Final Examination Solutions

CS 313H

1. [5] Use a truth table to determine for which truth values of p,g,and r (~ pvg)A(r & p) is

true.
plq | r|~P| ~PVY r<p (~pvgon(re p)
F|F|F| T T T T
F|F|T]| T T F F
F|T]|F T T T T
F|T|T]| T T F F
T|F | F F F F F
T|F|T F F T F
T|T| F F T F F
T|T]|T F T T T

2. [15] Using sentential calculus (with a four column format), prove that the conclusion
(sA~ p)=t follows from premises:~ (g As) and gV p. (Hint: Employ Conditionalization i.e.,
“Rule C”.)
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3. [15] Prove that the conclusion p = s follows from the premises
~(pA~g),p=(qvr),andr =~ p. First convert the premises and the negation of the conclusion
into Conjunctive Normal Form, and then employ a resolution proof to get a contradiction.
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~pvgVvr
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o~ Res (3), (4)
. ~pVvyq Res (2), (6)
.~p Res (1), (7)
. false Conj. (4), (8)

4. [15] Using the predicates defined on the set N of natural numbers:
Sxy  xis athe successor of y (le. x=y+1),

Exy  xequalto y

Express in the syntax of Predicate Calculus:

a. No natural number is a successor of itself
(V) (~ S20x)

b. Every natural number has one and only one successor.
(I(E) S A (VS = Exz))

C. b is the successor of the successor of a.

() (Sxa A Shx)



5. [20] Prove that (3z)Lz follows from (Vy)(3x)((Lx = Nx) = Gy) and (Ix)(~ Gx).

(P} (1. (WEN(Ly= Nx)=Gy) P

ey . @)~ Gx) P

(P} (3. ~Gb EI (2)
{P} 4). (3x)((Lx = Nx) = Gb) UI (1)
{P} (5). (La= Na)= Gb EI (1)
(P.B} (6. ~(La= Na) MT (3), (5)
(P.P) (7. ~ (~ Lav Na) DS (6)
(PP} (8). ~~ Lan ~ Na DM (7)
(P.P) ©9). ~~ La Simp (8)
(P.P) (10). La DN (9)
(PP} (11). (3z)Lz EG (10)

6a. [10] Using induction, prove that for # >0, Z(Zk +1)=(n+1)*.

k=0
For n>0,let P(n)=“Y_(2k+1)=(n+1)>”.
k=0

0
Basis step: P(0) s true since Z(Zk +D)=2-0+)=1=(0+1)".

k=0

Inductive step: For n>0, P(n) = P(n+1), sinceif Y (2k+1)=(n+1)>, then

k=0
n+l n
> Qk+) =) k+1)+2(n+1)+1
k=0 k=0

=(m+1) +2(n+1)+1
=((n+1)+1)°.



7. [10] Using induction, prove that for any real number a and for all integers 7,72 21, a™ =(a™)".

You may assume for any real numbers o and f:

a o =a,
b. a'a’ =a™’ | for all integers 7, j 21,
c. a'f =(ap), forall integers 7 > 1.

(Hint: Fix n>1.)

Fix n>1.For m>1, let P(m)=“a™ =(a")"”.
Basis step: P(l) is true since @ =a" =(a')".
Inductive step on m: For m>1, P(m)= P(m+1), since if ™ =(a™)" then
gD g g
—(a"Y'a"
= (@"ay

— (am+l)n.
8. [10] Prove for any sets A, B,C, and D that (ANB)~(CND)c(A~C)U(B~ D).

We have
x€(ANB)~(CND)

=>(xeANBA~(xeCND)
=>(xeArxeBA~(xeCArxeD)
=>(xeArxeBAaxg()v(xe ArnxeBAx¢gD)
=>(xeArxgC)v(xeBarx¢gD)
=>xe(A~C)VU(B~D).

9. [10]. Given sets A, B, and C . Prove that(AxB)U(CxD)c (AVC)x(BUD).

We have
(5, ) € (Ax B)U(C x D)

=>(xeAANyeB)v(xeCAyeD)

=S (xeAnyeB)vxeC)A(xe AN yeB)v yeD)

S (xeAvxeC)An(yeBvxeO)A(xeAv yeD)A(yeBv yeD))
=>xeAvxeC)A(yeBv yeD))

= (x,9)e(AVC)x(BUD).



10. Let R be a relation on a non-empty set 4. Define R'=R and R"" =RoR" for n>1.
a. [5]. Prove (from the definition) that if R is transitive R* < R.

Take (x, y) € R*. By definition of R’ there exists a ¥ € A so that (x,z) € R and
(z,9) € R. But by transitivity, (x, y)€ R so R* c R.

b. [10]. Prove that if R is transitive R" € R for all n>1. (You may assume that if S, =S, and
T, T, then §,oT, c §,°7,))

We proceed by induction. For 7 =1, R' =R c R. Now assume for some 7 > 1, thatif Ris
transitive then R” < R. But then R"' =RoR” c RoR =R’ R.

11. a.[10] Given a function f: 4 — B,let E be a relation on A4 defined by (x,y) € E if and only
if f(x)=f(y).Prove that E is an equivalence relation.

We must prove that E is reflexive, symmetric, and transitive. Since for all x € A,
f(x)= f(x), wehave (x,x)€ E so E is reflexive. Next, since if (x,y) € E then

f(x)=f(y) and f(¥)=f(x) so (y,x)€ E and E is symmetric. Finally,if (x,y)€E
and (,z)€ E then f(x)= f(y) and f(y)=f(2) so f(x)= f(z) and (x,z)€ E,so E

is transitive. Since E is reflexive, symmetric, and transitive it is an equivalence relation.

b. (5) Let 4={-10,...-1,0,1,2,...,10}, B=N and f(x)= x2. Specify the elements of the partition
that E imposes on 4. (Hint: Recall elements of the partition are sets.)

The partition is:
{ {_105 10}’ {_959}3 {_8’ 8}:' {_7’ 7}3 {_67 6}’ (_57 5}7 {_45 4}’ {_33 3}7 {_29 2}7 {_1:1}: {0} }

12. Given a non-empty set .4 and function f:.A4—> A,

a. [10] Prove that if /o / is one-to-one then f is one-to-one.

Given x, y€ A ,suppose f(x)= f(y). Then fo f(x)= f(f(x)=f(f(1)=f° ()

But since fo f is one-to-one then x = y. We conclude f is one-to-one.
b. [10] Prove thatif /o f is onto then f is onto.

Since fo f is onto, for anyg € A there exists x € .4 so that fo f(x)=z. but

since fo f(x)= f(f(x)),letting y= f(x), we have an element y e A4 so that f(y)=z.
We conclude f is onto.



13. [15] For any n > 1, consider the set B ={1,2,...,2n}. Prove thatif A B and | A|2n+1 then

X xX<n
there exist a,b € A so that a+b=2n+1. (Hint consider a function f(x)= {

2n+l—-x x>n+1

The function f maps 4 into {l,...,n}. By the pigeonhole principle there exist distinct
a,be A sothat f(a)= f(b). Since a and b are distinct we cannot have both a,b<n
since then a = f(a)= f(b) =b. Similatly we cannot have both a,b > n+1 since then
2n+l-a= f(a)= f(b)=2n+1-b and again a =b. Thus, without loss of generality, as-
sume a<n and b>n+1. Thensince a = f(a)= f(b)=2n+1-b, we have a+b=2n+1.



