
Examination 2                                                                                                Solutions 
 

1. [20] Using only Definition 2', show that the set of negative integers is infinite.  
 

Let  be the set of negative integers and define  by  for A AAf →: 1)( −= aaf Aa∈ . 
If  and  then Aa ∈2a1, 21 aa ≠ ),(22 fa1)( 211 aaaf =−≠−=  so  is one to one. 
The integer –1 is negative but for no negative integer  is 

f
1a 1 −=−a  so  maps  to a 

proper subset of itself and  is infinite.  
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2. [20] Suppose the set A is uncountably infinite, the set B is countably infinite, and the set 

is finite. Let . Is D finite, countably infinite, or uncountably infinite? 
Prove your claim.  
C CBAD ∪∪=

 
The set  is a superset of A. By Corollary 9.1 it is uncountably infinite. CBAD ∪∪=

 
3. [20] Suppose the set A is non-empty and the set B is uncountably infinite. Prove that the 
cartesian product BA×  is uncountably infinite. 
 

Choose Aa ∈  and define BABf ×→:  by ),()( babf =  for all Bb∈ . We see f is one-
to-one since for b , 21 b≠ ).(),( 22 bfba),()( 11 babf =≠=  By Theroem 10, BA×  is 
uncountably infinite. 

 
4. [20] Using only Definition 1, prove that  ).(3 5.44 nn Ο=
 

Let  and . For 3=M 1=N ,1=≥ Nn  we have 1≥n , so |  3 ≤|3 4n .||3 5.44 nnn =  
Thus 3  ).5.4n(Ο4n =

 
5. [20] Using only Definition 2, prove that  ).42(5 nn ⋅≠ ο
 

Let 4/1=ε  and suppose there exists N  so that for all Nn ≥ , |  But for 

 we have 

.|42||5 nn ⋅≤ ε

 },Nn = ,1max{ Nn ≥  and , so 1≥n 1>
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(  and 5 , thus 

 and 5  

nn 4>

|442|2/ nn⋅ 2|| ⋅= ε15| nn =45| n >= n ≠
 
6. [20] Suppose  and )(gf Ο= )(hg Ο= , prove or disprove (with a simple counter-
example) that . )(hΟ=f
 

Suppose  and , then by definition, there exist 
so that for , 

f = Ο( )
N Mf f≥ ≥0 0, ,

g h
0,

g = Ο( )
Mg g≥ 0,N ≥ n N f≥ f n M g nf( ) ( )≤  and for 

, n Ng≥ g n M( ) ≤ hg n( ) .  Thus for , n N≥ max{ }N f g, f n M M h nf g( ) ( )≤ . We 
may conclude that . f h( )= Ο


