CS 341 Homework 16
Languagesthat Areand Are Not Context-Free

1. Show that the following languages are context-free. Y ou can do this by writing a context free grammar or a
PDA, or you can use the closure theorems for context-free languages. For example, you could show that L isthe
union of two simpler context-free languages.

(@ L =4dch"

(b)L={a b}*-{db":n=0}

() L={d'd*:n=qg,orm<porm+n=p+q}

(d) L ={a, b}* - L,, where L, isthe language { babaabaaab...ba™bab : n n>1}.

2. Show that the following languages are not context-free.

@L={a" :n20}

(b) L ={www :w O {a, b}*}

(c)L={wO{a b, c}* : whas equa numbers of as, b's, and c's}
(dL={db™a:n=m}

(e) L ={ah"c"d™™ : m, n> 0}

3. Give an example of acontext free language ( # Z*) that contains a subset that is not context free. Describe the
subset.

4. What is wrong with the following "proof" that a’b™d" is context free?
(1) Both {@'b": n= 0} and {b"a": n >0} are context free.
(2) d'b?d" = {a'b{b"a"}
(3) Since the context free languages are closed under concatenation, a'b”™a" is context free.

5. Consider the following context free grammar: G = ({S, A, a, b}, {a b}, R, S), where R ={
S - aAS
S, a
A - SbA
A - SS
A - ba }
(a) Answer each of the following questions True or False:
(i) From the fact that G is context free, it follows that there is no regular expression for L(G).
(ii) L(G) contains no strings of length 3.
(iii) For any stringw O L(G), there exists u, v, X, y, z such that w = uvxyz, |vy| = 1, and uv"xy"z 0 L(G)
foraln=0.
(iv) If there exist languages L1 and L2 such that L(G) = L1 [0 L2, then L1 and L2 must both be context
free.
(v) Thelanguage (L(G))" is context free.
(b) Give aleftmost derivation according to G of aaaabaa.
(c) Give the parse tree corresponding to the derivation in (b).
(d) Give anondeterministic PDA that accepts L(G).

6. Show that the following language is context free:
L ={xx®yy"zz": x,y, z0{a b}*}.
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7. Suppose that L is context free and R isregular.
(a) IsL - R necessarily context free?
(b) ISR - L necessarily context free?

8. LetL;={db™:n=>m}. Let Ry ={(al b)* : thereisan odd number of a's and an even number of b's}. Show
apdathat acceptsL; n R;.

Solutions

1. (a) L =a'ch". We can easily do this one by building a CFG for L. Our CFG is almost the same as the one we
didin classfor a'b™:
S - aSB
S-c

(b) L ={a b}* -{adb": n=0}. Inother words, we ve got the complement of a'b". So we look at how a string
could fail to bein a'b". There aretwo ways: either the @' sand b’'s are out of order or there are not equal numbers
of them. So our language L is the union of two other languages:

e L;=(alb)*-a*b* (stringswherethea sand b’'sare out of order)

e L,=db"n#m (stringswherethe a sand b’s are in order but there aren’t matching numbers of them)

L, iscontext free. We gave a context-free grammar for it in class (Lecture 12). L, isthe complement of the
regular language a* b*, so it isalso regular and thus context free. Since the union of two context-free languages
is context free, L is context free.

(©L={d"c’d":n=qorm<porm+n=p+q}. Thisonelooks scary, but it's just the union of three quite
simple context-free languages:
L,=ah'c’d":n=q
L,=a"h"c’d": m<p
L;=a""c’d: m+n=p+q
Y ou can easily write context-free grammars for each of these languages.

(d) L ={a, b}* - Ly, where L, isthe language { babaabaaab...ba™'bab : n n>1}. Thisoneisinteresting. L,
isnot context free. But its complement L is. There are two ways to show this:

1. Wecould build aPDA. Wecan't build a PDA for L,: if we count the first group of a sthen we'll need to
pop them to match against the second. But then what do we do for the third? L is easier though. We don't
need to check that all the agroups areright. We simply have to find one that is wrong. We can do that with a
nondeterministic pda P. P goes through the string making sure that the basic b(a’b)” structure is followed.
Also, it nondeterministically chooses one group of & sto count. It then checks that the following group does
not contain one more a. If any branch succeeds (i.e., it finds a mismatched pair of adjacent a groups) then P
accepts.

2. We could use the same technique we used in (b) and (c) and decompose L into the union of two simpler
languages. Just aswe did in (b), we ask how astring could fail to beinL;and thusbein L. The answer is
that it could fail to have the correct b(a'b)* structure or it could have regions of a s that don’t follow the rule
that each region must contain one more athan did its predecessor. ThusL isthe union of two languages:

e Ly=(alb)* -b(@b)*

o Ly={xbd"aby O0{a, b}* : m+1#n}.

It's easy to show that L, is context free: Since b(a'b)” isregular its complement is regular and thus context
free. Lzisalso context free. You can build either a CFG or aPDA for it. It'svery similar to the simpler
language a'™ n # m that we used in (b) above. SoL; =L, [ L3iscontext free.

2. (L ={ a"” :n> 0}. Supposel ={ a” :n> 0} were context free. Then we could pump. Let n=M? Sow
isthe string with M z ,or M* as) Clearly w|=K, sinceM > K. So uvvxyyz must bein L (whatever v and y
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are). Butit can't be. Why not? Given our w, the next element of L isthe string with (M*+1)? as. That'sM* +
2M? + 1 (expanding it out). But we know that [vxy| < M, so we can't pump in more than M a's when we pump
only once. Thusthe string we just created can't have more than M* + M as. Clearly not enough.

(b) L ={www : w [ {a, b}*}. The easiest way to do thisisnot to prove directly that L = {www : w [ {a, b}*}
is not context free. Instead, let'sconsider L1 =L n a*ba*ba*b. If L iscontext free, L1 must alsobe. L1 =
{d'ba'bab : n>0}. Toshow that L1 isnot context free, let's choose w = a"ba'ba'b. First we observe that
neither v nor y can contain b, because if either did, then, when we pump, we'd have more than three b's, which is
not allowed. So both must be in one of the three aregions. We consider the cases:

(1, 1) That group of aswill no longer match the other two, so the stringisnot in L1.

(2,2 i

(3.3) i

(1, 2) At least one of these two groups will have something pumped into it and will no longer match the
onethat isleft out.

(2,3) "

(1, 3) excluded since vxy| < M, so vxy can't span the middle region of a's.

(c)L={wO{a b,c}*. Agan,theeasiest thingtodoisfirsttointersect L = {w {a, b, ¢}* : w hasequal
numbers of as, b's, and c's} with aregular language. Thistimeweconstruct L1 =L n a*b*c*. L1 must be
context freeif L is. But L1 =a'b"c", which we've already proven is not context free. So L isn't either.

(d) L ={db™a": n=m}. Well use the pumping lemmato show that L = {a’b™a" : n>=m} is not context free.
Choosew = a"b"d". We know that neither v nor y can cross aand b regions, because if one of them did, then,
when we pumped, we'd get a's and b's out of order. So we need only consider the cases where each isin one of
the three regions of w (the first group of ass, the b's, and the second group of as.)

(1, 1) Thefirst group of aswill no longer match the second group.

(2, 2) If we pump in b's, then at some point there will be more b's than a's, and that's not allowed.

(3, 3) Analogousto (1, 1)

(1, 2) We must either (or both) pump asinto region 1, which means the two a regions won't match, or,
if y isnot empty, we'll pump in b's but then eventually there will be more b's than as.

(2, 3) Analogousto (1, 2)

(1, 3) Ruled out since jvxy| < M, so vxy can't span the middle region of b's.

(e) L ={ah™c"d™™ : m, n>0}. We can show that L = {a'b™c"d™™ : m, n= 0} is not context free by
pumping. We choosew = a"b"cMd™. Clearly neither v nor y can cross regions and include more than one letter,
since if that happened we'd get letters out of order when we pumped. So we only consider the cases where v and
y fall within asingle region. Well consider four regions, corresponding to a, b, ¢, and d.

(1, 1) Well change the number of as and they won't match the c's any more.

(1, 2) If visnot empty, well change the a's and them won't match the ¢'s. If y is nonempty, well change the
number of b's and then we won't have the right number of d's any more.

(1, 3), (1, 4) areruled out because [vxy| < M, so vxy can't span across any whole regions.

(2, 2) Well change the number of b's but then we won't have the right number of d's.

(2, 3) If visnot empty, well change the b's without changing the d's. If y is not empty, well change the ¢'s and
they'll no longer match the as.

(2, 4) isruled out because [vxy| < M, so vxy can't span across any whole regions.

(3, 3) Well change the number of c's and they won't match the as.

(3, 4) If visnot empty, well change ¢'s and they won't match as. If y is not empty, we'll change d's without
changing b's.

(4, 4) Well change d's without changing asor b's.
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3. LetL={adb"c’:n=morm=p}. Lisclearly context free. We can build a nondeterministic PDA M to
accept it. M has two forks, one of which compares n to m and the other of which compares m to p (skipping over
theas). L1={adb"c’:n=mand m=p} isasubset of L. But L1=a"b"c", which we know is not context free.

4. (1) isfine. (2) isfineif we don't over interpret it. In particular, although both languages are defined in terms
of the variable n, the scope of that variable is asingle language. So within each individual language definition,
the two occurrences of n are correctly interpreted to be occurrences of a single variable, and thus the values must
be same both times. However, when we concatenate the two languages, we still have two separate language
definitions with separate variables. So the two n's are different. Thisisthe key. It meansthat we can't assume
that, given {a'b"}{b"d" }, we choose the same value of n for the two strings we choose. For example, we could
get ab’b’a’, which is a?b’a®, which is clearly not in {a'h?'a”.

5.(a) (i) False, sinceall regular languages are also context free.
(it) True.
(iii) False. For examplea U L, but is not long enough to contain pumpabl e substrings.
(iv) False.
(v) True, since the context-free languages are closed under reversal.
(b) S= aAs =aSSS = aaSS = aaaS = aaaaA S — aaaabaS — aaaabaa.

(© S
/l\
a A S
S/\S a/A‘\\S
I | N\ |
a a b a a

(dM=({p,d,{a b} {ab} p{dq} A) whereA=
{((p. & 8),(@,9), (9. & a), (g, £)), (a9, b, b), (q, €)), (a, &, ), (9, 8AT)), (0, &, 9), (9, @),
(@, & A), (@, SbA)), (0, & A), (0, S9)), ((a, &, A), (q, ba)) }

6. The easy way to show that L = {xx"yy"zz" : x, y, [0 {a, b} *} is context free isto recall that we've already
shown that {xx™: x 0 {a, b}*} is context free, and the context-free languages are closed under concatenation.
But we can also do this directly by giving agrammar for L:

S - AAA

A - aAa

A - bAD

A-ce

7.(@ L -Riscontextfree. L -R=L n R'(the complement of R). R'isregular (since the regular languages are
closed under complement) and the intersection of a context-free language and aregular language is context-free,
so L - Riscontext free.

(b) R - L need not be context free. R-L =R n L. But L' may not be context free, since the context-free
languages are not closed under complement. (The deterministic ones are, but L may not be deterministic.) If we
let R=2*,then R - L isexactly the complement of L.

8. My, whichacceptsL, = ({1, 2},{a b}, {a},A 1, {2}), A=
(1 a¢), (1, a)
((1, b, &), (2,¢€))
((1,&,¢),(2,¢)
((2,b, ), (2,¢)

Homework 16 Languages That Are and Are Not Context Free 4



((2, ¢, @, (2,¢)
M., which accepts R, = ({1, 2, 3,4},{a b}, d,1,{2}), 0=

(1,82
(1, b, 3)
(2,81
(2, b, 4)
(3.a4)
(3,b,2)
(4,873
(4,b,2)

M3, which acceptsL; n Ry = ({(1, 1), (1, 2), (1, 3), (1, 4), (2, 1), (2, 2,), (2, 3), (2, 4)}, {a b}, {&}, A, (1,1),

{(22)}), A=

(1, 1), & ), ((1, 2), &)
(1, 1), b, a), ((2,3), ¥))
(((1,2), a ¢), ((1, 1), &)
(1, 2), b, a), ((2,4), £))
(((1,3), & €), (1, 4), &)
(1, 3), b, a), ((2, 1), ¥))
(((1, 4), a ), ((1, 3), &)
(1, 4),b,a),((22), )
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(((2, 1), b, a),((2,3), ¥))
(((2,2), b, a), ((2, 4), £))
(((2,3),b,a),((2, 1), ¥))
(((2,4),b,a),((2,2), 8))
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(((1, 1), &,8),((2 1), 8)
(1, 2),¢,8),((2 2), 8)
(1, 3),&,€), ((2.3), 8)
(1, 4), &,€), ((2, 4), 8)
(2, 1), &8, ((2 1), 9)
(((2,2), ¢ 8),((2 2), ¢)
(((2,3), &, 8), (2 3), 8)
(((2,4), ¢ 8),((24), ¢)



