Five Interpolation Problem Solutions

1. Find a function f : R ® R that is a linear combination of 1,e&*,and sinx so that
f(0)=1, f(2=1,and f(-1)=0.

a ¢ snou 4
By letting B = SL & sn() 3 and y = g1, we find that
g e’ sin(- Dy &4
. &e’ - 1sin(- 1)- e 'sin(2)u
é . U
a= A sin(2 - solves Ba=y.
(1- eH)sin(2) +(€*- 1sin(- 1) € @ u Y
& 1- & H

Thus the solution is f (x) = (€-Dsin(-1- € l_Si n()+ sin(2)e.x +(1- e)sin(x) .
(1- eYsin(2) + (e*- Dsin(- 1)
¢1.18938094937821
To about sixteen digits, the coefficients are a = 2—0.189380949378213.
@1.33065977528395

2. Determine a Lagrangian basis for the space of functions spanned by 1 and x>.

We seek to have g*, 621 <1, x2> with §*(x,) =1, ¢'(x,) =0,§°(x,) =0,and
<2 . : : a4 xu

9°(x,) = 1. By obtaining the inverse of the matrix B = gL L0, we find
9 2

2 U
2 2 2 2
§(x) == "% and g2(x) = XN
X - X X=X

3. Determine a Lagrangian basis for the space of functions spanned by 1,x,and €.

We seek to have ¢*, g2, §°1 <1,x,eX> with §'(x) =1,§(x,) =0, §%(x,) =0,
0°(%)=0,0%%) =1,§%( %) =0,and §°(x)=0,d%(x,) =0,§°(x) =1. By
4 x e
obtaining the inverse of the matrix B = gl X, €° ﬂ we find
g % €y
gl(x) - X € - X€° + (e - €°) X+ (- X)€"
x(€" - €9)+x,(€°- &%) +x(e" - ")
XL - X €° +(e%- e4)x+ (X, - X)€"
, and
X (€% - €°) +x,(e°- &) +x,(e" - e?)

§*(x) =



gs(X) = XE° - X€* +(e" - €°) X+ (% - %)
X (€%- €°)+x, (e - e*) +x,(e* - €2)

4. Consider the Planar Interpolation Problem:
Given {((%,%%), ¥1),((5,%2), ¥,),((%5,%5), ¥5)} , find a function p: R” R® R of
the form p(x,x*)=a, +a,x' +a,x* so that for i =1,2,3
p(X ’XiZ) =Y
Build a Lagrangian basis for the space of functions spanned by 1,x",and x* .

We seek to have g%, g%, 6°1 <l xl,x2> with
§'(x. %) =1d'(%.%;) =0,'(x3,%5) =0,
G0 %) = 0,8°(%;, %) = 1.§°(x;,x3) = 0,and
G3(x1, x?) =0,3°%(x3,%5) =0,3%(x;,x5) =1. By obtaining the inverse of the matrix
a X X
B:gL X xzzﬂ we find
& x xf
GO x?) = X%)(s:‘ X§)2(22 + ()1(5 '2X32)X1 (X~ %)X
K06 - %) #3506 - %) +50¢ - %)
§2(x* x?) = XX - X + (6 - X)X+ (X% - X)X

1 2 2 1 2 2 172 2 ’and
X 06 - %)+ %06 - X)) + X6 - %)
1,2 1,2 2 2\ 1 1 1\ 2
G0t x?) = 2% X% 04 - X)X +06 - %)X
Xl(xz B X3) +X2(X3 B X1)+X3(X1 B Xz)
These can be slightly rearranged to be
gt )= N O B )
(¢ = %3 )(X; - %) + OG- %)( %'~ %)
Gty = DS )+ (- )08 )

(6 - x1)05- %)+ (04 - %) (¢~ X5)
(X - X5) (X"~ ) + (6 - x)(X*- X))
(- %) 06 - ) +06 - X)(%- %)
This form actually can be derived fairly directly — as opposed to using the inverse. It
also requires significantly less arithmetic to evaluate.

gS(Xl’ XZ) =




5. Find afunction f :R® R of the f(x):ax—:bsothat f(0)=1, f(2)=-1,and
X +C

f(-1)=0.

ax)+b =9=11a><2+b - 1and ax1+b =b -a
0+¢ c 2+¢ -1+c c-1
the first and last equations we get a =bh =¢ and then from the second equation we
x+1

1-2x

We have the equations: =0.From

have a=h=¢ =- % The solutionisthen f(x)=

Symbolic MATLAB Solutions

1 X = [sym('0’); sym(2'); sym(’-1)];
B = [ones(3,1) exp(x) sin(x)];
y=1[1,1; 0}
a=Aly

a_num = double(a)

2. syms x1 x2
X = [x1; x2];
B =[ones(2,1) x."2];
G =inv(B)

3. syms X1 x2 x3
X = [x1; x2; x3];
B = [ones(2,1) x exp(X)];
G =inv(B)

4, syms x11 x12 x13 X21 x22 x23
x1 = [x11; x12; x13];
X2 = [x21; x22; x23];
B = [ones(3,1) x1 x2];
G =inv(B)

5. symsabc
s = solve(‘(a*0+b)/(0+c)=1","(a*2+b)/(2+c)=-1","(a*(-1)+b)/(-1+c)=0");
s =[s.a, s.b, s.c]



