Final Examination
CS 313H

1. The important issue is the logic you used to arrive at your answer.

2. Use extra paper to determine your solutions then neatly transcribe them onto these sheets.
3. Do not submit the scratch sheets. However, all of the logic
necessary to obtain

the solution should be on these sheets.

4. Comment on all logical flaws and omissions and enclose

comments in boxes.

| comments in boxes

1. [5] Use a truth table to determine for which truth values of p,¢,and » (~ pvg)A(r < p) 1s

true.

2. [15] Using sentential calculus (with a four column format), prove that the conclusion
(sA~ p)=t follows from premises:~ (g As) and gV p. (Hint: Employ Conditionalization 1.e.,

“Rule C”.)

3. [15] Prove that the conclusion p = s follows from the premises
~(pArq),p=(gvr),andr =~ p. First convert the premises and the negation of the conclusion
into Conjunctive Normal Form, and then employ a resolution proof to get a contradiction.

4. [15] Using the predicates defined on the set N of natural numbers:
Sxy  x1is a the successor of y (Le. x=y+1),

Exy  xequalto y

Express in the syntax of Predicate Calculus:

a. No natural number is a successor of itself
(V) (~ S20x)

b. Every natural number has one and only one successor.
(IN(Ex)(S29 A (V) (S3y = Exy)))

C. b is the successor of the successor of a.

() (Sxa A Shx)

5. [20] Prove that (3z)Lz follows from (Vy)(Ix)((Lx = Nx) = Gy) and (Ix)(~ Gx).

6a. [10] Using induction, prove that for » >0, z Qk+1)=(n+1)".

k=0



7. [10] Using induction, prove that for any real number @ and for all integers
n,m>1,a™ =(a™)". You may assume for any real numbers & and f:

a o =a,
b. a'a’ =a™ , for all integers 7, j >1,
c. a'f =(ap), for all integers 7 >1.

(Hint: Fix n>1.)

8. [10] Prove for any sets .4,B,C, and D that (ANB)~(CND)c(A~C)U(B~D).

9. [10]. Given sets A4, B, and C. Prove that(AxB)U(CxD)c (AVC)x(BUD).

10. Let R be a relation on a non-empty set 4. Define R' =R and R""' =RoR" for n>1.
a. [5]. Prove (from the definition) that if R is transitive R* = R.

b. [10]. Prove that if R is transitive R" < R for all »>1. (You may assume that if S, S, and
T,cT, then S 0T, cS,°T,))

11. a.[10] Given a function f: 4 — B, let E be a relation on A defined by (x,y) € E if and
only if f(x)= f(y). Prove that E is an equivalence relation.

b. (5) Let A={-10,...—1,0,1,2,...,10}, B=N and f(x)=x". Specify the elements of the parti-
tion that E imposes on A . (Hint: Recall elements of the partition are sets.)

12. Given a non-empty set .4 and function f: A4 —> A,
a. [10] Prove that if /o f is one-to-one then f is one-to-one.
b. [10] Prove that if fo / 1is onto then f is onto.

13. [15] For any n >1, consider the set B ={1,2,...,2n}. Prove that if Ac B and | A|>n+1 then
there exist a,b € A so that a+b =2n+1. (Hint consider a function

f(x):{

X x<n

2n+l-x x>n+l



