
Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)Pixels

� Pixel: Intensity or 
olor sample.� Raster Image: Re
tangular grid of pixels.� Rasterization: Conversion of a primitive's geometri
 representation into{ A set of pixels.{ An intensity or 
olor for ea
h pixel (shading, antialiasing).� For now, we will assume that the ba
kground is white and we need only 
hange the 
olorof sele
ted pixels to bla
k.

The University of Texas at Austin 1



Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)Pixel Grids

� Pixel Centers: Address pixels by integer 
oordinates (i; j)� Pixel Center Grid: Set of lines passing through pixel 
enters.� Pixel Domains: Re
tangular semi-open areas surrounding ea
h pixel 
enter:Pi;j = (i� 1=2; i+ 1=2) � (j � 1=2; j + 1=2)� Pixel Domain Grid: Set of lines formed by domain boundaries.
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)Spe
i�
ations and Representations

Ea
h rendering primitive (point, line segment, polygon, et
.) needs both� A geometri
 spe
i�
ation, usually \
alligraphi
."� A pixel (rasterized) representation.Standard devi
e-level geometri
 spe
i�
ations in
lude:Point: A = (xA; yA) 2 RR2.Line Segment: `(AB) spe
i�ed with two points, A and B. The line segment `(AB) is theset of all 
ollinear points between point A and point B.Polygon: Polygon P(A1A2 : : : An) spe
i�ed with an ordered list of points A1A2 : : : An.A polygon is a region of the plane with a pie
ewise linear boundary; we 
onne
t An to A1.This \list of points" spe
i�
ation is 
awed... a more pre
ise de�nition will be given later.The University of Texas at Austin 3



Department of Computer S
ien
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s { Fall 2005 (Le
ture 2)Line Segments

� Let `(AB) = fP 2 RR2jP = (1� t)A+ tB; t 2 [0; 1℄g� Problem: Given a line segment `(AB) spe
i�ed by two points A and B,� De
ide: Whi
h pixels to illuminate to represent `(AB).� Desired properties: Rasterization of line segment should1. Appear as straight as possible;2. In
lude pixels whose domains 
ontain A and B;3. Have relatively 
onstant intensity (i.e., all parts should be the same brightness);4. Have an intensity per unit length that is independent of slope;5. Be symmetri
;6. Be generated eÆ
iently.
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)Line Segment Representations

1. Given AB, 
hoose a set of pixels L1(AB) given byL1(AB) = f(i; j) 2 ZZ2j`(AB) \ Pi;jg
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hy, uneven looking line.
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)2. Given AB, 
hoose a set of pixels L2(AB) given by

L2(AB) =
8>>>>>>><>>>>>>>:
jxB � xAj � jyB � yAj �!f(i; j) 2 ZZ2j(i; j) = (i; [y℄); (i; y) 2 `(AB); y 2 RRg[([xA℄; [yA℄) [ ([xB℄; [yB℄):jxB � xAj < jyB � yAj �!f(i; j) 2 ZZ2j(i; j) = ([x℄; j); (x; j);2 `(AB); x 2 RRg[([xA℄; [yA℄) [ ([xB℄; [yB℄):Where [z℄ = bz + 1=2
, and bw
 is the greatest integer less than or equal to w.
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)Line Equation Algorithm

Based on the line equation y = mx+ b, we 
an derive:LineEquation (int xA, yA, xB, yB)float m, b;int xi, dx;m = (yB - yA)/(xB - xA);b = yA - m�xA;if ( xB - xA > 0 ) then dx=1;else dx = -1;for xi = xA to xB step dx doy = m�xi + b;WritePixel( xi, [y℄ );endforProblems:� One pixel per 
olumn so lines of slope > 1 have gapsThe University of Texas at Austin 7



Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)� Verti
al lines 
ause divide by zeroTo �x these problems, we need to use x = m�1(y � b) when m > 1.

The University of Texas at Austin 8



Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)Dis
rete Di�erential Analyzer

Observation: Roles of x and y are symmetri
...� Change roles of x and y if jyB � yAj > jxB � xAjObservation: Multipli
ation of m inside loop...� The value of m is 
onstant for all iterations.� Can redu
e 
omputations inside loop:yi+1 and be 
omputed in
rementally from yi
yi+1 = m(xi + 1) + b = yi +m
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DDA (int xA, yA, xB, yB)int length, dx, dy, i;float x,y,xin
,yin
;dx = xB - xA;dy = yB - yA;length = max ( |dx| > |dy| );xin
 = dx/length; # either xin
 or yin
 is -1 or 1yin
 = dy/length;x = xA; y = yA;for i=0 to length doWritePixel( [x℄, [y℄ );x += xin
;y += yin
;endfor
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)Bresenham's Algorithm

� Completely integer;� Will assume (at �rst) that xA; yA; xB; yB are also integer.� Only addition, subtra
tion, and shift in inner loop.� Originally for a pen plotter.� \Optimal" in that it pi
ks pixels 
losest to line, i.e., L2(AB).� Assumes 0 � (yB � yA) � (xB � xA) � 1 (i.e., slopes between 0 and 1).� Use re
e
tions and endpoint reversal to get other slopes: 8 
ases.
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� Suppose we know at step i� 1 that pixel (xi; yi) = Pi�1 was 
hosen.Thus, the line passed between points A and B.� Slope between 0 and 1 )line must pass between points C and D at next step )Ei = (xi + 1; yi) and N Ei = (xi + 1; yi + 1) are only 
hoi
es for next pixel.� If Mi above line, 
hoose Ei;The University of Texas at Austin 12



Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)� If Mi below line, 
hoose N Ei.
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)� Impli
it representations for line: y = �y�xx+ bF (x; y) = (2�y)| {z }Q x+ (�2�x)| {z }R y + 2�xb| {z }S = 0

where �x = xB � xA�y = yB � yAb = yA � �y�xxA ) S = 2�xyA � 2�yxANote that1. F (x; y) < 0) (x; y) above line.2. F (x; y) > 0) (x; y) below line.3. Q;R; S are all integers.� The mystery fa
tor of 2 will be explained later.
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)� Look at F (Mi). Remember, F is 0 if the point is on the line:{ F (Mi) < 0)Mi above line ) 
hoose Pi = Ei.{ F (Mi) > 0)Mi below line ) 
hoose Pi = N Ei.{ F (Mi) = 0) arbitrary 
hoi
e, 
onsider 
hoi
e of pixel domains...� We'll use di = F (Mi) as an de
ision variable.� Can 
ompute di in
rementally with integer arithmeti
.
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)� At ea
h step of algorithm, we know Pi�1 and di...� Want to 
hoose Pi and 
ompute di+1� Note that di = F (Mi) = F (xi�1 + 1; yi�1 + 1=2)= Q � (xi�1 + 1) +R � (yi�1 + 1=2) + S� If Ei is 
hosen thendi+1 = F (xi�1 + 2; yi�1 + 1=2)= Q � (xi�1 + 2) + R � (yi�1 + 1=2) + S= di +Q� If N Ei is 
hosen thendi+1 = F (xi�1 + 2; yi�1 + 1=2 + 1)= Q � (xi�1 + 2) +R � (yi�1 + 1=2 + 1) + S= di +Q+RThe University of Texas at Austin 16



Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)� Initially, we have d1 = F (xA + 1; yA + 1=2)= QxA +RyA + S +Q+R=2= F (xA; yA) +Q+R=2= Q+R=2� Note that F (xA; yA) = 0 sin
e (xA; yA) 2 `(AB).� Why the mysterious fa
tor of 2?It makes everything integer.

The University of Texas at Austin 17



Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)

Bresenham (int xA, yA, xB, yB)int d, dx, dy, xi, yiint in
E, in
NEdx = xB - xAdy = yB - yAin
E = dy<<1 /� Q �/in
NE = in
E - dx<<1; /� Q + R �/d = in
E - dx /� Q + R/2 �/xi = xA; yi = yAWritePixel( xi, yi )while ( xi < xB )xi++if ( d < 0 ) then /� 
hoose E �/d += in
Eelse /� 
hoose NE �/d += in
NEyi++endif
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WritePixel( xi, yi )endwhile
The University of Texas at Austin 19



Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)� Some asymmetries (
hoi
e when ==).� Did we meet our goals?1. Straight as possible: yes, but depends on metri
.2. Corre
t termination.3. Even distribution of intensity: yes, more or less, but:4. Intensity varies as fun
tion of slope.{ Can't do better without gray s
ale.{ Worst 
ase: diagonal 
ompared to horizontal (same number of pixels, but p2longer line).5. Careful 
oding required to a
hieve some form of symmetry.6. Fast! (if integer math fast ...)� Intera
tion with 
lipping?� Subpixel positioning of endpoints?� Variations that look ahead more than one pixel at on
e...� Variations that 
ompute from both end of the line at on
e...� Similar algorithms for 
ir
les, ellipses, ...(8 fold symmetry for 
ir
les)
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Department of Computer S
ien
es Graphi
s { Fall 2005 (Le
ture 2)Reading Assignment and News

Chapter 8 pages 379 - 399, of Re
ommended Text.(Re
ommended Text: Intera
tive Computer Graphi
s, by Edward Angel, 4th edition, Addison-Wesley)Please also tra
k the News se
tion of the Course Web Pages for the most re
entAnnoun
ements related to this 
ourse.(http://www.
s.utexas.edu/users/bajaj/graphi
s24/
s354/)
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