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Abstract

We present an efficient algorithm to construct C'? smooth meshes of quintic A-patches that
interpolate or approximate the vertices of a given triangulated polyhedron P. An A-patch is a
smooth and functional zero-contour patch of a trivariate polynomial in Bernstein-Bézier (BB)
form defined within a tetrahedron.

A simplicial hull ¥ 1s constructed based on P. A quintic A-patch is then constructed within
each tetrahedron of ¥ so that the piecewise C? algebraic surface interpolates or approximates
the vertices of P with given C? data. We guarantee that the algebraic surface is smooth and
functional, namely, fully connected and free of singularity, unwanted branches.

1 Introduction

In this paper, we present an efficient algorithm to construct a C'? smooth mesh with quintic A-
patches to interpolate or approximate the vertices of a given polyhedron P with given C? data.
The A-patch is a smooth and functional zero-contour patch of a trivariate polynomial in Bernstein-
Bézier (BB) form defined within a tetrahedron[BCX95a], where “A” stands for algebraic. Solutions
have been given to the problem of constructing a C'! mesh of algebraic patches which interpolate the
vertices of a simplicial polyhedron P, by [Dah89] using quadric patches, [Guo91b, DTS93, Guo93,
BCX95a] using cubic patches and [BI92b] using quintic for convex P(all faces are triangular) and
degree seven patches for arbitrary P. While papers [Dah89, Guo91b, BI92b, DTS93, Guo93] provide
heuristics based on monotonicity and least square approximation to circumvent the multiple sheeted
and singularity problems of implicit patches, [BCX95a] introduces new sufficiency conditions for
the BB form of trivariate polynomials within a tetrahedron, such that the zero contour of the
polynomial is guaranteed functional and non-singular surface within the tetrahedron (the A-patch).
The conditions are no more complicated than linear inequalities. [BX92] can be regarded as the two
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dimensional version of [BCX95a], where C'* continuous piecewise real algebraic curves(A-splines)
are used to achieve local interpolation and approximation. In [BCX94, BCX95b], new schemes are
given to construct an “inner” hull 3 of a polyhedron P, such that the A-patch surface approximates
P instead of interpolating its vertices.

In this paper, we present a scheme for building a C'? patch complex with quintic surface patches.
Like the C'! scheme [BCX95a], a pair of tetrahedra are built on each side of each face of a triangu-
lated polyhedron P. We call them the face tetrahedra. A pair of tetrahedra are built to fill in the
gap between each pair of face tetrahedra that share an edge and on the same side of . A quintic
BB polynomial is defined within each tetrahedron so that they are C'? continuous across their share
boundaries. The zero contour of the piecewise C'? polynomial C'? interpolates the vertices of P.
We guarantee that the zero contour surface is non-singular and topologically equivalent to P. If
we use the schemes described in [BCX94, BCX95b] to construct the simplicial hull, then the final
C? spline surface approximates P instead of interpolates it.

Related papers which approximate scattered data using algebraic patches are [Baj92, BBX94,
BI92a, BIW93, MW91, Pra87, Sed90] and a classification of data fitting using parametric surface
patches is given in [Pet90].

The rest of this paper is as follows. Section 2 gives some preliminary facts about Bernstein-
Bezier (BB) representations, A-patches, the geometry of simple polyhedra and a definition of a
simplicial hull. Section 3 presents details of the C'? continuity schemes for quintic A-patches.
Section 4 discuss a set of sufficient conditions which guarantee that the zero contour surface is
functional. Section 5 provides some implementation details. And finally, Section 6 concludes the

paper.

2 Notation and Preliminary Details

2.1 Bernstein-Bezier Representation and A-Patches

Let {p1,...p;} € IR®. Then the convex hull of these points is defined by [pipa...p;] = {p € IR® :
p =Sl aipi,a; > 0,57 a; = 1}. Let p1, pa, ps3, ps € IR? be affine independent. Then the
tetrahedron(or three dimensional simplex) with vertices py, pa, ps, and p4, is V' = [p1papspa]. For

4
any p = Z%’Pi €V, a=(ay,as, a3 a4)7 is the barycentric coordinate of p. Let p = (x,y,2)7,
=1
pi = (24,9, 2)7. Then the barycentric coordinates relate to the Cartesian coordinates via the
following relation
x Ty Ty T3z X4 ay
Y _ Y1 Y2 Y3 U4 s (2.1)
z Z1 29 Z3 Z4 as '
1 11 1 1 ay

Any polynomial f(p) of degree m can be expressed in Bernstein-Bezier(BB) form over V as
f(p) = X pem by BY(a), A€ Z} where By (a) = #W ajtaj?az?agt are the trivariate
Bernstein polynomials for [A] = 324, A; with A = (/\1,/\2,/\3,/\4)T. Also a = (al,ag,ag,a4)T is
the barycentric coordinate of p, by = by, x, 0,0, (as a subscript, we simply write A as Ay A2A3\4) are
called control points, and Zfll_ stands for the set of all four dimensional vectors with nonnegative
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Figure 2.1: (a) A three sided cubic patch tangent at pi,p2,ps (b) A degenerate four sided cubic
patch interpolates po and p3

Figure 2.2: Three-sided and four-sided patches

integer components. Let
Fla)= % bB{(a), la| =1, (2:2)
[A|=m
be a given polynomial of degree m on the tetrahedron 5 = {(041704270437044)T eR* : Y ;=
1, «a; > 0}. The surface patch within the tetrahedron is defined by Sy C S : F(aq, ag, a3, a4) = 0.

Definition 2.1 Three-sided patch.

Let the surface patch S be smooth on the boundary of the tetrahedron S. If any open line
segment (e;, o) with o* € S; = {(a1, a9, a3,a4)T : a; = 0,0; > 0, >izj @i = 1} intersects Sp at
most once(counting multiplicities), then we call S a three-sided j-patch (see Figure 2.2).

Definition 2.2 Four-sided patch.

Let the surface patch Sg be smooth on the boundary of the tetrahedron S. Let (i,7,k,() be a
permutation of (1, 2, 3, 4). If any open line segment (o, 3*) with a* € (e;e;) and * € (epey)
intersects S at most once(counting multiplicities), then we call Sp a four-sided ij-k(-patch (see
Figure 2.2).

It is easy to see that if Sy is a four-sided ¢j-kf-patch, it is then also a ji-Ck-patch, a £k-ji-patch,
and so on. The Appendix contains proofs of the lemmas and theorems below.



Lemma 2.1 The three-sided j-patch and the four-sided ij-k(-patch are smooth (non-singular).
Proof. See [BCX95a)]. <

Theorem 2.1 Let F(a) = 3|\=, baBY(a) satisfy the smooth vertex and smooth edge conditions
and j(1 < j <4) be a given integer. If there exists an integer k(0 < k < n) such that

bA1A2A3A4 Z 07 A] = 07 17 b ‘7k - 17 (23)

bA1A2A3A4 S 07 A] = k —I_ 17 i ‘7n (24)

and Y jaj=n by >0 if k>0, 2"y by < 0 for at least one m(k < m < n), then Sf is a three-sided
j-patch.J ’

Theorem 2.2 Let F(a) = 3 |\=, baBY(a) satisfy the smooth vertex and smooth edge conditions
and (1, j,k, () be a permutation of (1, 2, 3, 4). If there exists an integer k(0 < k < n) such that

bA1A2A3A4 Z 07 AZ —I_ A] = 07 17 b ‘7k - 17 (25)
and Y. pen by > 0 if k>0, 3 p=n by < 0 for at least one m(k < m < n), then Sp is
Ai+A;=0 Ai+Aj=m

four-sided 1j-kL-patch.

Proof. See [BCX95a)]. <

Lemma 2.2 Let f(p) = 3 \=n baBY (@) be defined on the tetrahedron [pipapspal, then

1 . . .
b(n—l)ei—l—ej = bnei + ;(p] - pz)TVf(pZ)v J= 1727374; J 7£ g (27)

b(n—?)e,‘—l—ej—l—ek = _bnei + b(n—l)ei—l—ej + b(n—l)ei—l—ek

+ n(nl_l)(l’j — )N f(pi)(pe — pi)s A LKA

(2.7) can be found in [Guo9la](p.23). (2.8) is derived from directional derivative formulas
(see [Far90] p.310).

Lemma 2.3 ([Far90] p.318) Let f(p) = Y \=n @xBi(a) and g(p) = X\=, 0B () be two
polynomials defined on two tetrahedra [p1papsps] and [pypapspa], respectively. Then
(i) f and g are C° continuous at the common face [papsp4] if and only if

ay =by, for any A =0XA3\;, |A=n (2.9)
(ii) f and g are C* continuous at the common face [papspa] if and only if (2.9) holds and

biaorars = B1@1x,000, T 82000505 2,40100 F 836075050, 40010 + 34Q0), 2a 14 +0001 (2.10)



(iii) f and g are C?* continuous at the common face [papapa] if and only if (2.9)-(2.10) holds and

2
= Biaa g T 281820030, 0,+1100 + 25183003, )5 04+1010 + 2518400350504 +1001
2
+  B5a0x;050,40200 + 282830035050 +0110 T 282840035705 14 +0101
2 2
+  B3a0x,050,40020 F 283840005050, +0011 T B£A01, 25 14 +0002

IV VOV

(2.11)
where 3 = (51, B2, B3, 1)1 are defined by the following relation

P = Bip1 + Bapa + Baps + Baps, |8 =1

In Lemma 2.3, if 33 = 5 = 0, that is p/, ps and p; are collinear, then (2.10) and (2.11) become
0Ny A5 Mg 40001 = H1G1A M50, T H2D010005)0, (2.12)

2 2
K200 0y — H1G0M N +1001 = 30225050, — 2000000 +1001 (2.13)

respectively, where py = —g—ia,uz = 51—4, that is ps = pip1 + p2pi.

2.2 Simplicial Hull

Definition 2.3 FEdge converity

Let [p;p;] be an edge of a polyhedron P with endpoint vertex normals n; and n;. If (p; —pi) ' n; (pi—
pj)Tnj > 0, then the edge is convex. Otherwise, it is nonconvex. If the edge satisfies the convex
condition. and at least one of (p; — p;)Tn; and (p; — p; ) 'n; is positive, then we say the edge [p;p;]
is positively convex. If both of them are zero then we say it is zero convex. If at least one of them
1s negative, the edge is negatively convex.

Definition 2.4 Face convexity

Let [p;p;pr] be a triangular face of a polyhedron P. If its three edges are non-negatively (positively
or zero) convex and at least one of them is positive convez, then we say the face [p;p;py] is positively
convex. If all the three edges are zero convex then the face is zero convex. If its three edges are
non-positively (negatively or zero) convex and at least one of them is negatively convex, the face is
negatively convex. Otherwise, [p;p;px] is non-convex.

Note, that here we are overloading the term convex to characterize the relations between the
vertex normals and edges of faces. We distinguish between convex and non-convex faces in the
simplicial hull below where we build one tetrahedra for convex faces and double tetrahedra for
non-convex faces.

Definition 2.5 Fuce tetrahedra

A face-tetrahedron [p;p;prqi] is a tetrahedron that is built based on a triangular face [p;p;pr] € P.
A face-tetrahedron [p;p;prqi] is {positively | zero | negative | non-)} convex if the face [p;p;pi] is
{positively | zero | negative | non-)} convez.

Definition 2.6 Tangent containment

A convex face-tetrahedron [pypapsps] is tangent-containing if the tangent planes at the three in-
terpolatory vertices py, pe and ps intersect with [p1papspal; A pair of non-convex face-tetrahedra
[P1P2P3paqs] is tangent-containing if the tangent planes at the three interpolatory vertices py, po

and ps intersect with either [p1papspa) or [p1p2psqal;



Definition 2.7 Simplicial hull

A simplicial hull of triangulation T, denoted as ¥ = (S¢,Sc,Rip, Rye) is defined as (1) S =
{lpip;prai]} is a collection of face tetrahedra. (2) S. = {[pipjqrsi]} is a collection of edge tetra-
hedra. (3) Ry = T X Sy is a relation between T and Sy, which can be described as (i) (single
sided) there is one tangent-plane-containing face-tetrahedron [p;p;prqi] € S5 is built on a convex
face [pip;pr] € T and (it) (double sided) there are a tangent-plane-containing pair of nonconvex
face-tetrahedra [p;p;prail, [pip;px@) € Sy are built on a nonconvex face [p1paps| € T, one on each
side;

(4) Rie = S5 x S¢ x Sc X S is a relation between a pair of neighboring face-tetrahedra and
a pair of edge tetrahedra, which can be described as (i) (non-intersection) two face-tetrahedra
pip;peal], [PiPiPmdn] € Sy that share a common edge [p;p;] € T does not intersect each other
and (ii) a pair of edge-tetrahedra [p;p;qis,], [pip;jdnss] € Se where s, = ag+ (1 —a)g,),0 < a < 1,
are built between the pair of edge-sharing face-tetrahedra that are on the same side of triangulation

7.

3 (C? Mesh of Quintic Patches

The input of our algorithm is a triangulated polyhedron P, with optional C'? data at each vertex. C?
data means that each vertex p is given a gradient vector A f(p) and a Hessian matrix A% f(p). The
gradient vector and/or Hessian matrix can be specified by a plane or a conic surface Fj(z,y,2) =0
goes through p,

For each vertex that has incomplete C'? data, a preprocessing step computes reasonable ones
by fitting a conic surface to the vertex and its neighboring vertices.

We then construct a simplicial hull 3~ as in [BCX95a], except that we impose a stronger tangent
containment condition: For a tetrahedral simplex [pypopsps] built on polyhedral face [pypsops],

| Npy - [p1pall > ¢, (3.14)

where N, is the normal at p; and ¢ is a given small positive constant. We will show later that
we need this stronger condition to guarantee that piecewise surface is connected within 3. This
stronger condition can usually be enforced by raising p4.

Once we have established a simplicial hull ) for the given polyhedron P and a set of point
normals N, we construct a C'? trivariate piecewise polynomial function F within 3 such that F has
the given C'? data at each vertex. We then further set the free polynomial coefficients so that they
are C'% continuous to each other. We adapted the C'! and functional cubic scheme from [BCX95a]
to quintic piecewise polynomial. Please refer to it for a full description of the C'! scheme.

Figure 3.3 illustrates between the weights of neighboring tetrahedral simplex in X.

Vi = [pipapspal, Vo = [Pipepspll, Wi = [pipepspsl, Wo = [p{p2pspll,
Vf = [P1P2P3f]4]7 Vz’ = [P’1P2P3f]f1]a W{ = [QQ/P2P3P4]7 Wzl = [f]{lpzpzapﬁ;]a

and the polynomials f; over V;, g; over W;, f! over V/ and g} over W/ be expressed in Bernstein-
Bezier forms with coefficients a', 04 and c\, respectively. Now we shall determine these coefficients
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step by step. Denote

pl = Bipt +Bipa+Bips+Bips, Bi+B+BL+8I=1
“ 0+ B3pa+ Bips+ Bivh, BT+ B3+ B =1

pps + papl, prt+pz =1

= M9+ 720, 1+72=1

=3
=
[l

(3.15)

=3
o
[l

Algorithm 3.1 C? quintic scheme(see Figure 3.3)

1.

10.

(1) _

The number 0 weights are given by the function values at the vertices. For examples, a5, =
f(pz)v 1= 17273'

. The number 1 weights are determined by formula (2.7).

. The number 2 weights are determined by formula (2.8).

(1) (1)

. The number 3 weights, that is a@zo, 3910 and ay{,, are free.
. The number 4 weights are determined by C'! condition (2.10).

. The number 5 and 6 weights have to be determined simultaneously. In determining these

weights, we need to consider all the C'* and C? conditions related to the tetrahedra surround-
ing the vertex py. Suppose there are k triangles(hence k edges) around ps.

Along edge [paps], there are a “clique” of 8 sets of weights with respect of the 8 tetrahedra
around [pps]. WZ(;)lov Wl(;)lov W(gjl)lov Wl(;)207 Wég)zm Wé;):mv W(g;)llv Wl(;)llv Wé;)ﬂv W(g;)mv L=
1,2, W = a,b,c,d. Actually each of the 8 sets is just a different BB-form with respect to
a different basis. Further studying their relations, we figure that there is a linear relation
between 0512)11 and ag)n, regardless of the number 6 weights or weights CYQ)H. However, a
number 5 weight, for example al,,;, is shared by two “cliques” around [pyps] and [pap1].
Therefore, around vertex py, there is a k X k linear system. One can show that this system is
of rank £—1 and hence always solvable. 0522)11 are set by solving the system. The other number
5 weights and number 6 weights are set by C? condition. Please note that the symmetric

linear system with respect to 0522)11 on the other side is trivially satisfied by the solution of

agiz)n- See Appendix A for further details.

. The number 7 weights are similarly determined as that of number 6 weights.

(1)

. The number 8 weight ay{,, are free.

. The number 9 weights are determined by C'* and C? conditions. Both the number of equations

and the number of unknowns are 6k. See Appendix B for details.

For the number 10 weights, we have six equations parallel to the equations (B.53)—(B.56)
with all the index changed by the rule

the index of the number 10 weright = the index of the number 9 — e 4 €3 (3.16)

and seven independent weights. By choosing one of them, say bgl)wv to be a free parameter,
the entire system can be solved.



11. The number 11 weights are determined in the same way as the that of number 9 weights.

12. The number 12 and 13 weights are free. The number 14 weights are determined by C* and

C? conditions. That is bgil)% are defined by (2.10), and bgl)oz are defined by (2.11). For bgl)m,

we have by (2.12) and (2.13)
1 2 1
H1 bg1)01 + N2b§>1)01 = bgu)oo
(2)
1

1 2 1
—Hlbgl)m + Hngl)(Jl = H%bz 02— H%b(zl)

02
Hence (1) (2) (1)
ph) - _ bitoo — H303102 + H1b3102
3101 2411
1 2 1
p2) bgn)oo + N%b(n)oz - H%b(21)02
3101 215

13. The number 15 weights are similar to that of number 14, the index is changed by the rule
(3.16).

14. The number 16 weights are free, the number 17’s are determined by C'! and C? conditions.

15. The remaining weights with index A\ AyA3A4 are determined by C'! and C'? conditions (2.10)
and (2.11) for Ay <2 and freely chosen for Ay > 2

In summary, the construction steps 1-14 are according to the C'' and C'? conditions across the
common tetrahedra faces that are over or below the original triangulation. Step 15 is according to
the C'! and C? conditions across the common tetrahedra faces that are on the original triangulation.
Therefore, the composite polynomial function is global C'? continuous.

In the algorithm, there are quite some free weights need to be set. whatever values they are
assigned to have impacts on the shape of the surface. Instead of an optimization analysis, we
proposed two kinds of cheap heuristics. The first method is the following. We first construct a C'*
A-patch surface with cubic patches. After we make sure that the surface looks good, we degree-
raised the whole simplicial hull to quintic patches. Now whatever weights a quintic patch has will
be used as default values if needed. The second method is to always set the free weight so that
the polynomial approximate a polynomial of lower degree. We observe that the first method works
better.

4 Functional Zero Contouring Quintics

This section gives a set of suflicient conditions to ensure that each quintic is an A-patch. Namely,
besides C'? continuous between adjacent tetrahedra, the zero contouring surface is singly-connected,
non-singular and topologically equivalent to 7.

In the C'! cubic scheme, one is able to arrange the weights of the BB polynomial so that there
is a layer of weights that separates the nonpositive weights and nonnegative. Such an arrangement
turns out to be a simple sufficient condition for an A-patch. However, in the C'? quintic scheme,
after meeting the C% conditions, the signs of the weights could alternate through the the layers. In
particular, the weights at the 1st, 2nd and 3rd layers can be of any sign. We show in the following
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Figure 4.4: Making sure a cubic polynomial is positive by looking into its two subpolynomials

text that, one can arrange the 4th, 5th layers to be nonnegative and large enough in absolute value,
so that the zero contouring surface is an A-patch.

We first discuss some suflicient conditions to guarantee that a BB polynomial is positive in
its domain. Then we discuss some sufficient conditions to make sure a univariate BB polynomial
has exactly one root between (0,1). Then we show that the sufficient functional zero contouring
conditions for a quintic is an integration of the single-rooted and non-rooted conditions at every
rays, for a three-sided patch, shooting from the top vertex py of the tetrahedron to the bottom

/7

face, or for a four sided patch, from edge [p4, p|] of the tetrahedron to edge [pz, p3].(for a four See
Figure 3.3.

4.1 Enforcing positivity of a BB polynomial
4.1.1 TUnivariate

A necessary condition for a univariate polynomial F'(«) to be positive in [0, 1]is that F'(0) = b0 > 0
and F(1) = bg,, > 0. Actually, if we are given F(0,1) = b0 > ¢, for some small constant ¢ > 0,
and some other weights excluding F(1,0) = bg,,,, we can always set bg,, and other free weights to
be large enough so that F(a) > 0,a € [0.1].

In stead of giving a full proof, we check out several cases that are going to be used in weight
setting processes.

For a cubic BB polynomial

F3(a) = b3oB3p(a) + b1 By () + b2 BTy (a) + boz Bos () (4.17)

10
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Figure 4.5: Making sure a quartic polynomial is positive by looking at its two subpolynomials

where bsg > 0, bg; are given, set byz and bgz so that F'3(a) > 0in [0, 1].

From the subdivision properties of BB polynomial, if F3(a) > 0, then there must exist a
subdivision of the BB polynomial where the weights of each piece are all positive. Based on this
observation, we subdivide the univariate cubic polynomial F3(«a) into two pieces,

1 1 1 1
30 = ) Bio() + 0 B3 () + 003 B ) + 0 B ) (4.18)
3 = W BR(0) + 05 B3 () + 03 Ba(e) + 0 Bl ) (4.19)
upon a = (1 —¢,¢) (See figure 4.4). We now just need to choose t carefully so that
b8 = (1 = t)bao + thyy > 0 (4.20)

The other weights are positive function of by5 and bgz and hence can be set to be positive by setting
b1z and bos large enough. Quantitative details are given in appendix C.
For a quartic BB polynomial,

Fd(a) = baoBig(a) + bsi Bay (o) + bag Byy() + bisBis(@) + boaByy(e) (4.21)

where by > ¢, b3 and byy are given, set byz and boy so that F4(«) > 0 in [0, 1].
We subdivide the univariate quartic polynomial F'4(«) into two pieces,

F4(1)(a) = b%)Bffo + bgl1)B§1 + bglz)Bgz + bg)Bil:a + 5&)334 (4.22)
F4(2)(a) = b%)Bio + 55521)3511 + bgzz)Bgz + bg)Bil:a + 581)3614 (4.23)

11
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Figure 4.6: Making sure a quintic polynomial is positive by looking at its two subpolynomials

upon a = (1 —t,t) (see figure 4.5). By choosing ¢ carefully, one makes sure that
5211) = (1 —1)bso +tb31 >0 (4.24)
b = (1= 1)2bao+ 21 — Othay + bz > 0, (4.25)

The rest of the control points is a positive function of b3, bgs and hence can be set to be positive.
Quantitative details are given in appendix C
For a quintic BB polynomial,

F5(a) = bsoBig(a) + b By (@) + bsa B3y () + basBig() + biaBiy() + bos Bgs () (4.26)

where bsg > ¢, bay, bsz and by3 are given, set by and bgs so that F'5(a) > 0 in [0, 1].
We subdivide the univariate quintic polynomial F5(«) into two pieces,

F5(1)(a) = b%)Bgo + bii)Bil + bglz)Bgz + b%)BS:abﬁ)Bi + 5815)385 (4.27)
F5(2)(a) = bg)Bgo + bﬁ)Bil + bgzz)Bgz + b%)BS:abﬁ)Bi + 5825)385 (4.28)

12



upon a = (1 —t,t (see figure 4.6). By choosing ¢ carefully, one makes sure that

b)) = (1= 1)bso+ thy >0 (4.29)
b = (1= 1)2bso+ 2(1 — )tbay + 12bsy > 0 (4.30)
B = (1= £)%bs0 + 3(1 — £)2tbay + 3(1 — )t2bsy + t3by3 > 0 (4.31)

The rest of the control points is a positive function of b4, bgs and hence can be set to be positive.
Quantitative details are given in appendix C

4.1.2 Bivariate

Given a bivariate degree m BB polynomial F(a) in [pipzps), if F(a) A az = 0 is fixed and larger
than a small constant ¢, we can set boo,, and any other free weights so that F(«) > 0in the domain.

A sufficient algorithm to achieve this is given as follows. We first construct a “worst case”
univariate degree m polynomial

Fm™(a) = b oBrola) + ...+ by, Bl _y;(@) + by, Bop, (). (4.32)

(m—3)j = (m—j

where, for the jth layer F(a) A as = 7,0 < j < m, if a minimum value can be determined from
the fixed weights assign it to b(_m_j)j. Otherwise mark b(_m_j)j as a free weights and layer j as free
layer. We then set the free weights to make sure the univariate polynomial Fm~™ > 0. Then we
make sure that the subpolynomial in each free layer is larger than the corresponding free weight in
Fm~. By doing that, we make sure that the univariate subpolynomial in any line [pps], p € [p1, p2),
is positive.

If we have more time or our computer is more powerful, we may obtain more relax result by first

subdividing [pyp2] into n pieces, [pgi),pg)], Pgl) =P, p(zn) = po. Then applying the above algorithm

to each triangular simplex [pgl)ap(zi)Pg], and then in each layer, setting the free weights so that it is
no less than what is required for each subdivided subpolynomial.
Similarly, if bgg,, is fixed and larger than a small constant ¢, we can set the weights of F'(a)Aas =

0 and any other free weights so that F(«) > 0 in the domain.

4.1.3 Trivariate

There are two kinds of configurations with trivariate BB polynomials. The first case is analog to
the bivariate case. For a trivariate degree m BB polynomial F(a) in [p1papspal, if F(a) Aoy =0
is fixed and larger than a small constant €, we can always set bpgo,, and any other free weights so
that F(a) > 0 for any a over the domain simplex. If booo, > ¢ > 0 is given, we can always set the
weights of subpolynomial in [p1p2ps], namely F(a)A(a = 0) and any other free weights to be large
enough so that F(a) > 0.

The second case, if F(a) A a; = ay = 0 is fixed and larger than a small constant ¢, we can
always set the weights of F'(a) A ag = asg = 0 and any other free weight to be large enough so that
F(a) > 0. In particular, the worst case polynomial

Fm™(a)=b_oBro(a)+ ...+ b(_m_j)jB%_j)j(a) + 4. + by, (@) (4.33)
where b(_m_j)j is the minimum of F(a) Aoy + a4 = j, if the minimum can be determined. Otherwise

b, ... 1is marked free.
(m=3)J
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Summing up, in a simplex tetrahedron, if the subpolynomial in a face is given positive, we
can adjust the subpolynomial at its opposite vertex so that the entire polynomial over the simplex
is positive and vice versa. If the subpolynomial in an edge is given positive, we can adjust that
subpolynomial at its opposite edge so that the entire polynomial over the simplex is positive. The
first case is for the three sided patch while the second case is for the four sided case.

Similarly, relax result can be obtained by subdividing [p1p2pspa]. For the first case (three sided
patch), [p1p2pspa] is subdivided into [pgl)p(;)pg)pzl]’s, where [pgl)p(;)pg)] is a sub-triangle of [pypaps].
For the second case (four sided patch), [pipapspa] is subdivided into [pf'psh, p#2ps3, s, where [pfpfl,

is a subsegment of [pyp4], and [pfzpf_lz_l is a subsegment of [paps].

4.2 Sufficient conditions for single-rooted univariate quintic BB polynomials

We now tackle the following problem. Give a univariate quintic BB polynomial
F5(a) = bsoBig(@) + bai Biy (@) + b2 B3y (@) + by Bis(a) + biaBiy(a) + bosBos(a)  (4.34)

where bsg, ba1, b3z, and by are given, set by4 and bps so that the polynomial has exactly one root
within the interval of (0,1) if (1) bso < 0, or (2) bso = 0 and byy > 1, where n > 0 is a constant.

We first assume that b9 < 0. Such a quintic BB polynomial can be classified into the 8 cases
in terms of the signs of byy, b3z and bz, shown in figure 4.7. If we denote each case by a triple
consists of the signs of bs1, bsz and bas respectively, then in cases (—,—, =), (=, —,+), (—,+,+) and
(+,+,4), there is only one sign change in the weights, which is a sufficient condition to guarantee
that there is exactly one root in [0, 1]. We call these four cases category (0).

The other four cases are divided into the following two categories in terms of the difference
between b5 and bay: (1) bsg — by < —¢, where ¢ is a small positive number, which can be set as
bs0/100; and (2) otherwise. Case (+,+,—), (+,—,+) and (4, —, —) fall into case (1), while case
(—,4,—) is further divided into (1) and (2) (See figure 4.8).

For a polynomial of category (1), we set bys and bgs to make sure that the first derivative of

F5(a),

F5a(a) = 5((ba — bso)Big(a) + (bsa — ba1) B3y () + (bas — baz) Byy(a) +
(b1a — baz) Bis(@) + (bos — b14) Byu()) (4.35)

is positive in [0,1]. It follow that F5(a) is monotonic and hence single-rooted. The problem is
hence reduced to the quartic case we have discussed in last subsection.
For a polynomial of case (2), we set b4 and bgs to make sure that the second derivative of F'(a),

F5a0(0) = 20((bsz — 2ba1 + bso)Big(r) + (bas — 2bsz + ba1 ) By () +
(b14 — 2b23 —|— bgg)Bi))Q(Oé) —|— (b05 — 2b14 —|— b23)B83(04)) (436)

is positive. The positivity of F,,(a) ensure that F,(a) is monotonic, which ensure that F(a) is
single-rooted, providing that F'5(0) = bsg < 0 and F5(1) = bgs > 0. As bsg < 0, byy < 0, bgz > 0
and bsg — bq1 < € we have bsy — 2b41 + bsp > 0. Hence the problem is reduced to the cubic case we
discuss in last subsection.

In the case that bsg and byy > 1 > 0, the polynomial has a root at a = (1,0). As byy > 1 > 0,
we can set b1y and bgs large enough so that there is no other roots.
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(a) (_7_7_) (b)(_v_v )
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(e)(_7+7_) (f)(+7+7_)

@\@
{

(g)( 7_7_) (h)(+7_7+)

Figure 4.7: Quintic BB polynomials are subdivided into 8 cases according to the signs of weights

b41, b32 abd b23.
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(a) (b)
Figure 4.8: case (—, 4, —) is further subdivided. (a) bs0 — b41 < —e. (b) Otherwise

4.3 Sufficient conditions for quintic A-patches

From definition, a three sided quintic patch is an A-patch if a line segment [pp,] connecting the
top vertex py and any point p on the bottom [p;pops] intersects the surface at most once. In other
words, the univariate subpolynomial in [pp4] has at most one root in [0, 1]. In the case of a four sided
patch, a ray polynomial is the univariate subpolynomial in [py4pes], where pyy € [p1p4], pos € [p2ps].

We first assume that, at the bottom face [pipaps] (where aqy = 0), F(a) > 0. Then [pp4]
intersects the surface exactly once. We call such a subpolynomial a ray polynomial of the trivariate
polynomial in [pypapsps]. Note that how many times [pp4] intersects with the surface are determined
by the ray polynomial in [pp4]. Recalling that, in section 3, the weights at the 4th and 5th are free
in the C'? continuity weight setting algorithm, each of such univariate quintic polynomials can be
made single-rooted as we discussed above. So if one can check all [pyp]’s for all p in [pypops], to
make sure that the ray polynomial has exactly one root in [0, 1], we make sure that the surface is an
A-patch. But obviously, it is non-practical to keep track of the infinite number of ray polynomials.

Hence, we instead subdivide the bottom face [p;psps] into small triangles [pgi)p(;)pg)], such that
the subpolynomial in [pgi)pg)pg)pzl] is simpler in the sense that the ray polynomials fall in the same
category that we discussed above. We are then able to make sure that all ray polynomials in [p4p]
are single-rooted by making sure that the “worst case” is single-rooted.

Similarly, in the case of a four sided patch [pypop3p4], we subdivide edge [pyp4] and edge [paps]
to subdivide the tetrahedron into smaller four sided patches, within each of which we enforce that
the surface is an A-patch by treating a “worst” case ray polynomial.

However, it is not practical to subdivide the polynomial into into subpolynomials that exactly
fall into individual categories. Instead, we subdivide the polynomial until the individual subpoly-
nomial can be treated the same way. To see that is possible, in last subsection, we classify the
univariate quintic subpolynomials into 3 categories. Category (0) can be trivially made single-
sheeted by setting b14 and bgs to be positive. So, if a ray polynomial of a trivariate polynomial is
either in category (0) or (1), we can treat them all as if they are all in category (1). Similarly, when
a ray polynomial of a trivariate polynomial is either in category (0) or (2). The algorithm that
guarantees a category (2) subpolynomial single-rooted rely on the fact that bsg + bsz — 2b41 > 0,
which can apply to some member of categories (0) and (1) as well. Hence if we subdivide the
polynomial deep enough, we can get subpolynomial whose ray polynomials are in category (2), or
(0), or (1) but with bsg + b3z — 2b41 > 0.

Based on the above observation, we layout the subdivision scheme in the following way.
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Let Fy(a) = F(a) A (g = 0) be the bivariate polynomial in the bottom face, or the 0th layer,
Fi(a) = F(a)A(ay = 1) be the quartic bivariate polynomial in the 1st layer, Fy(a) = F(a)A(ayq =
2) be the cubic bivariate polynomial in the 2nd layer. We define the following two polynomials in
[p1p2p3p4]

Fa(a) = Fyla)— F(a)a (4.37)
Fao(a) = Fyla) = 2F(a)a + Fy(a)a? (4.38)
We denote the weights of polynomial F(a) as b(F'). b(F') < ¢ means the weights of F' are all
less than c.
(1) (1) (1)

Then we keep subdividing [p1p2pspa] until for each subpolynomial [p;’py”’ ps ' pa] satisfies one of
the following cases.

(0) There is only one sign change;
(1) b(Fa) < —¢, which implies that for every univariate subpolynomial in [psp], bso — ba1 < —¢;

(2) b(F1) < 0A (b(Fa2)V b(Fy) < 0V b(F3) > 0) which implies that for every univariate
subpolynomial in [pap], bs1 < 0 and bsg — 2bsq + b3z > 0, or can be classified into category (0).

In cases (1) and (2), we define the worst univariate subpolynomial
Fuorst(z) = bsoBso + 05 By + 43383, + +by3 By + 03y By + b5 Bos (4.39)
where
by = Min{b(Fp)}
b = Min{b(1)}
by, = Min{b(Fy)}
Enforcing the worst univariate subpolynomial to be single-rooted, we guarantee that all the

univariate subpolynomial over [p4p] is single-rooted, which implies that the surface is an A-patch.
In the case that Fy(a) is not always positive, we subdivide face [p;paps] until in each subpoly-

nomial Féi)(a) in [pgi)p(;)pgi)] is one of the following
1. Positive. Set the free weights of F()(a) so that the trivariate polynomial has no root.

2. Negative. Set the free weights of F(i)(a) so that the trivariate polynomial has exactly one
root.

3. The subpolynomial in [pgi)p(;)pg)] (denoted as Ff)(a)) is an A-spline [BX92]. A sufficient
condition is that, there exists an integer j(1 < j < 3) an integer k(0 < k£ < 5) such that

b

by

A=0,1,.,k—1 (4.40)

0,
0, AN=k+1,..,5 (4.41)

(AVARIVAN

In this case, say j = 1, we set the free weights of F(i)(a) so that the bivariate subpolynomial
in [p(;)pg)pzl] is positive, and furthermore, large enough so that any ray subpolynomial in pp.,

where p € [pgi)pgf)pzl], is single-rooted.
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At a corner of face [pypaps], say p1 or a = (1,0,0,0), the weight bs000 = 0. From the stronger
tangent containment condition 3.14 that we have enforced, bygp1 > 1 for some small constant n > 0.
Thus there exists a small neighborhood o*, |a* —a| < p, where Fj(a*) > 0. Hence it can be treated
as an instance of category (1).

In short, the functional zero contour enforcing scheme can be embed into the C? scheme as
follows. Steps 4 and 8 replace steps 4 and 8 in scheme 3.1. Step 117 is inserted between steps 11
and 12.

Algorithm 4.2 Functional zero contouring
4. If face [p1p2ps] is convex, set agg)m, agz)lm a(zil)zo to be positive.
8. Set number 8 weight, agil)m to be positive.

11°. Set number 12 weight to be large enough so that

(a) we are sure the polynomial in [pypopsps] is a three sided A-patch, and

(b) when we compute number 13, 14 and 15 weights later in step 12, they are large enough
so that we are sure the polynomial in [p;p2p3p4] is a four sided A-patch.

4.4 Summary

In summary, we give an outline of the algorithm. The last step can be incorporated into one,
depending on the implementation.

Algorithm 4.3 Construction of C* A-patch surface
INPUT: a triangulated polyhedron P.

¢ Compute the normal at each vertex of P.

Construct C'! cubic simplicial hull and C' A-patches
o Degree raising the cubic simplicial hull to quintic. Used as default values.
e Estimate C'? data (Hessian matrix) at each vertex. interpolate them with the polynomials.

Construct piecewise (' quintic polynomials.

e Set functional zero contouring conditions.

OUTPUT: C?* A-patch surface.
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Figure 5.9: A simple C'? example. (a) Drawn in different shades to show the piecewise structure.
(b) C'': Showing Gaussian curvature. (¢) C'*: Showing Mean curvature. (d) C?: Showing Gaussian
curvature.
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Figure 5.10: A C? smooth icosahedron. (a) Drawn in different shades to show the piecewise
structure. (b) Gaussian curvature. (c¢) Mean curvature. (d) Mean curvature. The surface is
modified locally around the patch facing up.
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(d) (e) (f)

Figure 5.11: Interactive control of C'? A-patches. Starting from a sphere, the quintic piecewise
surface is deforming toward a cube. (a) Sphere. (b) The surface is dragged toward a vertex of the
cube. Mean curvature map. (c¢) Toward an edge of the cube. Gaussian curvature. (d) Toward an
face of the cube. Mean curvature. (e) Toward the cube. Gaussian curvature. (f) Toward the cube.
Shaded in pattern to show the piecewise structure.
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5 Implementation

We have presented algorithms for interpolating a three dimensional polyhedron with C'? quintic
A-patches. These algorithms have been implemented in the SplineX and Shilp toolkits of Shas-
tra, a distributed and collaborative geometric design environment [AB93]. Shilp is an X-11 based,
interactive solid modeling system and is used to create a simplicial (face triangulated) polyhedral
model of the desired shape. This model could also be the triangulation of an arbitrary surface in
three dimensions. This triangulation is C'! smoothed by a client /server call to a SplineX computa-
tion using inter process communication. SplineX is a an X-11 based, interactive surface modeling
toolkit for arbitrary algebraic surfaces (implicit or parametric) in BB form. It allows for the cre-
ation of simplex chains (as for example the simplicial hull of the triangulation) and the interactive
change of control points and weights of the A-patches for shape control. SplineX also has the
ability to distribute its rendering tasks (for the display of the individual A-patches) on a network
of workstations, to achieve maximal display parallelism.

Figure 5.9 shows a simple example, quintic A-patches based on 4 triangles sharing a vertex.
Figure 5.10 shows quintic A-patches built on top of a icosahedron. Note that the sizes of edge
patches in pairs are not even, as an convention simplicial hull based on an icosahedron, with
equal sized edge patch pair, would cause case 1 degeneracy(See Appendix B). Figure 5.11 shows
interactive control of C'? quintic A-patches. Starting from a sphere, we drag the surface towards
the vertices of a cube by changing the weights ap113, @1013 and @193 of the quintic face simplexes.
Note that the simplicial hull in Figure 5.11 suffers case 2 degeneracy(See Appendix B). Hence we
keep weight aq112 as is, but instead change ag113, ¢1013 and aq10s3.

6 Conclusion

We give piecewise C'? quintic A-patch scheme to C? interpolate or approximate each vertex of a
given polyhedron. However, as a first step toward C'? algebraic splines in BB form, the scheme still
has many problems. Compared to the C'! cubic A-patch scheme [BCX95a], this scheme is more
complicated in the following aspects. First, we have to solve larger linear system to achieve C?
continuity. Secondly, it is far more difficult to guarantee that the surface is fully connected, free of
singularity and unwanted branches, as in general, the “one sign change” principle is not practical.
Thirdly, there are quite many degenerate cases, where the linear systems are singular and we have
modified the simplicial hull to remove the degeneracies.

However, it seems to us there is not much room that we can play with quintic surface for
C? continuity, under the same simplicial hull structure. Further improvements can be made by
studying more about the degenerated cases, using higher degree surfaces, or different simplicial
hull structures. For example, if we use degree 7 patches, which interpolates some given or pre-
calculated (3 data at each vertex, and (C'? elsewhere, we are able to break up those big systems
around the vertices into smaller ones around the edge. Namely, the systems involve no more than
8 simplexes, same level as in the C'! cubic case.

Besides all these problem, the scheme inherits some common problem of surface fitting, as shown
in Figure 5.10, although C? smooth, the surface looks bumpy. An optimization scheme is hence
needed to construct fair surface with respect to this particular problem.
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A Determining Number 5 and 6 Weights of Quintic

It follows from (2.10) and (2.11) that
bglz)n = 1 1211 + 52 0311 + 53 0221 + 54 0212 (A42)

b(222)10 = 51 51 2210‘|‘251 52 013104‘251 53 012204‘251 ﬁ (22)11
+ 52 52 0410‘|‘252 53 083)204‘252 54 083)11 (A.43)
+ ﬁ:a ﬁ:a 0230+2ﬁ3 ﬁ4 “0221 ‘|‘ﬁ4 ﬁ4 0212
for i = 1,2. (A.43) can be written briefly as

b(222)10 = Qﬁy)@(;)agn + 54(12)54(12)‘1822)12 +7 (A.44)
where 7 is the known terms in (A.43). Since

b(212)10 = Nlbglz)n + N2b§22)11 (A-45)

1 2
H%béz)m M1b§2)11—:u2bé2)12 N2b§2)11 (A.46)

then by substituting (A.42) into (A.45) and (A.46) and then eliminating bgz)lo from (A.44) and
(A.45) we get three equations related to four unknowns which could be written as:

l B~ - ] l a0 ] l aghs ] _ l 200 — i - ] l alh ] .
2 2 2 = 2 2
—H ﬁz(l - 2 0 ﬁz(l ) 082)12 - 2@(1 ) 2 052)11

(A.47)
(1 @) ato)o 50 | o
[—Hl(@; — 1) p2(By - Mz)] @ |~ [Mlﬁl s —H2fy ] @ | = (A.48)
Qo212 1211
where --- are known terms. Since the coefficient matrix of (A.47) is nonsingular, by solving

[a812)12 082)12] from (A.47) and then substituting it into (A.48), we get one equation relating to

the unknowns allzn, ag)n. Let the equation be in the form

¢a§12)11 + Qﬁagzz)n =w (A.49)
Therefore, these unknowns form a closed chain around the vertex p; in one side of the tangent
plane at po.
Let
o1 U
b2 W
A= L (A.50)
Y Pk
w1
w2
o= (A.51)
Wi
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We observe that system
Az = (A.52)

isof rank k—1. In other words, it has infinite number of solutions. We have not come up with a proof
of this property yet. Assuming this observation is true, we choose the solution that least-squared
approximate the default values.

B Determining Number 9 Weights of the Quintic Scheme

For:=1,2, ' '
bglz)oz ﬁ1 ‘112)02+ﬁ2 %3)02"‘ﬁ3 %2)12"‘ﬁ4 ‘182)03 (B.53)
b = m m m +2ﬁ1 ﬂ2 130 +2ﬁ1 ﬁg am+2ﬂ1 8o,
+ 52 52 0401 ‘|‘252 53 031 ‘|‘252 54 0302 (B.54)
+ 53 53 0221 ‘|’253 54 0212"’54 54 0203
and
1 1 2
bgz)oo = Nlb(zz)m + N2b(22)01 (B-55)
1 1 2
H%bgz)oz Hlb(zz)m bgz)oz N2b(22)01 (B-56)

Substitute (B.53) and (B.54) into (B.56), we have

:ulﬂz(ll)( 54 ) 0203 MQﬂz(l (p2 — ﬁ4 ) 02)03 =

This is a system of the form

$1
¢z 2

Py, o

whose determinant is Hk‘H B —(—1)k7 Hfi{ ;. This matrix is nonsingular in general if the points
given are in the general position. Hence the system can be solved.

However, if the surrounding tetrahedra at the same side of py are not closed, the matrix A is
in the form of

o1 U
T
. . Ay 0

By choosing one unknown, say the [-th to be a free parameter, A can be written as A = 0 A
2

with

o1 1 Vit
S ip2 U
Ay = . . L Ay = +2 ‘ +2 ‘
-1 Y11 T T
ul Pk Uk
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Hence the system of equations breakup into two smaller sub-systems. Each of them can be solved
separately.
We identify two kinds of degeneracies as follows.

(1) @(11) = ﬁf), but not equal to zero.
p1 and po need to be set to some values other than 0.5 so that A is not singular.

(2) ﬁfll) and ﬁf) are all zero.
In this case, changing pq, p2 would not solve the problem. We perturbed the tops of the face
simplexes to avoid singularity in A.

C Enforcing positivity of quartic and cubic BB polynomials

C.1 Enforcing positivity of a cubic polynomial

For a cubic BB polynomial
F3(a) = bsoB3o(a) + ba1 By (@) + bi2BY5(a) + bos Bis(a) (C.57)

where bsg > 0, bg; are given, set byz and bgz so that F'3(a) > 0in [0, 1].

We observe that, if F'3(a) > 0, then there must exist a subdivision of the BB polynomial where
the weights of each piece are all positive. We subdivide the univariate cubic polynomial F'3(«a) into
two pieces,

30 = ) B(a) + 05 B3 () + B15 B, () + 05 Bis(a) (C.58)
30 = 2 B(a) + 05 B3 () + b13 B () + b5 Bis(a) (C.59)

upon a =t (See figure 4.4). We now just need to choose t =ty < bgobiobm so that

b = (1 — to)bso + tobay > 0 (C.60)

The other weights are positive function of b15 and bgs and hence can be set to be positive. In
particular,

bglz) = (1- to)b(zll) + to((1 = to)b21 + th12) (C.61)
> to((1 — t0)ba1 + tob12) (C.62)

Hence if

(1 — to)bgl +tgbiz > Oor
b12b30 — b%o > 0, (063)

b%) > 0. It is trivial to verify that if furthermore bos > 0, all other control points are positive.
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C.2 Enforcing positivity of a quartic polynomial

For a quartic BB polynomial,
Fi(a) = bioBig(@) + bs1 B3 (a) + bazByy(@) + bisBis(a) + bos Byy(a)

where by > ¢, b3 and byy are given, set byz and boy so that F4(«) > 0 in [0, 1].
We subdivide the univariate quartic polynomial F'4(«) into two pieces,

FAO(a) = 0lg) Bl + by By + 0 B, + b1 Bl + 00 B,
F4(2)(a) = b%)Bio + bgzl)B§1 + b(222)B§2 + bg)Bil:a + béi)B&

upon a =t (see figure 4.6). By choosing ¢ carefully, one makes sure that

b = (1= t)bso + thyy > 0

b8 = (1= )%bao + 2(1 — t)tbgy + 12bgy > 0.
Specifically, Let r = %, inequality (C.68) is equivalent to

baor?® + 2b317 + baz > 0

Solving this inequality in r > 0,

—b31 + \/5;231 — baobag

r >
bao
. -b A/b2. —byob . . .
Hence by choosing r = rg > a1t 64301 w0 b(212) > 0. It is easy to verify that so is bgll).

(1)

Then, in order to make by5 > 0, as

b = (1= 068 + 1(ba1 By + b2s B2, + b1z B2,) > 0

or
ba1 B3o(to) + b22Bi (o) + bisBgy(to) > 0
where tg = ﬁ, or
ba17g + bga2rg + byz > 0
or
—b31 + 5;231 — baobao —b31 + \/55231 — baoba2
b1z > — b31 + 2b2
bao bao

Furthermore, with bgy > 0, every other weights are positive.
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C.3 Enforcing positivity of a quintic polynomial

For a quintic BB polynomial,

F5(a) = bsoBig(a) + bar Biy (@) + b3y B3y (@) + basBis(@) + biaBiy() + bos Bgs () (C.75)

where bsg > ¢, bay, bsz and by3 are given, set by and bgs so that F'5(a) > 0 in [0, 1].
We subdivide the univariate quintic polynomial F5(«) into two pieces,

1 1 1 1 1 1
F5W(a) = 0B, + by BY + 055 B3, + b8 B30 BY, + b0 BY
2 2 2 2 2 2
F5(2)(a) = b(so)Bgo + bgu)Bil + bgz)Bgz + b(23)B§3b§4)Bf4 + bés)Bgs
upon a =t (see figure 4.5). By choosing ¢ carefully, one makes sure that
BV = (1= 1)bso + thay > 0

bglz) = (1 — t)2b50 + 2(1 — t)tb41 + t2b32 >0
B = (1= )3bso + 3(1 — £)2tbay + 3(1 — 1)t2bsy + £3by3 > 0

Similar to the cubic and quartic case, we solve
(1 —1)%bso + 3(1 — 1)%tbay + 3(1 — t)t%baz + t°bg3 > 0
in 0 <t < 1, or its equivalence

350 + 3724y + 37b3g 4 byz > 0

with r = %
Let ty be what we choose for . We next choose b14 so that

b(l)

O = (1= 10)t%) + to(ba B3y(t0) + b32 B3, (1) + b2s B, (t0) + b1aBis(to))

> to(ba1 B3y (to) + b2 B3, (to) + basBY(to) + b1aBis(to)) > 0
or
bia > —(5417‘8 + 3b3gra + 3bas70)

Setting bgs > 0 makes every other weights positive.

29

(C.78)
(C.79)
(C.80)

(C.81)

(C.82)

N N
[OI®!
oo o
= &
N

(C.85)



