Examination 2 Solutions

1. [20] Using only Definition 2', show that the set of negative integers is infinite.

Let A be the set of negative integers and define f: 4—> A by f(a)=a—1 for ae 4.

If a,,a, € 4 and a, # a, then f(a,)=a,—-1#a,—-2= f(a,), so f isone to one.
The integer —1 is negative but for no negative integer a is a—1=-1 so f maps 4 toa
proper subset of itself and A is infinite.

2. [20] Suppose the set 4 is uncountably infinite, the set B is countably infinite, and the set

Cis finite. Let D =AU B UC . Is D finite, countably infinite, or uncountably infinite?
Prove your claim.

The set D =AU BUC is a superset of A. By Corollary 9.1 it is uncountably infinite.

3. [20] Suppose the set A is non-empty and the set B is uncountably infinite. Prove that the
cartesian product A X B is uncountably infinite.

Choose a € A and define f:B— AxB by f(b)=(a,b) forall be B.We sce fis one-

to-one since for b, #b,, f(b))=(a,b,)#(a,b,)= f(b,). By Theroem 10, Ax B is
uncountably infinite.

4. [20] Using only Definition 1, prove that 3n* = O(n*?).

Let M =3 and N =1.For n> N =1, we have x/ZZI,so 13n* < 3 1’14\/_:3|n4'5 |.
Thus 3n* =0(n*).

5. [20] Using only Definition 2, prove that 5" # o(2-4").

Let € =1/4 and suppose there exists N so that forall n >N, |5" [<&|2-4" |. But for
n=max{l,| N}, wehave n>N and n>1, so (%)” >1and 5" > 4" thus
|5" [=5">4" =1/2|2-4" |=¢|2-4" | and 5" #0(2-4").

0. [20] Suppose f =0(g) and g =0O(h), prove or disprove (with a simple counter-
example) that f =0O(h).

Suppose f =0(g) and g = O(h), then by definition, there exist
N,20,M,>0,N, 20, M, >0, sothatfor n> N, |f(n)|< M|g(n)| and for
n>N,, |g(n)|< MJ|h(n)|. Thus for n>max{N,, N}, |f(n)|< M, M,|h(»n). We
may conclude that = O(h).




