1. Using induction prove for n 2 2, that O 1- —) _n_+1.
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2. Using induction, prove that for n3 0, § 2 =2"*- 1

k=0

0
For n=1, we have § 2 =2° =1=2""- 1. Now assume the result is true for some n 3 0.
k=0
n+l n
We then have § 2 =§ 2 +2™ = (2™ - )+ 2™ =2x" - 1 =2V _ 1 The result
k=0 k=0

then holds for all n3 0.
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3. Assuming | * Oand | * 1 and using induction, prove that for n3 0, é | X = R
k=0 -

| 0+l_ l ]
. Now assume the result is true for n3 0. We
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sult then holds for all n3 0.

4. Using induction, prove that for n 3 1, n® +2n is an integral multiple of 3
(ie. "nl Z((n3 )b $ki Z(n*+2 =%k)).

For n =1, we have n®+2n=3=3xL. Now assume the result is true for n3 1. We then

have some integer k so that have n®+2n=3k. But then
(n+D°+2(n+1) =n*+3n*+3n+1+2n+2
=n® +2n +3(n° +n+1)
=3k+3(n°+n+1)

=3xk +n® +n+1).
Since nis an integer, so is k+n?+n+1so (n+1)°+2(n+1) is an integral multiple of 3.

The result then holds for all n3 1.

5. Using induction, prove that for n3 1, § (4k- 3) = n(2n- 1).

k=1

For n=1, we have § (4k- 3)=4- 3=1=1(2x- 1) =n(2n- 1). Now assume the result is

k=1
true for n 3 1. We then have
n+1 n
A (4-3)=q (4k- I +(4(n+1)- 3
k=1 k=1

=n(2n- 1)+4n+4- 3
=2n%- n+4n+1
=2(n+1?- (n+1)
=(n+1)(2(n+1) - 1).
The result then holds forall n3 1.



6. For fixed real numbers a and b, consider the iteratively defined sequence:
5, =a
s, =2s, ,+b,forn3 1.

Using induction, prove that for n3 0,s, =2"a+ (2"- 1)b.

For n=0, we have § =a=21x+(1- )b=2"a+(2°- 1)b. Now assume the result is true
for some n3 0. We then have
S =25 +b
=2(2"a+(2"- Db)+b
="+ (2n+1_ 2+1)b
="t (2n+1_ Db
The result then holds for n+1 and by induction holds for all n 3 0.

7. Using induction, prove that for n3 4, n!> 2",

For n =4, we have n!=4!=24>16=2" = 2". Now assume the result is true for some
n3 4. We then have n+135>2s0

(n+1)!=(n+1) xl >(n+1) 2">2 " =2,
The result then holds for n+1 and by induction holds for all n 3 4.

8. For fixed real numbers a and b, with a1 1, define

X, =0,
and for k=12,...
X, =aX,,+h.
o . _ak-1
Using induction, prove that for k3 0, x, = 1 b.

ak-1
a-1

Consider the inductive hypothesis, P(k) ="x, = b".For k=0, we have

O -
a 1b. So P(0) is true. Now for some k3 1, assume P (k). We then have
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so P(k +1) is also true. By induction we have for k3 0, x, = b.




9. Consider the Fibonacci sequence: f,=1 f =1, f = f_,+ f,_,, for k3 2. Using induction,

prove thatfor n3 0, § f2=f, f

k=0

n+l*

n

Forn30,let P(n)=“§ f2=1ff, "

n 'n+l
k=0

Basis step: P(0)is truesince§ 2= f2=1=1x= ff,..

k=0
Inductive step: For n3 0, P(n) b P(n+1), since if é f2=f f ., then
k=0
n+1 n
éi ff = éi ﬁf + f:;
k=0 k=0
= fn fn+l + fn2+1
= fI’1+l(fl’l + fn+1)
=f .f

n+l " (n+1)+1"

10. Using induction, prove that for n 3 0, é (2k +1) =(n+1)*.

k=0

For n3 0,let P(n)= én‘ (2k +1) =(n+1)"".

k=0

0
Basis step: P(0) is true since g (2K +1) =(2x0+1) =1=(0+1)°.

k=0

Inductive step: For n3 0, P(n) b P(n+1), since if § (2k +1) =(n+1)?, then

k=0
n+1 n
a (k+1)=§ (2k+1)+2(n+1)+1
k=0 k=0
=(N+D?+2(n+1) +1

= ((n+1)+1)>%



11. Using induction, prove that for any real number a and for all integers n,m 3 1, a™ =(a™)".
You may assume for any real numbers a and b :

a.a'=a,
b.a'a’=a"™!  forallintegers i, j3 1
c.a'b' =(ab)', forall integers i 3 1.

(Hint: Fix n3 1.)

Fix n3 L.Form3 1 let P(m)="“a™ =(a™)"".
Basis step: P(2) is true since a™" =a" = (a")".
Inductive step on m: For m3 1, P(m)bp P(m+1), since if a™ =(a™)" then
(MmN = gm#n — gmgn
=(a")"a"
=(a"a)"
- (am+l)n-

12. Using induction, prove that for n3 2, 2n+3<n°.

For n3 2 let P(n)="“2n+3<n’”.
Basis step: P(2) is true since 2X2 +3=7<8=2°
Inductive step: For n3 2, P(n) b P(n+1), since if 2n+3<n®, then 3n >2 and

3n2+1>0 so:
2(n+)+3=2n+3+2
<n®+2
<n®+3n

<n’+3n*+3n+1=(n+1)°
13. Using induction, prove that for n3 0, 1£ 3".

For n3 Q,let P(n)="“1£ 3"".
Basis step: P(0) is true since 1£1=3°.

Inductive step: For n3 0, P(n) P P(n+1), since if 1£ 3", then
1£3

£ 33"
£3



14. Using induction and Problem 13, prove that for n3 2, 1+2n<3".

For n3 2 let P(n)=“1+2n<3"".
Basis step: P(2) is true since 1+2x =5<9 =3,

Inductive step: For n3 0, P(n) b P(n+1),since if 1+2n<3", then
1+2(n+1) =1+2n+2

<3+2
<3+24
<3+233"
<3,

15. Consider the sequence: a, =2,a,=1,a,= a, ,+ 2a,,, for n3 2. Using induction, prove that
forn30,a, =2"+(-1)".

For n3 0,let P(n)="a, =2"+(-)"".
Basis step: P(0)and P(1) are true since a, = 2= 1+ 1=2°+(-1)° and
a,=1=2- 1=2'+(- )"
Inductive step: For n3 2, P(n) b P(n+1),sinceif a_, =2"?+(- )" and
a,,=2""+(-1)"* then
a,=a,;*t2a,,

=24 (- 4227 (- )"

—onl _ (-1" + o1y 2(-1)"

=207+ (- )"

=2"+(-1)".



