Pushdown Automata and Context-Free Grammars

gg guf;‘plsai:ﬁtary Materials. Context-Free Languages and Pushdown Automata: Context-Free Languages and PDAS.
Do Homework 14.
PDAs and Context-Free Grammars
Theorem: The class of languages accepted by PDAs is exactly the class of context-free languages.
Recall: context-free languages are languages that can be defined with context-free grammars.
Restate theorem: Can describe with context-free grammar = Can accept by PDA

Going One Way

L emma: Each context-free language is accepted by some PDA.
Proof (by construction by “top-down parse” conversion agorithm):

Theidea: Let the stack do the work.

Example: Arithmetic expressions
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The Top-down Parse Conversion Algorithm

GivenG=(V,Z,R,9)
Construct M such that L(M) = L(G)

M=({p, g}, %V, A p, {q}), where A contains:

(D) ((p. & €), (0, 9)
push the start symbol on the stack

(2 (9, &, A), (g, x)) for each rule A — xinR
replace left hand side with right hand side

(3) ((9, & a), (g, €)) foreacha O >
read an input character and pop it from the stack

The resulting machine can execute a leftmost derivation of an input string in a top-down fashion.
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Example of the Algorithm

L ={adb*ad}
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Another Example
L={adb"c’d": m+n=p+q}

0
(@D} S - axd 1
(2 S-T 2
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input=aabcdd 12
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(P& €), (a5

(0, & 9),(a, €

(0, & S), (a, B)

(0, & S), (g, aS9)

(0, & B), (a, €

(a, € B), (g, bB)

(9,2 a),(q,€)

(0, b, b), (a, €)

stack
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(P, & €), (@S

(0, & S), (g, asd)

(0, & 9), (a,T)

(0, & S), (qU)

(0, & T), (g, arc)

(A& T),(q,V)

(a, & V), (g, bud)

(a,& V), (q,V)

(a,&, V), (q,bVe

(0, & V), (g, €)

(9, & a), (g, €)

(q, b, b), (a, &)

(0, ¢,0),(a ¢

(g, d, d), (a, €

The Other Way—Build a PDA Directly

L={db"c’d": m+n=p+q}

1) S - axd (6)
2 S-T (7
©) S-u 8
(4) T - alc (9
(5) TV
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C/B/‘ dial
al dial

input=aabcdd
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Notice Nondeter minism

Machines constructed with the algorithm are often nondeterministic, even when they needn't be. This happens even with trivial
languages.
Example: L =ab"

A grammar for L is: A machine M for L is:
0) ((p.& ). (a, )

[1]S - aSb (1) ((9,¢,S), (g, aSh))

[21S - ¢ 2 (a,¢,9),(q,8)

() ((a,a a), (q, €))
4) ((9, b, b), (g, €))
But transitions 1 and 2 make M nondeterministic.

A nondeterministic transition group is a set of two or more transitions out of the same state that can fire on the same
configuration. A PDA isnondeter ministicif it has any nondeterministic transition groups.

A directly constructed machine for L:

Going The Other Way
Lemma: If alanguage is accepted by a pushdown automaton, it is a context-free language (i.e., it can be described by a context-
free grammar).
Proof (by construction)

Example: L = {wew®:w O {a, b}*}

A contains:
/ alal . (s a¢),(sa)
cll ) @ (s b, ¢), (s b))
s ((s ¢ 9, (f,¢€)
((f, a a), (f, €))
bi/b bib/ ((f, b, b), (f, €))

M=({s f},{a b c},{a b}, A s{f}) where:

First Step: MakeM Simple
A PDA M issimpleiff:
1. thereare no transitions into the start state, and

2. whenever ((g, X, B), (p, y) isatransition of M and g is not the start state, then3 O T, and |y| < 2.

Step 1. Add s and f":

alela alal
@s/s/; ol £1Z/
ble/b bib/

Step 2:
Q) Assurethat |B| < 1.

2 Assurethat |y| < 2.
(©)] Assurethat |B| = 1.
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Making M Simple

alela alal
@8/8/; ol 0
ble/ bib/

M=({sf,s,f}, {ab,c} {ab Z}, A ss{f}), A=
(s, & €), (s 2)
(s a¢),(sa) (s & 2), (s a2)
((s & a), (s, a)
((s & b), (s an))
((s b, €), (s b)) (s b, 2), (s, bZ))
((s b, a), (s, ba))
((s, b, b), (s, bb))
(s c 9, (f,¢) ((sc 2),(f,2)
((sca),(f,a)
((s,c,b), (f, b))
((f, & a), (f, €) ((f,a a), (f, €)
((f, b, b), (f, €)) ((f, b, b), (f, €))
((f,&,2), (', &)

Second Step - Creating the Productions

The basic idea -- simulate a leftmost derivation of M on any input string.

Example: abcba
S[1]
I
<s, Z,>][2]
a <s, g f>[4] <f, Z,1>[g]
/
b <s b, f>[5] <f, a, > [6] 5 \<f‘,s,f‘> [10]
/\ [
c <f, b, f>[7] a <f g >[9] €
I
b <f, g >[9] €

€

If the nonterminal <s;, X, s,> =* w, then the PDA startsin state s, with (at least) X on the stack and after consuming w and
popping the X off the stack, it ends up in state s,.

Start with the rule:
S - <s, Z, "> where sisthe start state, f’ isthe (introduced) final state and Z is the stack bottom symbol.

Transitions ((sy, & X), (S, Y X)) become a set of rules:
<s, X, 0> - a<s, Y, r><r, X,g> foradX O {e},OqrdK

Transitions ((sy, & X), (S, Y)) becomes a set of rules:
<s, X, > > a<s, Y,q> foraOzO{e},0gOK

Transitions ((s1, & X), (S, €)) become arule:
<s, X,s> - a foraldZO{e}
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Creating Productions from Transitions

S <sZf> (1]
((s.& ). (s 2)
((s, & 2), (s, a2)) <s Z,f> 5 a<s, g f><f, Z, > [2]
<s, Z,s> > a<s a f><f, Z, s> [x]
<s Z,f> 5 a<s,a, s<s,Z, > [x]
<§,Z,8> > a<s, a,$<s,Z,f> [x]
<s, Z,8> - a<s,a f><f, Z, s> [x]

((s & a), (s ad) <s g f> - a<s g f><f, af> (3]
((s & b), (s ab))

((s, b, 2), (s, b2))

((s, b, a), (s, ba)) <s a f> - b<s b, f><f, a > [4]
((s, b, b), (s, bb))

((s.c 2. (f, 2)

((Sr Cv a)! (f, a)) <S, a, f> - C <f, a‘l f>

((s, c, b), (f, b)) <s b, f> - c<f, b, f> [5]

((f, a, a), (f, €)) <f,a f> - a<f, ¢ > [6]

((f, b, b), (f, €)) <f, b, f> - b<f, ¢ > [7]

((f, &, 2), (f', &) <f,Z,f> 5 e<f' g "> [8]
<f, g, f> - ¢ [9]
<f'g, > ¢ [10]

Comparing Regular and Context-Free L anguages

Regular Languages Context-Free Languages

e  regular exprs. »  context-free grammars
e or

e regular grammars

e recognize s pase

e« =DFSAs e =NDPDAs
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