CS 341 Homework 1
Basic Techniques

1. What are these sets? Write them using braces, commas, numerals, ... (for infinite sets), and [J only.
(@ ({21,35 0{3,1})n{3,57}
(b) U{{3},{3, 5}, N{{5, 7}, {7, 9}}}
(© ({1,2,5 -{57,9})0(5,7,9 -{1,2,5})
(d) ol7.8, 9 - 7.9
(e) 2°
(f) {x: Oy O N wherex = y3}
(9) {x : x isan integer and x* = 2}

2. Prove each of the following:
@AOBNC)=(AOB)Nn(AOC)
b)An(BOC)=(AnB)O(ANnC
(An(AOB)=A
(dAOANB)=A
©A-BnC=(A-B)O(A-0O)

3. Write each of the following explicitly:
(@) {1} x{1,2} x{1,2,3}
(b) O x {1, 2}
(c) 2% x{1,2}

4. LetR={(a b), (a c), (c,d), (a a), (b, a)}. What isR ° R, the composition of R with itself? What isR™, the
inverseof R? IsR, R ° R, or R afunction?

5. What is the cardinality of each of the following sets? Justify your answer.
(@ S=N-{2,3,4}
(b) S={0, {0}}
(c) S=otabd
(d)S={ab,c} x{1,2, 3,4}
(e9S={ab,...,z} xN

6. Consider the chart of example relationsin Section 3.2. For thefirst six, give an example that proves that the
relation is missing each of the properties that the chart claimsit ismissing. For example, show that M other-of
is not reflexive, symmetric, or transitive.

7.Let A, B betwo sets. If 2* = 25, must A = B? Prove your answer.

8. For each of the following sets, state whether or not it isa partition of {0, 1, 2, 3,4, 5, 6, 7, 8, 9, 10}.
(@ {{0}, {1}, {2}, {3}, {4} . {5}. {6}, {7}, {8} {9}, {10}}
(b) {0, {1}.{2}, {3}, {4}, {5}, {6}, {7}, {8, {9}, {10}
©{{1,2},{3,4}.,{56},{7, 8, {9 10}}
(d){{1,2,{2,3},{3,4},{4,5}.{56},{6,7},{7, 8, {8, 9} {9, 10}}

9. For each of the following relations, state whether it isa partia order (that is not also total), atotal order, or
neither. Justify your answer.

(a) DivisibleBy, defined on the natural numbers. (x, y) U DivisibleBy iff x isevenly divisible by y. So, for
example, (9, 3) [ DivisibleBy but (9, 4) [ DivisibleBy.
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(b) LessThanOrEqual defined on ordered pairs of natural numbers. (a, b) < (x,y) iffa<xor (a=x and
b<y). For example, (1,2) < (2,1) and (1,2) < (1,3).
(c) Therelation defined by the following boolean matrix:

1 1
1)1
1)1
1 1

10. Arethe following sets closed under the following operations? If not, what are the respective closures?
(a) The odd integers under multiplication.
(b) The positive integers under division.
(c) The negative integers under subtraction.
(d) The negative integers under multiplication.
(e) The odd length strings under concatenation.

11. What is the reflexive transitive closure R* of the relation
R={(a b), (a c), (a d), (d, ¢), (d, €)} Draw adirected graph representing R*.

12. For each of the following relations R, over some domain D, compute the reflexive, symmetric, transitive
closure R'. Try to think of asimple descriptive name for the new relation R'. Since R’ must be an equivalence
relation, describe the partition that R induces on D.

(a) Let D bethe set of 50 statesin the US. Lixy, xRy iff x shares aboundary withy.

(b) Let D be the natural numbers. LIxy, xRy iff y = x+3.

(c) Let D be the set of strings containing no symbol except a. [Ixy, xRy iff y = xa. (i.e., if y equals x
concatenated with a).

13. Consider an infinite rectangular grid (like an infinite sheet of graph paper). Let S be the set of intersection
pointson the grid. Let each point in S be represented as apair of (x,y) coordinates where adjacent points differ
in one coordinate by exactly 1 and coordinates increase (asis standard) as you move up and to the right.

(a) Let R bethefollowing relation on S: [I(X1,y1)(X2,Y2), (X1,y1)R(X2,y2) iff Xo= x;+1 and y,=y;+1. Let R’ be
the reflexive, symmetric, transitive closure of R. Describe in English the partition P that R' induceson S. What
isthe cardinality of P?

(b) Let R bethe following relation on S: LI(X1,Y1)(X2,Y2), (X1,Y1)R(X2,y2) iff (Xo= X3+1 and yo,=y;+1) or (Xo= X1~
landy,=y,+1). Let R' bethereflexive, symmetric, transitive closure of R. Describe in English the partition P
that R’ induceson S. What is the cardinality of P?

(c) Let R bethe following relation on S: L1(X1,y1)(X2,Y2), (X1,Y1)R(X2,Y2) iff (X2,y2) is reachable from (x1,y1) by
moving two squares in any one of the four directions and then one square in a perpendicular direction. Let R’
be the reflexive, symmetric, transitive closure of R. Describe in English the partition P that R’ induceson S.
What is the cardinality of P?

14. Isthe transitive closure of the symmetric closure of a binary relation necessarily reflexive? Proveit or give
acounterexample.

15. Give an example of abinary relation that is not reflexive but has atransitive closure that is reflexive.

16. For each of the following functions, state whether or not it is (i) one-to-one, (ii) onto, and (iii) idempotent.
Justify your answers.
(@) +: Px P - P, where Pisthe set of positive integers, and
+(a, b) = a+ b (Inother words, simply addition defined on the positive integers)
(b) X : B xB - B,whereB isthe set { True, False}
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X(&a b) =the exclusive or of aand b

17. Consider the following set manipulation problems:
(@ LetS={ab}. LetT={b,c}.Listtheelementsof P, defined as
P=2°n2",
(b) LetZbethesetofintegers. LetS={x0Z: [y OZandx=2y}. Let T={x0Z: [y 0Zandx=2%.
Let W=S-—T. Describe W in English. List any five consecutive elementsof W. Let X =T —S. What is X?

Solutions

1. (@ {3 /5
(b) {3,5 7}
(o {1,2,7,9
(d) {8}.{7,8},{8,9.,{7,8 9
(e {00}
(f) {0,1,4,9,25,36...} (the perfect squares)
() O (sincethe squareroot of 2 isnot an integer)

2@ AOBNC) =BnCUA commutativity
=(BOA)n (COA) distributivity
=(AOB)n(AOC) commutativity

(b) An(BOC) =(BOC)NA commutativity
=(BnA)O(CNnA) distributivity
=(AnB)O(ANnC) commutativity

(0 An(AOB) =(AOB)nA commutativity
=A absorption

3.(a) {(1L11),(L12),(113),(1.21), (1,22, (1,2,3)}
(b) O
(¢ {0102, (1.1, (1.2, (2,1, ({2, 2, (12, 1), ({12, 2)}

4. R°R={(a a), (a d), (a b), (b, b), (b, c), (b, a), (a c)}
Rinverse={(b, a), (c, @), (d, ¢), (& a), (a b)}
Noneof R, R° Ror R inverseisafunction.

5 (@& S={0,1,5,6,7,...}. Shasthesame number of elementsas N. Why? Because thereisabijection
between Sand N: f: S — N, wheref(0) =0, f(1) =1, Ox =5, f(X) =x- 3. S0 || = L.

(b) 2.

(c) S=allsubsetsof {a b,c}. SoS={0,{a}, {b},{c},{a b}, {a c},{b,c},{a b c}}. So[5=8. We
could also simply have used the fact that the cardinality of the power set of afinite set of cardinality c
is2.

d) sS={(a1l).(a2),(a3),(a4),(b1),(b2),(b?3)(b4),(c1),(c2),(c3)(c4} Sol§=12. Or
we could have used the fact that, for finite sets, |A x B|=|A|* |B|.

e S={(a0),(®&1),...,(b0),(b,1),..} Clearly Scontainsan infinite number of elements. But are there
the same number of elementsin Sasin N, or are there more (26 times more, to be precise)? The
answer isthat there are the same number. |S|= J,. To provethis, we need abijection from Sto N. We
can define this bijection as an enumeration of the elements of S:

(& 0), (b, 0),(c,0),... (Firstenumerate all 26 elements of S that have O as their second element)
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(& 1), (b, 1),(c,1),... (Nextenumerateall 26 elementsof Sthat have 1 astheir second element)
and so forth.

6. Mother-of:  Not reflexive: Eveisnot the mother of Eve (in fact, no oneis her own mother).

Not symmetric: mother-of (Eve, Cain), but not Mother-of (Cain, Eve).

Not transitive: Each person has only one mother, so if Mother-of(x, y) and Mother-of(y, z),
the only way to have Mother-of(x, z) would be if x and y are the same person, but we know
that that's not possible since Mother-of(x, y) and no one can be the mother of herself).

Would-recognize-picture-of:
Not symmetric: W-r-p-o(Elaine, Bill Clinton), but not W-r-p-o (Bill Clinton, Elaine)
Not transitive: W r-p-o(Elaine, Bill Clinton) and W r-p-o(Bill Clinton, Bill's mom) but not
W-r-p-o(Elaine, Bill's mom)
Has-ever-been-married-to: ~ Not reflexive: No oneis married to him or herself.
Not transitive: H-e-b-m-t(Dave, Sue) and H-e-b-m-t(Sue, Jeff) but not
H-e-b-m-t(Dave, Jeff)
Ancestor-of: Not reflexive: not Ancestor-of (Eve, Eve) (in fact, no oneistheir own ancestor).

Not symmetric: Ancestor-of(Eve, Cain) but not Ancestor-of(Cain, Eve)

Hangs-out-with: Not transitive: Hangs-out-with(Bill, Monica) and Hangs-out-with(Monica, Linda Tripp),
but not Hangs-out-with(Bill, Linda Tripp).
L ess-than-or-equal-to: Not symmetric: 1< 2, but not 2 < 1.

7. Yes, if 2 = 2° then A must equal B. Supposeit didn't. Then thereis some element x that isin one set but
not the other. Call theset x isin A. Then 2* must contain {x}, which must not bein 2°, sincex 0 B. This
would mean that 2* # 2°, which contradicts our premise.

8.(a vyes
(b) no, since no element of a partition can be empty.
(c) no,0ismissing
(d) no, since, each element of the original set S must appear in only one element of a partition of S.

9. (a) DivisibleByisapartia order. [Ix (X, x) [ DivisibleBy, so DivisibleBy isreflexive. For x to be
DivisibleBy y, x must be greater than or equal toy. So the only way for both (X, y) and (y, X) to bein
DivisibleBy isfor x and y to be equal. Thus DivisibleBy is antisymmetric. Andif x isDivisibleByyandy is
DivisibleBy z, then x is DivisibleBy z. So DivisibleBy istransitive. But DivisibleBy is not atotal order. For
example neither (2, 3) nor (3, 2) isinit.

(b) LessThanOrEqual defined on ordered pairsisatotal order. Thisiseasy to show by relying on the fact
that < for the natural numbersisatotal order.

(c) Thisoneisnot apartial order at all because, although it is reflexive and antisymmetric, it is not
transitive. For example, it includes (4, 1) and (1, 3), but not (4, 3).

10. (a) The odd integers are closed under multiplication. Every odd integer can be expressed as 2n+1 for some
value of n O N. So the product of any two odd integers can be written as (2n+1)(2m+1) for some values of n
and m. Multiplying this out, we get 4(n+m) +2n + 2m +1, which we can rewrite as 2(2(n+m) + n + m) +1,
which must be odd.

(b) The positive integers are not closed under division. To show that a set is not closed under an operation, it
is sufficient to give one counterexample. 1/2 is not an integer. The closure of the positive integers under
division isthe positive rationals.

(c) The negative integers are not closed under subtraction. -2 - (-4) = 2. The closure of the negative numbers
under subtraction is the integers.

(d) The negative integers are not closed under multiplication. -2* -2 = 4. The closure of the negative
numbers under multiplication is the nonzero integers. Remember that the closure is the smallest set that
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contains al the necessary elements. Sinceit isnot possible to derive zero by multiplying two negative
numbers, it must not be in the closure set.

(e) The odd length strings are not closed under concatenation. "a" ||"b" = "ab", which isof length 2. The
closure isthe set of strings of length = 2. Note that strings of length 1 are not included. Why?

11I.R*=RO{(x,x):xO{a b, c,d e} O{(a e}

12. (a) The easiest way to start to solve a problem like thisis to start writing down the elements of R’ and see if
apattern emerges. So we start with the elements of R: {(TX, LA), (LA, TX), (TX, NM), (NM, TX), (LA, Ark),
(Ark, LA), (LA Miss), (Miss, LA) ...}. Toconstruct R', wefirst add all elements of the form (x, x), so we add
(TX,TX), and so forth. Then we add the elements required to establish transitivity:
(NM, TX), (TX, LA) = (NM, TX)
(TX, LA), (LA, Ark) = (TX, Ark)
(NM, TX), (TX, Ark) = (NM, Ark), and so forth.
If we continue this process, we will seethat the reflexive, symmetric, transitive closure R’ relates all states
except Alaska and Hawaii to each other and each of them only to themselves. So R' can be described as
relating two statesif it's possible to drive from one to the other without leaving the country. The partition is:
[Alaskal
[Hawaii]
[all other 48 states)

(b) R includes, for example {(0, 3), (3, 6), (6, 9), (9, 12) ...}. When we compute the transitive closure, we
add, among other things{ (0, 6), (0, 9), (0,12)}. Now try this starting with (1,4) and (2, 5). It's clear that [IX,y,
XR'y iff x =y (mod 3). In other words, two numbers are related iff they have the same remainder mod 3. The
partition is:

[0,3,6,9,12...]
[1,4,7,10,13...]
[2,5,8,11,14 ...]
(c) R relates all strings composed solely of a sto each other. So the partitionis

[€, a aa, aoa, aaa, ...]

13. (a) Think of two points being related viaR if you can get to the second one by starting at the first and
moving up one square and right one square. When we add transitivity, we gain the ability to move diagonally
by two squares, or three, or whatever. So Pisan infinite set. Each element of P consists of the set of points
that fall on an infinite diagonal line running from lower |eft to upper right.

(b) Now we can more upward on either diagonal. And we can move up and right followed by up and left,
and so forth. The one thing we can’t do is move directly up or down or right or left exactly one square. So take
any given point. To visualize the pointsto which it isrelated under R’, imagine a black and white chess board
where the squares correspond to points on our grid. Each point isrelated to al other points of the same color.
Thusthe cardinality of Pis 2.

(c) Now every point isrelated to every other point. The cardinality of Pis 1.

14. Y ou might think that for all relations R on some domain D, the transitive closure of the symmetric closure
of R (call it TC(SC(R))) must be reflexive because for any two elements x, y I D such that (x, y) O R, welll
have (x, y), (Y, z) O SC(R) and therefore (x, x), (y, y) U TC(SC(R)). Thisisall true, but does not prove that for
al zOD, (z,2) O TC(SC(R)). Why not? Suppose thereisaz [1 D such that thereisno y [0 D for which (y, 2)
ORor(z,y) OR. (If youlook at the graph of R, zis an isolated vertex with no edgesin or out.) Then (z, z) [
TC(SC(R)). Sotheanswer isno, with R =[] on domain {a} asasimple counterexample: TC(SC(R)) = [, yet
it should contain (a, a) if it were reflexive.

15.R={(a b), (b, @} ondomain {a, b} doesthetrick easily.
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16. (a) (i) +isnotoneto-one. For example+(1, 3) =+(2, 2) = 4.
(ii) +isnotonto. Thereare no two positive integers that sumto 1.
(iii) + isnot idempotent. +(1, 1) # 1.
(b) (i) X isnot one-to-one. For example True X True = False X False = False.
(if) X isonto. Proof: True X True=False. True X False=True. In genera, when the domainisa
finite set, it's easy to show that afunction is onto: just show one way to derive each element.
(iii) X isnot idempotent. True X True = False.

17. (a) P={0O{b}}

(b) Sisthe set of even numbers. T isthe set powersof 2. W isthe set of even numbers that are not powers
of 2. SoW={....-6,-4,-2,0, 6, 10, 12, 14, 18, ...}. X isthe set of numbers that are powers of 2 but are not
even. There' sonly oneelement of X. X ={1}.
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