M 340L - CS
Homework Set 12 Solutions

Note: Scale all eigenvectors so the largest component is +1.

1. For each of these matrices,
e find the characteristic polynomial p(A1)=det(A—Al).

e factor it to get the eigenvalues: A, 4,,...,4,.

o fori=1,.. nfind X' the eigenvector cotresponding 4. (that is, find a vector X' in the
nullspace of A=A41).

1 3
a. A= .
L2

The characteristic polynomial is (1—A)(2—A)—12=A1*-31-10=(1-5)(1+2)so the

-4 3 3/4
eigenvalues are 5 and -2. The null space of A-5I ={ 4 3:| is the vector { 1 :| (and its

3 3 1
multiples). The null space of A—(-2)1 = {4 4} is the vector |:

1:| (and its multiples).
) 3/4 1
Thus the eigenvectors are 1 and

-1l
8 -12 O
b. A=|-3 9 -3
-5 3 3

The characteristic polynomial is
B8-21)9-1)B-1)+(-12)(-3)(-5)+0-0-(8-1)(-3)3-(3-1)(-3)(-12)
=-1°+204" - 196 = —(1—8)(1 -12)(1-0)

0 -12 0
so the eigenvalues are 8, 12, and 0. The null space of A—=8l = -3 1 -3 is the vector
-5 3 5
1
0 |(and its multiples) since
-1
0 -12 0 5 3 5 5 3 5 5 3 5
-3 1 -3-»>|-3 1 -3|->|0 -4/5 0|—>|0 -4/5 0 |.Thenul
-5 3 -5 0 -12 0 0 -12 0 0 0 0




-4 -12 0 1
space of A—121 =| -3 -3 -3 is the vector | =1/ 3 | (and its multiples) since
5 3 9 -2/3
-4 -12 0 -4 -12 0 -4 -12 0
-3 3 3|»>|0 6 =3|—>|0 6 -3|. Thenullspace of
5 3 -9 0 18 -9 0 0 ©0

8 -12 0 1
A-0l1=|-3 9 3] is the vector | 2/3 | (and its multiples) since
-5 3 3 1
'8 -12 0 8 -12 0 8 -12 0 1
-3 9 3|->|0 9/2 -3|—>|0 9/2 -3|. Thus the eigenvectors are | 0 |,
-5 3 3 0 -9/2 3 0O 0 O -1
1 1
-1/3 |, and | 2/3 .
| -2/3 1

2. Two eigenvectors of an upper triangular matrix:

Let U = be 7 by 7 and upper triangular. Assume a # C.

o O 9
o o T

a. Show that the eigenvector corresponding to the eigenvalue a is €, (i.e the first column of the #
by 7 identity matrix). (Use this below.)

a b a
Ue =0 ¢ ---|g,=|0|=ae,.
0 0 ° 0
b/(c—a)
b. Show that the eigenvector corresponding to the eigenvalue C is 0 . (Use this or a

1
(c—a)/b

scaled version 0 . below.)



b/(c—a) b/(c—a) b/(c—a)

1 a b ab/(c—a)+b 1
U =0 ¢ - = c =C

0 ) 0 0

) 0 0 0

3. How do perturbations affect eigenvalues and eigenvectors?

a. Let A= {0 2:|. What are its eigenvalues and eigenvectors? (See the note above regarding the

scaling of eigenvectors and make sure you do it throughout the homework.)

01 1
The eigenvalues are 2 and 2. The null space of A—-21 = |:0 0} is the vector [0} (and its

multiples). [0} is only one linearly independent eigenvector.

b. Let B= |: 5 } What are its eigenvalues and eigenvectors? (Your answers should be in
+&

terms of the perturbation parameter¢ .)

01 1
The eigenvalues are 2 and 2+¢ . The null space of B—21 = |:0 }is the vector {O:| (and
&

-¢ 1 1
its multiples). The null space of B—(2+¢&)I =|: 0 0} is the vector {

} (and its multiples).
&

1 1
Thus the eigenvectors are [0} and{ } .
&
c. Describe the effect of the perturbation & on eigenvalues and eigenvectors of A. Comment on
the linear independence of the eigenvectors of B.

The perturbation has introduced a second eigenvector but it is nearly linearly dependent
upon the first.

d. Let C= {O 2}. What are its eigenvalues and eigenvectors? (Choose linearly independent

eigenvectors.)



0 0
The eigenvalues are 2 and 2. The null space of C—-21 = {O 0} is all of R?. Two linearly

1 0
independent eigenvectors are {O:| and L}

&
e. Let D= {O 2}. What are its eigenvalues and eigenvectors?
. 0 ¢f, 1 .
The eigenvalues are 2 and 2. The null space of D21 = 00 is the vector 0 (and its

1
multiples). The only eigenvector is {O} .

f. Describe the effect of the perturbation & on eigenvalues and eigenvectors of C.

The perturbation has left the eigenvalues unperturbed but has removed the second
eigenvector.

4. Using the diagonal form to compute high powers:

{ 1
Tet A=
-2

}. Feel free to express answers in parts ¢, d, and e using excpressions involving powers.

a. What are its eigenvalues and eigenvectors? (SeeProblem 1, if necessary.)

The characteristic polynomial is (1—A)(1—A)—4=A*—21—3=(1-3)(A+1)so the

-2 2| 1 .
is the vector (and its
2 -1

eigenvalues ate 3 and -1. The null space of A-3l = |:
. 2 2| 1 . .
multiples). The null space of A—(-1)I = ) o | the vector 1 (and its multiples).

1 1
Thus the eigenvectors are { J and |:J

b. Using part a., form D, a diagonal matrix of eigenvalues, form V whose columns are the

associated eigenvectors, then compute V * and finally VDV -, Compare VDV “to A

, 1 17" [1/2 -1/2 1 27 [1 13 07[1/2 -1/2
Since = , A= = .
11 1/2 1/2 2 1| |-1 1llo -1ll1/2 1/2



1
c. Using part b., what is Ay for y = {2}’ (Do not compute A'® - yet. Use associativity in a

clever way.)

AlOOy _ VD -1y :[ 1 1}{3100 0 }{1/ 2 -1/ 2}{1}
-1 1] 0 (-p@|1/2 1/2 |2
1 1][3® o |[-1/2
B 1}_0 (—Dm0}{3/2}
_” 1 1 "_3100/2
|11 1]_3/2 }

1(3-3%)/2
(3™ +3)/2

(24
d. Express your answer in part c as APy = 7|:ﬂ}, where y is such that the largest component of

a a
{ﬂ} is +1. Compare {ﬂ} to the eigenvector corresponding to /4.

3% +3 3% +3
3-3/2| (3°+3)| =—— 0=
APy = [( =——| 3943 |.Thevector | 3% 43 | is very close (within
100
37 +3)/2 2 1 1

1
10) to the negative of the eigenvector { J .

e. Using part b., what is AC?

AL _\/Dlo0y/ L _ 1 1|3 0 1/2 -1/2
-1 1|l 0 (<™ ||1/2 1/2

[1o3vr2 -3%2
11 172 172

| @E@®+n/2 (-30+1)/2
(-3°+1/2 (@%+1/2 |




5. A Markov process:

1/25 21/25 1/2

16%

4%

a. What are its eigenvalues and eigenvectors?

. 24125 4125 . 1/2
Repeat all five parts of Problem 4 with A= except in part c. use Y = .

The characte3ristic polynomial is

(24125 2)(21/ 25— 1) — 41252 = A2 —9/51+4/5=(1—1)(A—4/5)so the eigenvalues
g

-1/25 4/25 | . 1 .
. 1s the vector (and its
1/25 -4/25 1/4

4125 4125 1 _
is the vector 1 (and its

are 1 and 4/5. The null space of A—1 :|:
Itiples). Th 11 f A—4/51 =
multiples). The null space o |:1/ o5 1/95

1 1
multiples). Thus the eigenvectors are L/ 4} and { J.

b. Using part a. express A=VDV - (where the columns of V are the eigenvectors and Dis a
diagonal matrix containing the associated eigenvalues.)

, 1 17" [4/5 45
Since = )
1/4 -1 1/5 -4/5
A 24/25 4/257 [ 1 1701 o0 ][4/5 4/5
| 1/25 21/25| |1/4 -1||0 4/5]||1/5 -4/5]|

1/2
c. Using part b., what is Ay for y = L/ 2]3 (Do not compute A'® - yet.)



1 1 100 4/5 4/5 ||1/2
AlOO y — VDlOO\/ 7ly — 1 0 100

1/4 -1|| 0 (4/5° | 1/5 -4/5]|1/2
_'1 1 | 120 0 4/5
|1/4 1]l 0 (4/5)™ || -3/10

1 1 415
C|1/4 1) -3-(4/5)™/10

[4/5-3-(4/5)'° /10
|1/5+3-(4/5)™ /10

lo4
d. Express your answer in part c as Ay = 7|:ﬂ}, where y is such that the largest component of

a a
{ﬂ} is +1. Compare {ﬂ} to the eigenvector corresponding to /4.

1
=(4/5-3-(4/5)"110)| 1+15-(4/5)'* /10

4-15-(4/5) /10 |
1 _

0y, __ 4/5-3-(4/5)'"* /10
1/5+3-(4/5)"* /10

1
vector | 1+15-(4/ 5)100 /10 |is very close (within 10’10) to the eigenvector [
4-15-(4/ 5)100 /10

e. Using part b., what is A™?

AL _\/DLooy -1 1 1][1® 0 4/5 4/5
1/4 -1} 0 (4/5™ ||1/5 -4/5

1 1 415 415
|14 1| (415)™ /5 —(4/5)*

_|4/5+(415)™ /5 4/5-(4/5)"™
1/5-(4/5)™ /5 1/5+(4/5)"™ |

6. All zero eigenvalues:

Find a simple non-zero matrix having all zero eigenvalues.

0 1
The matrix A= {0 0} is a non-zero matrix having all zero eigenvalues

1/4]

. The






