Examination 2 Solutions

1. [15] Using induction, prove that for » >1, n° +2n is an integral multiple of 3
(ie. VieZ(n21)= ke Z(n’ +2n=3k)).

For n=1, we have n’ +2n=3=3-1. Now assume the result is true for 7 >1. We then
have some integer £ so that have n’ +2n =3k . But then
(n+1) +2(m+1)=n’ +3n° +3n+1+2n+2

=1’ +2n+3(n° +n+1)

=3k+3(n* +n+1)

=3-(k+n’ +n+1).
Since #is an integer, so is k+n’> +n+1 so (n+1)’ +2(n+1) is an integral multiple of 3.
The result then holds for all #>1.

2. [10] Using induction, prove that for 7 > 1, z (4k -3)=n(2n-1).

k=1

For n=1, we have Z (4k-3)=4-3=1=1(2-1-1)=n(2n—-1). Now assume the result is
=)
true for #» > 1. We then have

n+l n

D (4k=3)=) (4k-3)+(4(n+1)-3)

k=1 k=1
=n(2n—-1)+4n+4-3
=2n" —n+4n+1
=2(n+1)*=(n+1)

=(n+D)2Mn+1)-1).
The result then holds for all #» >1.

3. a[5]Prove for any sets 4,B, and C, that (AUB)~C=(A~C)U(B~C).

xe(AUB)~C

& (xeAvxeB)Axel

& (xeAnxgC)v(xeBaxgC)
& xeA~CvxeB~C

& xe(A~C)U(B~O)

b.[10]Using induction and part a, prove for »>1 , all sets 4,,4,,....,4,, and all C:

Uar-c=Uu-~o.



For n=1, we have (U A)~C=4~C= U(Ai ~ (). Now assume the result is true for
i=1 i=l1

7n2>1. We then have

n+l n

Uar~c=Jav4.)~c
(U4~ Ou4,,~0)

=4 ~0ui,,~0)
i=1

n+l

=4 ~0.
izl
The result then holds for all # > 1.



4. [15] Using induction, prove a generalized distributivity law for sets — that is, for » =1 and all sets
A4 and B,B,,...,B,,

AuﬁBl. = ﬁ(AuBi).
i=1 i=1

n+l n

(Recall that ﬂ B = (ﬂ B)NB, ,.)
i=1

i=1

1 1
For n=1, we have 4 UﬂBl. =AUB = ﬂ(A U B;). Now assume the result is true for
=1 i1
n21. We then have

n+l n

AU(B =Au(()B NB,,)

i=1 i=1

=(4U()B)N(4UB,,)
i=1

=(J(A4UB)N(4UB,,)
i=1

n+l

=()(4uB)

and the result then holds for all 7 > 1.
5. [10] For all sets .4, B,C,and D, prove that (ANB)x(CND)c (AxC)N(BxD).

We have

(x, ) e(ANB)X(CND)
=>xeANBAyeCnND
=>xeAAxeBAyeCAnyeD
=>xeANnyeCArxeBAyeD
= (x,9)e AxC A(x, y)e BxD.
= (x,9)e(AxC)YN(BxD)

6. a [10]. Either prove or give a simple counterexample. Given symmetric relations R and § on a

set A, the composition SoR is symmetric. (If you present a counterexample, present the relations
as specific sets of ordered pairs rather using matrices or graphs.)

This is false. Let .4 ={0,1},R ={(0,1),(1,0)},and 5 ={(0,0)}. We haveSoc R ={(1,0)}.
Since (1,0) € SoR but (0,1)¢ SoR, SoK is not symmetric.

b [10]. Either prove or give a simple counterexample. Given antisymmetric relations R and § on a

set 4, the difference R ~ S is antisymmetric. (If you present a counterexample, present the relations
as specific sets of ordered pairs rather using matrices or graphs.)



This is true. We have
(Xs‘)/)eRNAS\/\X;ﬁJ/

= (x,))ERAx#y
= (,x)€R



