. Belyaev, and |. Bogaevski. Mesh regulatizn and adaptive smoothinGomputer Aided Desigr33:789—
800, 2001.

[89] S. Owen. A survey of unstructured mesh generation telclyy. In7th International Meshing Roundtableages 26-28,
1998.

[90] D. Peng, B. Merriman, S. Osher, H. Zhao, and M. Kang. A Rizised fast local level set methabhurnal of Computa-
tional Physics155(2):410-438, 1999.

[91] D. Potts, G. Steidl, and A. Nieslony. Fast convolutiathwadial kernels at nonequispaced knddsimerical Mathemat-
ics, 98(2):329-351, 2004.

[92] D. Potts, G. Steidl, and M. Taschedzast Fourier transforms for nonequispaced data: A tutgrighapter 12, pages
247-269. Birkhauser, 2001.

[93] F. M. Richards. Areas, volumes, packing, and proteimcttire. Annu. Rev. Biophys. Bioen§:151-176, 1977.

[94] F. M. Richards. Areas, volumes, packing, and proteincttire. Annual Review of Biophysics and Bioengineeying
6:151-176, June 1977.

[95] D. W. Ritchie. Evaluation of protein docking prediat®using hex 3.1 in capri rounds 1 and Rroteins: Structure,
Function, and Geneti¢$2(1):98-106, July 2003.

[96] B. Roux and T. Simonson. Implicit solvent modeiophysical Chemistry78:1-20, 1999.

[97] M. Sanner, A. Olson, and J. Spehner. Fast and robust etatipn of molecular surfaces. Rroceedings of the eleventh
annual symposium on Computational geomgtgges 406—407. ACM Press, 1995.

[98] M. Sanner, A. Olson, and J. Spehner. Reduced surfacesf Alent way to compute molecular surfaceBiopolymers
38:305-320, 1996.

[99] M. Sanner, A. Olson, and J. Spehner. Reduced surfacef @ant way to compute molecular surfaceBiopolymers
38(3):305—-320, March 1996.

[100] M. F. Sanner and A. J. Olson. Real time surface recoastm for moving molecular fragments. Rroceedings of the
Paci ¢ Symposium on Biocomputing '9Maui, Hawaii, January 1997.

[101] G. Sapiro. Geometric partial differential equati@msl imaging analysisCambridge University Pres@001.

[102] M. Schaefer and M. Karplus. A comprehensive analytieatment of continuum electrostatic§ournal of Physical
Chemistry 100:1578-1599, 1996.

[103] R. Shekhar, E. Fayyad, R. Yagel, and J. F. Cornhill.r&@ebased decimation of marching cubes surface¥I1$196:
Proceedings of the 7th conference on Visualization [eges 335—ff., Los Alamitos, CA, USA, 1996. IEEE Computer
Society Press.

[104] M. Shephard and M. Georges. Three-dimensional mesérgéon by nite octree techniquénternational Journal for
Numerical Methods in Engineering2:709-749, 1991.

[105] J. Shewchuk. Constrained delaunay tetrahedrizatiom provably good boundary recovery. lfith International
Meshing Roundtableages 193-204, 2002.

[106] K. Shimada, A. Yamada, and T. Itoh. Anisotropic triafeg meshing of parametric surfaces via close packing gf-ell
soidal bubbles. I6th International Meshing Roundtablgages 375-390, 1997.

[107] D. Siersma. Voronoi diagrams and morse theory of tetadice function. In O. E. Barndorffand E. B. V. Jensen, eslito
Geometry in Present Day Sciengages 187-208. 1999.

[108] Y. Song, Y. Zhang, C. Bajaj, and N. Baker. Continuunfudifon reaction rate calculations of wild type and mutantis®
acetylcholinesterase: Adaptive nite element analyBigphysical Journal87(3):1558-1566, 2004.

[109] Y. Song, Y. Zhang, T. Shen, C. Bajaj, J. McCammon, an8&ker. Finite element solution of the steady-state smolu-
chowski equation for rate constant calculatioBgphysical Journgl86(4):2017—-2029, 2004.

[110] J. Srinivasan, T. E. Cheatham, P. Cieplak, P. A. Kolipend D. A. Case. Continuum solvent studies of the stahifity
dna, rna, and phosphoramidate-dna helidesirnal of American Chemical Socie#y20:9401-9409, 1998.

[111] W. C. Still, A. Tempczyk, R. C. Hawley, and T. Hendricks Semianalytical treatment of solvation for molecular
mechanics and dynamicdournal of American Chemical Sociey12:6127-6129, 1990.

[112] S.-H. Teng and C. Wong. Unstructured mesh generatlogory, practice and perspectivelfiternational Journal of
Computational Geometry ApplicationB0(3):227-266, 2000.

[113] R. Voorintholt, M. T. Kosters, G. Vegter, G. Vriend,daW. G. Hol. A very fast program for visualizing protein suoéss,
channels and cavitieSournal of Molecular Graphicsr(4):243-245, December 1989.

[114] R. Westermann, L. Kobbelt, and T. Ertl. Real-time @xption of regular volume data by adaptive reconstructibn o
iso-surfacesThe Visual Computepages 100-111, 1999.



BIBLIOGRAPHY 121

[115] Z.Wood, D. Breen, and M. Desbrun. Semi-regular mestaekion from volumes. IlEEE Visualizationpages 275282,
2000.

[116] G. Xu. Discrete laplace-beltrami operator on sphe @ptimal spherical triangulationResearch Report, Institute of
Comput. Math. and Sci./Engin. Comput., Chinese Academgiefi&s, No. ICM-04-1,2004.

[117] G. Xu. Discrete laplace-beltrami operators and tieeinvergence.Computer Aided Geometric Desighl1:767—784,
2004.

[118] G. Xu and Q. Zhang. Construction of geometric partifiedential equations in computational geometikathematica
Numerica Sinica28(4):337-356, 2006.

[119] D. Zhang, J. Suen, Y. Zhang, Y. Song, Z. Radic, P. TajlbHolst, C. Bajaj, N. Baker, and J. McCammon. Tetrameric
mouse acetylcholinesterase: Continuum diffusion rateutaions by solving the steady-state smoluchowski egnati
using nite element method®iophysical Journgl88(3):1659-1665, 2004.

[120] Y. Zhang, C. Bajaj, and B.-S. Sohn. Adaptive and quad meshing from imaging data. lCM Solid Modeling and
Applications pages 286—291, 2003.

[121] Y. Zhang, C. Bajaj, and B.-S. Sohn. 3d nite element hiag from imaging dataSpecial issue of Computer Methods
in Applied Mechanics and Engineering on Unstructured Meshé&ation, in press2004.

[122] Y. Zhang, G. Xu, and C. Bajaj. Quality meshing of imglisolvation models of biomolecular structureSomputer
Aided Geometric Desigr23:510-530, 2006.

[123] Y. Zhang, G. Xu, and C. Bajaj. Quality meshing of imglisolvation models of biomolecular structureS€omputer
Aided Geometric Desigr23(6):510-530, 2006.

[124] W. Zhao, G. Xu, and C. Bajaj. Modeling with cubic A-pha&s.|IEEE/ACM Transactions on Computational Biology and
Bioinformatics 2009.



122 BIBLIOGRAPHY



Chapter 4

Complementary Space

Molecular surfaces are solvent contact interfaces betwhestrongly covalent bonded atoms of the molecule and thie io
solvent environment which is mostly water. Molecular sogfoften contain a number of pockets, holes and intercoeaec
tunnels with many openings (mouths), aka molecular featureontact with the solvent. Several of these moleculaufea
are biochemically signi cant as pockets are often actitessior ligand binding or enzymatic reactions[7], and tusrege
often solvent ion conductance zones [63]. Since pocketslestor tunnels share similar surface feature visavis tynings
(mouths), we shall sometimes refer to these molecular featollectively as generalized pockets or pockets.

The surface of a protein can be represented as a closed cosptazeS in R® and the closed interid¥ as the region
bounded bys. It is important to correctly identify the main biophysidahtures ofSin the protein surfaces, i.e. "pockets”, so
that they can be used for quantitatively analyzing the Inig@if nities of ligands and other biochemical reactionaudting the
shapes and other biochemical properties of protein potlestsnany potential applications in biomedical researcatexample
screening potential drug molecules in computational desigh.

4.1 Mouths and Pockets

The surface of a protein can be represented as a closed cbsopiaceSin R3 and the closed interidf as the region bounded
by S. It is important to correctly identify the main biophysidektures ofS in the protein surfaces, i.e. "pockets", so that
they can be used for quantitatively analyzing the bindingitéés of ligands and other biochemical reactions. Studythe
shapes and other biochemical properties of protein potiestsnany potential applications in biomedical researatexample
screening potential drug molecules in computational desgigh.

In this subsection, we present a simple and fast geomegrarittim for extracting pockets of any closed compact smooth
surface, particularly complicated molecular surfacesrofgins. This algorithm employs a two-step level-set maagimethod,
rst outward from the original protein surfacg and then backward from a topological simple enclosingl she¢sulted from
the rst marching. The backward marching step would movéditbet back to the original surfacg except the "pocket” regions
onS. Thus the pockets are de ned as the regions outSiaied not reached by the backward propagation, as illustiatéidure
4.1.

The result of this marching algorithm is computed a®adlumetric 'pocket functioh P(x), whereP(x) > 0 if x is inside
the pocket regions o8andP(x) < 0 if xis outside. This volumetric representation of pockets iy eenvenient, since it allows
us to compute the pocket bounding surfaces as a levB(sgt 0, quantify shape attributes of the pockets , and visudfiemt
with volume and surface visualization techniques.

This pocket extraction algorithm is a geometrical methatkjpendent of any particular model of the protein surface. It
works for any representation of protein surfaces, as lorigesal protein surface is described as a closed compatacewr It
constructs a smooth representation of the pockets as a etiigrpocket functioriP(x), from which the pocket envelops can be
extracted as the level sB{x) = 0. The extracted envelops match very well with the geomshrapes of the protein pockets,
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(@) (b)

Figure 4.1: (a) Outward propagation frd&to the shellT. (b) Backward propagation froff to the nal frontF. Pockets are
extracted as the yellow shaded regions betweandsS.

as demonstrated by the examples in the later subsectionP?@@uet extraction and feature analysis algorithm is alsarty
generalizable to many other classes of free-form surfaces.

4.1.1 Pocket Extraction Algorithm

We present in subsection 4.1.1 our pocket extraction dlyariwhich applies a two-step marching approach to comphge t
pocket functiorP(x). subsection 4.1.1 describes our method of computing sidistaihce function (SDF) that is central to the
pocket extraction algorithm in subsection 4.1.1.

Pocket Extraction

In Figure 4.1, we rst use a simple 2D example to illustrate Hasic ideas of our pocket extraction algorithm, i.e. the-step
surface marching method. Consider the closed compact&8fthe green inner curve in Figure 4.1 in 2D space. The two-step
marching method consists of a outward propagation ( Ilpsé&d a backward propagation (removal) step, in order t@eitr
pockets orf.

The rst marching step starts from the original surf&and moves outwards at a constant speed to Il all pocketglsyoi
and depressions on the surface. As shown in Figure 4.1@Jfrdht propagates outward from the surf&® a nal shell
surfaceT. The propagation front would change its shape and topologyd the marching. For example, the topology of the
intermediate fronR (dashed line) in Figure 4.1(a) is different from b@&landT. Eventually the topology of the front would
become the same as that of a simple sphere. The outward mgustioips at the nal shell surfacg, which is far enough
away fromSwith a distance such thaflT has the same topology as a simple sphere and its topologydwatlchange any
more by further outward propagation. The exact value of thechiing distancefrom Sto T is not signi cant in the following
computations of the pocket function, as long as it is suintig large to ensure that is a simple shell. For a protein, we typical
choosd to be as least twice the largest dimension of the protein.

The second marching step starts from the shddiackward towards the original surfaB@and moves at a constant speed,
in order to reveal the pockets & The marching distance of the second step is selected teelsathe asin the rst step, so
that the backward propagation front would not penet&sdad stops when it reach&sHowever, notice the outward marching
in the rst step is irreversible and the nal front of the sembmarching cannot extend into the depressed regionsdakefs,
on the surfaces. Therefore in our algorithmpocketsare de ned as the regions between the nal fréhof the backward
marching, dashed line in Figure 4.1(b), and the origindlea@S. In the simple 2D example in Figure 4.1, the pocket region is
illustrates as a shaded (yellow) area. This de nition itinely captures the main geometric characteristics ofggngpockets.
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Next we need to develop a mathematical representation qicbleet regions.

Starting from the initial surfac&, the propagation front of the rst outward marching step m®walong its outer normal
directions at a speeqx). The marching fronR(t) at timet can be determined according to the level set method [S56]R(t¢
is the zero level set of a functidin(x;t) satisfying the evolution equation:

fe+vjoOfj=0
with initial conditionf (x;t = 0) = d(x); whered(x) is the signed distance function (SDF) fr@nde ned as
jd(x)j = minjix yjj: (1.1)
y2S

The SDF(X) is positive/negative whexis outside/inside the surfaGand the marching fromk(t) is the level sef (x;t) = 0.
If the speed/= 1is constant, as we would assume in our two-step marchimgitiign, the marching frorfk(t) at time(distance)
t is simply the level set

d(x) = t: (1.2)

We will discuss an ef cient algorithm to compute the signadtaince functions (SDF) of a closed compact surface in
subsection 4.1.1, based on the fast distance transformlyiigphe SDF algorithm, we present here the main algoritim o
computing a volumetripocket function EX) to represent the pockets on the protein surfaas follows:

1. Compute the SDF for SSompute the signed distance functiifx) from the original surfac&, whereds(x) > 0 if x is
outsideSandds(x) < 0 if x is inside.

2. Extract the Shell Surface TExtract the shell surface as the level seds(x) = t, where the distande> 0 is large enough
so thatT has the same topology as a simple sphere. As mentionedrgtiréeexact value df is not signi cant in the
algorithm.

3. Compute the SDF for TCompute the signed distance functidf(x) from the surfacél’, where the sign ofly (x) is
inverted, i.e.dr(x) > 0if xis insideT anddy(x) < 0 if X is outsideT.

4. Construct the Pocket Function(#): The volumetric pocket functioR(x) is constructed as:
P(x) = min(ds(x);dr(x) t) e (1.3)

whereds(x) anddr(X) are the SDFs computed in step 1 and 3. Notice that(dijfx);dr(x) t) > O only for points
outside the surfacBand not reached by backward marching from the shelle. points in the pockets. A small positive
valueeis introduced to account for the size of solvent atoms, wisdkipically set to a value between 1 and 1.5 A. The
bounding surfaces of pockets (pocket envelops) then carthaceed as the level s€(x) = 0.

5. Smooth the Pocket Functior{®: AlthoughP(x) constructed in the previous step matches well with geomigatures
of the pockets on the surfa&it can be noisy because of the small bumpinesS.dn order to remove small noises and
focus on the main features of the pockets, we apply a smapstap to the pocket functid®(x). In our implementation,
one step of bilateral Itering [62] is applied to smod#(x).

This pocket extraction algorithm is simple, exible, andst. Figure 4.2 shows a successful extraction of two tunnel
in an "8" shape. It works for any closed compact surfaceR3rspace. Particularly it can be used for any molecular surface
models: union of balls, solvent accessible surface, orazostof electron density functions.

In order to show the effectiveness of our algorithm, we ranigselect the "Bacteriochlorophyll Containing Protei®0B
ID: 4BCL) from the protein data bank (PDB) [6]. This proteiasha very complex molecular surface and contains one large
binding site in the middle and small dents on its surfacehasva in Figure 4.3(a). The pocket functiéx) of the protein
(4BCL) is computed using the algorithm described in thisssation. To better reveal the geometric relations betwken t
extracted pockets and the protein surface, we look at a 2B sfithe data. Figure 4.3(b) shows a slice of the protein 4BCL
as a color-map of its SD#g(x). The cross-subsection of the protein surface is displayédgure 4.3(b) as white curves, on
which the SDFds(x) = 0. The large tunnel in the middle of the protein is clearlyhlis, with several additional small surface
dents and internal voids.
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(@) (b)

(c) (d)

Figure 4.2: (a) The original gray surface of the "8" shapethednal shell surface (clipped) in dark red. (b) The "8" skamnd
its tunnel envelops shown in green. (c) Volume renderindpefitocket functioP(x) of the "8" shape. (d) Another view of the
tunnel envelops extracted as a level se®EX).
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Figure 4.3(c) shows the color-mapped slice of the pockettfan P(x) and the cross-subsection of the pocket envelop as
white curves. The cross-subsections of the protein sudadethe pocket envelop are nally superimposed in Figuréd).3
We can see that our pocket extraction algorithm has almeoftqily located all pockets and holes in the molecular sigrfand
how well they match with the geometric features on the proseirface. The pocket openings are extracted and displayed a
yellow line segments, where the two separate openings adlmtdnnel are clearly visible.

(a) (b) (c) (d)

Figure 4.3: Pocket extraction example for the "Bacterioahpphyll Containing Protein" (PDB ID: 4BCL). (a) The pratei
surface and the big tunnel in the middle. (b) A cross-sulimecif the protein surface shown as white curves on a slica®f t
color-mapped protein SDF. (c) A cross-subsection of the&kgbenvelop is shown as curves on the slice of the color-nthppe
pocket function. (d) The pocket envelop in (c) is superingabento the protein surface in (b), and they match perfectly.

Signed Distance Functions

Ef cient and stable computation of sighed distance funtsi¢SDF)d(x) from a surface plays a central role in the pocket extrac-
tion algorithm described in subsection 4.1.1. A number oF2yorithms were developed in recent years. In this sulmsect
we present a method of computing the Si{i) based on fast distance transforms [30]. Other stable SDifitiigns may also

be applied, like SDF algorithms running on GPU [59] for begterformance.

Given a 2D/3D binary image as input, the distance transfaicutates the shortest distance from each pixel (voxeheo t
nearest non-zero pixels (voxels). The distance transfampetation is very ef cient and can be done in time linearhe t
number of pixels (voxels). We extend the distance transamtompute SDF for any closed compact surface.

Considering a closed compact surf&&embedded in a regular grid, we de ne a grid pomés anear point highlighted
in Figure 4.4(a) for a 2D example, if at least a cell contaynrintersectsS. Otherwisep is de ned as dar point. The signed
distance functiomg(x) to the surfac&is computed as follows:

1. Construct a binary imadg by setting the values of near points to 1 and far points to 0.

2. Compute the distance transform for the binary imiaggés the result of the distance transform, the value of a neitp
is now 0 and the value of a far point is the distance to the slasear point. Furthermore, the closest near poirto
each far poinp is recordedc; is called thenear cousirof p. The time for this step is linear in the number of grid points.

3. For each near poird, compute the shortest distandg(g) from g to the surfaceS and set the sign ofls(q) posi-
tive/negative ifg is outside/insidé&, and record the poirt 6n Sthat is nearest tq. So now we have the SDF for the near
points, and will compute the SDF for the far points in the regp.

4. The SDFdg(p) of a far pointp has the same sign as that of its near coeginThe magnitude ofls(p) is approximated
asjp Cpj, wherecy 2 Sis the point orSnearest ta, recorded in step 3.

We now explain more details of the step 3 in the above SDF #ifgor Without loss of generality, we assume the surface
is decomposed into simplices, e.g. triangles in 3D, and thmal vectors of all its vertices always point towards theswle of
S. We need to compute the shortest distance from a near gtirts, and determine whether a near pairis outside or inside
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(@) (b)

Figure 4.4: (a) A 2D example of SDF computation, all near twin the grid are highlighted in orange. (b) A 2D example of
determining whether near points are inside/outside thiasaiB. For the pointy;, its nearest pointl;™2 Sis within a single
simplex and it is simply determined by the dot-product ruRut the nearest;™2 S of g is on the corner shared by two
simplices. A ray (the dashed line) is cast frgpto nd the nearest intersecting simplex.

S. First, we calculate the poitZ  Snearest tay, which is done by examining the triangles close to the pgirext we need
to decide whetheq is outside/insidés. In R3, the nearest poirg 2 Sof g may be inside a triangle, on a triangle edge, or on a
triangle vertex.

If § belongs to only a triangle2 S i.e. §is within the interior oft, thenqis outsideSif (q & n; > 0, wheren; is the
normal vector of the triangle But this simple dot-product rule fails @ i3 a shared point of two or more simplices, i.e.
g is on acorner or edge &

If §is on a edge of corner @&, we use a ray-shooting method to nd the closest simpleg. tdVe cast a rayRy from

g through an interior point of a simplex containingafid compute the intersubsection points betwgand all other
simplices sharing the same A 2D example is illustrated in Figure 4.4(b). The rst sireplty intersected byRy is

chosen and the sign df(q) is set as the sign qfy  §) ny,, whereny, is the normal of the simplety.

We prove two propositions about the signed distance funstig( p) computed by the above algorithm.

Proposition 4.1.1. The sign of SDF g p) is correctly set for every far point p .

Proof: We prove this by contradiction. The signdd( p) of the far pointp is the same as that of its closest near poptlf
p is outsideS, then its near cousiy, is insideS. Let us follow the path fronp to ¢, that consists of three segments alongxhe
y, andz axes. The last outside point on the path must be a near pairisatoser top thancy. This contradicts the de nition
thatcy is the closest near point {m The same arguments holdgdfis insideS.

Proposition 4.1.2. The error of ¢(p) is not accumulative and is bounded by the same order as thecgti sided.

Proof: Clearly the magnitude ads(p) is larger than the distangé(p;cp)j from p to its near cousircp, and less than
jd(p; cp)j + jd(cp; Cp)j. The distancgd(cp; €p)j from the near point,, to the closest poirt,on Sis in the order oO(d). Thus
we have the following inequality,

jd(picp)i ] ds(p)i J d(p;cp)j+ jd(Cp; Cp)i
= Jjd(p;cp)i + O(d):
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Therefore error betweetly(p) and its approximate(p; cp) + d(cp; Cp) is bounded byo(d).

Since the computed SDF always achieves the correct signsambounded errors for the SDF, the above algorithm is
very robust. It was also shown to be very ef cient and worksrefor highly complicated protein surfaces. The runningetim
of each step of algorithm i®(N), linear to the number of grid points, except for step (3). In the worst case, step (3) has
computational complexit®(s N,), wheresis the number of simplices in the surfaBandN, is the number of near points.
However, the regular grid provides a natural decomposiioihe space, and typically only a small subset of simplicssdh
to be examined to compute the SDF of a near pqiirt step 3. On the average case, the complexity of step (M),
proportional to the number of simplices 8 which makes the computation of the SDF ef cient even foriygcomplicated
protein surfaces in our tests.

4.1.2 Visualization and Quantitative Analysis

@) (b) ©

Figure 4.5: The molecular surface and pockets of HIV-I preee(1HOS): (a) Protein surface with the ligand in the middle
tunnel; (b) Pocket function visualized using volume reimtgon the top of the protein surface; (¢) The largest podketr{el)
shown as a green surface in the cartoon of the protein staictu

Representing the protein pockets implicitly as a volunegincket functiorP(x) allows for various ways to visualize and
analyze the pocket structures quantitatively. subsedaitr? describes the visualizations of the protein pockettions and
pocket envelops. subsection 4.1.2 discusses some an#igsean be performed on the protein pocket function.

Visualization

Because the pocket functid®(x) is a 3D volumetric scalar function, we can visualize it usi#agious volume visualization
techniques, e.g. ray-cast or texture based volume rergland isosurface rendering. As an example of visualizatiigyre

4.5 displays the HIV-I protease (PDB ID: 1HOS), an importartttein for the maturation of HIV-I virus. An ligand can bind
in the tunnel of the HIV-I protease, which also has a few margé pockets on its surface. Figure 4.5(a) shows the protein
surface colored by the residues and the ligand bound in igllmitunnel. The pocket functio”(x) of the HIV-1 protease

is computed by using algorithm in subsection 4.1.1. FiguBb) renders the pocket function using 3D volume rendering
together with the protein surface to illustrate the ovedatribution of the pocket regions. The pocket envelopseateact as
the level sefP(x) = 0, of which each connected component is the bounding sudbaepocket. We are often interested in
the largest pockets, which may serve as active binding sftiégands. as the large pocket region of the function. Thekpb
(tunnel) with the largest volume is extracted from the HIgbtease pocket function, which is actually the middle tithat
binds the ligand. Figure 4.5(c) displays the bounding serfaf the largest pocket of the HIV-1 protease, i.e. the lighimding
tunnel, together with the cartoon of the protein structiitee visualization proves that our pocket extraction ationicorrectly
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captured the main pocket of the protein.

Quantitative Analysis

In this subsection we discuss some analyses based on thetgonktionP(x). They demonstrate the bene ts of using the
pocket function to represent the protein pocke®&gnatures of Protein PocketsFirst we look at calculating quantitative
measures such as volumes and surfaces areas, i.e. signafufre pockets of a protein. They can be easily derived fimn
pocket functiorP(x). As mentioned earlier, the pocket envelops are extractaakettel seP(x) = 0. Each connect contour of
the level set is the bounding surface of a pocket. This besqust a problem of computing signatures of contours of aascal
function, which were described as "contour spectrum" in Bsically, quantitative measures like the volume andamerirea
of each pocket can be computed by summing up the contritsifiom individual cells that belong completely or partiaity
the pocket. If the 3D domain is decomposed into simplicesctntribution from each simplex to the volume or surfacaare
of the level seP(x) = 0 can be quickly evaluated with a B-spline function[3].

Additional geometric and shape properties can also be ctedgor protein pockets based on the pocket funciéx),
for example curvatures distributions [17, 60], shape kistms [53, 40], coef cients of volumetric function expamss [39],
and shape context [4]. Those shape properties of proteiket®may be used for building a database of the proteins pocke
structures, and applied to the problem of ligand bindingljatéeon [44].

Pocket Mouth In some applications we wish to nd a pocket's openings (nhsitthe interface connecting the pocket to
the space outside the protein. The number of montb§a pocket (or tunnel) classi es the type of the pocket (artel):

voidif m= 0
normal pocketf m= 1
hole or simple tunnel (simple conectdfm= 2

arbitrary tunnel (multiple connectofjf m>= 3

The pocket functioP(x) can be used to help obtaining any pocket's mouths. The bogralirfaces of a pocket, extracted as
a connect contour of the level d8fx) = 0, can be divided into the mouth patches and the patchesttieafsce to the protein
surfaceS. According to our pocket extraction algorithm describedubsection 4.1.1 and illustrated in Figure 4.1(b), pockets
mouths are the patches on the backward marching ffomthich do not reach the original surfae Based on equation 1.3,
we haveds(x) > P(X)+ e on the pocket mouths, whedg(x) is the SDF from the surfac& Therefore, in our algorithm the
pocket mouths are de ned as the points satisfying the caondit

P(x)= 0 and dg(x)> e

Residues Near a PockeGiven a protein pocket, we often need to know the set of amiidrasidues surrounding it. The
information would help to identify the protein sequenceifsdhat are involved in protein binding and related to derfaotein
functions. This can be achieved by applying the SDF algarithentioned above to the envelop of the protein pocket:

1. Extract the envelop of the protein pocket being studied. Notice the levelRed = 0 may contain multiple connected
contours, which are the envelops of separate pockets orrthein Here we only extract the envelop surrounding the
pocket under consideration, as discussed in subsectidh 4.1

2. Compute the SDHg(x) for the envelofE.

3. For each residul, evaluatade (xR) at its coordinategg. If de(xg) is less than some given threshold, then the resiiue
is considered to be near the pocket.
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Data Structures for the Pocket Function

Another advantage of representing protein pockets as anathic function is to allow to construct data structureghsas
Contour Trees (CT) and Multi-Resolution Attributed Dualr@aur Trees (MACT), for the pocket functid?(x). These data
structures have a number of applications such as pocketisel@nd protein structure matching.

Contour Tree and Pocket SelectionContour tree (CT) is an af ne-invariant data structure tbaptures the topological
structures of the level sets of a volumetric functie(x) [11]. Each node of the CT corresponds to a critical point efftmction
and each arc corresponds to a contour class connecting til@lcpoints. A contour class is a maximal set of continuous
contours which do not contain any critical points. If the GTcut at the isovalue, the number of connected contours of the
level setF(x) = wis equal to the number of intersubsections (cuts) to CT &nahe case of pocket functid?(x), the number
of cuts to its CT aP(x) = 0 gives the number of connected pocket envelops, i.e. thdauof separate pockets.

The pocket extraction algorithm described in this paperkador general 3D surface models, e.g. the tunnels in the "8"
shape shown in Figure 4.2, and complex protein surfacesudegrotein surfaces are highly complicated, they usoaiiyain
many small pockets and voids in addition to the major bingingkets. Our algorithm is very sensitive. For a complicated
surface like the molecular surfaces computed from eleatemsity functions, the level set of the pocket functi{m) = 0 will
capture the large binding sites as well as small depressiotisoids on the surface. While it is good to have the capgbili
of obtaining the details of the protein shape, the large ramolf small pockets may make the pocket functiR(x) and its
corresponding CT quite complex. For example, the CT of thekebfunctionP(x) for the "Bacteriochlorophyll A Protein
(4BCL)" is shown in Figure 4.6 (a). It is quite complex and tains 2,063 nodes (critical points). The level sePgt) = 0
would contain a large number of individual contours, mamybich are very small and of little importance. In real apations,
we often want to focus on one or a few biologically importasthae/binding pockets which have enough size to hold thestet
ligand.

o o

(a) (b) (© (d)

Figure 4.6: (a) The contour tree of the pocket function fer'tBacteriochlorophyll A Protein” (4BCL) (b), (c), and (deathe
DCTs of the pocket function at three different resolutioh$®, 4, and 1 intervals.

The CT of the pocket functioR(x) can assist the selection of the most signi cant pockets ftbenlevel setP(x) = 0.
During the construction of the CT, each CT arc can be taggéd additional geometric attributes such as the volume and
surface area of the contour and a seed cell, from which theeetnnect contour can be constructed by cell propagati?h [
Therefore the CT can be simpli ed by suppressing contoursnadll geometrical measures. Furthermore, it can be apfgied
pick the most signi cant pockets. For instance, if we areyanterested in the top three largest pockets, from the cuarcs
we select the three ones tagged with largest volumes anagat@from their seed cells to get the envelops of the thrgeda
pockets. Figure 4.5(c) shows the largest pocket of HIV-kgase, constructed by using the pocket function and its CT.

Protein Structure Matching Protein structure matching is important for classifyingteins into different families and
predicting the functions of new proteins. The volumetriclet functionP(x) can be readily used to compare protein structures.

An ef cient method of comparing protein structures is désed in [69] by using the af ne-invariant multi-resolution
attributed dual contour trees (MACT) of some volumetricmh&unctions, combined with additional geometric, topatay
and electrostatic potential properties. The shape funcaised in [69] was solvent accessibility of the protein. Askmew,
proteins perform their functions through docking/undogkivith other proteins and binding/unbinding of ligandgiait active
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pockets, satisfying the complementary shape and elelgbrioperties. It might be more accurate to compare the prqecket
structures than the overall protein shapes. This is edpeaseful for proteins whose their overall shapes are vanjlar but
functionally important active binding sites are different

The MACT method can be applied to compare the pocket funstidmifferent proteins. We summarize here the steps of
matching protein structures using the volumetric pockatfions [67]:

. Compute the volumetric pocket functi®(x) for the protein.

. Compute the contour tree (CT)[11] for the pocket funcigr).

1

2

3. Construct the nest-level dual contour tree (DCT) [6&jrir the CT in the previous step.

4. Build the multi-resolution attributed dual contour t(®&®ACT) from the DCT by merging adjacent functional intersal
5

. Compare two protein structures by computing the sintylagore of their MACTSs.

Step 1 and 2 have been discussed in the upper subsectiortsv®bre y describe the data structures and algorithms lvied
in step 3to 5.

Dual Contour Tree Although the contour tree (CT) captures the topologicaldtires of the level sets of a function, it is not
practical to compare CT's of the pocket functions becaudéeif complexities, as shown in Figure 4.6(a). The dual cont
tree (DCT) is a simpli ed data structure constructed frora @T, which can then be compared to determine the similaritie
among the protein structures [68, 69].

To construct the DCT, we partition a functional rarifig f] (f; < f2) of the volumetric function into a number of intervals,
and cut the corresponding CT arcs into disjoint sets of cot@aesegments [69]. Each disjoint set of connect segmessts ha
functional values within an interval and represents a cotateregion in the 3D volume, which is called iwerval volume
Each node of the DCT represents such an interval volume. TEiBconsidered to be "dual” to the CT because a DCT node
corresponds to a disjoint set of CT arc segments. The coiitplefkthe DCT can be controlled by choosing the functional
range[f1; f2] and the number of intervals partitioned from it. Figure B)&hows the DCT of the pocket functidix) of the
protein 4BCL, constructed from the CT in Figure 4.6(a) byidiivg the functional rangf; maxP(x))] into 16 intervals. For
each node of the DCT, geometric, topological and functipnaperties of the corresponding interval volume can be adget
for the purpose of matching. We refer to [68, 69] for detaflsanstructing DCT and computing the volume and other aitab
of the DCT nodes.

Multi-resolution Attributed Dual Contour Tree (MACT) As mentioned above, the complexities of DCT's are conttblle
by the number of partitioned intervals, which is here refdms the resolution of the DCT. It is helpful for the matchinigpose
to keep a set of DCT's for a volumetric functions at differee¢olutions and use the match of low-resolution DCT's tadgui
the match of high-resolution DCT's.

This hierarchy of multi-resolution DCT's for a given voluinie function is called a Multi-resolution Attributed Du@&lon-
tour Tree (MACT) [69]. The MACT can be constructed from thghest-resolution DCT by merging its adjacent functional
intervals recursively. Without loss of generality, we assuthe highest-resolution DCBg hasN = 2 functional intervals.
Every two adjacent intervals are merged into one intervattfe next lower-resolution DCD1, which would then havé&l=2
intervals. A noden in D1 is merged from a set of nodeS)(in Dg. For each noden2 S Dy, the noden is called the parent
of mandmis a child ofn. The merging process can be recursively applied to the loasolution DCTs until there is only a
single interval spanning the entire functional raffie f2]. Figure 4.6 (c) and (d) show two levels of the MACT with fourdan
one intervals respectively, which are merged from the vtisrof the DCT in Figure 4.6 (b). The complexity of the DCTs at
lower-resolutions are signi cantly reduced and the hiehgrmakes it much easier to nd the match between higherluéso
DCT's for the pocket functions.

Because protein surfaces are highly complicated, the cemmcket functions usually contain many small pockets and
voids, which re ect as small subtrees in DCT's. On the othandh, biologically important active/binding pockets muavé
enough size to hold the solvated ligands. Therefore the B@f@é further simpli ed by pruning the nodes corresponding t
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the very small pockets whose volumes fall under a given ttolels The pruning process is started from the lowest-rémiu
DCT in the MACT hierarchy. If a lower-resolution DCT node isiped, all its child nodes should be removed as well in the
next higher-resolution DCT. The DCT's in Figure 4.6 haverbsenpli ed by pruning. In the lowest-resolution DCT in Fig
4.6(d), only two nodes are left after pruning, which meany tmo pockets are considered signi cant. One of them comgai
more than 94% of total pocket volume and actually repregéettarge binding site in the middle of the "Bacteriochldrglb

A Protein (4BCL)" (Figure 4.3).

Computing Similarity Scores of Protein Pockets Functions We now compare protein structures by matching the MACT's
of their pocket functions. The matching process is perfarinéhe same way as thatin [69]. It starts from the lowesblgsn

to the highest-resolution of the MACT hierarchies. The getival, topological and functional attributes of DCT nedee
used to compute the similarity between the matched nodes sifiilarity score between two DCTs of the same resolution is
computed as the average of the scores of their matched nadeweighted by the volume of the nodes. Finally the sinitijar
score between the volumetric pocket functions is evaluasdtie average of the similarity scores of DCTs from all lef¢he
MACT hierarchies.

(@) (b)

(©)

Figure 4.7: Comparison of pocket functions for the protetaphylococcal Nuclease" in the binding (PDB code: 1ATT, (c
left) and unbinding (PDB code: 1KAA, (c) right) states.

The most signi cant difference here is that pocket funcéame used instead of overall protein functions such as tkersio
accessibility used in [69]. This is based on the assumptiahpockets are the most important features of protein tsires,
and is particularly useful for studying the mutants of theegrotein where their overall shapes are similar but haferdit
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pocket structures and bound ligands.

Figure 4.7 shows an example of of comparing the structuré$Stphylococcal Nuclease" in bound state (PDB code
1A2T) and its unbound state (PDB code 1KAA). "Staphylocbbhzclease"” is a protein for nucleic acid binding and binds
two ligands "S-(Thioethylhydroxy)Cystine"(CME) and "Timydine-3',5'-Diphosphate"(THP). The protein 1A2T and oofe
its bound ligand (THP) are shown in Figure 4.7 (a) while theeotigand is on the back side. Figure 4.7 (b) displays thé&gbc
function of 1ATT over its molecular surface with volume renichg. Due to the bound ligands, the pocket shapes of 1A2T
would be quite different from those of its unbound sibling(AlA), although the overall their shapes remain very similar

We computed the pocket functions and used the MACT algorikstribed above to compare the structures of 1A2T and
1KAA. The correspondences between the pockets of 1ATT andAL&re easily established by using the MACT hierarchy,
as illustrated in Figure 4.7 (c). It clearly shows the stouat differences between pockets of the two proteins, whighnot
obvious by looking at the molecular surfaces directly. Theket functions are very useful for studying the family obain
mutants, for example the family of HIV protease and inhitstoound to them.

4.1.3 Implementation and Examples

The pocket extraction algorithm and MACT protein matchitgpathm have been implemented in C++ and made publicly
available. The pocket functiordx) are computed as described in subsection 4.1.1. The pogaitaim described in this
paper is applicable to any model of protein surfaces, fomgta the simple union-of-ball model or the more sophisédat
solvent accessible surfaces. It may actually provide a viapmparing different models of protein surfaces. For thaults
discussed below, we used the model of protein surfaces asrtbeth level sets of the electron density functi&fg)), which

are computed as the summation of the Gaussian density keorehll atoms contained in the corresponding proteins. As
mentioned earlier, the protein surface is extracted asetred setE(x) = 1.

Table 4.1: Computational time for some pocket extractioanggles on a low-end laptop. T1, T2, and T3 are the time for
computingds(X), dr(X), and pocket functions respectively.

data #of triangles Ti(s) To(s) Ts(s) total(s)
"8" shape 1,536 21 545 0.33 7.88
4BCL 275,456 10.25 6.38 0.33 16.96
1C2B 268,876 9.92 563 0.45 16

The implementation is portable across multiple computtqias and tested to be robust for various protein strustute
is also ef cient, being able to compute pocket functionsdomplicated proteins with thousands of atoms in secondsleTa
4.1 shows the computation time without optimization on a RElaptop with 1.6 GHz processor and 1GB memory for three
examples: the "8" shape, "Bacteriochlorophyll A ProtePPD@ ID: 4BCL) and "Hydrolase" (PDB ID: 1C2B). The "Hydroldse
(1C2B) is a protein complex containing four similar subanithe dimensions of the volumetric functions in the comtiona
were set to 128 128 128, which are more than suf cient for extracting pocketdtions and subsequent visualizations and
guantitative analyses. The higher the dimensions, thelsnzaie the grid sizes and the more accurate are the SDF catigng.
However higher dimensions also require more memory andeloogmputation time since the time of distance transform is
proportional to the number of grid points. Our experimeritsvged that increasing the dimensions would not change the
number of pockets or signi cantly alter their quantitatimeasurements. The dimensions of 12828 128 provide good
balance between accuracy and memory requirements for cditynRC's. If the speed is very important, lower dimensions
such as 98may also be used to achieve results suf cient for all appiices discussed above.

The last column in Table 4.1 shows the total time of pocketaetion for the three examples : "8" shape is the simple
surface shown in Figure 4.2; 4BCL and 1C2B are two exampléepraurfaces. The second column shows the number of
triangles in the original surfacesl; is the time for computing the SDés(x) for the original surfaces, T, is the time for
extracting the shell surface and computing the SD#t(X), andTs is the time for constructing the nal pocket functid{x)
and extracting the pocket envelofs.is longer for the 4BCL and 1C2B protein surfaces than the hélpg because the 4BCL
and 1C2B data have more simplices (triangles) in their nagsurfacesT, andTs, which are proportional to the dimensions
of the sampling grid, are similar for all three data sets.
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(@) (b) ()

Figure 4.8: Visualizations of the largest pocket extractsitig our algorithm for the "Bacteriochlorophyll A Prote{@BCL).
(a) The pocket envelop (green surface) within the cartoagrdim of the protein; (b) The seven BCL ligands shown indide t
transparent pocket envelop; (c) The protein surface andues near the pocket marked green [9].

Table 4.2: Pocket statistics of some sample proteins.

PDB # of Largest Ligand Rank
ID pockets  pocket3)

1SNC 1 948.7 THP 1
1HVI 1 1137.5 A77 1
2ACK 6 1448.5 EDR 5
2POR 1 13126.4 C8E 1
1ROB 1 1883.9 C2pP 1
2NPX 1 7743.8 CYO,FAD & NAD 1
4BCL 2 9184.8 BCL 7 1
1GPD 5 16182.8 NAD 1
3EST 2 2747.8 - -
1ELA 4 1249.5 ISO 2
1FKF 1 975.5 FK5 1
11BG 1 5320.8 U2G4 1

Compared to many other pocket extraction algorithms, eAST[47] and CASTp [9], the pocket functions computed in
our algorithm provide more exible visualizations and pafgways for quantitative analyses. Most importantly, éxtracted
pockets are shown to be correct and overlap with the bindyagts very well. Figure 4.8 shows the result of pocket etiba
for the protein 4BCL. The envelop of the largest pocket ipldiged as a green surface inside the cartoon diagram of theipr
in Figure 4.8 (a). The largest pocket almost perfectly enuass all seven BCL ligands of the protein, as illustratediguie
4.8 (b). Table 4.2 gives more examples to demonstrate teeteféness of the algorithm. Those examples are selectduti
any special consideration towards our algorithm, most attware examples used in [9].

In Table 4.2, the third column shows the number of pocketsesed for each protein. To remove small pockets, we used
the MACT data structure discussed above in the implememtati prune geometrically insigni cant nodes. We set a very
conservative threshold of 1%, which means a pocket woulddmadied only if its volume is less than 1% of the total pocket
volume, because a pocket of such a small volume is too smak ta binding site. For most proteins, the pockets with the
largest volumes often act as the ligand binding sites. Thelicolumn is the computed size of the largest pocket. Tétea
columns contain the name of the bound ligands and the rarfledfinding pocket among all pockets in terms of their sizes.

Figure 4.9 visualize the extracted pockets for the protiésited in 4.2. The proteins are visualized as cartoonsustilate
their secondary structures, and ligands as sticks. Thdarssef the binding pockets are rendered as transparentysiirfaces
to show the ligands inside them, while other pocket envedmpsendered as green opaque surfaces. For all the examples,
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(1SNC) (1HVI) (2ACK) (2POR)
(1ROB) (2NPX) (4BCL) (1GPD)
(3EST) (1ELA) (1FKF) (11BG)

Figure 4.9: Visualizations of pockets for the proteinsisin Table 4.2
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can see that the extracted pockets t very well with the skagfe¢he proteins. While the quantitative measures of théetsc
correlate with the results in the CASTp[9] reasonably wbky certainly don't match exactly. This may be due to twoanaj
reasons. First we used a more sophisticated model of prstefaces in the implementation than union-of-ball usechin t
CASTp. Second the algorithms may segment the pocketseliffigr For example "Porin" (2POR) has 45 pockets computed in
the CASTp compared to only one in our algorithm.

We believe our algorithm is quantitatively more accurateoading to the visualizations. Our de nition of pockets is
mathematically sound and the extracted pockets match tteipishapes and overlap well with the binding ligands asgare
4.9.

Furthermore, the CASTp algorithm has its limitations in ing shallow pockets (depressions) with large openings on
protein surfaces, but our pocket algorithm still works eotly in those cases. Figure 4.10 (a) shows a docking exaaiple
a protein chain (PDB ID: 1YCC) on another protein (PDB ID: 1)Gn a protein complex (PDB ID: 2PCC). The docking
interface has large but shallow pockets, which the CASTf#B3 to extract. However, our algorithm successfully cones
the pockets on the docking interface, as shown in Figure ¢hl@nd (c). In Figure 4.10 (b), the extracted pocket functio
is rendered with volume rendering and the top four pocketlaps are extracted from the pocket function and displaged a
green surfaces. We can see that the pockets on the dockémtaie are successfully calculated and the docked prdt¥i6C)
interacts with two major pocket envelops on the substratéepr (1CCP), which are the largest and fourth largest cdatpu
pockets respectively. Figure 4.10 (c) looks at the volunmeleeed pocket function and the two pocket envelops on thkidgc
interface from a direct angle. The pocket functions sudaflgscomputed by our algorithm may be applied to improve the
solutions to the docking problem, which tries to nd the besh guration of how a ligand docks on the substrate protein.

@) (b) (©

Figure 4.10: (a) Docking example with the protein chain 1Y(@&2) on the protein 1CCP (yellow). (b) The pocket functién o
the protein 1YCC is rendered with volume rendering and fatgést pocket envelops are displayed as green surfacdhéc)
volume rendered pocket function and the two pocket envaloghe docking interface.

4.2 Tunnels

Many applications in shape modeling require to identifyshéent features of a given shape. Some of them such as dgsemb
planning, feature tracking, animations, structure elatah of bio-molecules, human-body modeling bene t fromeanantic
annotation of the features. One such natural annotatiarhiezed by classifying the features as “tubular' and ~ &bviously,

this annotation is ambiguous since the feature-space istincom resulting into features that cannot be simply cledsas
tubular or at. Nevertheless, many designed and organipsffave pronounced features that are perceived to be tanda

at. We seek to identify these features using a topologicaiimod. The unstable manifolds induced by a shape distancédun
identify some one- and two-dimensional subsets of the mhadia. The preimage of a function that maps the points on the
surface to the medial axis provides an association of thpestmthese one- and two-dimensional subsets. The preinfage o
the one-dimensional subset is called tubular whereas flthedwo-dimensional subset is called at. Our experiménrgault
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shows that this classi cation can be effectively approxietefor many datasets in practice.

Given a compact surfac@smoothly embedded iR3, a distance functiohs can be assigned ov&? that assigns to each
point its distance t&.

hs : R°! R; x7! ‘|Jr2n;kx pk

In applicationsSis often known via a nite set of sample poirof S. Therefore it is quite natural to approximate the function
hs by the function

he : R®!1 R; x7! minkx pk
p2P

which assigns to each point R? the distance to the nearest sample poiri.in

In this section, we start with a nite samplieof S and identify the index 1 and index 2 saddle pointe®from the Voronoi
diagram VolP and its dual Delaunay triangulation ®bf P. We then select only the saddle points of both indices whh |
on the interior medial axis db and compute their unstable manifolds. The unstable mahdbindex 1 saddle pointdJg)
are two dimensional whereas those of indek?) (@re one dimensional. Exact computation&lefis prone to numerical error.
See Section 4.3 for details about Voronoi diagram, Delatimaygulation, and de nition, properties and computatidisaddle
points. Then, the algorithm given below maps the pointstgltg toU; andU, back toS. The image otJ; under the mapping
gives the at regions of and that olJ, gives its tubular regions.

4.2.1 Feature Annotation Algorithm
Mapping of Unstable Manifolds to S

There is a natural association between the medialxiandS via the mapf : S! Mg wheref (X) is the center of the medial
ball touchingS atx. Following this map, any subsét Ms can be associated with 1(A) ~ S. LetA; andA; be the closure
of the unstable manifolds of index 2 and index 1 saddldglénde ned by the distance functions. Recall that, generically,
A is one-dimensional and, is two-dimensional. Ideally, we would like to identify (A;) Sastubularand (A;) S
as at. As we have an approximation b§ by hp, we compute these tubular and at regions for the unstableifolas in the
approximate medial axis which we denote alsd/gsfor convenience.

We face a dif culty to compute an approximation of the pregeaof f from the approximate medial axids. We are
interested in computing an approximation of the preimagd®# A;[ A, Ms under the ma .

Unfortunately, this requires an expensive computatiorotecthe entireMg which often spans a substantial portiorv.
A naive approach is to take only a sampleM@, namely the Voronoi vertices, and then associate theR @ sample of5,
via the Voronoi-Delaunay duality. This also proves usebessausév does not contain all the Voronoi vertices and therefore
many points inP cannot be covered by this Voronoi-Delaunay duality.

It turns out that the distance functitia again proves to be useful to establish a correspondencebe&andMg. Recall
that, the stable manifold of a critical point is a collectioihpoints whose orbits terminate at that critical point. XeandY
be the set of maxima iy M2 andA, M2 respectively. Consider the stable manifolds of the maxim¥ andY. The
points inP that are in the stable manifolds ¥f are associated with the tubular regions and those in théestadnifolds of
Y are associated with the at regions. If a point belongs to gtable manifolds of maxima iX as well as inY, we tag it
arbitrarily. These points belong to the regions where alartpart meets a at part. Subsequently, every triangle efghrface
reconstructed by IGHT COCONEIis tagged as at or tubular if at least two of its vertices already marked as at or tubular
respectively.

Computation of stable manifold of maxima has been desciib&il] and its approximation was given in [19]. We follow
the approximate algorithm to compute the stable manifoldiselocal maxima lying om/Ig.

Figure 4.11 shows the smg of the molecule data 11RK, and the set of maxima belongindp&b $et and identi ed as
linear or planar. The corresponding at and tubular porsiofithe surface captured by the mapping via stable manifdliese
maxima - colored golden and cyan respectively - are showngarg 4.13. We collected the protein from Protein Data Bank
[5] and blurred the molecule at a resolution 8 angstrom.Heunve took the vertex set of a suitable level set as the irgpont
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Figure 4.11: One dimensional subset of the interior media is drawn in red and the two dimensional subset of the nhedia
axis is drawn in green for the molecule data 1IRK. The right gure shows the selection of local maxima of the distance
function in those two parts, colored accordingly.

program. We veri ed the result with the existing literatumestructural biology and we have seen that the at regioestded
by our algorithm correspond to thesheets of the protein molecule.

Annotation Algorithm

The modules described in the previous sections and subseatan thus be combined to devise an algorithm for automatic
feature annotation d. We give the pseudo-code of this annotation algorithm here.

IDENTIFY_FLAT_AND_TUBULAR_REGIONYP)
1 Compute VoP and DeP.
2 Compute the interior Medial Axislg
by TIGHTCOCONE _AND_MA (P)

3 C; = setofindex 1 saddle points lying dris and
C, = set of index 2 saddle points lying ds,

4 Al = A2 =0

5 forallc2C,

6 Ar= Al UM_INDEX_2(c)

7 forallc2 C;

8 Ao = Ao APPROX UM _INDEX_1(c)

9 X =maximainA;
10 Y =maximainA;
11  Syubular= MAPPING VIA_STABLE_MANIFOLD(A1)
12  Srjat = MAPPING_VIA _STABLE_MANIFOLD(Ap)
13  returnSrtypular aNdSgjat.

Figure 4.12: Pseudo-code of the feature annotation algorit
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4.2.2 Results

Implementation Issues

The algorithm works on the Voronoi-Delaunay diagram of teea sample points lying on the surface. To robustly compute
the Delaunay triangulation and its dual Voronoi diagramtfa input set of points we use the library CGAL [13] which is
freely available.

Even in CGAL-framework, we sometimes face the degeneraie et ve or more points being cospherical. This case has
to be handled with special care because only one Voronoéxéstrepeated and therefore the ow along the Voronoi edges
is not well-de ned anymore. To deal with such situations, mwedify the algorithm slightly. At the start of the algorithwe
collect the sets of tetrahedra which are cospherical. Wiglaputing the unstable manifold of index 2 saddle pointshéf
polyline hits a Voronoi vertex whose dual is a member of orehstospherical cluster, the algorithm automatically adesn
through the non-degenerate Voronoi edges which are duaktdriangles bounding the cospherical lump. This degegerac
poses a more serious threat to the computation of unstalidotthof index 1 saddle points and at this stage, we do narekt
the manifold through any Voronoi edge whose dual Delauriapgte is shared by two cospherical tetrahedra.

There are some parameters involved in the full feature atioot process. For surface reconstruction and medial axis
approximation we used the software [16]. The parameterthfese routines are described in [23], [25]. For noisy inpugs
replace TGHT CocONE by RoBusT CococNEand the parameters for that step are again described in T2#.rest of the
algorithm requires only one paramekawhich is the number of at regions to be output.

Performance

Figure 4.13 shows the performance of the annotation alguoriin six datasets. The datasets have been chosen to répresen
different domains this algorithm can possibly be applied®Pm is a CAD dataset which has two tubular parts joined in the
middle through a at portion. The algorithm can identify theorrectly. Similarly the method can correctly identifgthandle

as the tubular and the body as the at region for thed/Mdataset. In the second row we show the performance of ouratdeth

on two protein molecules obtained from Protein Data Bank 8§ took the crystal structure of these two molecules (PDB ID
1CID and 1IRK) and blurred them with Gaussian kernel. Wehfeirtook a level set which represents a molecular surface and
used the vertex set of that isosurface as the input to ouritlgn The at features identi ed by our method correspondtie
b-sheets of the secondary structure of those two proteirthellast row we show the result on two free form objects coirgi

both at and tubular features. As we can see, the palm of theblhas been detected as at whereas the ngers have been
detected as tubular. Our method can also capture the majanditubular features of AEN.

We purposefully show the performance of the algorithm anefl as it brings forth the limitations of our algorithm. We
see that a portion of the arm has been identi ed as at. Thisdsause the initial reconstruction phase could not sep#rat
beginning of the arm from the torso due to lack of sampling:ddelly, one of the feet could not be fully identi ed as at byo
algorithm. This is because the approximate medial axis$tieastarted with, is not a close approximation of the true iaded
axis in that region, again due to lack of sampling. Becaugbaif our method fails to collect suf ciently many index 1dske
points leading to incomplete identi cation of at featur@sthat region.

Figure 4.14 shows the performance of our method on noisysdBHDRSE Instead of applying TeGHT COCONE, we rst
mark the interior and exterior of the closed surface frommissy point sample by @8usT COCONE ([24]) and then obtain
the interior medial axis and proceed further with the uristatanifold computation and feature identi cation. Origlly there
were some thin at regions due to the unstable manifold ofeégmdex 1 saddle points near the hind legs which we Itered out
by thresholding in order to get a clean skeleton of th@rIdE In the rightmost picture we see some white triangles near th
ears. These triangles appear as the mapping via stableaftamiisses some points on the surface in that portion.

Timings

The time and space complexity of the algorithm is dominatgedhle complexity of Delaunay triangulation. We report the
timings of the entire execution into four major steps
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Figure 4.13: Performance of the feature annotation algarit The models are (a)I®R, (b) Mug, (c) molecule 1CID (d)
molecule 1IRK, (e) KND, (f) ALIEN

1. Step 1: Building the Voronoi-Delaunay diagram of the psit (Line 1 of Figure 4.12).
2. Step 2: Computation of interior medial axis. (Line 2 ofltig 4.12).

3. Step 3: Computation of unstable manifold of index 1 an@x2 saddle points lying on the interior medial axis. (Line
3-8 of Figure 4.12).

4. Step 4: Mapping the maxima in the planar and linear podidhe medial axis back to the surface. (Line 9-13 of Figure
4.12).

We built the code using CGAL [13] and gnu C++ libraries. Thdeds compiled at an optimization levelO2. We run the
experiments in a machine witlhnteL XEON processor with 1GB RAM running at 1GHz cpuspeed. Table 48nts the time
taken in the four steps of the algorithm for a number of ddsadeis clear from the breakup of timing that the rst two gte
of building the Delaunay triangulation and then computimginterior medial axis are the two most expensive stepsnéigy
datasets, additionally®BusT COCONEIs used to obtain an initial in-out marking. This step is camagtively inexpensive. For
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Figure 4.14: Results on Noisy Data.

example, for ISy HORSE(48,000 points) this step only adds 10 sec to the whole coatipattime which is approximately
100 sec.

# points| Step 1| Step2| Step 3| Step 4
object (sec.) | (sec.) | (sec.)| (sec.)
1CID 5170 7.59 15.63 | 6.69 0.39
1IRK 13940 | 29.88 | 43.93 | 15.63 1

HEADLESS | 16287 | 18.63 | 51.30 | 16.01 | 1.26
MAN

PIN 15530 | 15.73 | 41.4 | 21.53| 0.92
CLuB 16864 | 2054 | 47.3 | 19.83| 1.24
MuG 27109 | 37.68 | 83.28 | 47.14| 2.19
HAND 40573 | 53.48 | 120.16| 40.67 | 2.69

P8 48046 | 33.46 | 136.59| 39.97 | 3.22
1BVP 53392 | 148.18| 159.52| 62.19| 3.53
ALIEN 78053 | 102.62| 242.33| 64.11| 5.4

Table 4.3: Timings

4.3 Curation of Surface
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Related Work

Pockets, Tunnels
Pocket Extraction

Several pocket extraction methods have been developedubidhed. Delaney [18] used cellular logic operations oid gr
points in a spirit similar to our two-step marching algonithbut its results were very rough approximations and dift ¢ar
further visualizations and analyses. LIGSITE is a simpi@ethm that scans along tixe y, andz axes and the cubic diagonals
for areas that are enclosed on both sides by a protein [36}dier to identify pockets. It would not be accurate if the ks
are not along those prede ned directions. Edelsbrunnet.ef2¥] computed pockets for molecular surfaces based on the
union-of-balls model by using Delaunay triangulations atgha shapes. In their method, the Delaunay trianguld@igand
its dual Voronoi diagram) are rst constructed for the Bedf all atomic centers[27]. A ow relation can then be de neakf
two Delaunay tetrahedr&,2 Dg ands 2 Dg, if they share a common plane and the dual Voronoi vertexlifs on different
sides of the plane from. If t s, t is called a predecessor sfands a successor df. A tetrahedron ows to in nity, if its
dual Voronoi vertex is outsidBg or its successor ows to in nity. The alpha-shapg Dg ata = 0is the sub-simplex dbg
contained in the union of balls. Pock&sare de ned in[27] as the set of Delaunay tetrahedra that doavoto in nity and
do not belong to the alpha-shageg, i.e.

P Dg Ag:

The alpha-shape based algorithm was implemented and tiestednumber of sample proteins [47]. This method has the
shortcoming of being dependent on the union-of-balls maedel the pockets represented by alpha-shapes are usually not
smooth. The SURFNET method [34, 42] tries to detect thestaitthe protein surfaces by placing spheres between all giair
atoms and shrinking their sizes until they do not intersagtaoms. The sphere tting process results in a number cdirsep
groups of interpenetrating spheres, corresponding todkigies and clefts of the protein. However, a set of sphecesat
match well with the actual pocket shapes. Masuya and Doiritesta method of computing protein cavities using digital
morphological operations [49]. They represented the sadand interior of the molecular surfaces as a set of desgréd
pointsX. Given a probe sphere, represented also as a set of gridspyitite dilation and erosion operationsXfby P are

de ned as

[

X P = fxi+ pjg
x2X pj2P
VOl

X P = fxi+ pjg
Xi2X pj2P

The closing operation ok by P de ned as a dilation followed by an erosiod, P=(X P) P, is used to obtain a lled
moleculeX . The set of grid points ilX" X are taken as the cavities. While the spirit of the dilatiod arosion operations

is the most similar to that of the two-step marching algaonitim this paper, the algorithms and implementations ardwast
different. Our algorithm can much more accurately modelntindecular surfaces. The dilation and erosion operatiofiédh
depend critically on the radius of the probe spHerd# the radius ofP is too large, the algorithm would miss important pockets
and tunnels on the molecular surface; if the radiuB &f too small, many small cavities would be generated fromgelaeal
pocket. So it requires an "optimal” radius to be selecteéémh protein individually. Our algorithm in this paper does have
those limitations. The PASS (Putative Active Sites with &gis) [10] is a geometric pocket extraction algorithm tisatssmall
probe spheres to Il the "buried" regions on the protein anes. A number of parameters such as the probe radius andl"bur
count" are chosen a prior for this algorithm. The resultssateof probe spheres represent the protein pockets. PantétetF

[1] is not a geometrical method, but uses a volumetric fumctif the smoothed van der Waals potential of the protein. The
van der Waals potential is approximated as the sum of Lerhames formula of all atoms and then smoothed using a simple
iterative averaging process. The bounding surfaces (p@ckelops) of the protein pockets are then computed as hdeve

of the potential function. However, the parameters for eathing process and the isovalue of the level set are detedm

ad hoc and the pocket surfaces do not match the geometrapéstof the proteins very well. Q-SiteFinder [43] is another
energy-based method for predicting protein-ligand bigdiites. Although it is different from the geometric algbnit in this
paper, the interaction energy computation described ih f#8/ be combined with our geometric algorithm to improve the
accuracy of predictions.
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Pockets Representation

It is advantageous to represent the pocket shapes with a Bithetric function, which allows further analyses of the sbs
Complicated shapes are often captured via volumetric fongtcoupled to morphological operations on the functiolrs.

2D range images, Krishnapuram and Gupta [41] uses dilatiohesiosion operations to detect and classify edges; Gil and
Kimmel [33] discussed algorithms for computing one-dimenal dilation and erosion operators. In addition to theaotion

of polygonal surfaces from volumetric functions, 3D polygbmodels are also converted into volumetric represemtsignd
then modi ed, repaired and simpli ed using morphologicalerations [52, 29].

Shape Segmentation

Shape segmentation is a problem related to nding pocketse@rmolecular surfaces, which has been studied using eliffer
geometric and topological methods such as shock graphsiitesjial axes [45], skeletons [61], Reeb graphs [36], andrsth
[48, 37, 46]. Itis applicable to consider the pocket eximacas the problem of segmenting the complementary spasaleut
the molecular surfac8. A notable approach of shape segmentation is based on th&eNtoeory, which segments the domain
manifoldM into stable (unstable) manifolds [20] or Morse-Smale d@8 of critical points of a Morse function. The Morse
function commonly used for shape segmentation is the distimctionh(x) to a set of discrete poin[20, 32, 27]:

h(x) = gylgkx pk:

Here again the Delaunay triangulation (and the dual Vordeocbmposition) can be computed for the point®irThe critical
points ofh are the intersections of Delaunay elements with their Voreomplements. The stable-manifolds of the critical
points of the distance function to a set of discrete poirgsatled the ow complex in [32], and which is homotopy equérs

to its alpha-shape [21]. The stable manifolds of maximahasame dimension as the the manifigléind give a segmentation

of M. However, a large number of points are necessary to sampiplea surfaces and a large number of maxima and stable
manifolds would segment the space into many small pieceésitive no direct correspondence to the pockets.

Identifying Tunnels

Because of the signi cance of the problem, quite a few workrspng various approaches have been reported in the literat
To mention a few, we refer to the curvature based methodsidgjed [50, 51], the fuzzy clustering method of [38], the noeth
based on PCA of surface normals by [54], the hybrid variaieurface approximation by [66] and the Reeb graph approach
of [57] and [65]. Remarkably the distance function oRSrwhich is de ned by the distance to the boundary of the shage ha
not been fully used for feature annotation. In the contexdusface reconstruction, topological structures indugedistance
functions have been analyzed by Edelsbrunner [26], Cha#leind Giesen and John [31]. Chazal and Lieutier [15] andi&id

et al. [58] have used it for medial axis approximations. O&igsen and Goswami used the topological structures indoged
the distance function to segment a shape [19]. Howevermhi& stops short of using the topological structures fotfea
annotations. In this paper we complete this step.
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Relevant Mathematics

Voronoi-Delaunay Diagram of P

[*Repeated from Chapter 2]

For a nite set of pointd in R3, the Voronoi cell ofp 2 Pis
Vo= fx2R3:8q2P f pg;kx pk k x gk)g:

If the points are in general position, two Voronoi cells withn-empty intersection meet along a planar, convex Vortauait,
three Voronoi cells with non-empty intersection meet alangpmmon Voronoi edge and four Voronoi cells with non-empty
intersection meet at a Voronoi vertex. A cell decompositionsisting of the/oronoi objectsthat is, Voronoi cells, facets,
edges and vertices is the Voronoi diagram Raf the point seP.

The dual of VoiP is the Delaunay diagram DRlof P which is a simplicial complex when the points are in geneasition.
The tetrahedra are dual to the Voronoi vertices, the trizmgte dual to the Voronoi edges, the edges are dual to thedioro
facets and the vertices (sample points fil@nare dual to the Voronoi cells. We also refer to the Delautrapbces aDelaunay
objects

Induced Flow

The distance functiohp induces a ow at every point2 R3. This ow has been characterized earlier [31]. See also.[E6]
completeness we brie y mention it here.

Critical Points.  The critical points ohp are those points whetg has no non-zero gradient along any direction. These are
the points inR? which lie within the convex hull of its closest points frdf It turns out that the critical points di are the
intersection points of the Voronoi objects with their dual&unay objects.

Maximaare the Voronoi vertices contained in their dual tetrahedra
Index 2 saddlebie at the intersection of Voronoi edges with their dual Delay triangles,
Index 1 saddlefie at the intersection of Voronoi facets with their dual Bahay edges, and

Minima are the sample points themselves as they are always camhiaitresir Voronoi cells.

In this discrete setting, the index of a critical point is thimension of the lowest dimensional Delaunay simplex toat&ins
the critical point.

Flow. For every poinix 2 R3, letV(X) be the lowest dimensional Voronoi object that contaimmdD(x) be its dual. Now
driver of x, denoted asl(x), is de ned as

d(x) = argmin,pkx yk

The direction of steepest ascent can be uniquely deterntipedunit vector in the direction of d(x). The critical points
coincide with their drivers. Now one can assign a vestat everyx with a zero vector assigned at the critical points. The
resulting vector eld is not necessarily continuous. Nefetess, it induces aw in R3. This ow tells how a pointx moves in

R2 along the steepest ascentrpfand the corresponding path is known as dhigit of x. We can also de ne amverted orbit

of x wherex moves in the direction of steepest descent.
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Stable and Unstable Manifolds. For a critical pointc its stable manifold is the set of points whose orbits end. athe
unstable manifold of a critical poirtis the set of points whose inverted orbits end.akhe structure and computation of stable
manifolds of the critical points dfier were described in [31]. They can be computed from the Delatnengulations of the
given point sets though they may not be subcomplexes of tieuDay triangulations. For computational advantages ¢ney
also approximated by Delaunay subcomplexes as in [19].

As the Delaunay and Voronoi diagrams, the structures ofestaid unstable manifolds have a duality. Interestinglg on
can compute the unstable manifolds and their approximafiom the Voronoi diagrams. Here we state some of the factstab
the unstable manifolds of the critical points.

1. MAXIMA . The unstable manifold is the local maximum itself.

2. INDEX 2 SADDLES. The unstable manifold of an index 2 saddle point is a podyditarting at the saddle point and ending
at a maximum.

3. INDEX 1 SADDLES. The unstable manifold of an index 1 saddle point is a two disienal surface patch which is
bounded by the unstable manifold of index 2 saddle points.

4. MINIMA . The unstable manifold of a local minimum is a three dimemai@olytope bounded by the unstable manifold
of critical points with higher indices.

Flow on Voronoi Objects

Before we state the connection between the ow inducedbyand the Vor-Del diagram dP, we would like to state some
facts about the relative position of Voronoi and Delaunajects. These relative positions can describe the naturews in
the Voronoi objects. These facts were clearly explaine@j for a more general setting of power distance.

Figure 4.15: Relative position of a Voronoi fadétwith respect to its dual Delaunay edge. The left picture shows the
creation of an index 1 saddle point. The right picture shdwesaosition of the drived of F.

Fact 1. The unoriented normal to the supporting plane of a Voronoéfas along its dual Delaunay edge and the plane passes
through the midpoint of the edge. The Delaunay edge, thaugk,or may not intersect the dual Voronoi face.

Figure 4.15 illustrates the two possibilities that may @ri§he left gure corresponds to the situation that resuitam
index 1 saddle point.

Fact 2. The supporting line of a Voronoi edge always intersects thegof the dual Delaunay triangle at its circumcenter and
is along its unoriented normal. The Voronoi edge may or mayiersect the interior of the Delaunay triangle.
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Figure 4.16: Relative position of a Voronoi edgevith respect to its dual Delaunay triangdgr. The blue circles denote the
two Voronoi vertices de ninge. The driver ofeis markedd and the supporting plane of triangbejr is drawn in cyan.

Figure 4.16 lists the four possible scenarios. The bottgimt iGorresponds to the generation of an index 2 saddle point.

We have already seen that the critical pointpfcan be computed from Vér and DeP. Also, the driver of a poink
comes from the Delaunay object dual to the Voronoi objdigs in. In this context we would like to state the followirgmima
which is key to the further computations.

Lemma 4.3.1. All interior points of a Voronoi object have the same driver.

This result can be easily proved by considering all the diffiécases regarding the dimension of the Voronoi objecitand
position with respect to its dual Delaunay object.

By Lemma 4.3.1 and Facts 1 and 2 we can list the possible posifithe drivers of the points lying in the interior of a
certain dimensional Voronoi object.

Position of Drivers
Voronoi Cell

For a Voronoi celVy, the dual Delaunay object is a singleton set containingaingode pointp and therefore all pointsin
the interior ofV, hasp as their driver.

Voronoi Facet

Consider a Voronoi facet in the intersectiorMpfandVy. The dual Delaunay edge fg)and the midpoint opgis the driver
of all x lying in the interior of the Voronoi facet (Figure 4.15(rigM.

Voronoi Edge

Next, consider a Voronoi edge in the intersectioWgiVy; V. As Fact 2 and Figure 4.16 indicate, the in nite line segment
containing the Voronoi edge may or may not intersect the enhwull of p; g;r leading to two different possibilities
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Case 1.1In case of intersection, the circumcentergafr is the driver. Such Voronoi edges will be termedn-transversal
edges as the ow is along the edge itself. The Voronoi edgewasd/oronoi vertices as its endpoints. If both of them are
in the same half-space de ned Ipgr, the closer Voronoi vertex is calleburceand the further one is callédrminusof
the Voronoi edge because the ow is directed from the closéhe further vertex. Figure 4.16 (top right) illustrateisth
case.

Case 1.21If the Voronoi edge does not intersect the af ne hullmf; andr, the midpoint of the edge opposite to the largest
angle ofpqr is the driver. These Voronoi edges will be termedrassversal If any pointx moving along its orbit hits
one such edge, the position of the driver implies that it eiiter the Voronoi facet dual to the Delaunay edge opposite to
the largest angle ipgr. Such Voronoi facet will be termeatceptorfacets of thatransversaMoronoi edge. Figure 4.17
illustrates the situation.

Figure 4.17: Transversal Voronoi edges shown in red with three incident Voronoi facets. Flow dtfen is shown with
arrows. Flow from either of; or I, hitse and enter$s, the acceptor oé.

Voronoi Vertex

The case of Voronoi vertex again requires the analysis ofdifferent cases. We assume, that it is outside its dualitetra
dron because otherwise it is a local maximum and hence isvitsdoiver. Letv be a Voronoi vertex with the dual tetrahedr®n
whose four neighbors as;i = 1:::4. Further, let the corresponding shared triangles betwesamds; bet;;i = 1:::4 where
wi;i = 1;:::4is its opposite vertex ig .

Case 2.1There is only one triangle of s for which the Voronoi vertex and the opposite vertey lie in two different half-
spaces de ned by. Letg be the Voronoi edge between the dualsadnds;. Then, the driver fov (dual tos) is same
as the driver ofy. In such cases; is termed as theutgoingVoronoi edge ofv. See top row of Figure 4.18 for an
illustration.

Case 2.2There are two triangldstj of s for which the Voronoi vertex and the opposite vertewy andw;) lie in two different
half-spaces de ned by the corresponding triangles. g be the Voronoi edges de ned as in Case 2.1. Note, in this
case, botle; e; are theoutgoingVoronoi edges of. There are two possibilities that we need to consider furthe

Case 2.2.1Both g; ej aretransversal In this case thecceptos of both of them is dual to the Delaunay edget; and
the corresponding driver is the midpointtpf t;. See bottom-left sub gure of Figure 4.18.



4.3. CURATION OF SURFACE 149

Case 2.2.20ne ofg; g istransversal The driver is same as that of the non-transversal Vorongée8ee bottom-right
sub gure of Figure 4.18.

Figure 4.18: Possible driver positions of a Voronoi vernteaccording to the cases?and 22:(1 2). The acceptor Voronoi
facet is shown in pink. The ow along a non-transversal Vayoedge is shown with a double arrow. The driver is shown in
red circle.

In this context we state another lemma that is importantdbsequent developments.

Lemma 4.3.2. Let F be an acceptor Voronoi Facet for the transversal Voi@uges ¢ = (v1;V2) ::: e = (Vk; Vk+ 1) around it.

1. The Voronoi edges €:: g form a continuous chain around F.
2. The Voronoi verticesyv:: v fall in the category 2.2.1. The Voronoi verticesand v 1 fall in the category 2.2.2.

3. F,e:::e, Wi v have same driver which is the midpoint of the Delaunay edgétdu-.

We omit the proofs of all of the above claims.

Computing Unstable Manifolds

Unstable Manifold of Index-2 Saddle Points
In this section we describe the structure and computatidheofinstable manifolds of index 2 saddle points.

The unstable manifold of an index 2 saddle pointis one dimo@as In our discrete setting it is a polyline with one enitppo
at the saddle point and the other endpoint at a local maxinTina polyline consists of segments that are either subsetsrof
transversal Voronoi edges or lie in the Voronoi facets. Qe later case, the polyline may not be a subcomplex oPVor

Let us consider an index 2 saddle poiat,at the intersection of a Delaunay trianglevith a Voronoi edgee. Let the
two tetrahedra sharinf be s1;s,. The edgee has the endpoints at the dual Voronoi vertices pfands,, denoted as;; Vs
respectively. The unstable manifdlt{c) of c, has two intervals - one fromto v; and the other frone to v,. We look at the
structure of one of them, say the one frano v4, and the other one is similar.
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At any point on the subsegmety;, the ow is towardv; from c. Once the ow reacheg,, the subsequent ow depends
on the driver ofv;. Instead of just looking at;, we consider a generic step, where the ow reaches at a Vorantexv and
we enumerate the possible situations that might occur dipgmn the position of driver of. If v is a local maximum, the
ow stops there, as the driver ofis v itself. Otherwise there are two cases to consider.

v falls into Case 2.1: Let the dual tetrahedron ke and the driver of/ is same as that of the Voronoi edg&vhich is
between the dual a§ and one of its neighbors, say. If eis non-transversal, the ow will be along the Voronoi edge
till it hits the Voronoi vertex at the other endpoint (dualsf). Otherwise, the ow enters the acceptor Voronoi faEet
of e. Due to Lemma 4.3.2, the driver &fis same as the driver & Therefore the next piece of the unstable manifold
can be uniqpely determined by the driverepsayd and the Voronoi vertex. It is the segment betweerand the point
where the raylvintersects a Voronoi edge &f.

v falls under Case 2.2.x: This situation is similar to the one described above. In cdg®th of the Voronoi edges being
transversal(Case 2.2.1), the ow enters the acceptor Voronoi facethidther case (Case 2.2.2), the ow follows the
non-transversal Voronoi edge.

Some segments &f(c) are not along the Voronoi edges. Wherever the ow encoutérsnsversal Voronoi edge, it seizes
to follow the Voronoi edge and enters a Voronoi facet whichdseptor for that Voronoi edge. This calls for the analy$is o
the ow when it crosses an acceptor Voronoi facet and hits eoioi edge. We have already characterized the position of
the driver for a Voronoi edge and thereby classi ed thoseesdas either transversal or non-transversal. If the cuaeége
intersected by the ray from the drivertads a non-transversal edge, the ow will follow that Voronalge and hit a Voronoi
vertex. Otherwise, it will enter the acceptor Voronoi fackthe Voronoi edge again. There is a technical dif culty weed to
point out. Unless the acceptor for this Voronoi edge is défe from the Voronoi facet the ow came from, we may encounte
a cycle. The following lemma saves us from this awkward situa

Lemma 4.3.3. Let F be a Voronoi facet and let d be its driver. Let e be a Vorauge for which F is acceptor and x be any
point on e. Also assume the ray from d to x intersects a Voreage & If eis transversal, the acceptor ofis different from
F.

Figure 4.19: Unstable manifold(c) of an index 2 saddle poimt cis drawn with a cyan circle. The portion bf(c) which is

a collection of Voronoi edges is drawn in green with interimagzl\oronoi vertices drawn in blue. The pink circle is a \food
vertex onU(c) where the ow enters a Voronoi facet. The portionlfc) which lies inside the Voronoi facets is drawn in
magenta. The transversal Voronoi edges intersected bpdhigon ofU(c) are dashedJ(c) ends at a local maximum which
is drawn in red.

Figure 4.19 shows an example of the unstable manifold of dexi2 saddle point.

Following the above discussion on the structur&J¢€) we devise the algorithm to compute the unstable manifoldhof a
index 2 saddle point. We assume, the saddle pomtarries the information about the two neighboring tetrahed; s»
and additionally we have access to Pelhich is used to evaluate the utility routines like acce@)toterminus() etc. The
pseudo-code of the algorithm is given in Figure 4.20.
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UM_INDEX_2(C)
1 Up=cvyandUs = cw
2 v=Vv;
3 enc(Ul) = Vi
4 while (vis not a maximum) do
5 if(vis not a Voronoi vertex)
6 e = \oronoi edge containing
7 if(eis non-transversal)
8 endUy) = terminuge)
9 Uy = Uz [ segmenty,endU)

10 v = terminuge)

11 else

12 F = acceptofe)

13 d = driver(F) = driver(e)

14 x= dv\ €°6 0, %is a Voronoi edge oF
15 endqU;) = X

16 Uy = Uz [ segmenty,endU)
17 V=X

18 else

19 if(v falls under Case 2.1)

20 e = outgoingVoredge (v)
21 repeat steps 7-17.

22 else iff falls under Case 2.2)
23 F = acceptofv)

24 repeat steps 13-17.

25 endwhile

26  Similarly computéJ,.
27 returnUi[ Us.

Figure 4.20: Pseudo-code for computation of unstable rakhiff an index 2 saddle point.

Unstable Manifold of Index-1 Saddle Points

Unstable Manifold of index 1 saddle points are two dimenaiomDue to hierarchical structure, they are bounded by the
unstable manifold of index 2 saddle points. In this secti@n st describe the structure of the unstable manifolds daaht
describe an algorithm that computes an approximation ofittstable manifold of an index 1 saddle point.

Let us consider an index 1 saddle pomtThis point lies at the intersection of a Voronoi faéeand a Delaunay edge. For
any pointx 2 F nc, the driver isc. For all such, if they are allowed to move in the direction of ow, they withove radially
outward and hit the Voronoi edges boundihgThusF is inU(c). Now we analyze the ow when a point hits a Voronoi edge.

We have characterized the position of the drivers for a Voredge and we have also seen that depending on the driver,
one can classify the Voronoi edges into two categories strarsal and non-transversal. For a non-transversal Vosage,
the ow is along the Voronoi edge. Such Voronoi edges lie om loundary ofJ (c). On the other hand)(c) grows via the
acceptor facets of transversal Voronoi edges. Dependirtigeoposition of the driver, which by Lemma 4.3.2 is same fahbo
the edge and the acceptor facetyuncated conele nes the extension dfl (c) into the acceptor Voronoi facet. Consider the
cone de ned by the two rays emanating from the driver and ipgsghrough the endpoints of the transversal Voronoi edge.
The intersection of the acceptor facet with the cone de mesttuncated cone. The truncated cone hits a continuoun chai
of Voronoi edges in the acceptor facet. Some of them are aetelplcontained in the truncated cone and some of them are
intersected by the two rays and hence are partially cordaimét. This chain of edges de nes the new boundaryudt)
through some of whickl (c) can be extended further recursively. Figure 4.21 shows ample truncated cone in a Voronoi
facetF by the driverd and the end Voronoi vertices of the transversal Voronoi €dggen).
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(@) (b)

Figure 4.21: (a) Truncated Cone. Accurate computatiorctetmly the pink region from the yellow Voronoi facet as pafrt
unstable manifold of an index 1 saddle painnot shown). (b) Snapshot of approximate computatiobd (f) at a generic
stage.

To computedJ (c) accurately, one therefore needs to compute the intergseaftimray and a line segment in three dimension.
Such computations are prone to numerical errors. Thergfigreely on an approximation algorithm that computes a sqter
of U(c). The algorithm works as follows.

Starting from the Voronoi facdt containingc, we maintain a list of Voronoi facets which are alreadyifc) and a list
of active Voronoi edges which are transversal edges andlighe® boundary of the current approximationldfc). Through
these transversal edges we collect their acceptor facdtgrawU (c). Instead of computing the new set of active edges by an
expensive numerical calculation of ray-segment inteisectve collect all the transversal edges of this new aceeéfimonoi
facets. This way we grow (c) recursively till we have a set of Voronoi facets which are e by only a set of transversal
Voronoi edges.

Figure 4.21(b) illustrates an intermediate stage of thimatation. The index 1 saddle poinis contained in the blue
Voronoi facet. The yellow Voronoi facets are alreadyuifc). The red edges designate the static boundary as they are non-
transversal and the green edges designate the active bguhdzaugh which the pink facets are includeddifc) in the later
stage of the algorithm. Following is the pseudo-code fos #igorithm. Given an index 1 saddle pomit computes an
approximation otJ (c). We assume also has information about the Voronoi faéeit is contained in.

ApPPROX_ UM_INDEX_1(C)
1 U=F

2 B= Voronoi edges of

3 while 86 0) do

4 e= pop(B)

5 if (eis transversal)

6 U = U [ acceptofe)

7 B = B[ unvisited edges of acceptey

8 endwhile

9 returnU.

Figure 4.22: Pseudo-code for approximate computation stfalme manifold of an index 1 saddle point.

Classi cation of Medial Axis

In the previous two subsections we have described the stesbf the unstable manifolds of an index 1 and index 2 saddle
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points. We have also given an accurate and an approximaisthlg to compute them. Our goal is to identify the unstable
manifolds near the medial axis 8f Ultimately these manifolds are mapped bac&for the feature annotation. For this we rst
compute a Voronoi subcomplex that approximates the megisals and then identify different regions of this approximate
medial axis as the unstable manifolds computed by the twmstibes UM_NDEX_2 and A°PROX_UM_INDEX_ 1.

Before we describe our approach, we brie y mention a recestilt by Dey, Giesen, Ramos and Sadri [22] where they
proved that under suf cient sampling &by P, the critical points ohp lie either close t& or close toMs. This motivates
our approach. Applying the same result, we Iter out only ih@ex 1 and index 2 saddle points néég instead ofS. Further,
we consider only the components s which lie in the interior of the solid bounded 1§ For this purpose we use the
TIGHTCOCONE algorithm by Dey and Goswami [23]. The implementation oftaigorithm is freely available in the public
domain [16] along with the software for medial axis approaiimns which is computed as a Voronoi subcomplex according
to the algorithm by Dey and Zhao [25]. For the purpose of retrmigtion, any other reconstruction algorithm also cowdd b
used [8, 2]. Applying TcHTCocoNE followed by medial axis approximation we get the approxeriaterior medial axis of
S. We perform the critical point detection only within the \@ooi subcomplex that approximates this medial axis. Letalis ¢
this set of index 1 saddle poin® and that of index 2 saddle poin@s. We then apply UM_NDEX_2(c) for all c2 C, and
ApPPROX UM _INDEX_1(c) forall c2 C;. U(c2 Cy) is two dimensional ant (c 2 Cy) is one dimensional. Therefore, by
restricting the unstable manifold computation only witiig we obtain two subsets ®fls. In the next section, we describe
how this classi cation can be mapped back3éor automatic identi cation of its at and tubular regions.

Figure 4.23: Removal of small patches in the tubular regiarstarring. Magenta circles indicate the centroids ofétpegches,
green circles are the boundary vertices which connect & petb a linear portion (red line) and cyan circle indicatesene
two different patches join at a common vertex. Blue linesthesreplacements of these small patches obtained by thingtar
process.

Because of sampling artifacts, sometimes the interior adediis in the tubular regions have a few index 1 saddle points
The unstable manifold of these saddle points need to betddtaad approximated by lines. We partition theGgebased on
the connectivity of their unstable manifolds via a commogesdnd every partition creates a patch which is the unionef th
unstable manifolds of all the index 1 saddle points fallintpithat partition. We further assign anportancevalue based on
the area of the patch and sort the patches according toitmgartance One could also employ other attributes like diameter,
width etc. to evaluate the importance. The small clustezsttaen detected either by a user-speci ed threshold valugyor
simply selecting th&-smallest clusters wheleis also a user-supplied parameter. These insigni cantglaggions are then
approximated by a set of straight lines emanating from tim¢rowl of the patch to the boundary points which are conrmkicte
either a polyline (green circles in Figure 4.23) or anotregch (cyan circle in Figure 4.23). We call this procstaring.

The resulting one dimensional and two dimensional sub$é¢ti@anterior medial axis is shown in Figure 4.24. Left colum
shows the approximate medial axis computed by [25]. The iglumn shows the subset of medial axis captured)6§,)
andU(Cy).
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Figure 4.24: Results of Medial Axis classi cation. Top rowasvs the result for HADLESS MAN. Two closeups have been
shown to highlight the planar clusters in the palm of the hand the feet. The closeup of hand has been rotated for visual
clarity. The middle row shows the result oraND dataset and the bottom row shows the result on a moleculel @at®.
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Chapter 6

Energetics

In [6], the Gibbs free energy of a system of an assemble ote®lwith arbitrary shape and composition surrounded by a
dielectric solvent is expressed as
z z z
G= pV+ g(nkNH (r)kdr+ r(r)U(r) dr+ % kNf (r)k%e(e) dr: (0.1)

The rstterm is energy of creating a cavity in the solventiagathe difference in bulk pressure between the liquid sagabv.
The second term is the energetic cost due to solvent arraaganiose to the cavity surface. This interfacial energyaftgns
thought to be the main driving force for hydrophobic phenomf8]. They assumgis a function of the local mean curvature
of the cavity interface. The third term is the total non-#lestatic solute-solvent interaction. It is represente@ isotropic
Lennard-Jones potential. The fourth term is the total ebstatic energy. The electrostatic potenfias evaluated by Poisson's
equation.

In [20], they rewrite the Poinsson-Boltzmann (PB) equatito the form of the Euler-Lagrange equation the solution of
which minimizes the total electrostatic free energy of th&tam:
z
ele _ f 1 .
Ge=  rff KkTP[2coskf) 2] SE D dr; (0.2)

wherer T is the charge density of the xed charges (of the proteinstbeomacromolecules) ard is the bulk salt concentra-
tion. Whenf 1, the PB equation can be linearized, so the electrostaicenergy can be written as

Z
k2 1
Gele= tr %2 ZEp g 0.3
gl 32 ' ©0.3)

In [18], they write the total potential of mean for€&€X) for the con gurationX as
G(X) = Uy(X)+ DGI"P(X)+ DGe9(X); (0.4)

whereUy(X) is the intramolecular solute potential. The represematicthe non-polar solvation contributiddG"P (X) can
be obtained from the scaled particle theory (SPT). To preducavity in a liquid,

DG("P(X) = pV+ gA; (0.5)

wherep is the isotropic pressur®, is the volume of the cavityg is a function of the surface tension of the solvent and the
curvature of the interface, anlis the area of the interface. The continuum electrostatitrdmution can be expressed as a
surface integral

(eled vy — 1% s(r) ..
DG (X) = 5 Al dr (0.6)
I

Gy r xj '
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wheres (r) is the surface charge density. This is because the solvangeliensity is a sharply peaked function localized at
the solute-solvent interface. One can further rewrite)(@s6

z Y.
DGEI(xX)= T § g S
(X) G|aJ W95

o

a aidjF(xi;xj); (0.7)

;]

NI NI

wheres (r : x;j) is the surface charge inducedraby a unit solute charge locatedxt The geometry-dependent coupling
functionF (x;; x;) has different approximations, for example FIESTA [22], I8 ACE [19], and GB [23].

In the Weeks-Chandler-Anderson (WCA) model [26], the imtelecular potential is separated into two parts:
w(r) = up(r)+ u(r); (0.8)

whereug(r) is the reference system pair potential which includes altépulsive forces in the Lennard-Jones potentialgnd
is the perturbation potential which includes all the atixecforces. So one can also writgr) = Urep(r)+ Uan(r). Because the
non-polar free energy can be decomposed into the repulaiigydydration free energy and the solute-solvent van daalg/
dispersion interaction [16],

DG"P(X) = DGcav* DGyawi (0.9)

in [28] they use the WCA decomposition scheme to reprel3&giy andDGyqw by the repulsive potentidliep(r) and attractive
potentialUa(r), respectively. Explicit solvent simulation has shown tBb&ay is approximately proportional to the solvent
accessible are&l(r) is obtained by summing the average van der Waals solutessodnergy);; of each atom

M
Uat = @ Ul (0.10)
i=1
where _ Z _
att = rUge(jr - xij) dr: (0.11)

solvent

_— . H . 6 . .
r is the bulk density of the solvent,; = g ﬁ'*fj , @ measures the depth of the attractive wellrat xjj = s;+ Sg, Sj

andsg are the radii of the solute atom and the solvent probe. Thegiation domain in (0.11) can be converted to a bounded
domain z
Ugt = Ugy(isolateg 1 Upe(Jr  XiJ) dr; (0.12)
solutenatom
where rst term is the solute-solvent attractive van der Wamergy when the solute is composed solely of atofhis can be
analytically obtained by integrating (0.11) for the singtem solute model.

6.1 Hamiltonian, Lagrangian
6.2 Partial Charge Assignment

6.3 Lennard Jones Potential (vander Waals)

The Lennard-Jones.{) potential between moleculdsandB is given by the following expression.

LIAB)= & i) 1iGi)) = ay=rf® by=rf;
i2A;j2B
wherer;; is the distance between atoirs Aandj 2 B, constants;; andbj; depend on the type (e.g., C, H, O, etc.) of the two
atoms involved. One can evaluate the LJ potential amongttmsaof a single molecula by settingB = A and considering
only non-bonded atom pairs.
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Observe that direct computation b3(A; B) requiresO (MaMg) time, whereMp (resp. Mg) is the number of atoms in
moleculeA (resp. B). However, since the terms in the summation diminish qyiekith the increase ofjj, one can evaluate
Llg (AB)= & i2aj28r;  li(ii]) asanapproximation dfJ(A;B), whered is a given distance cutoff.

Supposéa > Mg. Then one can evaluatd; (A;B) in O ((Ma+ Mg)logMg + m) time andO (Ma + Mg) space, wheren
is the total number dffi 2 A; j 2 Bi pairs within distancel. The trick is to use an octree [12] to store the atomB,and then
use it to locate the atoms Bfwithin distanced from each atom oA (see [4] for details). Use of a 3D grid instead of an octree
may resultinQ Mg® space usage in the worst case [4].

In the rest of this section we rst outline our approach toleatingLJ, (A;B) faster tharO ((Ma+ Mg) logMg + m) time
while still usingO (Ma + Mg) space, followed by our approach to fast approximatiobX#f; B) to within a factor of I+ e of
the exact value for any givem> 0.

6.3.1 Faster Evaluation ofLJ(A; B) with a Distance Cutoff

We store the atoms & in our Dynamic Packing GrigDPG) [1] data structure instead of an octree. The DPG cantaiaithe
atoms of a molecule in space linear in the number of atomdevaliowing a range of spherical range queries and updates (i
insertion/deletion) very ef ciently. An update tak€s(1) time (w.h.pl), while a range query returns all atoms within a given
distanced from any given atom center i@ (k) time? (w.h.p.), wherek is the number atoms returned. Therefore, all atoms of
B can be inserted into the DPG @(Mg) time (w.h.p.), and the total time required to nd all atomsBWithin distanced of

the atoms oA isO (Ma+ m). Hencel Jy (A;B) can be evaluated exactly@(Ma+ Mg+ m) time (w.h.p.) and (Ma+ Mg)
space.

6.3.2 Fast(1+ e)-Approximation of LJ(A;B)

Observe thatJ(A;B) = LIy (A;B)+ LIy (A;B), whereLJy- (A;B) = & 2 a;j28:,;>4a li(i;]). We outline below how to ob-
tain an error-bounded approximationlaf( A; B) through a fast approximation &fl;+ (A; B) in addition to the exact evaluation
of L3y (A;B). More precisely, given any user-de ned constar 0, we will approximatdJ(A; B) to within a(1+ e) factor
of its exact value.

In the expression dfJ(A; B), a; andbjj are xed for any xed pair of atom types, and can be calculdien the Amber
force eld using well depthsixy and equivalence contact distances of homogeneouspgifsy, whereX = atomTypéi 2 A)

andY = atomTyp¢j 2 B)) [27, 14]. By de nition, aj=hjj = rgqmXY:Z (see [14]). We assum&)Y 2f C, H, N, O, P, §.

LetM x denote the subset of atoms of tyXién moleculeM 2 f A;Bg. ThenLJ(A;B) = ax.vaf c, 1, N, 0, p, g LI(Ax; By),
where,LJ(Ax;By) = Ldey(Ax; By) + LJdgy(Ax; By), for some constardyy O (to be de ned later). We outline below how to
approximatd J(Ax;By) for a given paithX;Yi. We evaluateLdey(Ax; By) exactly, and approximale]d;Y(Ax; By) to within
a factor of(1+ e) of its exact value.

Letdxy (1=2+ 1:e)1=6requy. 'f"‘{$ apprloximate eachj:rﬁ with rjj > dxy to within a factor of + e=(2+ €), simple
algebraic manipulations shgh (i; j)j < bij:rﬁ < (1+ e)jlj(; )j-

approx

In order to approximateJ(Ax; By) as mentioned above, we construct two octreggs andT g, from the atoms irAx and
By, respectively, and compute(a+ e)-approximation ofLJ(Ax;By) by simultaneous recursive traversalsTof, andTg,
starting from their root nodes. Suppose at some point wetanedex of T o, and nodey of Tg,. If both x andy are leaf
nodes, potential between the atoms containex (ay,M y) andy (say,M y) is computed exactly. Otherwisexfandy are
far enough (i.e., at leasky apart), and small enougtthe potential betweeNl  andM y is approximated by assuming that
andy are single pseudo atoms centered at the center of gravity,oiindM y, respectively, and takingvl xjjM yj bij:rffy as

1For an input of sizen, an event E occurs w.h.p. (with high probability) if, for aay 1 andc independent of, Pr(E) 1 e

2The actual complexities also depend onvoand log logw, respectively, wheres is the RAM word size (e.g., 32 or 64) of the machine, which isastant
for a given machine.

Sie., ey + (rx+ ry) < (1+ e=(2+ €)) 8 (rxy (rx+ry)), wherery (resp.ry) is the radius of the smallest ball centered at the atom reofe (resp.y) that
encloses all atom centersxfresp.y).
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Figure 6.1: Approximation of LJ potential in 2D using quaas [9] (i.e., 2D variant of octrees): In the leftmost gurest
bounding box of molecul& (resp. B) represents the root node of the quadtree stofirigesp. B). The smallest boxes in
the middle and the rightmost gures represent quadtree siatieevels 2 (i.e., children of the root) and 3, respectivkt us
assume for simplicity that if two nodes of the two quadtremgadt intersect they are far enough so that the LJ potentialdsn
their atoms can be approximated by treating them as pseotdasaln the leftmost gure the two root nodes (nodeandB)
intersect, and so we move to their children nodes in the raidglre. In the middle gure only node#, andBs intersect, and
so while the potential between the atoms of all ott¥grB;i pairs can be approximated, we need to move to the childréa of
andBs in order to compute the potential between them (see themigsit gure).

the approximated potential, wherg is the distance between the centers of the two pseudo atotherv@se we subdividg
and/ory (i.e., move to their children), and approximate the potdmécursively. Figure 6.1 explains the approach in 2D. The
pseudocode is given in Figure 6.2.

APPROXLI( X; Y)

(Inputs are two octree nodes2 Ta, andy 2 Tg,, and the the output is a oating point numbdt such thaty VvV (1+ ¢e) U, whereU =
a i2M,Aj2 M, ajqiljz bij:rﬁ . By CHILD(X) (resp. CHILD (y)) we denote the set of non-empty octree nodes obtained byvsdibd nodex (resp.
y). We denote byoxy the value of the constaby; for atom types< andY, and byryy the distance between the centersaihdy.)

o

ajj

1. if LEAF(X) N LEAF(Y) then returnéiZMXAjZMy r—llj—z r?ljj_ f exact valug
i A DxyH(rxtry) e % Mx My byy o

2. elseifryy (rx+ry) > dky Ty () < 1+ 5% © thenreturn oy Gxry) f approximatiory

3. else ifLEAF(X) return & cy2 CHILD(Y) APPROXLI( X; Cy) f recursive approximatiog

4, else ifLEAF(y) retum & ., 5 CHILD(X) APPROXLI(CX Y) f recursive approximatiom

5. else returnd €X2 CHILD(X) " Cy2 CHILD (y) ApPPROXLI( cX; CY) f recursive approximatiog

APPROX.J ENDS

Figure 6.2: Recursive approximation o8lizm,~ j2m, a;jzriljz bij=rjj to within a factor of 1+ e.  The initial call is

APPROXJ( ROOT(T p,); ROOT(Tg,) ) for the approximation oizac~ joB, @j=Ti bij=rf .

In order to obtain an upper bound on the time required for @pgpratingLJ(Ax; By) we assume that the initial bounding

box of bothAx andBy have exactly the same size, and each non-root node of thedinges has at least one sibifaghen it

can be shown that each noxi2 T 5, will be paired withO é nodes ofT g, of the same or larger size during recursive calls,

and vice versa. In order to see that this is indeed the cagposa the diameter of the smallest ball containing node (i.e.,
equal to the length of the longest diagonakgf Then a nodg 2 T g, of the same size will be paired wiktfor approximating
the potential by treating both nodes as pseudo atoms prbtige(center-to-center) distangg, between them is in the range

[e%; 2eM), wheree®= (%% 1)=(e® 1), ande®= ( 1+ e=(2+ €))*™°. Since the volume of nodgis Q d3 , there can be

4if not, we directly connect the node to its nearest ancebttrhas at least two children.
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(@] 315 such nodes within that range. Also since each internal nb@igpis assumed to have at least two children, the number
of nodes ofT g, larger thany with which x can be paired as pseudo atom is also bounde@ b% . Observing that there
areO (jAxj) (resp.O (jByj)) nodes inT a, (resp.Tg,), and taking the construction times of the octrees into aetdhe total
running time of the algorithm for atom-type pdiX;Yi is O jAxjlogjAxj+ jByjlogjByj+ glg(ijj + jByj) . Summing over

all possible pairs of atom types, the total running time fop@ximatingLJ(A;B) is O é + log(Ma+ Mg) (Ma+ Mp) .

However, assuming that the octrees are already constrircgegreprocessing stépthe running time of the algorithm is only
%(Ma+ M) .

6.4 Coulombic

Long range Coulomb potential plays a role in forming staldmplexes due to partially charged bio- molecules and solven

atoms, and is given bQ = &;; e )Jr Assuminge(rij) = rij, Q is also approximated &%;. Jqqu—r where pairwise

interactions fall off more sharply W|th d|stance.

Ij’

We can obtain an approximatid@® of Q using an algorithm similar to the+ e approximation algorithm in Section
6.3. Since contributions due to positive and negative pagwotentials tend to cancel out the algorithm does notagiee a
multiplicative (i.e., I+ €) error bound. Instead the error bound can be obtained asv®lISuppos® = Qp Qy , Where
Qp (resp.Qp ) is the sum of all positive (resp. negative) pairwise pagatin Q. Now if Q > 0, then simple algebraic

manipulations showth@ eQp Q° Q+ eQp . Similarly, ifQ < Otheboundi®) eQn Q0 Q+ eQyn . We
cannot guarantee an error boun@if= 0.

6.5 Dispersion

The solute-solvent van der Waals interaction energy (atsmwk asdispersion energyis modeled as [7, 25]Eqw(s-s)=

roaM; o I(a“ (xi;r)d3r, wherer g is the bulk density, and(a“)(xl,r

the interaction between atoin2 [1; M] and the solvent. ThuB,gw(s-s)= foa|= 1 exﬁ(ﬁr.
1

The following discrete surface formulation of the equatdaove is obtained by applying the divergence theorem and-Gau

sian quadratureE,gu(s.sy = é?ﬂléﬂlwk%. If R is the Born radius of atomncalculated using thef-approximation,

thenEydw(s-s) foilro’»2 5{\41 %

Therefore Eyaw(s-s)can be approximated i@ MlogM + M=¢® time andO (M) space usingn= O (M) quadrature points
and the technique described in Section 6.6.2 for the simedtas approximation of Born radius of all atoms in a molecule
wheree > 0 is the approximation parameter used for Born radius agpration. In fact,Eyqw(s-s)can be approximated slightly
(a constant factor) faster than approximating all Bornirsidice we do not need to approximate the Born radius intdgral
each atom and instead we can simply compute the sum of thieggais. The simpli ed pseudocode is given in Figure 6.3.

The algorithm runs i© M=e3 time if the octrees are already available.
NFFT based Fast SummationThe inner summation in the discrete surface formatidhaf;s-sycan be written asi i ; wi (:rkk XQJQk =
Y
ALy e x;ékzl% VAR 1 i zak_ljrw J6,where,xl hxi;yi; zi andn, = M nY; ni. The summations on
the right hand side are of the common foB(xi) = &L, g(Xi  rk),i2 [L;M], withg(x; r) = 15x; rj®and coef cients
Ck = Wilk Ni, W%, Wknf: andwknﬁ for the 1st, 2nd, 3rd and 4th summation, respectively. Adhdd(x;) for i 2 [1;M] can be

5e.g., in rigid-body pairwise docking, where LJ potentiat@nputed for numerious relative translations and ori@natof the same two input molecules,
the octrees can be constructed only once, and the locatfoihe @ctree nodes can be transformed on-the- y during g@kapproximation based on the
relative transformation of the two molecules.
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APPROXDISPE( A; Q)

(?sq pi;Eq- BY Pa = MXa;Ya;zai we
denote the center of an atamwhile by pq = hXg; g Z9i , Wg andng = nxg; nyg; nZ;i we denote the location of a quadrature pajniveight assigned tq, and the
unit outward normal on the molecular surfacejatespectively. Byxa;Ya;Zai (resp.xg;Yq; Zoi ) we denote the geometric center of the atoms (resp. integrat
points) unde (resp.Q). By ra (resp.rq) we denote the radius of the smallest ball centerdulala; zai (resp.hxg;yo; zoi) that encloses all atom centers (regp.
integration points) undek (resp. Q). The distance between the geometric centes afdQ is given byraq. We also assumexg = &g WqhXg. Similarly for
18/, and@zy. By CHILD (A) (resp.CHILD (Q)) we denote the set of non-empty octree nodes obtained byviting nodeA (resp.Q), andMa (resp.mg) denotes
the number of atoms (resp. integration points) under ottesp.Q).)

(For the given nodd in the atoms octree and no(in the integration/quadrature points octree approxidgté&Aéquwq

. a0t (ratrq) 1 .
1. ifrag (ra+rg)>0~ KA QLS (14 )6 then ffar enough to approxim
aq (ratrg) o (arie) - (1@ g pproximage
return %0 Mamo (' (xa XQ)* @Yo (séA o)+ ' (24 20))
(rAQ)
2. elseifLEAF(A) N LEAF(Q) then ftoo close to approximate; compute exact valup

wg(mg (a_xg)+nyg (Ya_yg)* nzq (za_2q))

r o 2
return -2 4,78
3 da2Adq2Q (raq)

3. else ifLEAF(A) then return & g0 ¢ p(q) APPROXDISPE( A; Q%) frecurseon @
4. else ifLEAF(Q) then return 8 p0, ¢y p(a) APPROX DISPE( A% Q) frecurse on A
5. else returna a0 o (a) & Q2 crio(q) APPROXDISPE( A% Q°) frecurse on A and @

APPROXDISPE ENDS
Figure 6.3: Octree-based algorithm for approximating the dispersioergy. Given the atoms octrée, and quadrature/integration
points octre€T o, the dispersion energy can be approximated (controlled given approximation parameter> 0) by making calling
APPROXDISPE( ROOT(T 5 ); ROOT(T)).

simultaneously approximated using the NFFT based fast atiomtechnique [15]i© M+ m+ n®logn time , wheren® is
the size of the NFFT grid. HencEyqw(s-s)Can also be approximated within the same asymptotic timad.ou

6.6 Generalized Born

In this section, we describe a method for fast computatioth@fGB solvation energy, along with the energy derivativas f
the solvation forces, based on a discrete and continuum Innbttee molecules (Figure 6.4). An ef cient method of sanmgji
guadrature points on the nonlinear patch is given. We alew ¢hat the error of the Born radius calculation is contrb sy
the size of the triangulation mesh and the regularity of teequalic function used in the fast summation algorithm. Tiheet
complexity of the forces computation is reduced from thgiodl O(MN + M?) to nearly linear timeO(N+ M + ndlogn+
MlogM), whereM is the number of atoms of a moleculjs the number of integration points that we sample on theasarbf
the molecule when we compute the Born radius for each atodm &a parameter introduced in the fast summation algorithm.
The fast summation method shows its advantage when it isegiol the Born radius calculations for macromolecules,rehe
there could be tens of thousands or millions of atoms,Mueduld be even larger. In the fast summation method, one arédn
to choose a smatt which is much smaller thalkl andN to get a good approximation, which makes the new fast suromati
based GB method more ef cient.

6.6.1 Fast solvation energy computation
Method

Similarly to what is done for other GB models, we u8&)(as the electrostatic solvation energy function. Beforecamn-

pute (??), we need to rst compute the effective Born radisfor every atom which re ects the depth a charge buried inside
the molecule (Figure: 6.5). An atom buried deep in a molebakea larger Born radius, whereas an atom near the surface has
a smaller radius. Hence surfactant atoms have a strongecinop the polarization. Given a discrete van der Waals (vdW)
atom model, as long as we kndiyfor each atom, we can comput&? by using the fast multipole method (FMM) [11] with

the time complexityO(MlogM). However the Born radii computation is not easy and is vanetconsuming. There are
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Figure 6.4: Top left: the discrete van der Waals surface m@B6 atoms); top middle: the triangulation of the contirmuu
Gaussian surface model with 6004 triangles; top right: dwularized triangular mesh where the quality of the element
improved (making each as close as possible to an equilatenagjles); bottom left: the continuum ASMS model genatate
from the triangular mesh up right; bottom right: the molecidurface rendered according to the interaction with tiheesbd
where red means strong and blue means weak interaction.

various ways of computing the Born radius as summarized]inT[Bese methods can be divided into two categories: volume
integration based methods and surface integration bastrebd® In general, the surface integration methods are efaient

than the volume integration methods due to the decreaseshdion. So we adopt the surface integration method givetOh [

to compute the Born radius:

z

L. 17 x) n(r) o .
RY= o o x9S T LM (6.13)

whereGis the molecule-solvent interface, is the center of atorry andn(r) is the unit normal on the surfaceratnd we use
ASMS as the model d&.

Figure 6.5: The effective Born radius re ects how deep a ghas buried inside the molecule. The Born radius of an atom
is small if the atom is close to the surface of the moleculleentise the Born radius is large therefore has weaker ictiera
with the solvent.

Applying the Gaussian quadrature, We compute (6.13) nualdyri

1 & (re x) n(ry) .
1 i = e )
R _4p @ Wk—jrk X i=1::5M; (6.14)

wherewy andr are the Gaussian integration weights and nodeG (ffigure 6.6).r are computed by mapping the Gaussian
nodes of a master triangle to the algebraic patch via thefivtamationT . Let r(k’ andvvﬁ be one of the Gaussian nodes and
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(a) 1PPE (b) 1ANA (c) IMAG

(d) 1CGlL_|

Figure 6.6: Gaussian integration points on the surfaceatgpr (a) 1PPE, (b) 1ANA, (c) 1IMAG, and (d) 1CGI_l. The sudac
are partitioned into 24244 triangular patches for (a), ZB8ngular patches for (b), 30624 triangular patches ¢y énd
29108 triangular patches for (d). There are three Gaussiadrgture nodes per triangle. The nodes are then mappethento

ASMS to form the red point cloud.

weights on the master triangle. Then the corresponding npdad weightwy arery =T (rf(’) andwy = WEjJ(T )j where
jI(T )j is the Jacobian determinant df.

We formalize (6.14) in two steps. First we split it into tworfsa

N .
R 1= L g Wi n(rg 4i g Wi n(rg. (6.15)

S 4p 2y ne xijt P Zq Tk Xij*

Then we split the second summation in (6.15) into three corapts:

K
N owiexi n(r) Xig wink .\ N vk . N wenk (6.16)
- A - P — ] FEEE——Y A .
e Ik xij# et xit o T Dyine xit o T i xift

The rst summation in (6.15) and the three summations ingpviithout the coef cients in front are of the common form:

N
G(x)= & aglxi Y 1= LM (6.17)
k=1
with the kernel functiomy(x ) = m and the coef cient = W n(ri), wink, wink, wink, respectively. (6.17) can be
ef ciently computed by using the fast summation algorithmtréduced in [15] with complexitP(M + N+ ndlogn), wheren

is a parameter used in the fast summation algorithm.

Fast summation

The fast summation algorithm is published in [15]. For caneace, we discuss this algorithm in this section brie y.eTfast
summation algorithm is often applied to compute the sunonatof the form
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N
G(x)= & ag(xi rY); i= LM, (6.18)
k=1
where the kernel functiogis a fast decaying function. Cutting off the tailgfone can assume that the suppog &f bounded.
In our Born radii computation, since the distance betwegemndr is no less than the smallest radius of the atoms, there is no
singularity ing. Without loss of generality, we assume rg2 P :=[ %; %]3. After duplicatingg in the other intervalgy can
be extended to be a periodic function of period onB¥and this periodic function can be decomposed into the Foseiges:

gix r)= Q gwePWwk (6.19)

w2ly

R .
wherely := f (wy; wo; ws) 2 Z3gandgw = p g(x)e 2PWX dx. We approximate (6.19) by a truncated series:

gx 1) A gwe'* W (6.20)

w2ln

wherel, ;= f (wy; wo; ws) 2 Z3: 2w < 9g. We compute the Fourier coef cients, numerically by

1

gw= 5 8 o(he PMIT waly (6.21)

j2ln
by using the fast Fourier transform (FFT) algorithm with qexity O(n®logn).

Plugging (6.20) into (6.18), we get
| |

N . . N o .
G(x) é Cx é gwezf:”(xi Now  — é Ow é oe 2piwry 2piwX;
k=1 w2y w2l 1
= 3 gwawe™" (6.22)
w2l

where
N

aw= § ce PWk (6.23)
k=1
(6.22) is computed by using the NFFT algorithm with compexd(n®logn+ M) and (6.23) is computed by the NFFT
algorithm with complexityO(n®logn+ N). Hence the total complexity of computing (6.18)3N + M + n®logn), which is
signi cantly faster than the the triviadD(MN) summation method once the number of terms in the Fourieeseiis much
smaller tharM andN. We explain the NFFT algorithm, the NFEBRIgorithm, and the error computations in the Related Math
section at the end of the chapter.

6.6.2 Fast solvation energy computation using Oct-Trees

we rst describe arO (M logM) algorithm for fast approximation of the Born radii of & atoms in a molecule, followed by
anothetO (M logM) time algorithm for approximatingyo from the approximated Born radii.

Born Radii

LetA be aset oM atoms in a molecule, and I& be a set om= O (M) Gauss quadrature points (denoted g-points) sampled
on the MS. For eachj 2 Q, letrig = wgng, whereng is the outward unit normal on the MS at pomtandwy is the weight
assigned ta@.

Our approach is to use a near and far decomposition of theeglisrmA andQ . Hence, we build two octreds, andT g
for A andQ, respectively (see Figure 6.8).
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Figure 6.7: In our Born radius approximation algo-
rithm we construct two octrees: one for the atoms in
the molecule, and the other for the quadrature points.
Born radii of all atoms are approximated by simul-
taneous recursive traversal of both octrees. Here the
octrees are drawn as quadtrees [9] for simplicity.

Figure 6.8: In our Born radius approximation algo-
rithm we construct two octrees: one for the atoms in
the molecule, and the other for the quadrature points.
Born radii of all atoms are approximated by simul-
taneous recursive traversal of both octrees. Here the
octrees are drawn as quadtrees [9] for simplicity.

We traversel o andT g simultaneously starting at their root nodes, and collegtapproximated integrals at appropriate
internal nodes o , and atoms ofA . Suppose at some point during this traversal we are at AaofeT o and nodeQ of
Tq. Letra (resp.rqg) be the radiusof A (resp.Q). If AandQ are far enough, i.e., the distance between their centeasgen

1=4
than(ra+ ro) % for some user-de ned approximation parameter 0, then the contribution of all g-points i@ to

the Born radius integral of each atomArcan be approximated by treatidg(resp.Q) as a single pseudo atom (resp. pseudo
g-point) centered at the geometric center of the atoms (cggpints) under it, and assuming = & 4> fig. This approximated
contribution is collected if\. If A andQ are not far enough but at least one of them is a nonleaf, wegeaising the children

of the nonleaf/nonleaves. If both are leaves then we conthateontribution exactly using the atoms unéeand the g-points
underQ, and collect it in the respective atoms. Finally, we tragdrg top-down and add the collected partial integrals to each
atom from its ancestors and compute its Born radius fromethesumulated values. The pseudocode is given in Figure 6.9.

The accuracy and running time of the algorithm depends oapipeoximation parameter> 0. The smaller the value of
e is the more accurate the approximated Born radii are, anthtere is the faster the algorithm runs. The running time is
dominated by the time required for approximating the intBoas between the atoms and the g-points through the simedius
traversal of the two octrees. The analysis of the running fisnsimilar to the one given in Section 6.3 for approximatidg

potential, and can be shown to @ Mlogm+ mlogM + é (M+ m) which reducest® MlogM+ M=e® form= O (M).
Assuming the octrees are already available, the runningisronlyO M=€® . The algorithm use® (M) space.

Polarization Energy

Our algorithm is based on near and far decomposition of thengset of atoms using octrees. Consider aAsaif M atoms
with Ryin andRnax being the minimum and the maximum of the Born radiAin respectively. Now given an approximation
parametee > 0, we divide the atoms intMe = 109y, o (RmaxRmin) = O (logM) groups, and place each atanwith Born
radiusRa 2 [Rmin(1+ €)%; Rmin(1+ €)¥*1) in groupk 2 [0;Me), and approximat®, with Rmin(1+ €)X. We build an octred o

as in Section 6.6.2. For every noA€ T and 0 k< Mg, we precomput@a[kK] = & a2p) » (a2groupk) da- \WE now traverse
T a simultaneously using two pointers both of which initiallgipt to the root node oT 5 . Suppose at some point during
this traversal the two pointers point to nod¢sandV. We rst check if bothU andV are leaves, and if so, we compute the
interaction between the two sets of atoms uridemdV directly using actual charges, Born radii and inter-atodigtances.
Otherwise if the two nodes are far enough from each othentieesiction between the set of atoms under them is approgdnat
using the approximate Born radii described above and the cfuchargesgy andqgy. If the two nodes are too close for
approximation, we recurse on the nonleaf node(s). The ps®att is given in Figure 6.10.

As with most other algorithms in this paper the performarfais algorithm depends on the approximation parameter
with smaller values resulting in better approximations kmder values leading to better running times. The algorithns in

6i.e.,ra = radius of the smallest ball centered at the geometric ceftie atom centers iA that encloses all atom centers/of
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APPROXINTEGRALS( A; Q)

(For each atona under the subtree rooted at the given néda the atoms octree approximeﬁngwqw. By pa = MXa;Ya; Zai we denote the center of ap
atoma, while by pq = g, Yq; Zgi , Wg andng = nxg; nyg; nZ;i we denote the location of a quadrature pajniveight assigned tq, and the unit outward normal o
the molecular surface af respectively. ByXa; ya; zai (resp.hxg; Yo; zgi) we denote the geometric center of the atoms (resp. integrabints) undeA (resp.Q).

By ra (resp.rq) we denote the radius of the smallest ball centerduaya; zai (resp.hxg; yo; Zoi ) that encloses all atom centers (resp. integration poimtdgrA

(resp.Q). The distance between the geometric centes@fidQ is given byrxq. We also assumexg = 8 g2qWqnXg. Similarly for @y, andez,. Each atona has
two elds s, andc,, and each nodA in the atoms octree has elds andcy, all of which are initialized to zero. The approximated sunadded tes, provided
A andQ are far enough in space so that the sum can be approximatssheddy well (controlled by an approximation parameter 0). Otherwise the sums are
computed recursively and added to gheld of appropriate descendants &f We also approximate a correction temgwqw and add it taca or thec
eld of the appropriate descendantsAfBy CHILD (A) (resp.CHILD (Q)) we denote the set of non-empty octree nodes obtained bywvdibd nodeA (resp.Q).)

1. ifrag (ratrg)>01" raQ* (Ta*ro) > (1+ e)% then f far enough to approximate
g aq (ra*rQ)

XD= XA XQ, YD= YA Yo D=2Za Zo

X+ + X+ +
SA= Sat BQ XDt ®Q YD EZD’ CA= Ca+t ®Q X0t ®Q YD* ®Q

('AQ) (raQ)
2. elseifLEAF(A)  LEAF(Q) then ftoo close to approximate; compute exact valup
for each atona2 Ado
for each quadrature poigt2 Q do
Xg=Xa Xq» Yd=VYa Yq» Zd= Za Zy

wq (g Xg* NYg Y+ % 7) wq (g Xg* nYa Yt 2 7)

ST St (ra)? 1 = Gt (rai)”
3. else ifLEAF(A) then 8Q°2 cHILD(Q) : APPROXINTEGRALS( A; Q°) frecurse on @
4. else ifLEAF(Q) then8A%2 CHILD(A) : APPROXINTEGRALS( A% Q) frecurse on 4
5. else8A°2 cHILD(A) 8 QY2 cHILD(Q) : APPROXINTEGRALS( A% QP) frecurse on A and @

APPROXINTEGRALS ENDS

PUSH-INTEGRALS-TO-ATOMS( A; S, C)

(Ais anode in the atoms OCtre®s & x0, acesrorga) Sa0ANAC= & A% ancestorga) Ca0- This function pushes+ sa andc+ ca to each descendant &f If Ais a leaf
it computes the Born radius of each atar A usings+ sa+ s; andc+ ca+ cd.%

8 9
2 2
1. if LEAF(A) then8a2 A: R, = max_ ra; L S f compute Born radii of A's atongs
- Sa+ St ca+ctC, 2
L St et
2. else8A’2 CHILD(A) : PUSH-INTEGRALS-TO-ATOMS( A% s+ sp; C+ Ca) f push integrals to A's descendagtq

PUSH-INTEGRALS-TO-ATOMS ENDS
Figure 6.9:Octree-based algorithm for approximating Born radii. Gitlee atoms octre€ 4 and quadrature/integration points octeg,
the Born radii of all atoms ifT 5 can be approximated (controlled by a given approximatiaampatere > 0) by making the following
sequence of function calls: PROXINTEGRALY ROOT(T p ); ROOT(T g) ), and RISH-INTEGRALS-TO-ATOMY ROOT(T 4 ); 0; 0).
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APPROXEpo(U; V)

(For two given nodet) andV in the atoms octre& o approximate the part &y resulting from the interaction between the set of atoms ubdandV. By
(xu;Yu;2zu) we denote the geometric center of the atoms utdeBy ry we denote the radius of the smallest ball centergokatyy ;zy) that encloses all atom

centersunddd. For any atonu 2 U, its center, radius, charge and Born radius are givefxfyu; zu), r'u, qu andRy, respectively. For 0 k< Me = l0gy, o %nx ,
qulKl= é(uzu) A (Ru2[Rynin(1+ OK:Royin(L+ @)+ 1)) Gus whereRpin andRyax are the minimum and the maximum Born radius among all atoms.iBy CHILD (A) (resp.
CHILD (Q)) we denote the set of non-empty octree nodes obtained byvadibd nodeA (resp.Q).)

1. if LEAF(U) " LEAF(V) thenreturn £ & o0y » (2v) Lﬁ fexact valug
v
rhv+ RuRve JRURY

2. elseifryy > (ry+ry) 1+ 2 thenreturn §&g ijcme ¥ i av(il f approximate

e 2
"Ov

rL2JV+ Rmin(L+ )i* | eRmin(1+ )"

3. else ifLEAF(U) then return o cuupv) APPRox—Epol( U; VO frecurse on\g
4. else ifLEAF(V) then return& o ¢ puy APPROX Epol( utv) frecurse on U
5. else returna o cuio()) » (vecrio(vy APPROX £, (US VO) frecurse onU and g

APPROXEpol ENDS

Figure 6.10:Octree-based algorithm for approximatifigy from Born radii. Given the atoms octrées with all Born radii already
computed,Epg can be approximated (controlled by a given approximatiorampatere > 0) by making the following function call:
APPROXEpo( ROOT(T A ); ROOT(TA)).

0] 315 MlogM time, and use® (M) space.

6.7 Possion Boltzman
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Related Work

Generalized Born

Because the GB calculation is much faster than solving thedtEtion, the GB model is widely used in the MD simulations.
Programs which implement the GB methods include CHARMM [¥3hber [2], Tinker [17], and Impact which is now part
of Schrodinger, Inc.'s FirstDiscovery program suite. E¥leough the GB computation is much faster than the PB model, th
computation of the Born radiug is still slow. During the MD simulation, the Born radii neaallie frequently recomputed at
different time steps. Because this part of computationdgitne-consuming, there are attempts to accelerate the MDIation

by computing the Born radii at a larger time step. For exampl§4] in their test of a 3 ns GB simulation of a 10-base pair
DNA duplex, they change the time step of computing the Borii @nd long-range electrostatic energy from 1 fs to 2 fs.
This reduces the time of carrying out the simulation fromB8izhours to 7.16 hours. From this example we can see that the
calculation of the Born radii takes a large percentage af timputation time in the MD simulation. In the long dynamios,
this decrease in the frequency of evaluating the effectimeBadii are not accurate enough to conserve energy whithats
the MD simulation of the protein folding process to smallgiscale [21]. Hence it is demanding to calculate the Borni radi
and the solvation energy accurately and ef ciently.
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Relevant Mathematics

Gaussian surface, Triangular mesh and Algebraic spline malcular surface (ASMS)
See Chapters 2 and 3.

Oct-tree

Numerical Integration
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Chapter 7

Forces

Force eld, used for molecular mechanics simulation, is taf@arameters and functions describing the potentialgnef
a system atoms. The functions and parameters are derivedoioth experimental work and high-level guantum mechanical
calculations.

In CHARMM, the potential energy function has the form

E= § Ko(b bo)?+ & Kus(S )%+ & Kg(@ qo)?
UB

bonds angle

+ & Kc(l+cognc d)+ A Kmp(f fo)?

dihedrals impropers
12 6
o Rmini- Rmini~ qiqj
+ a & — — + — (0.1)
nonbond Fij Fij erij

whereKy, Kyg, Kq, K¢, andKimp are the bond, Urey-Bradley, angle, dihedral angle, and agr dihedral angle force con-
stantsh, S, q, ¢, andf are the bond length, Urey-Bradleu 1,3-distance (the digtéetween atoms separated by two covalent
bonds), bond angle, dihedral angle, and improper torsigteariThe symbols with subscript zero represent the eqilitor
values.n is the multiplicity of the rotor (e.g., 3 for a methyl group)ad is the phase angle. The above terms are referred to as
the internal parameters. The Coulomb and Lennard-Jongsdinis are the external or nonbonded interactiasis the LJ
well depth and?mmij is the mininum interaction radius. The dielectric cons&ist1 in the energy function. Different versions
of CHARMM have different optimization strategies for therpmetery, Kug, Kq, Kc, Kimp, o, S0, qo, n, d, fo, G, 6j, and
Rmin; - CHARMM 19 [?] treats polar hydrogens (i.e. H atoms on N and O) explicitig aydrogens bonded to S and C are
treated as parts of the extended atom (e.g.3 GHreated as a single atom), while CHARMM 22 pnd CHARMM 27 7]
include all the atoms explicitly. Comparing CHARMM 22 and B8RMM 27, the latter yields a better representation of the
equilibrium between the A and B forms of DNA and the A form of RN

The potential energy function of AMBER] has the form

o o o Vi
E= 3 Ko(b bo)?+ @ Ke(q o)+ & En(1+ cognf  d))

bonds " angle # dihedrals
v o8 A Bi, a9 (0.2)
ri2 8 er
nonbond "ij ij 1]

The major difference between the energy function of CHARMiMI AMBER force eld is that AMBER omits the Urey-
Bradley terms. Amber 997] is developed to minimize the number of torsion energies exténd the additive force eld
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described by (0.2) to a nonadditive model by adding the prdtion energy of the form

1,
Epo= 5d mE (0.3)
|
m= ajE (0.4)
Ei=E’+ & Tim (0.5)
i6i
o i
E=aa— (0.6)
isi i
2
Tij = el (0.7)

i
The improvement of AMBER 03 is that it can deal with condenisage simulations of proteing][

The strategies to assign partial charges of CHARMM and AMEERalso different. For CHARMM, the partial atomic
charges are optimized by minimizing the interaction ereergind geometries between a water molecule and the chemuoaky
in a variety of orientation?]. For AMBER, the partial charges are assigned using a liestilgelectrostatic potential t (RESP)
model [?] which imposes symmetry on the hydrogens and constrainshtarge on the central iron. CHARMM force eld is
optimized for molecular dynamics simulations with the TRR8ater model (explicit solvent®], while AMBER force eld is
optimized for the model with continuum solvef[ According to [?], simulation with an explicit representation of solventlan
counterions, as well as periodic boundary conditions, lhaem the predominant method of applying MD simulation tdeiac
acid.

In Molecular dynamics (MD) simulations, atomic trajecewiare computed by solving equations of motion numerically
using the force elds?].

7.1 Energetic derivatives

7.2 Area, Volume Derivatives
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Chapter 10

Molecular Machines

10.1 Virus

Viruses are one of the smallest parasitic nano-objectsitieatgents of human disease [39]. They have no systemstislatiag
RNA, ATP generation, or protein, nucleic acid synthesisl, tierefore need the subsystems of a host cell to sustaireplicate
[39]. It would be natural to classify these parasites adogrtb their eukaryotic or prokaryotic cellular hosts (gatant, animal,
bacteria, fungi, etc.), however there do exist viruses twhiave more than one sustaining host species [39]. Curremnilges
are classi ed simultaneously via the host species(AlgaehAe, Bacteria, Fungi, Invetebrates, Mycoplasma, Pl&nttozoa,
Spiroplasma, Vetebrates), the host tissues that are @dfettie method of virial transmission, the genetic orgaiinaf the
virus (single or double stranded, linear or circular, RNARNA), the protein arrangement of the protective closed £oat
housing the genome (helical, icosahedral symmetric nucégsids), and whether the virus capsids additionally laafuether
outer envelope covering (the complete virion)[39]. Tabkufnmarizes a small yet diverse collection of viruses aridnar[1].
The focus of this article is on the computational geometrozieding and visualization of the nucleo-capsid ultradtrces of
plant and animal viruses exhibiting the diversity and getrimelegance of the multiple protein arrangements. Addiily, one
computes a regression relationship between surface aeenelosed volume for spherical viruses with icosahegrahsetric
protein arrangements. The computer modeling and quandit@ichniques for virus capsid shells ultra-structuré wWeareview
here are applicable for atomistic, high resolution (lessith A) model data, as well as medium (5 A to 15 A) resolution map
data reconstructed from cryo-electron microscopy.

10.1.1 The Morphology of Virus Structures

Minimally viruses consist of a single nucleocapsid made roftgins for protecting their genome, as well as in facilitgt
cell attachment and entry. The capsid proteins magicalfyassemble, into often a helical or icosahedral symmehiell
(henceforth referred to as capsid shells). There do exigrakexamples of capsid shells which do not exhibit any glob
symmetry [1], however we focus on only the symmetric capklls in the remainder of this article.

Different virus morphologies that are known, (a small santpincluded in Table 10.1) are distinguished by optional
additional outer capsid shells, the presence or lack of @snding envelope for these capsid shells (derived oftemfihe
host cell's organelle membranes), as well as additionakpme within these optional capsids and envelopes, thateressary
for the virus lifecycle. The complete package of proteingleic acids and envelopes is often termed a virion.

The asymmetric structural subunit of a symmetric capsidl shay be further decomposable into simpler and smaller
protein structure units termed protomers. Protomers cbald single protein in monomeric form (example TMV), or form
homogeneous dimeric or trimeric structure units (exam@¥/ R These structure units also often combine to form symimet
clusters, called capsomers, and are predominantly disghgble in visualizations at even medium and low resatutiibus
structures. The capsomers and/or protomeric structuts pack to create the capsid shell in the form of either hietica
icosahedral symmetric arrangements.
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Name Family Host NA Symmetry | Shell Modality
(M (E?) | (resin A)(pdbid)
Tobacco mosaic [8, 29] Tobamoviridae | P sR (L) He 1(n) X(2.45) (1ei7)
Ebola [38] Filoviridae \% sR (L) He 1(E) X(3) (1ebo)
Vaccinia [12] Poxviridae Y dD (L) He 1(E) X(1.8) (1luz)
Rabies [25] Rhabdoviridae | V sR(L) He 1(E) X(1.5) (1vyi)
Satellite tobacco necrosis [23] Tombusviridae | P sR (L) Ic (1) 1(n) X(2.5) (2stv)
L-A (Saccharomyces cerevisiae) [27] Totiviridae F dR (L) Ic (1) 1(n) X(3.6) (Imic)
Canine parvovirus-Fab complex [40] Parvoviridae \% sD (L) Ic (1) 1(n) X(3.3) (2cas)
T1L reovirus core [32] Reoviridae Y dR (L) Ic (1,1) 2(n) X(3.6) (1ej6)
T3D reovirus core [36] Reoviridae \% dR (L) Ic(1,1) 2(n) X(2.5) (Imuk)
P4 (Ustilago maydis) [21] Totiviridae P dR (L) Ic (1) 1(n) X(1.8) (1kp6)
Tomato bushy stunt [19] Tombusviridae | P sR (L) Ic (3) 1(n) X(2.9) (2tbv)
Cowpea Chlorotic Mosaic [34] Bromoviridae P sR (L) Ic (3) 1(n) X(3.2) (1cwp)
Cucumber mosaic [34] Bromoviridae P sR (L) Ic (3) 1(n) X(3.2) (1f15)
Norwalk [31] Caliciviridae Y sR (L) Ic (3) 1(n) X(3.4) (1ihm)
Rabbit hemorrhagic disease complex [30] Caliciviridae \% sR (L) Ic (3) 1(n) X(2.5) (1khv)
Galleria mellonella denso[33] Parvoviridae I sD (L) Ic (1) 1(n) X(3.7) (1dnv)
Semiliki Forest [24] Togaviridae LV sR Ic (4,1) 2(E) C(9) (1dyl)
Polyoma [11] Papovaviridae | V dD (C) Ic (7D) 1(n) X(2.2) (1cn3)
Simian [35] Papovaviridae | V dD (C) Ic (7D) 1(n) X(3.1) (1sva)
Papillomavirus Initiation Complex [15]| Papovaviridae | V dD (C) Ic (7D) 1(n) X(3.2) (1ksx)
Blue Tongue [16] Reoviridae \% dR (L) | lc(2,13L) | 2(n) X(3.5) (2btv)
Rice dwarf [28] Reoviridae P dR (L) | lc(2,13L) | 2(n) X(3.5) (1uf2)
T1L reovirus virion [22] Reoviridae Y dR (L) | lc(2,13L) | 2(n) X(2.8) (1jmu)
Simian rotavirus (SA11-4F) TLP [17] Reoviridae \% dR (L) | lc(2,13L) | 2(n) X(2.38) (11j2)
Rhesus rotavirus [13] Reoviridae Y dR (L) | lc(2,13L) | 2(n) X(1.4) (1kqr)
Reovirus [44] Reoviridae \% dR (L) | le(1,13L) | 2(n) C(7.6)
Nudaurelia capensis w [18] Tetraviridae I sR (L) Ic (4) 1(n) X(2.8) (1ohf)
Herpes Simplex [9] Herpesviridae | V dD (L) Ic (7L) 1(E) X(2.65) (1jma)
Chilo Iridescent [42] Iridoviridae I dD (C) Ic(147) 1(E) C(13)
Paramecium Bursaria Chlorella [42] | Phycodnaviridag P dD (L) | Ic(169D) | 1(E) C(8)
HepBc (human liver) (nHBc) [41] Hepadnaviridae| V dD (C) Ic(4) 1(E) X(3.3) (1qagt)

Table 10.1: Helical and Icosahedral Viruses and Viral sittstructures: (1) Name and structure reference are giveqguare
brackets (2) Family nomencleature from the ICTV databagel(3t types are P for Plant, V for Vertebrate, | for Inversgby

F for Fungi (4) Virus Nucleic Acid (NA) type is single strardi®&NA (sR) or DNA (sD), double stranded RNA (dR) or DNA
(dD) and linear (L) or circular (C) (5) Capsid symmetry is H€He) or Icosahedral (Ic) with the triangulation numbeieaich
capsid shell in parenthesis (6) The number of capsid shetlsrdnether enveloped (E) or not (n) (7) The acquisition mibgal
X-ray, feature resolution and PDB id in parenthesis.
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@) (b) ©

(d) (e) ®

Figure 10.1: Organization of the Tobacco Mosaic Virus (J)Etith its helical nucleo-capsid shown in (A), (B) and (C).)(A
and (B) are surface rendered, while (C) is volume renderbd.aBymmetric protomeric structure unit is visualized ing€an
implicit solvation molecular surface colored by distanai the helix symmetry axis (D) with a transparent molecslaface
and the protein backbone showing helix secondary strustufg) molecular surface of protomer with the mean curvature
function with red showing positive mean curvature and gneeh negative mean curvature (F) Gaussian curvature fancti
on the protomer molecular surface, with green showing pesiéaussian curvature and the red signifying negative Sans
curvature, displayed on the molecular surface.

The subsequent sub-sections dwell on the geometry of thedodl protomers, and capsomers, as part of a hierarchical
arrangement of symmetric capsid shells.

The Geometry of Helical Capsid Shells

Helical symmetry can be captured by a 4 x 4 matrix transfoionat 4.y parameterized by = (ax;ay;a,), a unit vector
along the helical axis, bg, an angle in the plane of rotation, and by the pit¢lthe axial rise for a complete circular turn.

If P is the center of any atom of the protomer, tH#is the transformed center, af= H P. Repeatedly applying this
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(@) (b) © (d)

(e) (® © (h

Figure 10.2: Organization of Rice Dwarf Virus (LUF2) witlog&ahedral capsid shells. (A) 2D texture based visualizatioche
outer capsid shell showing a single sphere per non-hydratgen, and colored to distinguish individual proteins sutsfB)

the outer capsid shell shown as a smooth analytic moleautterce while the inner capsid surface is displayed usingeg@ute
maps of a union of spheres and colored (C) shows the outeidc@psdisplays the inner capsid (E) shows the icosahedral
asymmetric structure unit of the outer unit (F) displaysittesahedral asymmetric structure unit of the inner unit$@Qws

the protein backbone of the structure unit shown in (E) andsfidws the protein backbone of the structure unit show in (F)

a2(1 cosg)+ cosg  aa(l cosq) asing axa(l cosg)+ aysing aX—Z'E‘l
Haql = | &@(1l cosq) asing  a2(1 cosg)+cosy  aall cosg) asing 27

az

adAl cosq)+ aysing ayall cosy) asing  aZ(l cosg)+ cosg qu
0 0 0 1

transformation to all atoms in a protomer yields a helicatktof protomeric units. The desired length of the helicalleo-
capsid shell is typically determined by the length of thelesed nucleic acids. The capsid shell of the tobacco mosais v
(TMV) exhibits helical symmetry (Fig. 10.1, and 10.3), witie asymmetric protein structure unit or the protomer csiimgj
of a single protein (pdb id 1EI7)

The Geometry of Icosahedral Capsid Shells

In numerous cases the virus structure is icosahedrally stnion The advantage over the helical symmetry structuthds

ef cient construction of a capsid of a given size using theallest protein subunits. An icosahedron has 12 vertices, 20
equilateral triangular faces, and 30 edges, and exhil8t2 Symmetry. A 5-fold symmetry axis passes through eactexea
3-fold symmetry axis through the center of each face, andadd?axis through the midpoint of each edge (see Fig. 10.4).

A rotation transformation around an as ( ay; ay; 8,) by an angley is described by the 4x4 matrix
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Figure 10.3: Helical Symmetry Axis.

Figure 10.4: Icosahedral Transformations showing 5-fold &fold Symmetry Axis.

aZ(1 cosg)+ cosg axay(l cosq) assing
Rar) = | axay(l cosg) asing a.f,(l c0sq) + cosq
axaz(1l cosq)+ aysing ayay(l cosg) axsing

0 0

axaz(1l cosg)+ aysing O
aya/1 cosg) aysing O
a2(1 cosg)+cosg O
0 1

The vertices of a canonical icosahedron are giver{®yy 1; f), ( 1, f;0), (0; f; 1), wheref =(1+ P 5)=2is
the golden ratio. For a 5-fold symmetry transformation abthe vertex0; 1; f) the normalized axis of rotation &=
(0;0:525730:850649 and the angle of rotation ig = 352 yielding a ve fold symmetry transformation matrix

Similarly, one is able to construct ve fold symmetry traaghation matrices for the other icosahedron vertices. dJgie
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0.30902 -0.80902  0.5000
Rs foly = | 0.80902 0.5000  0.30902
-0.5000 0.30902  0.80902

0 0 0 1

generic rotational transformation mati,.r, one is able to construct the three fold transformation icedrvia the rotation

axis passes through the centroid of the triangular faceBeofdosahedron and an angle of rotatiomgof 359 Consider the

triangular face with corners é0;1;f), (1;f;0) and(0;f;1). The centroid is af =3;0; (2f + 1)=3 and the normalized axis of
rotation isa = ( 0:3568220;0:934173 and the transformation matrix

0.30902 -0.80902  0.5000
Rs foly = | 0.80902 -0.5000 -0.30902
0.5000 0.30902  0.80902
0 0 0 1

A polyhedron with faces that are all equilateral triangtesalled a deltahedron. Deltahedra with icosahedral symyraet
classi ed as icosadeltahedra. Any icosadeltahedron ha@sfa6ets, wherd is the triangulation number given By = pf?,
where,P = h?+ hk+ k? for all pairs of integers andk which do not have a common factor, afds any integer [Caspar
and Klug 1962]. The possible valuesBfare 1 3;7;13;19;21;31;37;:::. In Fig. 10.5(A) we display triangles with different
triangulation numbers, for icosahedral virus structures.

With a xed size asymmetric unit the greater the T number ltinger the size of the virus capsid. Each triangular portion
of the icosahedral virus capsid is easily subdivided irgditee asymmetric units, with each unit containing somebioation
of protein structure units (protomers). In total an icoshhevirus capsid has 60T asymmetric units with numerousefimo
structures inter-twined to form a spherical mosaic. In Fif).5 we see that when T=1, each vertex is at the center of a
pentagon, and the capsid proteins are in equivalent envieots, i.e. ve neighbors cluster at a common vertex. Howeve
for icosadeltahedra with larger triangulation numberg, & = 13, there are pentagons and hexagons in the capsid mosaic
(Fig. 10.5). Therefore, even though the capsid proteinst@pners) may be chemically identical, some cluster intofal&-
neighborhood and the others into a 6-fold neighborhood.h3ocally symmetric clusterings of protomers are alterredyi
termed capsomers. In these situations, the proteins arengel global symmetrically equivalent, but only quasiiegient
[10].

10.1.2 Surface and Volumetric Modeling and Visualization
Atomistic Resolution Model Structures

Numerous schemes have been used to model and visualizedbéoutes and their properties [45, 2, 4, 20]. All these défe
visual representation are often derived from an underlg@egmetric model constructed from the positions of atomadbp
chains, and residues information deposited as part of aniat@solution structure of the protein or nucleic acid ia Brotein
Data Bank (PDB). Hence, structural models are designedpesent the primary (sequence), secondary (@ehelices,
b-sheets), tertiary (eq@ b barrels) sub-parts, and quaternary structures of theegmtirtein or nucleic acid.

An early approach to molecular modeling is to consider atasitsard spheres, and their union as an attempt to capture shap
properties as well as spatial occupancy of the molecules iBhgimilar to our perception of surfaces and volume occapan
of macroscopic objects. The top two pictures in Figure 16@\s hard-sphere model visualizations of the twin Rice Dwar
capsid shells, with individual proteins colored diffedgniSolvated versions of these molecular surfaces have pegrosed
by Lee - Richards, Connolly, et al. for use in computatioriathemistry and biophysics. Much of the preliminary work,
along with later extensions focused on nding fast methofigiangulating this molecular surface (or as sometimesrrefi
to as the solvent contact surface). Two prominent obstéelesdeling are the correct handling of surface self-irgetions
(singularities) and the high communication bandwidth meledhen sending tessellated surfaces to the graphics hardwa
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(d) (e) ®

Figure 10.5: Architecture of Icosahedral Viruses: (A) Gasidlug Triangulation Number (T) via a hexagonal latticereén
triangle has T =1 while yellow represents T = 13 (B) shows tharanetric unit of an icosahedron, (C) asymmetric structure
units of the capsid shell (D) a single asymmetric structurié (E) asymmetric unit colored by protein as well as showing
protein backbone. (F) a capsomere consisting of threeipsote/IRUS PDB: 1GWS8).

A more analytic and smooth description of molecular sugeéthout singularities) is provided by a suitable level e
the electron density representation of the molecule. dpatrGaussian kernels have been traditionally used to ithesatomic
electron density due to their ability to approximate electorbitals. The electron density of a molecule withatoms, centered

exponential description of atomic electron density
d 2 (2 d 2 d N2 2
AtOI'T'(X) = e r2((X y)< r9) - ede r2(X y) - AKq(X y)gelec_dens{x) = e r2((X Xj)e r9) - Q]K(X XJ)

The atomic electron density kernels are affected by theausxdof individual atoms and the decay parameterSmooth
and molecular surface models for individual proteins,dtrce units, as well as entire capsid shells can be easilgtaaried
as a xed level set 0Fgjec dendX) = é?":lg]K(x Xj). An array of such structural molecular model visualizagiane shown
as Figures 10.1-10.5 as well as Figure 10.6. Some of thenraisgpiarency on the solvated molecular surface and show the
protein back-bone structure (folded chainaehelices andetasheets).
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@ (b) (©

(d) (e) ®

© (h) @)

@ (k) o

Figure 10.6: Portions of Capsid Shells of Icosahedral \sushowing a signi cant portion of the capsid which propenly
cludes the asymmetric subnit. Note the isosurface is sgl@éotprovide a good capsid surface approximation, whiletaaiing
topological equivalence to a sphere. This makes the susseeand enclosed volume computation directly amenableeto t

calculations reported in the contour spectrum paper.
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Structure Elucidation from 3D Maps

Electron Microscopy (EM) and in particular single partickeonstruction using cryo-EM, has rapidly advanced oveeme
years, such that many virus structures can be resolvedaytit low resolution (10-20 A) and in some cases at sub-maier
(intermediate) resolution (7-10 A) [6, 7].

Symmetries within the virus capsid shells are exploitechbintthe 3D map reconstructions from raw 2D EM images,
as well as in structure elucidation in the 3D map. In many safee 3D maps are of spherical viruses, with protein capsid
shells exhibiting icosahedral symmetry. In these casesgtbbal symmetry detection can be simpli ed to computing th
location of the 5-fold rotational symmetry axes, passimgtigh the twelve vertices of the icosahedron, from which3he
fold symmetry axes for the twenty icosahedron faces and Hfd2symmetry axes for the thirty icosahedron edges can be
easily derived. However determining the local symmetriethe capsomers (structure units) is more complicated, e th
exhibit varied k-fold symmetry, and their detection reggila modi ed correlation based search algorithm [43]. Vadtmc
segmentation methods are additionally utilized to partiticolor and thereby obtain a clearer view into the macremdes
architectural organization. Furthermore, electronycdlksecting the local structure units from a 3D Map allowsftather
structural interpretation (tertiary and secondary faldé¥ualizations from the afore-mentioned local symmeyedtion and
automatic segmentation, applied to a 3D volumetric Map effthrnip Yellow Mosaic virus (pdbid 1AUY), are shown in Figur
10.7.

10.1.3 Quantitative Visualization

The geometric modeling of virus capsids and the individirais/structure units, can be further augmented by the coatipuat
of several global and local shape metrics [5]. While intégi@pological and combinatorial metrics capture globads
properties, differential measures such as mean and Gaussieatures have also proved useful to an enhanced unddirsga
and quantitative visualization of macromolecular stroesu

Integral Properties

Integral shape metrics include the area of the moleculasidegurface de ning the capsid, the volume enclosed by cose
capsid shells, and the gradient integral on the moleculpsidasurface. Given our smooth analytic level set de nitmn
the molecular surface from Section 10.1R2ec dendX) = é?"zlng(x Xj) = const for all the atoms that make up either an
individual structure unit, or the entire virus capsid, arcieht and accurate integration computation for these mstis given

by the contour spectrum [[3]. The surface integrations capdrformed by adaptively sampling the capsid surface using
technique known as contouring [3]. Contouring is often perfed by rst decomposing (meshing) the space surroundiag t
capsid surface into either a rectilinear Cartesian gridhmasetrahedral or a hexahedral mesh. For a tetrahedral, riesh
surface area for the portion of the level set inside a tettedrecan be represented by a quadratic polynomial B-sp8he [
Summing these B-splines over all of the tetrahedra comtgittie capsid surface yields the capsid surface area. Theneol
enclosed by a closed capsid surface is determined by thetdéntegration of the surface area polynomial B-splines.

In Figure 10.8 we display the results of surface area andwelcalculations, and a regression relationship betweemihe
for a selection of spherical icosahedral capsids for vitugctures summarized in Table 10.2. The analytic molecusdiaces
were rst computed, and then surface area and enclosed eolne estimated through B-spline evaluation as statedeabov

Differential Properties

The gradient function of our smooth analytic capsid suriacgmply 5 Fejec dendX) = éJM:lg] 5 K(x xj), the summation
of the vector of rst derivatives of the atomic electron digpsunction. This gradient function is non-zero everywéen the
virus capsid surface (i.e. no singularity). The secondvddties of the molecular surface capture additional dffeial shape
properties and provide suitable metrics. Popular metrieshee magnitudes dflean Curvature Hand theGaussian curvature
G. These are given directly &$ = %(kmin+ kmaxy) andG = kminkmax and are respectively the average and the product of the
twin principal curvatures, namelig,in andkmnay also sometimes known as the minimum and maximum curvagairagoint
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Table 10.2: Icosahedral Viruses and Viral Components: Aueés are square Angstrom), Volume (units are cube Angstro

CHAPTER 10. MOLECULAR MACHINES

Virus Surface Area| Volume | In(Surface Area) | In(Volume)

Satellite tobacco necrosis 17401.22 24419.51 9.76 10.1
L-A (Saccharomyces cerevisiae) 99643.6 155223.15 11.51 11.95

Canine parvovirus-Fab complex 48482.09 66028.46 10.79 11.1
T1L reovirus core 412654.67 | 517093.8 12.93 13.16

T3D reovirus core 99627.14 | 161424.33 11.51 11.99

P4 (Ustilago maydis) 7362.92 11269.59 8.9 9.33
Tomato Bushy Stunt 69600.33 98169.33 11.15 11.49
Cowpea Chlorotic Mosaic 42523.74 56607.48 10.66 10.94
Cucumber Mosaic 43317.17 61885.43 10.68 11.03
Norwalk 116674.31 | 170940.17 11.67 12.05

Rabbit hemorrhagic disease 80585.54 | 121611.94 11.3 11.71

VLP-MAb-E3 complex

Galleria mellonella densovirus 33251.61 46216.49 10.41 10.74
Human Rhino 67337.7 99964.3 11.12 11.51

HepBc (human liver) (nHBc) 41669.23 65963.21 10.64 111
Nudaurelia capensis w 170957.88 | 278225.27 12.05 12.54
Semiliki Forest 47586.6 68392.18 10.77 11.13
Polyoma 104897.53 | 171532.31 11.56 12.05
Simian 177557.44 | 246603.02 12.09 12.42
Herpes Simplex Virus Glyco-Protein  29035.25 43098.51 10.28 10.67
Blue Tongue 590265.25 | 711692.59 13.29 13.48
Rice Dwarf 727228.58 | 820906.09 135 13.62
T1L reovirus virion 412654.67 | 517093.8 12.36 12.81
Simian rotavirus (SA11-4F) TLP 26451.69 35311.17 10.18 10.47
Rhesus rotavirus 15093.03 23469.18 9.62 10.06

and Logarithm entries displayed below are showing picligria Figure 10.8
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@ (b)

(© (d)

(e) ®

Figure 10.7: (PDB-ID = 1AUY. Size: 256 Resolution: 4A). (A) Gaussian blurred map (outside vifrain the non-hydrogen
atom locations given in the PDB. (B) Gaussian blurred magidmview). (C) Symmetry detected, including global andiloc
3-fold symmetry axes. (D) Segmented trimers (outside vievith randomly assigned colors. (E) Segmented trimersd@ns
view). (F) One of the segmented trimers (left-bottom: aldsiiew; right-top: inside view).
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(@

(b)

Figure 10.8: (Area, Volume Relationship for Icosahedralses given in Table 1. The area and volume units are Square
Angstrom and Cube Angstrom respectively.

on the surface. Again for our level set based analytic mdde@urface g ec gendX) = const= f, the twin curvaturesli andK
; of
can be evaluated &= 2 fx(fyy;(;zfz)if by andG = %&M whered represents a cyclic summation owey and

z, and where additionally, etc., denotes partial differentiation with respect tosthwgariables.

Displaying the magnitude of the gradient function and itsataon, as expressed by the mean and Gaussian curvature
functions over a molecular surface helps quantitativebualize the bumpiness or lack thereof of an individual prag a
structure unit or the entire viral capsid. In Figure 10.1 Hodtom two pictures display the mean and Gaussian curvature
functions of the Tobacco Mosaic virus asymmetric protonueiege, exhibiting and enhancing the bumpiness of the seirfa
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Topological and Combinatorial Properties

Af ne invariant topological structures of volumetric futions, such as our smooth analytic electron density funaifdection
10.1.2, include the Morse complex [14, 26] and the contae (€T) [37]. Both the Morse complex and contour tree are related
to the critical points of the volumetric functioh i.e., those points in the domalwh where the function gradient vanishes. The
functional range off is the interval between the minimum and maximum values offtinetion f : [ fin; fmax]. FOr a scalar
valuew 2 [fmin; fmax, the level set of the eldf at the valuewv is the subset of points(w) M such thatf(x) = w;8x 2 L(w).

A level set may have several connected components, calletbas. The topology of the level skfw) changes only
at the critical points iV, whose corresponding functional values are called ctitiabues. A contour class is a maximal
set of continuous contours which have the same topology amibtlcontain critical points. Without loss of generalityet
critical points are assumed to be non-degenerate, i.e. isoligted critical points. This assumption can be enforoedrall
perturbations of the function values. If the critical pa@iasre non-degenerate, then the Hessléa) at a critical pointa has
non-zero real eigenvalues. The index of the critical paiistthe number of negative eigenvaluedtifa). For a 3D volumetric
function, there are four types of critical points: index Grfima), indices 1 and 2 (saddle points), and index 3 (maxima)

Figure 10.9: (The contour tree (upper left) and the contpecsum (bottom) for the Human Rhinovirus serotype 2 (pdbid

1 FPN).The red color in the spectrum curve is the graph of outde surface area, while the blue and green curves are the
excluded and enclosed volume by the various level surfatéseovolumetric density map. The horizontal axis of the plot
above is map density, while the vertical axis is spectruncfion value.

The contour tree@T) was introduced by Kreveld et al. [37] to nd the connectednpmnents of level sets for contour
generation. Th&T captures the topological changes of the level sets for thieeeflunctional rangd fimin; fmax Of f; each
node of the tree corresponds to a critical point and eacharesponds to a contour class connecting two critical goiAs
an example, the contour tree for a virus capsid is shown in E@9. Each leaf node of theT represents the creation or
deletion of a component at a local minimum or maximum and é&aehior node represents the joining and/or splitting ob tw
or more components or topology changes at the saddle paimist on an arc of the tre@y;;vo) T T by anisovaluey, w v
represents a contour of the level &€tv). Therefore, the number of connected components for thé $e¢e(w) is equal to
the number of cuts to th€T at the valuen. TheCT can be enhanced by tagging arcs with topological informeagiach as
the Betti numbers of the corresponding contour classes B&fti numbergdy; (k= 0;1;:::) intuitively measure the number
of k-dimensional holes of a virus capsid surface or of any imtiliai structure unit. Only the rst three Betti numbéxs b1; by
of a smooth surface are non-zeif corresponds to the number of connected componéntsprresponds to the number of
independent tunnelds, represents the number of voids enclosed by the surface.xBan@e, a sphere has the Betti numbers
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(bo; by; b2) = ( 1;0;1) while a torus hagbg; b1; b)) = ( 1;2;1). Betti number computations for virus capsid surfaces pi®vi
useful topological and combinatorial structural inforioat

10.2 Ribosome
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Appendix A

Molecules

A.1 Internal Coordinates

Figure A.1: A polypeptide chain with backbone dihedrads f, w) and side-chain dihedrals ) shown.

Proteins have a naturally occurring backbone consisting® C(H)R CO sequences, where R is some functional
group de ned for 20 different amino acids. These functiagralups appear as side-chains connected to the backboneals i
organic molecules, each type of bond formed in a proteinaoné to the characteristic bond length and bond angles &r th
type. Hence, the conformation of a protein can be approxiyale ned by a set oflihedral anglegor torsional angleythat
determine the orientation of different chemical groupsigland around the backbone.

The following three dihedral angles determine the confdionaof the backbone (see Figure A.1).
fi: Thisis the angle between the plari@s; N; Ca andN; Cj, Cio, i.e., the angle of rotation (180 fj < +180)

around the\; C, bond. A positive change in thig value occurs by counter-clockwise rotation of the; N Cj,
plane around thé;, Cj,, bond.

yi: This is the angle of rotation (180  y; < +180) around theC,, CY bond, and is determined by the angle between
theN; Cs CYandC,; CY Niqplanes.

213
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Figure A.2: A peptide plane with all bond lengths and bondesighown [9].

wi: This is the angle of rotation around the peptide ba@ti{ N;), and is given by the dihedral angle between@he,
CiO . N and CiO 1 N Cy planes. The partial (40 %) double-bond character of theigkefifond and the steric
interactions between adjacent side-chains causes thearddp (i, Ca;, Hi, C,O 1, Oi 1andCy, ,) to be almost planar
with the distance betwedDy, , andC,; as large as possible (see Figure A.1 for bond lengths and &ogiés on this
plane). Therefore, almost always 180 (for transpeptides), om; 0 (for cis-peptides).

More than than 99% of all residues (except proline) aranspeptides, and hence hawe 180 . Approximately 5%
of all proline peptide bonds have O .

The side chains change conformation through torsionalgdsim thec; angles.

¢i: Depending on the amino acid type of the side chain there caiplt@ 4 such successive angles per side chaif;: ¢;-2,
¢i-3 andc;.4. However, forGlycineside chain which consists of only one hydrogen atom, Alaginewhose side chain
is only a single methyl group, these angles are unde ned.affather side chains;.; is de ned as the dihedral angle
betweentheplands C, C,andC; C, X,whereXis eitherCy, orCqy (Val, lle), Oy (Ser),0q (Thr), orSy (Cys).
All side chain dihedrals have values clustered near thraéoomers known agauché org* (+ 60 ), transort (180),
andgauche org ( 60).

Figure A.3 shows the side-chain dihedrals of all amino aeitsept Glycine and Alanine. Table A.1 shows that about
90% of all side-chains in proteins can be completely desdribith three dihedral angles (i.€;.1, c1.2 andcy:3), and
only two dihedral angles (i.ec;.1 andci.2) are necessary to completely specify more than two-thif dsem.

| number of dihedralsd) | frequency (%)

d 4 10000
d 3 89:48
d 2 70:64
d 1 2346

able A.IT: Amino acid frequencies in proteins
based on the number of (side-chain) dihedrals
they have (based on data in [26]).



Figure A.3: Side-chain dihedralsi(1, Ci:2, Ci-3, Ci:a) are shown for 18 of the 20 amino acids. The remaining twaq,Gl/cine
(Gly) and Alanine (Ala), do not have any side-chain diheslraldapted from [28].

A.2 LEG (Labelled Embedded Graph) Representations

TheLEG representation of a molecule is simply an annotated grgmiesentation of the chemical structure of the molecule,
in which each node represents an atom and each edge a chbunichl Each atom may be annotated by its symbol and the
vdW radius, each edge may be annotated by the length of the porréimg chemical bond and possibly a dihedral angle, and
each pair of consecutive edges by a bond angle.

In Figure A.3 we show the chemical structures of various anaicids, and in Tables A.2, A.3 and A.4 we list all possible
vdW radii, bond lengths and bond angles, respectively, thag¢apip these chemical structures. Using these informaitids,
straight-forward to construct the requireBG representations of the amino acids.

Since secondary structures (e&-helices and-sheets) are composed of primary structures (i.e., amiiuzatheLEG
representation of secondary structures can also be coteddrirom the information in Figure A.3 and Tables A.2, A.8l@n4.
However, thgf ; y) dihedral angles of the residuesanhelices and-sheets lie in fairly restricted ranges: 45; 60 ) for
a-helices( 120;115) for parallelb-sheets, and abo(t 140 ;135) for anti-parallelb-sheets. The bond lengths and bond
angles may also change slightly.

We can use geometric propertiesarhelices and-sheets in order to extract them from thEG representatioh of the
given proteinP.

Extracting a-helices fromL. We traversd. along the peptide backbone Bf and using the internal coordinates (i.e., bond
lengths, bond angles, dihedral angles, etc.), bond typdsatom types speci ed ik, we detect and output all maximal
contiguous segments of this backbone (along with side eh#iat satisfy the following properties athelices.
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Figure A.4: A Lysine side-chain with side-chain dihedrals{, 1.2, C1:3, C1.4).

The amino acids in aa-helix are arranged in a right-handed helical structuréwéch amino acid corresponding to a
100 turn in the helix and a:5 A translation along the helical axis. Thus there are 13 atand 3.6 amino acid residues
per turn, and each turn is®A wide (see Figure A.5).

TheC=0 group of residué forms a hydrogen bond with thé-H group of residué+ 4.

Amino acid residues in aa-helix typically have dihedral anglds 45 andy 60 .

Extracting b-sheets fromL. We scan the peptide backbonePfjiven inL, and detect and output all maximal contiguous
segments of this backbone (along with side chains) thatfgdlie following properties ob-sheets.

Eachb-strand can be viewed as a helical structure with two resigeeturn. The distance between two such consecutive
residues is 3.47 A in anti-parallblsheets and 3.25 A in parallblsheets.

Unlike a-helices theC=0 groups in the backbone of fa-strand form hydrogen bonds with tid-H groups in the
backbone of adjacent strands.

— In parallelb-sheets alN-termini of adjacent strands are oriented in the same dire¢see Figure A.7(b)). If the
C, atoms of residuesand j of two different strands are adjacent, they do not hydrogerdlio each other, rather
rasiduei may form hydrogen bonds to residues 1 or j + 1 of the other strand.

— In anti-parallelb-sheets thé\-terminus of one strand is adjacent to terminus of the next strand (see Figure
A.7(a)). If a pair ofC; atoms from two successive strands are adjacent, then unlike in pardiledheets they form
hydrogen bonds to each other's anking peptide groups.

The(f;y) dihedrals are abot 120;115) in parallelb-sheets, and abo@t 140 ;135) in anti-parallelb-sheets.

Unlike in a-helices, peptide carbonyl groups in successive residoies ip alternating directions.
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Table A.2: List of van der Waals radii for 25 protein atoms][21

Table A.3: Bond lengths in proteins [7].
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Table A.4: Bond angles in proteins [7].

A.3 FCC (Flexible Chain Complex) Representations

Complex biomolecules have a naturally occurring backbfmeing chains which ex through their torsion angles. Therve
is biochemically well de ned, and described by a labeled pter. Structural (shape) and functional properties of atuitecule
can be described as a labeltbatharound the centraderve This combined representation (Flexible Chain Comple¥©@C)
of anerveand asheathdescribe a exible biomolecule.

The nerve of the FCC.The chain complex consists of the following elements.

Vertices Atom or pseudo atom positions. Atom positions are obtatgpitally from the PDB les. For pseudo atoms,

we use the centers of a set of enclosing spheres which reptbse ner level using some error norm like the Hausdorff
error.
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Figure A.5: Geometric structure of @thelix [9].

Figure A.6: Geometric structure oftasheet [9].
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(b) Parallel

Figure A.7: Two types ob-sheets: (a) anti-parallel, and (b) parallel [13].

Figure A.8: Flexible Chain Complex: Combined volume (thgbthardware accelerated 3D texture mapping based volume

rendering) and imposter rendering, showing the chain tegetith the high density volumetric regions formed by thediional
groups protruding outwards from the chain.

Edges Bonds or pseudo bonds. This is again from the PDB or from tbeatchical complex formed by clustering the
ner resolutions to a DAG.

Faces Residues, bases or pseudo structures.
These elements are labeled with the following attributes.

Position, length, areas.
Ranges for exible angles, lengths.
Sub structural markers.

Field attributes.

We allow the molecules to ex around their torsion anglestas widely accepted that bond angles and bond lengths do not
have much exibility. In protein chains, the andy angle variations are obtained and stored in the complebatitss. For
RNA, we have 8 different torsion angles along the backbore renges for these atoms are obtained either from molecular
dynamics simulations or from NMR analysis for certain stuves.
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(a) Atom level (b) Residue level with a lowic) Residue level with a high
Gdropof  factor Gdropof f factor

Figure A.9: LOD volume rendering of a large ribosomal sub(thiJ2.pdb). The parameBopot t CONtrols the spread of the
density around a pseudo atom when blurring the chain complex

The sheath of the FCC.The surrounding volume, sub volumes and surfaces of a beentd are used to represent shape,
volumetric properties (like electrostatics, hydrophdtyicand surface properties (like curvatures). These ations enjoy
a dual implicit and explicit representation.

Implicit volumetric representatiolm this representation, we have a vector containing of (egetof centers of expansion
points, (b) A parameter referred to as the blobbiness pasamich is useful to represent the van der Waals forces in
a continuous and hierarchical fashion, and (c), a set of.réilese parameters are necessary and suf cient to de ne the
electron density function of a molecule. For functions Iiarophobicity and electrostatics, charges at each cefter
expansion is required.

Explicit volumetric representatiofihere are three representations which can be used for ilydiescribing a volumetric
function.

— Simplicial representatianThe data is described over a simplex like a surface grideavéhmtices.

— Tensor product An explicit grid is used to represent the functions. The %f such a representation can be very
large. Hence it is useful to develop compression baseditligs to represent and visualize such a representation.

— Multipole summationsSince our data set consists of a set of vertices and furgctidrich are summations of
functions de ned over this limited set, Multi-Pole type somations can be used ef ciently to represent the data
sets.

A.3.1 Hierarchical Representation

Both the skeletal and the volumetric features are repredenta hierarchical fashion. We have a biochemical baseit sta
hierarchy of the molecules, with atoms at the nest resolutiGroups of atoms are collapsed to form residues and esidu
form secondary structures. Chains consist of a set of tremdary structures. A dynamic hierarchy, which could beemo

useful for interactive dynamic level of detail renderinglananipulation is also performed as outlined in [1].

Once a exible chain complex hierarchy is rebuilt due to dyrachanges in the molecule, the implicitly de ned volumetr
and surface properties can be quickly updated. Explicitmas can also be extracted in a hierarchical fashion.

When we have a hierarchical representation of a FCC skeleterimplicitly have a hierarchical representation of the
surrounding differentiable sheath. In gure A.9, we show thrge ribosomal subunit at three different levels of adrighy.



222 APPENDIX A. MOLECULES
A.3.2 Flexibility representation

The paper [38] describes how to store the exibility infortioa in a structure. More speci cally, they describe exigtiand
new methods to obtain new atom positions when rotationsenfeqmed. Three schemes for storing and manipulatingiootat
matrices are given below.

Simple rotations schemeA tree is constructed from the molecule by taking any atonhagdot, and bonds in the molecule
as bonds in the tree. Rings in a protein are simply taken agtesatom. When a torsional angle changes at a node, théreall t
nodes below it are rotated to new positions. This rotatiothat involves a matrix multiplication. The update has toroenf
the node to the leaves and numerical errors can occur duertipatating positions of atoms down a chain for each rotation

Consider a bond rotated by angley. Letv be a vector along the bond afidbe the translation matrix formed by tit8
atoms position. Then the update matrix is

v2+(1 Vd)cosy V(1 cosg)+ viSing V(1 cosg)+ wsing O
wW(1  cosg)+ viSing V2+(1 Vd)cosy wVv,(1 cosj) wsing O 1
T ) y y) SO S T (3.1)
V(1 cosg) wsingi wvo(1 cosg)+ wsing, V2+(1 Vv2)cog 0

0 0 0 1

A.3.3 Denavit-Hartenberg scheme

In this scheme, we again maintain a tree, with matrices amiétepfrom a root to the leaf. But now, the matrices no longer
need the information on the current position of the atom dmly the rotations it underwent as a single matrix. Hence ithi
numerically stable.

To construct the matrix, we rst de ne a local frame at eacldaoThe origin and the vectors are the node position and
w the bond from the node to its parent

u a vector perpendicular to the previous vector and the bonthating this atom and a child. This means that a frame is
to be de ned for each child.

v a vector perpendicular to the above two.

The matrix which takes a point from one frame de ned at a nadiaé frame of the parent of that node is de ned as

1
cogyi sing; 0 0
%sinq.cos‘i 1 cogjcosi 1 sinfi 1 lisinfi 1 § (32)
singsinfi 1 coggsinf; 1 codj 1 licos 1 )
0 0 0 1
o/ is the torsional angle of borig

fi 1 isthe bond angle between borus; andb;

Atomgroup scheme.This scheme eliminates the requirement for multiple fraaresframes where the bond does not rotate.
It simply aggregates the tree into a new tree where sets titeer( atoms ) which do not have rotatable bonds are cokhpse
into a new vertex. Here, we de ne the local frame as the at@mgorigin and the vectors

w; as a vector along the bond to atomgraoupl
u;j as any vector perpendicularig

vj as any vector perpendicular to the above two.
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Let the frames after and before rotation [3g ui; vi;wi] and xS u® v&wd. In this case the transformation matrix, which
takes a point in frameto local frame at 1 ( rotated byg around the connecting bond ) is de ned as the product

0 0 0 . . 10 ,
U 07 Upovp Ui owi b (X X1 cosy sing 0 O
vi cu® v v v owi v (i X g § sing cog O O (3.3)
wi u®owi v owoowi o wio(Xi X g 0 0 10 '
0 0 0 1 0 0 0 1

The concatenation of such matrices until the root gives tbleaj position of the atomgroup.

A.3.4 Flexibility analysis in molecules - creation of exide models
One classi cation of exibility analysis methods in the bimlecular area is given by [14] as

Molecular dynamics

Molecular dynamics involves simulation of the protein irodvent environment and saving the conformation state at reg
ular time intervals. Since this simulation is often at vanedl time scales, ( pico or nano seconds ), large conformatio
changes ( which occur over micro or milli seconds ) will notrbeorded. Hence obtaining exibility analysis through
molecular dynamics is limited. An adaptive solver is giveifili7]. By allowing users to interact with the system, confor
mational changes can be forced and observed [20], [32]. Aipheigrid method for solving the electrostatics ef cigntl
[31]. Compact structural domains were computed in [12] gisimple force calculations in a protein structure.

Xray Crystallography and Nuclear Magnetic Resonance ( NMR)

Xray Crystallography is used to obtain high resolution iesmgf proteins, upto the atomic level. Most structure in the
PDB are generated using this method.

NMR techniques have been used to obtain dynamic conformetibproteins. The basic idea behind NMR is that atoms
have an intrinsic property spin, which determines its baravhen exposed to magnetic elds. Different atoms are seen
to emit different frequencies of light, providing an imadedtee underlying protein as a signature. NMR imaging yields
lower resolution results than xray crystallography.

Given the large number of states which could be obtained frmtecular dynamics, NMR and xray crystallography,
the following methods generate certain important conféstetes by reducing the number of degrees of freedom in the
protein.

Comparison of conformal states

Protein dynamics give rise to a large number of conformatidmalyzing these conformations for any problem, inclgdin
exible protein docking is not computationally feasibleehice many methods are used to reduce these conformations to
a new basis, where the principal basis gave the large uittnaef ciently. Many authors [35], have shown that the main
conformational changes of a protein is mostly captured liyygusnly a few bases and projection vectors, [34]. Normal
mode analysis and principal component analysis are twoaudstto reduce the dimensionality of the problem.

Singular Value Decomposition (SVD) is commonly used to nakls vectors to reduce the dimensionality of a set of
vectors. An equivalent formulation using Principal ComeoiAnalysis (PCA) is also done. Consider the column vectors
of a matrix A as the zero mean weighted atomic displacemesitipns. Usually, this vector is also aligned with a given
conformation, so that the displacements are relative. Mi2 & a matrix is

SVDA) =UJ V' (3.4)
EJ;V are orthonormal m.amceSThe diagonal matrix has entries are all non negative ancedsirg, called the sin-
a is a diagonal matrix
gular values.

In this decomposition, the set of left column vectorJodire the basis set f@, and the vectors iWT are the projections
along these basis vectors with magnitudes given by the kingalues. Hence, we have an ordering on the in uence of
the basis vectors for the matrix.
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To apply the PCA algorithm, a matrixis de ned with elementsy; as follows

aj=((x Xag(Xj Xjavg) (3.5)

The eigenvector proble®V = Wz is solved to get the axis vectors and the corresponding atétas in the eigenvectors
and eigenvalues [19].

In [10], a theorem relating the atom displacements to thgufeacies of vibrations is presented. In this paper, thecasith
prove that if a large molecule only exes around a certainimad energy state, approximated by a multidimensional
parabola, then the average displacements of the atom@usis the sum of the contributions from each normal mode,
which is proportional to the inverse square of the frequgi®y. For Normal Mode Analysis ( NMA ), the moment
matrix diagonalized is

A= kgTF 1 (3.6)

kg is the Boltzmann constant,
T isthe absolute temperature,
F is a matrix of the second derivatives of the potential enatgyminimum point.

Successful modeling of the Chaperonin GroEL was perforns@atgUNMA in [22]. To avoid the computations on a large
matrix, [33] compute a blocked version of NMA by groupingidess.

Gaussian Network Models ( GNM ) are used in [18]. In this mothed correlation matrix is formed as

(3kT=g[T 1) (3.7)

is the boltzmann constant,

is the absolute temperature,

is a harmonic potential,

is a nearness matrix, called Kirchoff matrix

—HQ - =

The kirchoff matrix inverse can only be approximated siris@leterminant is O.

Deriving exibility through a single structure.

Non polar regions in protein tend to lie in the interior anis tiydrophobic effect folds the protein. In [37], the author
describe how to capture this information into rigid domaifthe protein. Their assumption is that rigid domains fdlde
by the hydrophobic effect behave as@mpact uniduring conformational changes. To quantify this, they diehically
grouped residues in a protein to form a tree, using a coeitoid compactnesa given by

7= accessible surface area of segment (3.8)
surface area of sphere of equal volume '

Static core or the backbone of molecules and their assdciggiel domains were computed in [3] using two different
conformations of a given proteina helices,b strands and loops were segmented. Similar pairs of segnamts
clustered in a tree-like fashion using a rmsd calculatioom@ins or compact units of a protein were also computed by
[30]. The heuristic they used was that the amount of interaatact a domain had was larger than the amount of contact it
had with the rest of the protein. Hence by choosing suitglileganes along the sequence, they form compact sequences
Extending this idea, a Monte Carlo sampling in internal dimaites using relevant torsion angles was performed in [23]
They obtained a set of low energy conformations for any gpmiein structure as a representation of its exibility.
Using graph theoretical algorithms, [14] obtained exilaled rigid domains in a protein.

A.4 Flexibility in RNA

Flexibility in RNA is given by three sets of angles

The backbone torsion angles.
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(a) The six backbone torsion a(B) The torsion angles de neft) Nucleotides can rotate about
gles for a RNA along the sugar ring the c torsion angle

Figure A.10: The torsion angles around which a RNA can ex.

Figure A.11: The backbone torsion angles are representpgbiwo pseudo rotation anglésandgq.

The angles on the sugar ring, also de ned by amplitude anchagh

An angle about which the residue can ex.

The angles are shown in gure A.10. Due to the large numbengfes, people have studied and proposed various means
to reduce the conformational space.

A.4.1 Reduced conformation space

Due to the large number of angles de ning the exibility of cleotides, it is useful to nd fewer pseudo torsion angles to
represent the other angles.

Reduction to two angles.Duarte et al. have reduced the number of torsion angles s&ge® describe an RNA molecule to
two, h andgq [5], [4]. Figure A.11 gives the relative positions of thesgkes and the speci ¢ atoms of the backbone involved.

h is the torsion angle resulting from4iO 1 P C4i0 RP+1. The atoms connectdsl C4iO R+1 C4i°+1 createq [5].
In their most recent publication, Duarte et al. combinedhhand g data with position information to describe the overall
structure of the RNA molecule. Using PRIMOS [6] to create RINA worm" - a sequential description of the angle data -
allows for analysis of the structure on a nucleotide by notidke basis.

After all h andqg angles have been calculated from the PDB [8], NDB [2], and BN&E [36] data, PRIMOS creates an
RNA worm le which gets deposited into a database. The twdemgre plotted and d8dimension, sequence, is added to the
graph to form a 3D representation of structure. See Figut@ A.
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Figure A.12: Example of 3D representation of RNA structi®mtting the RNA chains using only two angles per residue in a
3D plot shows similar structures along tverms

Angle Bin 1 Bin 2 Bin3 | Bin4
a 40-90| 135-190| 260-330| other

g 35-75| 150-200| 260 - 320| other

d 68-93| 130- 165 other

z | 255-325 other

Table A.5: Classi cation of angles:discrete ranges of asgir "bins" as de ned by Hershkovitz.

In this plot, A-helices (the most common form of RNA; repnetsel in blue) travel in relatively straight lines, wherelas t
motifs/other features of the RNA show large deviations fthmstraight line (shown in red).

To compare RNA worm representations, and thus conformalticariations between molecules, it is necessary to nd the
difference between thie andqg values in the two molecules. Simply put:

q
D(h;@)i= (h* hP)2+(g* g¢P)? (4.9)

The larger the value di(h; q); the more extreme the disparity between the two RNA fragmehtsins, or molecules.

Further, Duarte et al. use this method to compare ribosoomaptexes, search for existing motifs, identify new motifisd
characterize two different types of the same motifs. To campibosomal complexes, Duarte et al use PRIMOS to cakulat
differences in h and q when the ribosome is in different conftional states. For example, the conformational statbef
ribosome is altered during antibiotic binding or duringeiiént stages of translation. The same method can be usethjzate
conformational states of ribosomes from different species

To nd existing motifs in RNA structures, they used PRIMOScteate another RNA worm database. From this database,
a fragment of RNA that contained the motif of interest wagesteld and compared to every other fragment of the same size
within the database and given a score according to equatién 4

ai= 1D(h;q);
n

D(h;q) = (4.10)

The scores were sorted in increasing order. The smalleesdodicate a closer match.

Reduction to four angles and binning.Hershkovitz et al. [11] suggest a more complex, yet compigarg, method to that of
Duarte [5]. This method involves calculating four torsiorgées,a, g, d andz, and binning these angles into allowable ranges.
"Binning" is a term used to describe the technique used bghewitz to classify various RNA con gurations into distee
bins. For example, nucleotides in the A-form helix, the ntmshmon conformation of RNA, have a bin number of 3111 where
each number represents which "bin", or range, the torsigtearelong to (i.ea is in bin 3, or 260 - 320 andg, d andz and

are in bin 1, or 35- 75 ). See Table A.5.
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The bin number combination 3111 is then assigned an ASChacler, "a". All combinations of bin numbers are assigned
a unique ASCII character, enabling the entire RNA chain taléscribed by a sequence of letters that represent thewsieuct
of the molecule. Their goals were to recognize and cataladjube RNA conformational states, eliminate any unneagssa
angle information, and to assess the validity of their bigninodel by comparing it to a torsion-matching model. Thsitor-
matching method for RNA motif searching is a brute force radth So while it is highly accurate, it is computationally
expensive as it involves calculating all backbone anglekiding a ribopseudorotation phase angle, P, for eachuesadd
comparing each set of angles to all other sets of angles imtiecule.

After using the binning method for all RNA fragments and noolles in their database, Hershkovitz et al found 37 distinct
conformational states of RNA. Table A.13 lists the assigniachumbers, the corresponding ASCII symbols, and the ebser
frequency of these 37 conformational states.

Because this method allows the three dimensional struofume RNA molecule to be displayed as a sequence of characters
it facilitates motif searching. Without computational sl one could see that a string of repeating letters (otlaar 'th")
represents a possible motif.

Hershkovitz et al suggest an alternative to the Ramacharplogs traditionally used for representing angle disthiitmns.
The tree diagramin gure A.14 is a natural progression frmfour integer code, or bin. Here the widths of the line cspond
to the log of the number of residues in each bin.

A.4.2 Classi cation of RNA using clustering

Nucleotides from the large ribosomal subunit (1JJ2.pdiipwhustered into commonly occurring structures by Scheread al.

[29]. They classi ed the non A-type nucleotides separafe®B0 of them ). Eighteen distinct non A-type conformationd a
fourteen A-type conformations were reported. They regwt & large number of the RNA were very close (in a RMSE sense
) to the clusters. The authors also say that their resuleseagith those from Murray et al. [24].

The steps used in obtaining the conformations were as fellow

Separate the A-type from the non A-type nucleotides.
Plot the histogram for the backbore;; g; d; e; z) and the baseq)) angles.

— a andgwere seen to have tri-modal distributions.
— b has a wide gaussian with 180 as its center.
— e has values greater than 180 due to the ring, and lacked aigagsspe.

— deltaalso was constrained by the ring, and had a sharp bimodaibdiion due to the C3'-endo and C2'-endo
ribose puckers.

— The basec angle was largely bimodal, due to the two main con guratibbases (anti and syn).
— There was a wide distribution df.

Plot 2D scatter plots for the following angle pairsa, [z], [b, z], [e, 2], [g, @], [c, z] and [c, d].

— The reason for choosing the above sets were not given.
— Clusters were found in the pairg,[a], [a, g] and [c, d].
— The lack of clusters in other plots led to clustering of 3 &gobf angles.

From the features and distributions seen in the 1D and 23 plo¢ authors choose six 3D plots to base their clusters on
to classify the structure of nucleotides.

— The following six 3tuples were chosen for clustering;, Ri+1, d], [z, @i+ 1, g+1], [ai, g, d], [z, ai+1, ¢i], [z,
ai+1, @] and [z, d, ci].

— The clusters in the 3D plots were assigned peaks and labeled.
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Figure A.13: Classi cation into 37 clusters through bingin
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Figure A.14: This tree represents the case wiaeig1. There are three others; one for each possible valae of

— Each nucleotide was assigned the corresponding label famim @ot, if any, or simply a '-'.

Each nucleotides 6 letter classi cation was clustered giséxicographic clustering. The authors do not mention why
this method was used.

From this clustering, eighteen distinct non A-type confations and fourteen A-type conformations were reported.

A.4.3 Division of RNA backbone bysuites

Murray et al. [24] identify several problems associatechwiite methods of Murthy [25], Hershkovitz [11], and Duarté [5
While these methods are excellent at nding and comparingRibtifs in a large nucleic acid sample, they oversimplifg th
problem of determining RNA backbone structure. As a reddilirray et al. propose to analyze the folding structure of RNA
molecules on a more detailed level, correct the artifactated in the data structures (sometimes caused by NMR oy X-ra
crystallography), produdew-noise data distributionsand create a list of the resulting, distinct RNA backbonsfoeomers.

The traditional nine angles of the RNA backbone and its bésesa; b;g,d;e; z;c, and the 2 puckering angles of the
sugars) were reduced to sik. was not included in the model. The two puckering angles werebined and represented as
d, whered was bimodal - either C3' endo or C2' endo. This allowed thersimaining angles two be divided into 2 sets of
3D distributionsa; b; g andd; e; z. Dividing the RNA backbone intbeminucleotidesa term coined by Malathi and Yathinda
[27], in this manner provided some advantage to the tratitiphosphate - phosphate division in that it reduced thedsion
of the problem and made visualization more feasible. Inrotlerds, two 3D plots can be created usangh; g data andl; e; z
data respectively. See gure A.15

The methods of Murray et.al were fairly straightforward.eytobtained the sequence and structure data samples from the
Protein Database and/or the Nucleic Acid Database. Frosetkamples they calculated all the dihedral angles and added
hydrogens with REDUCE [15]. The backbone steric hindrareee calculated with PROBE and CLASHLIST [16]. A
clash was noted when the overlap between two atoms was gteate0.4A. The angles, quality, resolution, base id, highe
crystallographic B factor, and d-e-z values were enteréa éxcel. Images were created using the software PREKIN and
MAGE from the same authors. For each of the seven peaks draathe d; €;z distributions, thea; b; g set was plotted.
Finally, a quality Iter was applied to rule out nucleotidedth greater than 2.4A resolution.

210 potential RNA conformers were determined from which hdé an acceptable (low) amount of steric hindrance. 42
conformers had actual cluster points from the data.
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Figure A.15: Division of angles into residue and "suite"alat

Figure A.16: 3D visualization of clusters
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