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Part A

I. Introduction to Curve and Surface Fitting Theory

  I.1 Interpolation

      Interpolation is a dangerous activity.  It involves predicting the overall behavior of systems from a set of observations which is finite and occasionally very  small.  Consequently, many interpolation approaches are doomed to failure simply because (although they obey all the specified constraints) they  do  not conform with the mental expectations of the user.

      A  person seeking to interpolate data should incorporate as much knowledge of the behavior of the system as possible.   Such  properties  as  periodicity, smoothness,  convexity,  monotonicity, positivity, or exponential growth may be required of the interpolation because the model demands them.  For example,  if we  were to fit rainfall activity we certainly would demand non-negative values of the fit.  We might also desire annual periodicity in this case.  One  cannot expect  a  general  purpose fitting method to reproduce these properties simply because the model possesses them or the modeler expects them.  The modeler must assist  the  method  in  achieving  the properties.  Some methods allow for the automatic detection of certain properties such as  monotonicity  or  convexity. Others allow the modeler to declare that certain properties are to be achieved. However, some methods cannot reproduce such  properties  in  any  circumstance. This package, FITPACK, allows the modeler to obtain a fit in which the function values maintain specified upper and lower bounds,  in  which  the  slopes  also maintain  specified  upper  and lower bounds, and in which regions of convexity and concavity can be specified.

      Certain additional trends in the fitted function are achievable only after appropriate  transformations on the part of the modeler.  The following example shows how an exponential trend can be incorporated.  Similar approaches may  be used to incorporate other trends. 



Example:                                                               n      Suppose  we  are  given  a set of ordered pairs {(x ,y )}    and it is our                                                         i  i  i=1 task to find a function f so that f(x ) = y  for i = 1,...,n.   The  model  for                                      i     i the  system  that  produced  the  data  suggests  that  an exponential trend is present, i.e.:

            bx     y ~ ae  i      i for some values of a and b.  (Possibly the data are from  the  growth  of  some population  or the decay of some radioactive substance.)  If we logarithmically transform the data we have:

     ln y  ~ a + bx         i         i which is a linear trend of  ln  y   with  x .    Suppose  our  general  purpose                                  i         i interpolation  method does an acceptable job of fitting data with linear trends (as most do) and so we employ it to produce a function g so that:

     g(x ) = ln y  for i = 1,...,n.        i        i      The interpolation used for the original data is the composition of this  g                                         g(x) with  exponentiation  (i.e.,  f(x)  =  e    ).  Notice that our constraints are                           g(x )    ln y satisfied, since f(x ) = e   i  = e    i = y , but also f  has  an  exponential                     i                       i trend, since g has a linear trend.

 I.2 Tension Splines

      Henceforth, it will be assumed that whatever transformations are necessary have already been applied: we shall only deal with the  problem  in  which  the resulting  trend can be suitably exhibited using the interpolation method.  The methods employed in this package use tension splines as originally described in Schweikert  [25].    Modifications and extensions are described in Cline [3-6], Lynch [10], Nielson [13], Pruess [16-18], and Spath [26].

      The tension spline is a generalization of the cubic spline  (see  Ahlberg, Nilson,  and  Walsh  [1]  or  deBoor  [7]).   A cubic spline is simply a single function of a single variable which everywhere has two  continuous  derivatives and is composed of segments of cubic polynomials.  Thus if f is a cubic spline, its second derivative f", must be a set of linear polynomials in pieces.    Yet since f" is continuous, it is actually a polygonal line.  In the tension spline a factor sigma, the "tension factor," is introduced which generalizes the cubic spline.    With  the  tension  spline,  as  with  the  cubic spline, the second derivative is continuous.  However, instead of specifying  f"  as  a  polygonal                   2 line, now f"-sigma f is a polygonal line.

      Obviously,  for  sigma  =  0, the tension spline is a cubic spline.  Since         2                                       2 f"-sigma f is a polygonal line, so is f-f"/sigma .    Thus  for  large  tension factors,  f  itself  is  nearly a polygonal line.  Assymptotically then, f is a cubic spline as sigma tends to 0 and a polygonal line as sigma tends to 1.  For intermediate values, the spline displays some of the characteristics of each.

      In  particular,  since  a polygonal line of interpolation is able to adopt certain characteristics of the data it interpolates, the tension  spline,  with sufficiently large tension factor, is able to do likewise.  Consider a data set          n {(x ,y )}     in which all values of y  are positive.  This positivity  may  be    i  i   i=1                         i an   important   property   and   should  be  maintained  by  the  function  of interpolation.  It is easy to  see  that  a  polygonal  line  interpolant  does maintain the positivity.  It is also true that the cubic spline interpolant may not be everywhere positive.  However,  with  sufficient  tension,  the  tension spline will be everywhere positive.

      The  above  discussion  is concerned with positivity but much more general properties are attainable with tension splines.  Roughly stated,  if  the  data being  interpolated  remains  within  certain  bounds,  then so can the tension spline of interpolation.  A similar remark holds for the slopes in the original data  and  the slopes of the tension spline interpolation.  Finally, properties of convexity and concavity can be preserved.

      Formally, the capabilities could be stated as this:                     n      Given {(x ,y )}    with x  < x  < ... < x               i  i  i=1       1    2          n    1. If alpha < min(y ,y   ), then f(x) > alpha for x  <= x <=  x   ,  i  =                       i  i+1                          i           i-1       1,...,n-1.

    2. If  beta   > max (y ,y   ), then f(x) < beta for x  <= x <= x   , i =                          i  i+1                         i          i-1       1,...,n-1.

                        y  - y     y    - y   y    - y                         i    i-1   i+1    i   i+2    i+1    3. If alpha' < min (---------, ---------, -----------),                        x  - x     x    - x   x    - x                         i    i-1   i+1    i   i+2    i+1       then f'(x) > alpha' for x  <= x <= x   , i=2,...,n-2.                                i          i+1

                       y  - y     y    - y   y    - y                        i    i-1   i+1    i   i+2    i+1    4. If beta' > min (---------, ---------, -----------),                       x  - x     x    - x   x    - x                        i    i-1   i+1    i   i+2    i+1       then f'(x) < beta' for x  <= x <= x   , i=2,...,n-2.                               i          i+1

           y  - y      y    - y    y    - y            i    i-1    i+1    i    i+2    i+1    5. If ---------- < --------- < -----------,           x  - x      x    - x    x    - x            i    i-1    i+1    i    i+2    i+1       then f"(x) > 0 for x  <= x <=x   , i=2,...,n-2.                           i         i+1

       or

           y  - y      y    - y    y    - y            i    i-1    i+1    i    i+2    i+1    6. If ---------- > --------- > -----------,           x  - x      x    - x    x    - x            i    i-1    i+1    i    i+2    i+1       then f"(x) < 0 for x  <= x <=x   , i=2,...,n-2.                           i         i+1

      The interpretation of this  is  that  if  any  of  these  constraints  are specified for a particular value of i and alpha, alpha', beta,  or beta',  then for sufficiently large tension factor, the tension spline of interpolation will satisfy  the constraint.  Thus with sufficiently large tension, any combination of such constraints can be satisfied.

      The theory as presented here can be generalized in several ways.    First, we  may  allow  the  tension  factor  to  vary from interval to interval.  Thus instead of having a single factor sigma characterizing the  tension,  an  array         n-1                          2 {sigma }        is given and f"-sigma  f is a straight line on [x ,x   ] and is       i    i=1                       i                           i  i+1 continuous everywhere.  (The software package has  no  subprograms  which  will allow such variable tension.  However, section II.5 describes how modifications can be made if this is desirable.)

      Another direction of generalization is to more than  one  independent  and one  dependent  variable.    General  curves  in the plane can be considered as functions with one independent variable and two dependent variables.  Curves in three  dimensional  space  have  three  dependent variables.  Surfaces have two independent variables.  All of these interpolation problems can  be  solved  by extensions  of  the  methods  employed  for  one  independent and one dependent variable.  The theory will not be further discussed here, but the  user  should recognize  that the properties (e.g., positivity, monotonicity, convexity) also can be generalized and curves  or  surfaces  found  in  conformation  with  the properties.

 I.3 Boundary Conditions

      The  curves or surfaces generated by tension splines have the capabilities of satisfying more constraints than simply passing  through  specified  points. In  particular,  in  non-periodic  situations, the curves can take on specified slope  values  at  their  ends  and  surfaces  can  take  on  specified  normal directional  derivatives  on  the boundaries.  As described in section 2.2, the software allows the user to specify or to omit these  extra  values.    If  the values  are  not specified, two options are available: "internal estimation" or "natural boundary conditions."

      With the internal estimation option, predicted values for slopes are based upon  the data adjacent to the boundary.  The natural boundary conditions refer to setting to zero all second derivatives  in  the  directions  normal  to  the boundaries.    The  word  "natural"  originates  in  optimization theory and is justified here since these curves and surfaces are  solutions  to  optimization problems.

 I.4 B-splines

      The  representation  employed  in  FITPACK is what may be called a hermite representation: function values and derivatives are used to perform the  actual interpolation.  This is very efficient in terms of the computational operations it requires, but is not the  most  efficient  with  respect  to  storage.    An alternative to the hermite representation is the B-spline basis representation.

      It  is  important  to  realize  that the choice of representation does not alter the actual curve or surface, it only alters the  means  by  which  it  is computed.  (This  is just as a(b+c) could also be represented as ab+ac or ca+ba or many equivalent expressions.)

      B-splines have the important property that they are non-zero only on  very small  segments.  A linear combination of them can be used to represent general splines with the important  property  that  at  any  value  of  an  independent variable  at  most four of the B-splines are non-zero.  This leads to efficient computation (although not as efficient as  with  the  hermite  representation). Furthermore, by using tensor products of these functions in each of the various independent variables it is easily possible to represent surfaces.    In  these                                                      k situations  the hermite representations may require 2  times as much storage as the B-spline method (where k is the number of independent variables).

      B-splines may also be used for the solution of  various  differential  and integral equations.  DeBoor [7] and Schultz [23] have discussions of B-splines.

                            II. The Software Package

  II.1 Package Organization

 FITPACK  has  a  modular  construction  which offers the user a large degree of flexibility.  Options are available which allow for such factors as the  number of  independent  and  dependent  variables,  periodicity,  coordinate  systems, functional representations, and desired outputs.  In general, calls to  several subprograms  are required to perform a desired task.  However, this actually is not complex and the  alternative  (i.e.,  having  modules  for  every  expected utility) would require a great increase in the volume of the package.

      The  package  is  organized  into  chapters  on  the  basis  of  number of independent and number of dependent variables.    Generally  the  term  "curve" refers to a situation with one independent variable and "surface" refers to two or more independent variables.  The  number  of  dependent  variables  is  also important.  The following chart outlines the chapter areas:

                Number of Independent         Number of Dependent    Chapter     Variables      Variables      Form

    I               1              1          y=f(x)    II              1              2          x=f(t),y=g(t)    III             1              3          x=f(t),y=g(t),z=h(t)    IV              2              1          z=f(x,y)    V               3              1          w=f(x,y,z)    VI              2              3          x=f(s,t),y=g(s,t),z=h(s,t)

      Chapter VII contains several subprograms for generating and using B-spline bases for functional representations.  Chapter VIII has modules for  converting between  the  B-spline  representation  and  the  hermite  representation  used elsewhere.  Finally, Chapter IX has support subprograms that only  very  rarely will be directly invoked by users.

      The  first six chapters are each decomposed into sections according to the periodic/non-periodic character of the functions.  A function may  be  periodic in any of its dependent variables.  In Chapters II and III, periodicity implies closed curves in two and three dimensions, respectively.  In  Chapter  IV,  the function  may  be periodic in one or both variables.  This can be considered as defining the function on a cylinder (or annulus), sphere, or torus.

      The Chapter IV surface fitting capabilities also allow poles in the  space of  the  two  dependent variables.  The user can consider the function as being defined on sectors (one pole) or lunes (two poles).    Combining  periodic  and polar  behavior  is also possible so that defining functions on disks (or polar caps) is possible, as well as on entire spheres.

      There are no periodic or polar capabilities presently in chapters V or VI.

      Within each section of each chapter the package  has  "pre-processing"  as well  as  "evaluation"  subprograms,  and these are organized into subsections. Pre-processing refers to the computation of a  representation  for  the  entire curve  or  surface.  This requires the solution of a problem which results in a set of coefficients useful for efficient interpolation.

      Evaluation refers to any of the actual interpolation  activities  such  as obtaining  the  values  of dependent variables, slopes, second derivatives, arc lengths, integrals, and enclosed areas.  All of these require a  pre-processing step to preceed them (although a single pre-processing usually proceeds a large number of evaluation activities using the same coefficients).  The path  charts show how this is accomplished.

      The  individual  chapter  descriptions  specify the details of the options available for each subsection.  Basically the pre-processing options allow  the user  to  smooth  the  data  or  not,  and  if not, to indicate what additional information about slopes on the boundaries of the region the user can declare.

  II.2 Subprogram Naming Conventions

 The names of the user-called modules in FITPACK have been selected to  indicate their purposes.  The names have four letter roots, plus one or two suffixes (of one letter each) and possibly a one letter prefix.

      The root indicates the number  of  independent  and  dependent  variables. This,  of  course,  corresponds  to the chapter.  The following table gives the roots.

                      Number of Independent         Number of Dependent          Chapter     Variables      Variables      Root

          I               1              1          CURV          II              1              2          KURV          III             1              3          QURV          IV              2              1          SURF          V               3              1          VAL3          VI              2              3          ZURF

      Obviously the differences in the pronunciation of CURV, KURV, and QURV  as well  as  SURF  and  ZURF  are subtle at best.  If ambiguity is possible, it is common practice to say the first  letter,  then  the  root  (e.g.,  "see-curv", "kay-curv", "cue-curv", etc.)

      The  suffixes  are  used  to indicate boundary conditions or purpose.  The boundary conditions suffix comes first (or does not appear); the purpose suffix comes last (and always appears).

      The boundary conditions suffix indicates whether the boundary includes one or two poles, is periodic in one or two directions, or  should  have  "natural" derivative  conditions  along  the  boundary.    The  following chart gives the suffixes.

 Chapters I, II, and III:

         N . . . . . . . . . . natural derivative conditions         P . . . . . . . . . . periodic

 Chapter IV:

         N . . . . . . . . . . natural derivative conditions         W . . . . . . . . . . wedge (not periodic and one pole)         L . . . . . . . . . . lune (not periodic and two poles)         A . . . . . . . . . . annulus (periodic in one variable and no poles)         D . . . . . . . . . . disk (periodic in one variable and one pole)         S . . . . . . . . . . sphere (periodic in one variable and two poles)         T . . . . . . . . . . torus (periodic in both variables)

      Chapter V and VI only allow natural boundary conditions.    There  are  no suffixes to indicate this.

      The  purpose  suffix  denotes  how the subprogram is used.  The suffix "1" always indicates a preprocessing subprogram.  The suffix "2" always indicates a subprogram which returns the values of the dependent variables for given values of the independent variables.   The  suffix  "D"  indicates  first  and  second derivatives are also returned.

      The  preprocessing  modules  (whose  suffixes  are  "1")  come  in several varieties depending upon specification of boundary  slope  data.    Those  with natural  boundary  condition  (additional  suffix  "N") and those with periodic conditions require no  additional  information.    However,  those  that  allow boundary  slope  information to be specified also allow for this information to be internally estimated at the user's option.  In fact, the user may choose  to specify certain subsets of the boundary slope data and, by so indicating with a flag, have the remainder of the data internally estimated.

      Chapter IV also has modules  with  prefixes.    These  indicate  that  the rectangular  grid has equispaced nodes in both directions, the X-direction, the Y-direction, and neither direction, respectively.

      With this orientation a user should be able to predict the use of most  of the  subprograms simply from the name.  A more detailed explanation is given in the individual chapter documents.

  II.3 Path Charts

       The path charts indicate how a user may coordinate the pre-processing  and the evaluation software.

 

 

 

 

 

 

 

 A  chart  such  as this indicates that pre-processing in this subsection can be accomplished with subprogram P1 or P2.  Having preprocessed a particular  curve or  surface,  a sequence of invocations of E1, E2, and E3 are allowed using the information furnished by the single call to P1 or  P2.    Thus,  in  fact,  the information  output  from the pre-processing could even be saved and used in an entirely separate computing session to do evaluations.  For example, if we were to  fit  a  river's  flow  rate  as  a  function  of time, a single call to the pre-processing subrout<ine  CURV1  determines  the  coefficients  necessary  to represent  this curve.  Once this has been performed, invocations of evaluation subprograms such as CURV2 actually return interpolated flow rates for any given time.   Invocations of CURVD return first derivatives (i.e., the rate of change of the flow rate) for any given time.  Invocations of  CURVI  return  integrals (i.e.,  the  volume of water) between any pairs of given times.  The subroutine CURV2D computes flow rate as well as the first and  second  derivatives.    Any number of uses of CURV2, CURVD, CURVI, and CURV2D may follow the single call to CURV1.

  II.4 Portability

 FITPACK has been used on computing equipment  ranging  from  microcomputers  to supercomputers  without  modification.    All the code is written in a portable version  of  1966  ANSI  standard  conforming  FORTRAN.      The   package   is self-contained  (i.e.,  makes  no references to non-package subprograms) except for the usage of the standard FORTRAN functions EXP, SIN, COS, ATAN2, and SQRT. Various  of  the  intrinsic  FORTRAN functions such as ABS, FLOAT, and IFIX are also used.  Several of the Basic Linear Algebra Subprograms are used,  but  are included  in  the  package.   These could be replaced with more efficient local versions, if available.  No references to double precision are made.  A  double precision  version  of the package could be produced easily with a text editor, however.

  II.5 Modifications for Variable Tension

 Occasionally the user may encounter a curve  or  surface  fitting  problem  for which  a  different  amount  of  tension  is desirable in different regions.  A common example is where a high tension value is required in one particular area to  preserve  certain  properties.    However, this high tension value, if used uniformly, would result in near polygonal line behavior everywhere and this  is undesirable.   Thus the user should employ the higher tension value only in the sections that require it.

      As presently written, no FITPACK modules allow for variable tension.  This design  decision  was  made because the simplicity for the average usage (i.e., specifying a single tension factor) was  considered  more  important  than  the capability  for  non-constant  tension.   However, the design allows for simple editing modifications to be made which will yield variable tension versions  of all  subroutines.    In  this  section  some  guidelines are presented for this conversion.

      Prior to specifics, several general comments should be made.

      For each independent variable there must be an array of  tension  factors. The length of the array is n-1 if the grid of original data had n values of the                             th independent variable.  The i   element  of  the  tension  factor  array  (i.e., sigma )  specifies  the  tension  on the interval between x  and x    (where we      i                                                     i      i+1 assume the grid of the independent variable x to be x , ... , x ). The ends are                                                      1         n extended  so  that the sigma  specifies the tension not only on (x ,x ) but all                             1                                     1  2 of (-1,x ) and sigma    specifies the tension on all of  (x   ,+1).    Although         2           n-1                                    n-1 the  tension  factors  are  constant on each interval, the resulting curves and surfaces maintain two continuous derivatives.

      The modifications necessary to alter the subprograms CURV1 and  CURV2  are given below. In CURV1:

    1. Dimension statement       change REAL ...,SIGMA       to     REAL ...,SIGMA(1)

    2. change  SIGMA  contains  the tension factor. ... A standard value is       approximately 1. in absolute value.

       to     SIGMA is an array of the N-1 tension factors.   These  values       indicate  the  curviness  desired.   If ABS(SIGMA(I)) is nearly zero       (e.g., .001) the resulting curve is approximately a cubic spline  on       the  interval (X(I),X(I+1)).  If ABS(SIGMA) is large (e.g., 50.) the       resulting curve is nearly a polygonal line on  that  interval.    If       SIGMA(I)  equals  zero  a  cubic spline results on (X(I),X(I+1)).  A       standard value for each SIGMA(I) is  approximately  1.  in  absolute       value.  (The value of SIGMA(1) specifies the tension for X .LE. X(1)       as well  as  the  interval  (X(1),X(2))  and  the  value  of  X(N-1)       specifies  the  tension  for  X  .GE.  X(N)  as well as the interval       (X(N-1),X(N)).)

    3. Denormalization       change C DENORMALIZE TENSION FACTOR

              C

                    SIGMAP = ABS(SIGMA) * FLOAT(N-1)/(X(N)-X(1))

       to     C OBTAIN DENORMALIZATION FACTOR

              C

                    SIGFAC = FLOAT(N-1)/(X(N)-X(1))

    4. Endslope estimation       change CALL CEEZ(DELX1,DELX2,SIGMAP,C1,C2,C3,N)

        to     CALL CEEZ(DELX1,DELX2,SIGFAC*ABS(SIGMA(1)),C1,C2,C3,N)

       and

       change CALL CEEZ(-DELXN,-DELXNM,SIGMAP,C1,C2,C3,N)

        to     CALL CEEZ(-DELXN,-DELXNM,SIGFAC*ABS(SIGMA(N-1)),C1,C2,C3,N)

    5. Invocation of TERMS       change CALL TERMS(DIAG1,SDIAG1,SIGMAP,DELX1)

        to     CALL TERMS(DIAG1,SDIAG1,SIGFAC*ABS(SIGMA(1)),DELX1)

       and

       change CALL TERMS(DIAG2,SDIAG2,SIGMAP,DELX2)

        to     CALL TERMS(DIAG2,SDIAG2,SIGFAC*ABS(SIGMA(I)),DELX2)

 

 In CURV2:

    1. Dimension statement       change REAL ...,SIGMA       to     REAL ...,SIGMA(1)

    2. Preface       change SIGMA contains the tension factor (its sign is ignored).

       to     SIGMA is an array containing the tension factors  (the  signs       of the elements are ignored).

    3. Denormalization       change SIGMAP = ABS(SIGMA)*FLOAT(N-1)/(X(N)-X(1))

       to     SIGMAP = ABS(SIGMA(IM1))*FLOAT(N-1)/X(N)-X(1))

      Changes  analogous  to  the  five modifications to CURV1 should be made to each of the preprocessing subroutines.  (The only  exception  to  this  is  the preprocessing  subroutine  CURVSC for which major algorithmic modifications are required.)  Changes analogous to the three in CURV2 should be made to  each  of the functions or subroutines which evaluate the interpolated curve or surface.
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                                     Part B

           I. Mapping With One Independent and One Dependent Variable

  I.1 Introduction to Capabilities

      This chapter addresses the most common curve-fitting situation,  a  single function  of  a  single  variable.    The  tension parameter allows the user to produce a curve in which the function value and  its  first  derivative  remain within certain bounds and the second derivative does not change sign.

      The preprocessing subroutines allow for periodic or non-periodic behavior. Within each of these sections the user may insist that the curve  pass  exactly through the original data (i.e., "interpolation") or only approximately through the  data  (i.e.,  "smoothing").    Thus  in  the  non-periodic,  interpolation situation,  preprocessing  is  accomplished  with  subroutine  CURV1  (in  case boundary derivatives are specified or internally estimated) or CURVN1 (in  case natural  boundary  conditions  are  to  be  employed).    In  the non-periodic, smoothing situation, CURVS is called.

      For periodic interpolation, CURVP1 does the preprocessing.   For  periodic smoothing CURVPS does it.

      Having  completion  of  the  preprocessing,  the  curve  may be evaluated, differentiated once or twice, or integrated.  In the non-periodic  case,  CURV2 returns  a  single  value  of  the  dependent  variable  for  any  value of the independent variable.  Extrapolation (i.e., fitting beyond the  limits  of  the original  data)  is legal, but users should be very cautious about any attempts to inject significance into a region of a fitted curve in  which  no  data  are specified.    Alternatively,  CURVD  returns a single value of the slope (i.e., first derivative) for each invocation.    The  subroutine  CURV2D  returns  the function  value,  the  first derivative, and the second derivative for a single call.  (Of course the values for the function and the first derivative are  the same as CURV2 and CURVD provide, but this is more efficient if both derivatives are needed.)  CURVI may be used for integration of the curve  between  any  two limits.

      In  the  periodic case, the analogous subprograms are CURVP2 (for function values), CURVPD (for slopes), CRVP2D (for function  values,  first  and  second derivatives)  and  CURVPI  (for  integration).    Whereas  extrapolation in the non-periodic case is dangerous, the periodic  functions  have  no  such  danger since the functions are simply continued in the periodic fashion.

      The  approach  to smoothing may not seem natural to the novice user.  Many methods for smoothing basically take the following approach:

       Over this class of functions, find the one closest (in some sense) to     the data.

 Two  difficulties  with  this  idea  are,  first, that the appropriate class of functions may be difficult to specify, and second, if the smoothed curve  comes too   close  to  the  data  ("overfits")  or  not  close  enough  to  the  data ("underfits"), the user is forced to find an alternative  class  of  functions. The  approach  employed here is an extension of the idea of Reinsch [19,20] and is described in Cline [6].  The idea is to find a function which solves:

       Over  all  functions  with  two  continous  derivatives   which   are     sufficiently close to the data, find the "smoothest one."

 The notion of "smoothest" is a combination of the integral of the square of the second derivative and the integral of the square of the deviation of the  first derivative  from the divided difference.  The user may choose how much to weigh the first part (i.e., second derivatives) relative to the  second  part  (i.e., deviation  of  the  first  derivatives  and divided differences).  Weighing the second part heavily results in nearly piecewise linear functions.  Weighing the first part heavily results in nearly cubic splines.

      The  sense  of  "sufficiently  close  to the data" is also user-specified. Essentially, the user gives an upper bound for the weighted sum of  squares  of the  differences between the original data and the fitted data.  If the weights in the sum of squares are approximately standard deviations of  the  associated measurements,  then  under  certain assumptions the bound on the sum of squares should equal the number of data points.  This is discussed in Reinsch [19].

      Common to all subprograms in  this  and  other  chapters  is  the  tension factor.    This  parameter is in some sense "dimensionless" in that for a fixed tension factor, shifts and rescaling of the data will simply result  in  shifts and rescaling of the fitted curve.  The selection of the correct factor may not be trivial, however.  The standard choice of the value one often is acceptable. For  a  value  of zero, cubic splines result and, if these are acceptable, they may be preferable since the computation of cubic splines is more efficient than the  non-zero  tension  splines.  Occasionally the selection of the appropriate tension must be an iterative (possible interactive) process.    The  subroutine CURVSC  is  a  substitute  for CURV1 and automatically selects a tension factor satisfying  certain  user-specified  contraints.    Alternatively,  it  may  be necessary to declare different tension factors in different regions.  For this, CURV1 must be modified as described in Section II.5 of Part A.

  I.2 Discussion of Examples

 Example 1 (found at the end of this section) shows a very standard  application of  CURV1  and  CURV2  for  graphical purposes.  Basically, the data are input, CURV1 is called to preprocess, then CURV2 is  used  to  generate  an  array  of interpolated points for plotting.

      Considering  this  example  in  more detail we find in line 33 a call to a user-provided subroutine GDATA2  which  returns  the  array  of  abscissae  and ordinates,  X and Y, respectively.  In this particula case, GDATA2 is returning N  equal  to  11,  the  X  array  as  0,.2,  ...,  2.  and  the  Y   array   as       2        1/2 exp(-x /2)/(2 pi)    (i.e.,  points on the normal probability density function). The use of the subroutine GDATA2 here could be replaced by the reading  of  the data from an input device or the generation of the data as the output from some model.

      The user-provided subroutine GDER2 called on line 47  simply  returns  the slopes  of  the  function  at  0. and 2.  These are to be used by CURV1 for end conditions.  Since both of the slopes are  being  provided,  the  slope  switch ISLPSW  is set to zero on line 51.  A standard value of the tension (i.e., one) is set in the following line and the call to CURV1 is made.

      The test of the error flag returned by CURV1 is accomplished in  line  58. This  simply  guarantees the inputs were correctly set (i.e., N is greater than one and the X array is strictly increasing).  Should an error have  been  made, the user-provided routine EMESS would print an appropriate message.

      The  actual interpolation onto the grid of 101 equispaced points between 0 and 2 is accomplished by  the  code  on  lines  70  through  77.    Notice  one invocation  of  the  function  CURV2 is made for each value to be interpolated. The user-provided subroutines WDATA2 and PDATA2 write and  plot,  respectively, the  interpolated  data.  Of course, saving the arrays would not be required if only  writing  were  desired:    the  writing  could  be  imbedded   into   the interpolation  loop.    Furthermore,  if  low  level  plotter  instructions are user-accessible, then the plotting may as well be  done  "on  the  fly"  (e.g., "draw  from  last point to next point").  The plotted output of this program is shown in Figure 1.

      The remainder of this  section  deals  with  modifications  of  the  basic program.  The first modification is the changing of the the slope switch ISLPSW to take the value 3 in line 51, indicating that the end slopes at 0 and  2  are to  be  internally estimated by CURV1.  Since the values of the parameters SLP1 and SLPN are ignored in this cae, the call to GDER2 could be  avoided  in  line 47.    The  output  generated  with  this modification (i.e., slopes internally generated rather than user-specified)  is  shown  in  Figure  2.    Very  close examination  shows  a slight change in the curve around the ends, otherwise the curves appear identical.  This shows two phenomena:  the estimation process  in CURV1  computed  slope values in this case very close to the correct values and also the slopes had only a slight effect on the interior of the curve.

      The second variation from the original replaces the call to CURV1 in  line 54 with a call to CURVN1 as follows: CALL CURVN1(N,X,Y,YP,TEMP,SIGMA,IERR) In  this case, both lines 47 and 50 can be omitted since no slopes ae needed or expected by CURVN1, which uses natural end conditions.  The output is displayed in  Figure 3, and we notice the same phenomena as in the first variation (i.e., not much change in this case).

      The next two variations involve data smoothing.  In the first,  we  assume that  the  Y-values  returned  by  GDATA2 have had independent random errors of standard deviation of about .008 added to the values used previously.  The call to CURV1 is replaced by one to CURVS as follows: D = .008 ISW = 1 S = 11. EPS = .001 CALL CURVS(N,X,Y,D,ISW,S,EPS,YS,YP,SIGMA,TEMP,IERR) Furthermore, the array YS of length 11 must be added to the dimensioning at the top and the dimension of TEMP must be increased to  99  (i.e.,  equal  to  9N). Lines  47  and  50  referring to end slopes would again be omitted.  (Smoothing automatically uses natural end conditions.)  The value of D corresponds to  the standard  deviation  and  the  switch ISW set to 1 indicates that D is a scalar variable (not an array) holding the single constant  standard  deviation.    As suggested, S contains a floating point version of N, the number of data points. (For many applications, this value may be too large and lead to  oversmoothing. Often  N/2  is  better.)    The  value  of  EPS is used to control an iterative procedure to solve the problem:    replacing  S  by  any  value  in  the  range (S(1-EPS),S(1+EPS)) is acceptable.

      The  rest  of  the  code is unchanged except that invocations of CURV2 now involve YS, not Y, since YS contains the  "smoothed"  values  of  the  original data.  The output of this variation is displayed in Figure 4.  Larger values of S (or larger values of D) would lead to more smoothing.  Smaller values of S or D would lead to less smoothing and closer fitting to the original data.

      The  next variation is identical to the last, except the tension factor in line 52 is reset to 10.  The output is shown in Figure 5.   Notice  the  nearly piecewise-linear  behavior  of  the  curve.  A similar behavior would have been noticed if a tension factor this large had been used with the subroutine  CURV1 or CURVN1.

      The  remaining  variations  of  the original example involve replacing the invocation to CURV2 in line 75 by alternatives.  The first alternative performs integration and thus replaces line 75 with: YPLT(I) = CURVI(0.,XPLT(I),N,X,Y,YP,SIGMA) which integrates the curve from 0. to XPLT(I).  The plotted results of this are shown in Figure 6.

      The next alteration replaces line 75 by: YPLT(I) = CURVD(XPLT(I),N,X,Y,YP,SIGMA) to obtain first derivatives.  The output of this is shown in Figure 7.

      In order to obtain second derivatives, CURV2D must be used and  thus  line 75 is replaced with: CALL CURV2D(XPLT(I),DUMMY,DUMMY,YPLT(I),N,X,Y,YP,SIGMA) The  name  "DUMMY"  has been used in two positions to emphasize that we will be ignoring these values.  The plot of the resultant second derivative is shown in Figure  8.    Notice  that  as  demanded, the original curve has two continuous derivatives.  But should we try to differentiate a third time,  discontinuities would appear.

      The  final variation is identical to the previous except it uses a tension factor (i.e., SIGMA) of 0.  The result is then a cubic spline which  of  course has  a  piecewise linear second derivative.  The second derivative is displayed in Figure 9, and is exactly as expected.

      Example 2 shows a similar usage of CURVP1 and CURVP2.  The  data  in  this case  consist  of  the function sin(X)+1/(cos(X)+2) evaluated at 12 equidistant points within the period of 2 pi (i.e., the X array contains 0.,pi/6, ..., 11 pi/6). The  use of CURVP1 is almost identical to CURV1 except that P, the period, must be defined and the array of temporary storage must be  2N  instead  of  N.  The periodic  boundary  conditions  replace  the  end  slope conditions used in the non-periodic situation.  The output of the  program  is  shown  in  Figure  10. Notice   that   two   periods   have  been  plotted  to  display  the  periodic extrapolation.

      As was done with Example 1, we could replace these data  with  a  new  set which  has perturbations from the originals.  We could substitute a call to the smoothing routine CURVPS for CURVP1.  To do this line 44 should be replaced by: D = .09 ISW = 1 S = 12. EPS = .001 CALL CURVPS(N,X,Y,P,D,ISW,S,EPS,YS,YSP,SIGMA,TEMP,IERR). As with the smoothing modification to Example 1, D contains an estimate of  the standard  deviation  of  the  errors  in the perturbed data, ISW being set to 1 indicates D is being used as a scalar variable, S is a bound on the  acceptable weighted  sum  of  squares  of deviations between the smoothed and the original (i.e., perturbed) data, and EPS is a factor indicating the  relative  precision with  which we view the value of S. Also as before, we must add the array YS to hold the smoothed values output by CURVPS.  In this case, the dimension for the temporary storage array TEMP must be 11N (not 9N as with CURVS).  The result of the program's execution is shown in Figure 11.  A  comparison  with  Figure  10 shows  that  the  smoothing  did  a remarkable job of recreating the fit of the unperturbed data.

      The final modification to Example 2 is the replacement of  the  invocation of  CURVP2  in  line  66  by  an  invocation  of CURVPD.  The parameter list is identical.  The plotted output is shown in Figure 12.  It also is displayed for two  periods  showing  the  periodic extrapolation.  If second derivatives were desired then CRVP2D could replace CURVP2.  Alternatively,  integrals  could  be obtained with CURVPI.

 Example 1

 C  THIS PROGRAM IS A SAMPLE DRIVER FOR NON-PERIODIC MAPPING        001 C  FROM A ONE-DIMENSIONAL SPACE INTO A ONE-DIMENSIONAL SPACE.      002 C  IT COVERS USAGE OF PACKAGE MODULES CURV1, CURVN1, CURVS,        003 C  CURV2, CURVD, CURV2D, AND CURVI.                                004 C                                                                  005 C  GIVEN DATA VALUES FOR THE STANDARD NORMAL DISTRIBUTION          006 C  WHICH ARE ACCURATE TO 4 DECIMAL PLACES AT 0., .2, .4, ...,      007 C  2., IT INTERPOLATES VALUES AT 0., .02, .04, ..., 1.98, 2.00.    008 C                                                                  009 C                                                                  010 C  ------------------------------------------------------------    011 C                                                                  012 C                                                                  013 C  DIMENSIONING                                                    014 C                                                                  015 C                                                                  016        INTEGER N,ISLPSW,IERR                                       017        REAL    X(11),Y(11),SLP1,SLPN,YP(11),TEMP(11),SIGMA         018        REAL    XPLT(101),YPLT(101)                                 019 C                                                                  020 C                                                                  021 C  ------------------------------------------------------------    022 C                                                                  023 C                                                                  024 C  READ DATA ARRAYS                                                025 C                                                                  026 C                                                                  027 C  GDATA2 IS A FORTRAN SUBROUTINE WHICH RETURNS N, THE NUMBER      028 C  OF DATA POINTS, X, AN ARRAY OF THE N INCREASING ABSCISSAE       029 C  OF THE DATA POINTS, AND Y, AN ARRAY OF THE N CORRESPONDING      030 C  ORDINATES OF THE DATA POINTS.                                   031 C                                                                  032        CALL GDATA2(N,X,Y)                                          033 C                                                                  034 C                                                                  035 C  ------------------------------------------------------------    036 C                                                                  037 C                                                                  038 C  PHASE 1 - SET UP PARAMETERS                                     039 C                                                                  040 C                                                                  041 C  WE INVOKE AN INTERPOLATORY SPLINE UNDER TENSION WITH END-       042 C  POINT SLOPES GIVEN.                                             043 C                                                                  044 C  OBTAIN BOUNDARY DERIVATIVES                                     045 C                                                                  046        CALL GDER2(SLP1,SLPN)                                       047 C                                                                  048 C  SET SCALAR PARAMETERS AND CALL SUBROUTINE                       049 C                                                                  050        ISLPSW = 0                                                  051        SIGMA = 1.                                                  052 C                                                                  053        CALL CURV1(N,X,Y,SLP1,SLPN,ISLPSW,YP,TEMP,SIGMA,IERR)       054 C                                                                  055 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                    056 C                                                                  057        IF (IERR .NE. 0) GO TO 900                                  058 C                                                                  059 C                                                                  060 C  ------------------------------------------------------------    061 C                                                                  062 C                                                                  063 C  PHASE 2 - ACTUAL INTERPOLATION                                  064 C                                                                  065 C                                                                  066 C  WE INTERPOLATE FUNCTIONAL VALUES FOR *NUMPTS* EQUALLY           067 C  SPACED ABSCISSAE BETWEEN *A* AND *B*.                           068 C                                                                  069        NUMPTS = 101                                                070        A = 0.                                                      071        B = 2.                                                      072        DELTA = (B-A)/FLOAT(NUMPTS-1)                               073        DO 1 I = 1,NUMPTS                                           074           XPLT(I) = A+FLOAT(I-1)*DELTA                             075           YPLT(I) = CURV2(XPLT(I),N,X,Y,YP,SIGMA)                  076      1    CONTINUE                                                 077 C                                                                  078 C                                                                  079 C  ------------------------------------------------------------    080 C                                                                  081 C                                                                  082 C  WRITE AND PLOT RESULTS                                          083 C                                                                  084 C                                                                  085 C  SUBROUTINE WDATA2 PRINTS PAIRS XPLT(I), YPLT(I) FOR             086 C  I = 1,...,NUMPTS.  SUBROUTINE PDATA2 PRODUCES A PLOT OF         087 C  POINTS (XPLT(I),YPLT(I)), I = 1,...,NUMPTS.                     088 C                                                                  089 C                                                                  090        CALL WDATA2(NUMPTS,XPLT,YPLT)                               091        CALL PDATA2(N,X,Y,NUMPTS,XPLT,YPLT)                         092 C                                                                  093        STOP                                                        094 C                                                                  095 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.          096 C                                                                  097    900 CALL EMESS(IERR)                                            098        STOP                                                        099        END                                                         100

 Example 2

 C  THIS PROGRAM IS A SAMPLE DRIVER FOR PERIODIC MAPPING FROM      001 C  A ONE-DIMENSIONAL SPACE INTO A ONE-DIMENSIONAL SPACE.  IT      002 C  COVERS USAGE OF PACKAGE MODULES CURVP1, CURVNP1, CURVPS,       003 C  CURVP2, CURVPD, AND CURVPI.                                    004 C                                                                 005 C  SIN+1./(COS(X)+2.)                                             006 C                                                                 007 C                                                                 008 C  -----------------------------------------------------------    009 C                                                                 010 C                                                                 011 C  DIMENSIONING                                                   012 C                                                                 013 C                                                                 014        INTEGER N,IERR                                             015        REAL X(12),Y(12),P,SLP1,SLPN,YP(12),TEMP(24),SIGMA         016        REAL XPLT(101),YPLT(101)                                   017 C                                                                 018 C                                                                 019 C  -----------------------------------------------------------    020 C                                                                 021 C                                                                 022 C  READ DATA ARRAYS                                               023 C                                                                 024 C                                                                 025 C  GDATA2 IS A FORTRAN SUBROUTINE WHICH RETURNS N, THE NUMBER     026 C  OF DATA POINTS, X, AN ARRAY OF THE N INCREASING ABSCISSAE      027 C  OF THE DATA POINTS, AND Y, AN ARRAY OF THE N CORRESPONDING     028 C  ORDINATES OF THE DATA POINTS.                                  029 C                                                                 030        CALL GDATA2(N,X,Y)                                         031 C                                                                 032 C                                                                 033 C  -----------------------------------------------------------    034 C                                                                 035 C                                                                 036 C  PHASE 1 - SET UP PARAMETERS                                    037 C                                                                 038 C                                                                 039 C  WE INVOKE A PERIODIC INTERPOLATORY SPLINE UNDER TENSION        040 C                                                                 041        SIGMA = 1.                                                 042        P = 8.*ATAN(1.)                                            043        CALL CURVP1(N,X,Y,P,YP,TEMP,SIGMA,IERR)                    044 C                                                                 045 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   046 C                                                                 047        IF (IERR .NE. 0) GO TO 900                                 048 C                                                                 049 C                                                                 050 C  -----------------------------------------------------------    051 C                                                                 052 C                                                                 053 C  PHASE 2 - ACTUAL INTERPOLATION                                 054 C                                                                 055 C                                                                 056 C  WE INTERPOLATE FUNCTIONAL VALUES FOR *NUMPTS* EQUALLY          057 C  SPACED ABSCISSAE BETWEEN *A* AND *B*.                          058 C                                                                 059        NUMPTS = 101                                               060        A = 0.                                                     061        B = P                                                      062        DELTA = (B-A)/FLOAT(NUMPTS-1)                              063        DO 1 I = 1,NUMPTS                                          064           XPLT(I) = A+FLOAT(I-1)*DELTA                            065           YPLT(I) = CURVP2(XPLT(I),N,X,Y,P,YP,SIGMA)              066      1 CONTINUE                                                   067 C                                                                 068 C                                                                 069 C  -----------------------------------------------------------    070 C                                                                 071 C                                                                 072 C  WRITE AND PLOT RESULTS                                         073 C                                                                 074 C                                                                 075 C  SUBROUTINE WDATA2 PRINTS PAIRS XPLT(I), YPLT(I) FOR            076 C  I = 1,...,NUMPTS.  SUBROUTINE PDATA2 PRODUCES A PLOT OF        077 C  POINTS (XPLT(I),YPLT(I)), I = 1,...,NUMPTS.                    078 C                                                                 079 C                                                                 080        CALL WDATA2(NUMPTS,XPLT,YPLT)                              081        CALL PDATA2(N,X,Y,NUMPTS,XPLT,YPLT)                        082 C                                                                 083        STOP                                                       084 C                                                                 085 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         086 C                                                                 087    900 CALL EMESS(IERR)                                           088        STOP                                                       089        END                                                        090

 

 

                                I.3 Documentation

 

                                I.3.1 Non-Periodic

                                                                           CURV1

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolatory spline  under  tension  through  a  sequence  of  functional      values.    The  slopes  at  the  two ends of the curve may be specified or      omitted.  For actual computation of points on the curve it is necessary to      call the function CURV2.

  Subprogram Statement:

      SUBROUTINE CURV1 (N,X,Y,SLP1,SLPN,ISLPSW,YP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISLPSW, IERR      REAL X(N), Y(N), SLP1, SLPN, YP(N), TEMP(N), SIGMA

  Status of Parameters:

      On Input:           N is the number of values to be interpolated (N .GE. 2).

           X is an array of the N increasing abscissae of the functional values.

           Y  is  an  array of the N ordinates of the values, (i.e., Y(K) is the           functional value corresponding to X(K) ).

           SLP1 and SLPN contain the desired values for the first derivative  of           the  curve  at X(1) and X(N), respectively.  The user may omit values           for either or both of these parameters and signal this with ISLPSW.

           ISLPSW contains a switch indicating which slope data should  be  used           and which should be estimated by this subroutine,

                = 0  if SLP1 and SLPN are to be used,                = 1  if SLP1 is to be used but not SLPN,                = 2  if SLPN is to be used but not SLP1,                = 3  if both SLP1 and SLPN are to be estimated internally.

           YP is an array of length at least N.

           TEMP  is  an  array  of  length  at least N which is used for scratch           storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA)  is nearly zero (e.g. .001) the           resulting curve is approximately a cubic spline.   If  ABS(SIGMA)  is           large  (e.g. 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1.  in absolute value.

      On Output:           YP  contains  the values of the second derivative of the curve at the           given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if X-values are not strictly increasing.

           and

           N, X, Y, SLP1, SLPN, ISLPSW and SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH

                                                                          CURVN1

 

 Purpose:

      This subroutine determines the parameters necessary to compute  a  natural      interpolatory  spline  under  tension  through  a  sequence  of functional      values.  For actual computation of points on the curve it is necessary  to      call the function CURV2.

  Subprogram Statement:

      SUBROUTINE CURVN1 (N,X,Y,YP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL X(N), Y(N), YP(N), TEMP(N), SIGMA

  Status of Parameters:

      On Input:           N is the number of values to be interpolated (N.GE.2).

           X is an array of the N increasing abscissae of the functional values.

           Y  is  an  array of the N ordinates of the values, (i.e., Y(K) is the           functional value corresponding to X(K) ).

           YP is an array of length at least N.

           TEMP is an array of length at least  N  which  is  used  for  scratch           storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  curve  is  approximately a cubic spline.  If ABS(SIGMA) is           large (e.g., 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1. in absolute value.

      On Output:           YP contains the values of the second derivative of the curve  at  the           given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if X-values are not strictly increasing.

           and

           N, X, Y, and SIGMA are unaltered.

 Referenced Package Subprograms:

      SNHCSH

                                                                          CURVSC

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolation spline under tension, that satisfies  specified  conditions,      through  a  sequence  of functional values.  The slopes at the two ends of      the curve may be specified or omitted.  The user may also specify a  lower      and/or  upper  limit  for  the  spline  and  its  first derivative on each      interval as well as specifying the convexity or concavity of the spline on      each  interval.    For  actual  computation  of  points on the curve it is      necessary to call the function CURV2.

  Subprogram Statement:

      SUBROUTINE CURVSC(N,X,Y,SLP1,SLPN,ISLPSW,SIGMA,YP,TEMP,FLLMT,                        FULMT,DFLLMT,DFULMT,IFCON,IDFCON,ISDCON,IERR,IERCON)

 Type and Dimension of Parameters:

      INTEGER N, ISLPSW, IFCON(N), IDFCON(N), ISDCON(N), IERR, IERCON(N)      REAL X(N), Y(N), SLP1, SLPN, SIGMA, YP(N), TEMP(N,4), FLLMT(N),           FULMT(N), DFLLMT(N), DFULMT(N)

  Status of Parameters:

      On Input:           N is the number of values to be interpolated.  (N .GE. 2)

           X is an array of the N increasing abscissae of the functional values.

           Y is an array of the N ordinates  of  the  values,  (i.e.,  Y(K)  are           functional values corresponding to X(K).)

           SLP1 and SLPN contain the desired values for the first derivatives of           the curve at X(1) and X(N), respectively.  The user may  omit  values           for either or both of these parameters and signal this with ISLPSW.

           ISLPSW  contains  a switch indicating which slope data should be used           and which should be estimated by this subroutine

                = 0  if SLP1 and SLPN are to be used,                = 1  if SLP1 is to be used but not SLPN,                = 2  if SLPN is to be used but not SLP1,                = 3  if both SLP1 and SLPN are to be estimated internally.

           YP is an array of length at least N.

           TEMP is an arrayof length at least 4*N used for scratch storage.

           FLLMT and FULMT are arrays of length N which contain the lower  limit           and  the  upper limit, respectively, of the desired spline.  FLLMT(I)           and FULMT(I) describe the limits for the interval X(I)  .LE.  X  .LE.           X(I+1).    The  Nth  element is ignored.  The user may omit either or           both of these parameters for any interval  I  and  signal  this  with           IFCON(I).

           DFLLMT  and DFULMT are arrays of length N which contain the lower and           upper limits, respectively, of the first derivative  of  the  desired           spline.    DFLLMT(I)  and  X .LE. X(I+1). The Nth element is ignored.           The user may omit either or both of parameters for any interval I and           signal this with IDFCON(I).

           IFCON  is an array of length N containing information about FLLMT and           FULMT.           IFCON(I)                = -1 if FLLMT(I) is to be used but not FULMT(I),                = 0  if both FLLMT(I) and FULMT(I) are to be used,                = 1  if FULMT(I) is to be used but not FLLMT(I),                = 2  if both FLLMT(I) and FULMT(I) are not used.

           IFCON(N) is ignored.

           IDFCON is an array of length N containing  information  about  DFLLMT           and DFULMT.           IDFCON(I)                = -1 if DFLLMT(I) is to be used but not DFULMT(I),                = 0  if both DFLLMT(I) and DFULMT(I) are to be used,                = 1  if DFULMT(I) is to be used but not DFLLMT(I),                = 2  if both DFLLMT(I) and DFULMT(I) are not used.

           IDFCON(N) is ignored.

           and

           ISDCON(I)  is  an  array of length N containing information about the           second derivative on each interval.           ISDCON(I)                = -1 the spline should be concave on the Ith interval,                = 0  no constraints are placed on the 2nd derivative on the  Ith                     interval,                = 1  the spline should be convex on the Ith interval.

           ISDCON(N) is ignored.

           and

           IERCON is an array of length at least N.

      On Output:           If  IERR  =  0  SIGMA  contains  the tension factor of a spline under           tension that satisfies the user specified conditions.  If  IERR  =  4           SIGMA  contains a large tension factor of a spline under tension that           does not satisfy the conditions but graphically appears as  piecewise           linear interpolation.  Otherwise SIGMA is unaltered.

           IF  IERR  =  0  or  4 YP contains the second derivative values of the           curve at the given nodes.  Otherwise YP is unaltered.

           IERR contains an error flag.

                = 0  for normal return                = 1  if N is less than 2                = 2  if X-values are not strictly increasing                = 3  conditions cannot be met                = 4  conditions can be met but graphically the  curve  will  not                     differ from piecewise linear interpolation.

           IERCON(I)  is  unaltered  if  IERR  =  1  or  2.  Otherwise IERCON(I)           contains the decimal equivalent of a five digit binary number  A1  A2           A3 A4 A5.              A1 = 0    condition FLLMT(I) can be met              A1 = 1    condition FLLMT(I) cannot be met              A2 = 0    condition FULMT(I) can be met              A2 = 1    condition FULMT(I) cannot be met              A3 = 0    condition DFLLMT(I) can be met              A3 = 1    condition DFLLMT(I) cannot be met              A4 = 0    condition DFULMT(I) can be met              A4 = 1    condition DFULMT(I) cannot be met              A5 = 0    condition ISDCON(I) can be met              A5 = 1    condition ISDCON(I) cannot be met           IERCON(N) is unaltered.

           N,  X,  Y,  SLP1,  SLPN, ISLPSW, FLLMT, FULMT, DFLLMT, DFULMT, IFCON,           IDFCON, and ISDCON are unaltered.

  Referenced Package Subprograms:

      BPREDT, CKINTV, CONDCK, DDRYS, DFMXMN, DYRS, FMXMN, IPREDT, MKRHS, MKRHS2,      MKRHS3,  PREDT,  RCRVSC,  SDDYRS,  SDYRS,  STORE,  STRHLP, SOLNCK, SNHCS2,      TERMS2, TRIFAC, TRISOL, CEEZ, CURV2, CURVD, INTRVL, SNHCSH, TERMS

                                                                           CURVS

 

 Purpose:

      This subroutine determines the parameters necessary to compute a smoothing      spline  under  tension.   For a given increasing sequence of abscissae x ,                                                                              i      i=1,...,n and associated ordinates y , i=1,...,n,  the function determined                                          i      minimizes  the summation from  i = 1  to  n-1 of the square  of the second      derivative of f  plus  sigma squared  times  the difference  of the  first      derivative of f  and  (f(x   ) - f(x )) / (x    - x )  squared,  over  all                                i+1       i       i+1    i      functions f with two continuous derivatives such that the summation of the      square of  (f(x ) - y )/d   is less than or equal to a given  constant  S,                     i     i   i      where d , i=1,..., n are a given set of observation weights.  The function             i      determined is a spline under tension with third derivative discontinuities      at  x , i=2,...,n-1.   For actual computation of points on the curve it is           i      necessary to call the function CURV2.   The determination of the curve  is      performed by subroutine CURVSS,  the subroutine CURVS only decomposes  the      workspace for CURVSS.

  Subprogram Statement:

      SUBROUTINE CURVS (N,X,Y,D,ISW,S,EPS,YS,YSP,SIGMA,TEMP,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISW, IERR      REAL X(N), Y(N), D(N), S, EPS, YS(N), YSP(N), SIGMA, TEMP(N,9)

  Status of Parameters:

      On Input:           N is the number of values to be smoothed (N.GE.2).

           X is an array of the N increasing  abscissae  of  the  values  to  be           smoothed.

           Y is an array of the N ordinates of the values to be smoothed, (i.e.,           Y(K) is the functional value corresponding to X(K) ).

           D is a parameter containing the observation weights.  This may either           be an array of length N or a scalar (interpreted as a constant).  The           value of D corresponding to the observation (X(K),Y(K)) should be  an           approximation to the standard deviation of error.

           ISW  contains  a  switch  indicating whether the parameter D is to be           considered a vector or a scalar,

                = 0  if D is an array of length N,                = 1  if D is a scalar.

           S contains the  value  controlling  the  smoothing.    This  must  be           non-negative.      For   S   equal   to  zero,  the  subroutine  does           interpolation,  larger  values  lead  to  smoother  functions.     If           parameter D contains standard deviation estimates, a reasonable value           for S is FLOAT(N).

           EPS contains a tolerance on the relative precision to which S  is  to           be  interpreted.  This must be greater than or equal to zero and less           than  or  equal  to  one.     A   reasonable   value   for   EPS   is           SQRT(2./FLOAT(N)).

           YS is an array of length at least N.

           YSP is an array of length at least N.

           SIGMA  contains  the tension factor.  This value indicates the degree           to which the first derivative part of  the  smoothing  functional  is           emphasized.  If SIGMA is nearly zero (e.g., .001) the resulting curve           is approximately a cubic spline.  If SIGMA is large (e.g.,  50.)  the           resulting  curve  is nearly a polygonal line.  If SIGMA equals zero a           cubic spline results.  A standard value for SIGMA is approximately 1.

           and

           TEMP is an array of length at least 9*N which  is  used  for  scratch           storage.

      On Output:           YS contains the smoothed ordinate values.

           YSP  contains  the  values  of  the second derivative of the smoothed           curve at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if S is negative,                = 3  if EPS is negative or greater than one,                = 4  if X-values are not strictly increasing,                = 5  if a D-value is non-positive.

           and

           N, X, Y, D, ISW, S, EPS, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CURVSS, STORE, TERMS, SNHCSH

                                                                           CURV2

 

 Purpose:

      This function interpolaes a curve at a given point using  a  spline  under      tension.    The  subroutine  CURV1  should  be called earlier to determine      certain necessary parameters.

  Subprogram Statement:

      FUNCTION CURV2 (T,N,X,Y,YP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), Y(N), YP(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value to be mapped onto the interpolating curve.

           N contains the number of points which were specified to determine the           curve.

           X   and   Y  are  arrays  containing  the  abscissae  and  ordinates,           respectively, of the specified points.

           YP is an array of second derivative values of the curve at the nodes.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X, Y, YP, and SIGMA should be input unaltered  from           the output of CURV1.

      On Output:           CURV2 contains the interpolated value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                           CURVD

 

 Purpose:

      This function differentiates a curve at a given point using a spline under      tension.  The subroutine CURV1  should  be  called  earlier  to  determine      certain necessary parameters.

  Subprogram Statement:

      FUNCTION CURVD (T,N,X,Y,YP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), Y(N), YP(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value at which the derivative is to be determined.

           N contains the number of points which were specified to determine the           curve.

           X  and  Y  are  arrays  containing  the  abscissae   and   ordinates,           respectively, of the specified points.

           YP is an array of second derivative values of the curve at the nodes.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters N, X, Y, YP, and SIGMA should be input unaltered from           the output of CURV1.

      On Output:           CURVD contains the derivative value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                          CURV2D

 

 Purpose:

      This subroutine determines function value, first, and  second  derivatives      of  a curve at a given point using a spline under tension.  The subroutine      CURV1 should be called earlier to determine certain necessary parameters.

  Subprogram Statement:

      SUBROUTINE CURV2D (T,YY,YX,YXX,N,X,Y,YP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, YY, YX, YXX, X(N), Y(N), YP(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value at which the function and derivatives are  to           be evaluated.

           N contains the number of points which were specified to determine the           curve.

           X  and  Y  are  arrays  containing  the  abscissae   and   ordinates,           respectively, of the specified points.

           YP is an array of second derivative values of the curve at the nodes.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters N, X, Y, YP, and SIGMA should be input unaltered from           the output of CURV1.

      On Output:           YY, YX,  and  YXX  contain  the  function  value,  first  and  second           derivatives, respectively.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                           CURVI

 

 Purpose:

      This  function  integrates  a  curve  specified  by a spline under tension      between two given limits.  The subroutine CURV1 should be  called  earlier      to determine necessary parameters.

  Subprogram Statement:

      FUNCTION CURVI (XL,XU,N,X,Y,YP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL XL, XU, X(N), Y(N), YP(N), SIGMA

  Status of Parameters:

      On Input:           XL  and  XU  contain  the  upper  and  lower  limits  of integration,           respectively.    (XL  need  not  be  less  than  or  equal   to   XU,           CURVI(XL,XU,...) .EQ. -CURVI(XU,XL,...) ).

           N contains the number of points which were specified to determine the           curve.

           X  and  Y  are  arrays  containing  the  abscissae   and   ordinates,           respectively, of the specified points.

           YP is an array of second derivative values of the curve at the nodes.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters N, X, Y, YP, and SIGMA should be input unaltered from           the output of CURV1.

      On Output:           CURVI contains the integral value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

 

 

 

 

                                 I.3.2 Periodic

                                                                          CURVP1

 

 Purpose:

      This subroutine determines the parameters necessary to compute a  periodic      interpolatory  spline  under  tension  through  a  sequence  of functional      values.  For actual computation of points on the curve it is necessary  to      call the function CURVP2.

  Subprogram Statement:

      SUBROUTINE CURVP1 (N,X,Y,P,YP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL X(N), Y(N), P, YP(N), TEMP(N,2), SIGMA

  Status of Parameters:

      On Input:           N is the number of values to be interpolated (N.GE.2).

           X is an array of the N increasing abscissae of the functional values.

           Y  is  an  array of the N ordinates of the values, (i.e., Y(K) is the           functional value corresponding to X(K) ).

           P is the period (P .GT. X(N)-X(1)).

           YP is an array of length at least N.

           TEMP is an array of length at least 2*N which  is  used  for  scratch           storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  curve  is  approximately a cubic spline.  If ABS(SIGMA) is           large (e.g., 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1. in absolute value.

      On Output:           YP contains the values of the second derivative of the curve  at  the           given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than or equal to 2,                = 2  if P is less than X(N) - X(1),                = 3  if X-values are not strictly increasing.

           and

           N, X, Y, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          CURVPS

 

 Purpose:

      This  subroutine determines the parameters necessary to compute a periodic      smoothing spline under tension.    For  a  given  increasing  sequence  of      abscissae  x , i=1,...,n and associated ordinates y , i=1,...,n, letting p                  i                                      i      be the period, x   =x +p, and y    = y , the function determined minimizes                      n+1  1         n+1    1      the summation from i = 1  to  n of the square  of the second derivative of      f  plus  sigma squared  times  the difference  of the  first derivative of      f  and  (f(x   ) - f(x )) / (x    - x ) squared, over all functions f with                  i+1       i       i+1    i      with  two continuous derivatives such that the summation of the square  of      (f(x ) - y )/d   is less than or equal to a given constant  S,  where  d ,          i     i   i                                                         i      i=1,...,n are a given set of observation weights.  The function determined      is a periodic spline under tension  with  third derivative discontinuities      at  x  , i=1,...,n  (and all periodic translations of these values).   For           i      actual  computation  of points on the curve  it  is necessary to call  the      CURVP2.  The determination of the curve is performed by subroutine CURVPP,      the subroutine CURVPS only decomposes the workspace for CURVPP.

  Subprogram Statement:

      SUBROUTINE CURVPS(N,X,Y,P,D,ISW,S,EPS,YS,YSP,SIGMA,                        TEMP,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISW, IERR      REAL X(N), Y(N), P, D(N), S, EPS, YS(N), YSP(N),           SIGMA, TEMP(N,11)

  Status of Parameters:

      On Input:           N is the number of values to be smoothed (N .GE. 2).

           X is an array of the N increasing  abscissae  of  the  values  to  be           smoothed.

           Y is an array of the N ordinates of the values to be smoothed, (i.e.,           Y(K) is the functional value corresponding to X(K)).

           P is the period (P .GT. X(N)-X(1)).

           D is a parameter containing the observation weights.  This may either           be an array of length N or a scalar (interpreted as a constant).  The           value of D corresponding to the observation (X(K),Y(K)) should be  an           approximation to the standard deviation of error.

           ISW  contains  a  switch  indicating whether the parameter D is to be           considered a vector or a scalar,

                = 0  if D is an array of length N,                = 1  if D is a scalar.

           S contains the  value  controlling  the  smoothing.    This  must  be           non-negative.      For   S   equal   to  zero,  the  subroutine  does           interpolation,  larger  values  lead  to  smoother  functions.     If           parameter D contains standard deviation estimates, a reasonable value           for S is FLOAT(N).

           EPS contains a tolerance on the relative precision to which S  is  to           be  interpreted.  This must be greater than or equal to zero and less           than  or  equal  to  one.     A   reasonable   value   for   EPS   is           SQRT(2./FLOAT(N)).

           YS is an array of length at least N.

           YSP is an array of length at least N.

           SIGMA  contains  the tension factor.  This value indicates the degree           to which the first derivative part of  the  smoothing  functional  is           emphasized.  If SIGMA is nearly zero (e.g., .001) the resulting curve           is approximately a cubic spline.  If SIGMA is large (e.g., 50.)   the           resulting  curve  is nearly a polygonal line.  If SIGMA equals zero a           cubic spline results.  A standard value for SIGMA is approximately 1.

           and

           TEMP is an array of length at least 11*N which is  used  for  scratch           storage.

      On Output:           YS contains the smoothed ordinate values.

           YSP  contains  the  values  of  the second derivative of the smoothed           curve at the given node.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if S is negative,                = 3  if EPS is negative or greater than one,                = 4  if X-values are not strictly increasing,                = 5  if a D-value is non-positive,                = 6  if P is less than or equal to X(N) - X(1).

           and

           N, X, Y, P, D, ISW, S, EPS, and SIGMA are unaltered

  Referenced Package Subprograms:

      CURVPP, TERMS, SNHCSH

                                                                          CURVP2

 

 Purpose:

      This function interpolates a curve at  a  given  point  using  a  periodic      spline  under  tension.  The subroutine CURVP1 should be called earlier to      determine certain necessary parameters.

  Subprogram Statement:

      FUNCTION CURVP2 (T,N,X,Y,P,YP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), Y(N), P, YP(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value to be mapped onto the interpolating curve.

           N contains the number of points which were specified to determine the           curve.

           X   and   Y  are  arrays  containing  the  abscissae  and  ordinates,           respectively, of the specified points.

           P contains the period.

           YP is an array of second derivative values of the curve at the nodes.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X, Y, P, YP, and SIGMA should  be  input  unaltered           from the output of CURVP1.

      On Output:           CURVP2 contains the interpolated value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVP, SNHCSH

                                                                          CURVPD

 

 Purpose:

      This  function  differentiates  a  curve at a given point using a periodic      spline under tension between two given  limits.    The  subroutine  CURVP1      should be called earlier to determine necessary parameters.

  Subprogram Statement:

      FUNCTION CURVPD (T,N,X,Y,P,YP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), Y(N), P, YP(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value at which the derivative is to be determined.

           N contains the number of points which were specified to determine the           curve.

           X  and  Y  are  arrays  containing  the  abscissae   and   ordinates,           respectively, of the specified points.

           P contains the period.

           YP is an array of second derivative values of the curve at the nodes.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  N,  X, Y, P, YP, and SIGMA should be input unaltered           from the output of CURVP1.

      On Output:           CURVPD contains the derivative value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVP, SNHCSH

                                                                          CRVP2D

 

 Purpose:

      This subroutine determines function value, first, and  second  derivatives      of  a  curve  at a given point using a periodic spline under tension.  The      subroutine CURVP1 should be called earlier to determine certain  necessary      parameters.

  Subprogram Statement:

      SUBROUTINE CRVP2D(T,YY,YX,YXX,N,X,Y,P,YP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, YY, YX, YXX, X(N), Y(N), P, YP(N), SIGMA

  Status of Parameters:

      On Input:           T  contains a real value at which the function and derivatives are to           be evaluated.

           N contains the number of points which were specified to determine the           curve.

           X   and   Y  are  arrays  containing  the  abscissae  and  ordinates,           respectively, of the specified points.

           P contains the period.

           YP is an array of second derivative values of the curve at the nodes.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X, Y, P, YP, and SIGMA should  be  input  unaltered           from the output of CURV1.

      On Output:           YY,  YX,  and  YXX  contain  the  function  value,  first  and second           derivatives, respectively.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVP, SNHCSH

                                                                          CURVPI

 

 Purpose:

      This function integrates a curve specified  by  a  periodic  spline  under      tension  between two given limits.  The subroutine CURVP1 should be called      earlier to determine necessary parameters.

  Subprogram Statement:

      FUNCTION CURVPI (XL,XU,N,X,Y,P,YP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL XL, XU, X(N), Y(N), P, YP(N), SIGMA

  Status of Parameters:

      On Input:           XL and  XU  contain  the  upper  and  lower  limits  of  integration,           respectively.      (XL  need  not  be  less  than  or  equal  to  XU,             CURVPI(XL,XU,...) .EQ. -CURVPI(XU,XL,...) ).

           N contains the number of points which were specified to determine the           curve.

           X   ad   Y   are  arrays  containing  the  abscissae  and  ordinates,           respectively, of the specified points.

           P contains the period.

           YP is an array of second derivative values of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X, Y, P, YP, and SIGMA should  be  input  unaltered           from the output of CURVP1.

      On Output:           CURVPI contains the integral value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVP, SNHCSH

      II. Mapping With One Independent Variable and Two Dependent Variables

  II.1 Introduction to Capabilities

      This  chapter  allows  general  curves  in  the  plane  to  be fit using a parametric representation.  The resulting curves have the properties that  they are invariant with respect to shifts, rescaling, or rotations of the data.

      The  package  allows  for periodic or non-periodic behavior.  Non-periodic curves are "open" curves in the plane;  periodic  curves  are  "closed."    The preprocessing  for  the non-periodic case is done with KURV1 (if end-slopes are known or to be internally estimated) or with KURVN1 (if natural end  conditions are  to be used).  The preprocessing in the periodic case is accomplished using KURVP1.

      Having completed preprocessing, the user may obtain points on  the  curve, derivatives  or  integrals.    In  both periodic and non-periodic situations, a parameterization is performed so that the interval from zero to one  is  mapped onto  the  curve  with zero mapping to the first point and one to the last.  In the periodic case, the first is considered the same as the last; thus the curve closes  on itself and has a period of one.  (In the usage of the code the first point should not be replicated as the last; the code will  automatically  close the curve.)

      The  subroutine  KURV2 returns points (i.e., ordered pairs of coordinates) on the curve corresponding to values of the parameter.  This  is  used  in  the non-periodic  case.    Extrapolation  occurs  for  the  values of the parameter outside the interval from zero to one.  To determine points as  well  as  first and  second  derivatives,  KURVD  is used.  By applying the classical formulae, tangents, normals, and curvatures can be obtained with  the  output  of  KURVD. Arclengths  along  the  curve  between  any  two values of the parameter can be obtained by invoking ARKURV.  Obviously to determine the  total  arclength  the user invokes ARKURV with the values of zero and one.

      The  analagous  capabilities for the periodic case are furnished by KURVP2 (for points), KURVPD (for points, first, and second  derivatives),  and  ARKURP (for  arclengths).  There is an additional function here, not applicable to the non-periodic case, for finding  enclosed  areas  of  the  entire  curve.    The function is named AREAKP.

      There  are  no smoothing capabilities in this chapter, although some users have experimented with modifications of the Chapter I smoothing subroutines.

      The use of tension in this chapter  is  similar  to  that  in  Chapter  I, although no automatic tension determining capabilities are present.  Basically, the user with  experience  selecting  tension  factors  in  the  one  dependent variable situation will not have difficulty with selecting it for two dependent variables.  As before, the greater the tension factor, the closer the resulting curve is to a polygonal line.

  II.2 Discussion of Examples

 Example  3  (found  at  the  end  of  this  section)  shows  a typical usage of subroutines KURV1 and KURV2.  As in the previous examples, the data  are  input first,  KURV1 is called once and finally KURV2 is called once for each point to be printed or graphed.

      In this case the user provided  subroutine  GDATA2,  called  at  line  33, returns  an  array  of 14 data points on a section of a radially symmetric wine glass.  The setting of ISLPSW to the value 3 in line 47 indicates to KURV1 that it  must  internally  estimate  the  two  end  slopes  of  the curve.  Thus the variables SLP1 and SLPN are placeholders whose values  are  ignored  in  KURV1. The  call  to  KURV1 returns with arrays XP and YP containing second derivative values to be used in the second phase.  Alternatively, lines 50 and 51 could be replaced with:       CALL KURVN1(N,X,Y,XP,YP,TEMP,S,SIGMA,IERR) if natural end conditions are to be used.

      The  second  phase  involves mapping 100 points onto the curve.  Since the parametric representation of the curve  maps  the  interval  [0.,1.]  onto  the two-dimensional curve, we choose 100 equally-spaced points on that interval for the plotting.  The user-supplied functions WDATA2 and PDATA2 print and plot the arrays of interpolated values.  The plotted output is shown as Figure 13.

      By inserting the line:       ARCLEN = ARKURV(0.,1.,N,X,Y,XP,YP,S,SIGMA) anywhere  after  the  call  to KURV1 we could have determined the length of the curve.  If the call to KURV2 in line 72 were replaced by  one  to  KURVD,  then first  and  second  derivatives  of the parametric representation would also be returned.  These could be used for the computation of  tangents,  normals,  and curvature.    Figure  14 shows such an application.  An array of curvatures was obtained  from  the  wine  glass  section,  then  the  minimum  such  curvature determined.    This would be the maximum radius allowed for a spherical cutting tool to cut the shape (any lager radius could not  cut  sufficiently  closely). Then  using  this  radius  and  the normal to the curve (also obtained from the derivatives computed by KURVD) a cutting line is determined which would produce the  object  with the previously mentioned spherical cutting head.  The cutting line specifies the position of the center of the tool.  The line  is  shown  in Figure  14.    It was fit with calls to KURV1 and KURV2 after the analysis with curvature and normals of the first curve was done.

      Example 4 is very similar to Example 3  except  that  a  closed  curve  is desired  and  thus KURVP1 and KURVP2 replace KURV1 and KURV2, respectively.  In this case 120 points of a section of an automobile  body  are  entered  through GDATA2.    Notice that the allocation for the temporary storage array TEMP must be twice the number of data points, and that no slope information  is  required for  KURVP1.   The calls to KURVP2 are identical to those to KURV2 in Example 3 except that 300 points are produced.  The plotted output  is  shown  in  Figure 15a.    Figure  15b  omits  the original data so the actual curve can be easily seen.

      By substituting KURVPD for KURVP2 in line 67, we could have obtained first and  second  derivatives for computing tangents, normals, and curvatures.  Also we could add an invocation of  ARKURP  to  determine  the  total  (or  partial) arclength of the curve.  Furthermore, the line:       AREA = AREAKP(N,X,Y,XP,YP,S,SIGMA) inserted  anywhere  after  the call to KURVP1 would return the area enclosed by the curve. Example 3

 C  THIS PROGRAM IS A SAMPLE DRIVER FOR NON-PERIODIC MAPPING       001 C  FROM A ONE-DIMENSINAL SPACE INTO A TWO-DIMENSIONAL SPACE.      002 C  IT COVERS USAGE OF PACKAGE MODULES KURV1, KURVN1, KURV2,       003 C  KURVD, AND ARKUR.                                              004 C                                                                 005 C  SECTION OF GLASS                                               006 C                                                                 007 C                                                                 008 C  -----------------------------------------------------------    009 C                                                                 010 C                                                                 011 C  DIMENSIONING                                                   012 C                                                                 013 C                                                                 014        INTEGER N,ISLPSW,IERR                                      015        REAL    X(14),Y(14),SLP1,SPLN,XP(14),YP(14),TEMP(14),      016       *        S(14),SIGMA                                        017        REAL    XPLT(100),YPLT(100),XTPLT(100),YTPLT(100),         018       *        XTTPLT(100),YTTPLT(100)                            019 C                                                                 020 C                                                                 021 C  -----------------------------------------------------------    022 C                                                                 023 C                                                                 024 C  READ DATA ARRAYS                                               025 C                                                                 026 C                                                                 027 C  GDATA2 IS A FORTRAN SUBROUTINE WHICH RETURNS N, THE NUMBER     028 C  OF DATA POINTS, X, AN ARRAY OF THE N ABSCISSAE OF THE DATA     029 C  POINTS, AND Y, AN ARRAY OF THE N CORRESPONDING ORDINATES       030 C  OF THE DATA POINTS.  ADJACENT X-Y PAIRS MUST BE DISTINCT.     031 C                                                                 032        CALL GDATA2(N,X,Y)                                         033 C                                                                 034 C                                                                 035 C  -----------------------------------------------------------    036 C                                                                 037 C                                                                 038 C  PHASE 1 - SET UP PARAMETERS                                    039 C                                                                 040 C                                                                 041 C  WE INVOKE A SPLINE UNDER TENSION WITH ENDPOINT SLOPES          042 C  APPROXIMATED TO FORM A CURVE.                                  043 C                                                                 044 C  SET SCALAR PARAMETERS AND CALL SUBROUTINE                      045 C                                                                 046        ISLPSW = 3                                                 047        SIGMA = 1.                                                 048 C                                                                 049        CALL KURV1(N,X,Y,SLP1,SLPN,ISLPSW,XP,YP,TEMP,S,SIGMA,      050       *           IERR)                                           051 C                                                                 052 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   053 C                                                                 054        IF (IERR .NE. 0) GO TO 900                                 055 C                                                                 056 C                                                                 057 C  -----------------------------------------------------------    058 C                                                                 059 C                                                                 060 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         061 C                                                                 062 C                                                                 063 C  WE MAP NUMPTS EQUALLY SPACED POINTS BETWEEN 0. AND 1.          064 C  ONTO THE PLANAR CURVE DETERMINED IN PHASE 1.                   065 C                                                                 066        NUMPTS = 100                                               067        A = 0.                                                     068        B = 1.                                                     069        DELTA = (B-A)/FLOAT(NUMPTS-1)                              070        DO 1 I = 1,NUMPTS                                          071           CALL KURVD(A+FLOAT(I)*DELTA,XPLT(I),YPLT(I),            072       *              XTPLT(I),YTPLT(I),XTTPLT(I),YTTPLT(I),       073       *              N,X,Y,XP,YP,S,SIGMA)                         074      1    CONTINUE                                                075 C                                                                 076 C                                                                 077 C  -----------------------------------------------------------    078 C                                                                 079 C                                                                 080 C  WRITE AND PLOT RESULTS                                         081 C                                                                 082 C                                                                 083 C  SUBROUTINE WDATA2 PRINTS PAIRS XPLT(I), YPLT(I) FOR            084 C  I = 1,...,NUMPTS.  SUBROUTINE PDATA2 PRODUCES A PLOT OF        085 C  POINTS (XPLT(I),YPLT(I)), I = 1,...,NUMPTS.                    086 C                                                                 087 C                                                                 088        CALL WDATA2(NUMPTS,XPLT,YPLT)                              089        CALL PDATA2(N,X,Y,NUMPTS,XPLT,YPLT,XTPLT,YTPLT,XTTPLT,     090       *            YTTPLT)                                        091 C                                                                 092        STOP                                                       093 C                                                                 094 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         095 C                                                                 096    900 CALL EMESS(IERR)                                           097        STOP                                                       098        END                                                        099 Example 4

 C  THIS PROGRAM IS A SAMPLE DRIVER FOR PERIODIC MAPPING FROM      001 C  A ONE-DIMENSIONAL SPACE INTO A TWO-DIMENSIONAL SPACE.  IT      002 C  COVERS USAGE OF PACKAGE MODULES KURVP1, KURVP2, KURVPD,        003 C  ARKURP, AND AREAKP.                                            004 C                                                                 005 C                                                                 006 C                                                                 007 C  ------------------------------------------------------------   008 C                                                                 009 C                                                                 010 C  DIMENSIONING                                                   011 C                                                                 012 C                                                                 013        INTEGER N,IERR                                             014        REAL    X(120),Y(120),XP(120),YP(120),TEMP(240),S(120)     015        REAL    SIGMA,XPLT(300),YPLT(300)                          016 C                                                                 017 C                                                                 018 C  -----------------------------------------------------------    019 C                                                                 020 C                                                                 021 C  READ DATA ARRAYS                                               022 C                                                                 023 C                                                                 024 C  GDATA2 IS A FORTRAN SUBROUTINE WHICH RETURNS N, THE NUMBER     025 C  OF DATA POINTS, X, AN ARRAY OF THE N INCREASING ABSCISSAE      026 C  OF THE DATA POINTS, AND Y, AN ARRAY OF THE N CORRESPONDING     027 C  ORDINATES OF THE DATA POINTS.                                  028 C                                                                 029        CALL GDATA2(N,X,Y)                                         030 C                                                                 031 C                                                                 032 C  ------------------------------------------------------------   033 C                                                                 034 C                                                                 035 C  PHASE 1 - SET UP PARAMETERS                                    036 C                                                                 037 C                                                                 038 C  WE INVOKE A PERIODIC SPLINE UNDER TENSION                      039 C                                                                 040 C  SET SCALAR PARAMETERS AND CALL SUBROUTINE                      041 C                                                                 042 C                                                                 043        SIGMA = 1.                                                 044 C                                                                 045        CALL KURVP1(N,X,Y,XP,YP,TEMP,S,SIGMA,IERR)                 046 C                                                                 047 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   048 C                                                                 049        IF (IERR .NE. 0) GO TO 900                                 050 C                                                                 051 C                                                                 052 C  ------------------------------------------------------------   053 C                                                                 054 C                                                                 055 C  PHASE 2 - ACTUAL INTERPOLATION                                 056 C                                                                 057 C                                                                 058 C  WE INTERPOLATE FUNCTIONAL VALUES FOR *NUMPTS* EQUALLY          059 C  SPACED POINTS BETWEEN 0. AND 1.                                060 C                                                                 061        NUMPTS = 300                                               062        A = 0.                                                     063        B = 1.                                                     064        DELTA = (B-A)/FLOAT(NUMPTS-1)                              065        DO 1 I = 1,NUMPTS                                          066           CALL KURVP2(A+FLOAT(I-1)*DELTA,XPLT(I),YPLT(I),         067       *              N,X,Y,XP,YP,S,SIGMA)                         068      1    CONTINUE                                                069 C                                                                 070 C                                                                 071 C  -----------------------------------------------------------    072 C                                                                 073 C                                                                 074 C  WRITE AND PLOT RESULTS                                         075 C                                                                 076 C                                                                 077 C  SUBROUTINE WDATA2 PRINTS PAIRS XPLT(I), YPLT(I) FOR            078 C  I = 1,...,NUMPTS.  SUBROUTINE PDATA2 PRODUCES A PLOT OF        079 C  POINTS (XPLT(I),YPLT(I)), I = 1,...,NUMPTS.                    080 C                                                                 081 C                                                                 082        CALL WDATA2(NUMPTS,XPLT,YPLT)                              083        CALL PDATA2(N,X,Y,NUMPTS,XPLT,YPLT)                        084 C                                                                 085        STOP                                                       086 C                                                                 087 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         088 C                                                                 089    900 CALL EMESS(IERR)                                           090        STOP                                                       091        END                                                        092

 

 

                               II.3 Documentation

 

                                II.3.1 Non-Periodic

                                                                           KURV1

 

 Purpose:

      This subroutine determines the parameters necessary to  compute  a  spline      under  tension forming a curve in the plane and passing through a sequence      of pairs (x ,y ),...,(x ,y ).  For actual computation  of  points  on  the                 1  1        n  n      curve it is necessary to call the subroutine KURV2.

  Subprogram Statement:

      SUBROUTINE KURV1 (N,X,Y,SLP1,SLPN,ISLPSW,XP,YP,TEMP,S,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISLPSW, IERR      REAL X(N), Y(N), SLP1, SLPN, XP(N), YP(N), TEMP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           N is the number of points to be interpolated (N.GE.2).

           X is an array containing the N X-coordinates of the points.

           Y  is  an  array  containing  the  N  Y-coordinates  of  the  points.           (Adjacent X-Y pairs must be distinct, i.e., either X(I)  .NE.  X(I+1)           or Y(I) .NE. Y(I+1), for I = 1,...,N-1.)

           SLP1  and SLPN contain the desired values for the angles (in radians)           of the slope at (X(1),Y(1)) and (X(N),Y(N)) respectively.  The angles           are measured counter-clockwise from the X-axis and the positive sense           of the curve is assumed to be that  moving  from  point  1  to  point           N.  The  user  may omit values for either or both of these parameters           and signal this with ISLPSW.

           ISLPSW contains a switch indicating which slope data should  be  used           and which should be estimated by this subroutine,

                = 0  if SLP1 and SLPN are to be used,                = 1  if SLP1 is to be used but not SLPN,                = 2  if SLPN is to be used but not SLP1,                = 3  if both SLP1 and SLPN are to be estimated internally.

           XP and YP are arrays of length at least N.

           TEMP  is  an  array  of  length  at least N which is used for scratch           storage.

           S is an array of length at least N.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting curve is approximately a cubic spline.   If  ABS(SIGMA)  is           large (e.g., 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1. in absolute value.

      On Output:           XP and YP contain information about the curvature of the curve at the           given nodes.

           S contains the polygonal arclengths of the curve.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if adjacent coordinate pairs coincide.

           and

           N, X, Y, SLP1, SLPN, ISLPSW, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH

                                                                          KURVN1

 

 Purpose:

      This subroutine determines the parameters necessary to  compute  a  spline      under  tension forming a curve in the plane and passing through a sequence      of pairs (x ,y ),...,(x ,y ).  For actual computation  of  points  on  the                 1  1        n  n      curve it is necessary to call the subroutine KURV2.

  Subprogram Statement:

      SUBROUTINE KURVN1 (N,X,Y,XP,YP,TEMP,S,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL X(N), Y(N), XP(N), YP(N), TEMP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           N is the number of points to be interpolated (N.GE.2).

           X is an array containing the N X-coordinates of the points.

           Y  is  an  array  containing  the  N  Y-coordinates  of  the  points.           (Adjacent X-Y pairs must be distinct, i.e., either X(I)  .NE.  X(I+1)           or Y(I) .NE. Y(I+1), for I=1,...,N-1.)

           XP and YP are arrays of length at least N.

           TEMP  is  an  array  of  length  at least N which is used for scratch           storage.

           S is an array of length at least N.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting curve is approximately a cubic spline.   If  ABS(SIGMA)  is           large (e.g., 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1. in absolute value.

      On Output:           XP and YP contain information about the curvature of the curve at the           given nodes.

           S contains the polygonal arclengths of the curve.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if adjacent coordinate pairs coincide.

           and

           N, X, Y, SLP1, SLPN, ISLPSW, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                           KURV2

 

 Purpose:

      This subroutine performs the mapping of points in the interval [0.0,  1.0]      onto  a curve in the plane.  The subroutine KURV1 should be called earlier      to determine certain necessary parameters.   The  resulting  curve  has  a      parametric  representation  both  of  whose  components  are splines under      tension and functions of the polygonal arclength parameter.

  Subprogram Statement:

      SUBROUTINE KURV2 (T,XS,YS,N,X,Y,XP,YP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, XS, YS, X(N), Y(N), XP(N), YP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value to be mapped to a point on the  curve.    The           interval  (0.,1.) is mapped onto the entire curve, with 0. mapping to           (X(1),Y(1)) and 1. mapping  to  (X(N),Y(N)).    Values  outside  this           interval result in extrapolation.

           N contains the number of points which were specified to determine the           curve.

           X and Y are  arrays  containing  the  X-  and  Y-coordinates  of  the           specified points.

           XP  and  YP  are  the  arrays  output from KURV1 containing curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X,  Y,  XP,  YP,  S,  and  SIGMA  should  be  input           unaltered from the output of KURV1.

      On Output:           XS  and YS contain the X- and Y-coordinates of the image point on the           curve.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                           KURVD

 

 Purpose:

      This subroutine performs the mapping of points  in  the  interval  (0.,1.)      onto  a  curve  in  the  plane.    It  also  returns  the first and second      derivatives of the component functions.  The subroutine  KURV1  should  be      called  earlier  to determine certain necessary parameters.  The resulting      curve has a parametric representation both of whose components are splines      under tension and functions of the polygonal arclength parameter.

  Subprogram Statement:

      SUBROUTINE KURVD(T,XS,YS,XST,YST,XSTT,YSTT,N,                       X,Y,XP,YP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, XS, YS, XST, YST, XSTT, YSTT, X(N), Y(N),           XP(N), YP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           T  contains  a  real value to be mapped to a point on the curve.  The           interval (0.,1.) is mapped onto the entire curve, with 0. mapping  to           (X(1),Y(1))  and  1.  mapping  to  (X(N),Y(N)).   Values outside this           interval result in extrapolation.

           N contains the number of points which were specified to determine the           curve.

           X  and  Y  are  arrays  containing  the  X-  and Y-coordinates of the           specified points.

           XP and YP are the  arrays  output  from  KURV1  containing  curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  N,  X,  Y,  XP,  YP,  S,  and  SIGMA should be input           unaltered from the output of KURV1.

      On Output:           XS and YS contain the X- and Y-coordinates of the image point on  the           curve.    XST  and  YST  contain  the first derivatives of the X- and           Y-components of the mapping with respect to T. XSTT and YSTT  contain           the second derivatives of the X- and Y-components of the mapping with           respect to T.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                           ARKUR

 

 Purpose:

      This function integrates a curve in the plane specified by a spline  under      tension  between  two given limits.  The subroutine KURV1 should be called      earlier to determine necessary parameters.

  Subprogram Statement:

      FUNCTION ARKUR(TL,TU,N,X,Y,XP,YP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL TL, TU, X(N), Y(N), XP(N), YP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           TL and  TU  contain  the  upper  and  lower  limits  of  integration,           respectively.    (TL  need  not  be  less  than or equal to TU, ARKUR           (TL,TU,...) .EQ.  -ARKUR(TU,TL,...) ).   The  arclength  is  measured           from the image (using KURV2) of TL to the image of TU.

           N contains the number of points which were specified to determine the           curve.

           X and Y are  arrays  containing  the  X-  and  Y-coordinates  of  the           specified points.

           XP  and  YP  are  the  arrays  output from KURV1 containing curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X,  Y,  XP,  YP,  S,  and  SIGMA  should  be  input           unaltered from the output of KURV1.

      On Output:           ARKUR contains the arclength.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      ARCLN2, INTRVL, SNHCSH

  Common Storage Names:

      AR2COM

 

 

 

 

                                 II.3.2 Periodic

                                                                          KURVP1

 

 Purpose:

      This  subroutine  determines  the parameters necessary to compute a spline      under tension forming a closed curve in the plane and  passing  through  a      sequence  of  pairs (x ,y ),...,(x ,y ).  For actual computation of points                            1  1        n  n      on the curve it is necessary to call the subroutine KURVP2.

  Subprogram Statement:

      SUBROUTINE KURVP1(N,X,Y,XP,YP,TEMP,S,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL X(N), Y(N), XP(N), YP(N), TEMP(N,2), S(N), SIGMA

  Status of Parameters:

      On Input:           N is the number of points to be interpolated (N.GE.2).

           X is an array containing the N X-coordinates of the points.

           Y  is  an  array  containing  the  N  Y-coordinates  of  the  points.           (Adjacent X-Y pairs must be distinct, i.e. either X(I) .NE. X(I+1) or           Y(I) .NE. Y(I+1), for I=1,...,N-1 and either X(1) .NE. X(N)  or  Y(1)           .NE. Y(N) ).

           XP and YP are arrays of length at least N.

           TEMP  is  an  array  of length at least 2*N which is used for scratch           storage.

           S is an array of length at least N.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting curve is approximately a cubic spline.   If  ABS(SIGMA)  is           large (e.g., 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1. in absolute value.

      On Output:           XP and YP contain information about the curvature of the curve at the           given nodes.

           S contains the polygonal arclengths of the curve.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if adjacent coordinate pairs coincide.

           and

           N, X, Y, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          KURVP2

 

 Purpose:

      This subroutine performs the mapping of points in the  interval  [0.0,1.0]      onto  a closed curve in the plane.  The subroutine KURVP1 should be called      earlier to determine certain necessary parameters.   The  resulting  curve      has  a  parametric  representation  both  of whose components are periodic      splines under tension and functions of the polygonal arclength parameter.

  Subprogram Statement:

      SUBROUTINE KURVP2(T,XS,YS,N,X,Y,XP,YP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, XS, YS, X(N), Y(N), XP(N), YP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           T contains a value to be mapped onto the curve.  The interval (0.,1.)           is  mapped  onto the entire closed curve with both 0. and 1.  mapping           to (X(1),Y(1)).  The mapping is periodic with  period  one  thus  any           interval of the form (TT,TT+1.) maps onto the entire curve.

           N contains the number of points which were specified to determine the           curve.

           X and Y are  arrays  containing  the  X-  and  Y-coordinates  of  the           specified ponts.

           XP  and  YP  are  the  arrays output from KURVP1 containing curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X, Y, XP, YP, S and SIGMA should be input unaltered           from the output of KURVP1.

      On Output:           XS  and YS contain the X- and Y-coordinates of the image point on the           curve.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                          KURVPD

 

 Purpose:

      This subroutine performs the mapping of points  in  the  interval  (0.,1.)      onto  a  closed  curve in the plane.  It also returns the first and second      derivatives of the component functions.  The subroutine KURVP1  should  be      called  earlier  to determine certain necessary parameters.  The resulting      curve has  a  parametric  representation  both  of  whose  components  are      periodic  splines  under  tension and functions of the polygonal arclength      parameter.

  Subprogram Statement:

      SUBROUTINE KURVPD(T,XS,YS,XST,YST,XSTT,YSTT,N,                        X,Y,XP,YP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, XS, YS, XST, YST, XSTT, YSTT, X(N), Y(N),           XP(N), YP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           T contains a value to be mapped onto the curve.  The interval (0.,1.)           is mapped onto the entire closed curve with both 0. and 1. mapping to           (X(1),Y(1)).  The mapping is  periodic  with  period  one,  thus  any           interval of the form (TT,TT+1.) maps onto the entire curve.

           N contains the number of points which were specified to determine the           curve.

           X and Y are  arrays  containing  the  X-  and  Y-coordinates  of  the           specified points.

           XP  and  YP  are  the  arrays output from KURVP1 containing curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X, Y, XP, S and SIGMA  should  be  input  unaltered           from the output of KURVP1.

      On Output:           XS  and YS contain the X- and Y-coordinates of the image point on the           curve.

           XST and YST contain the first derivatives of the X- and  Y-components           of  the  mapping  with respect to T. XSTT and YSTT contain the second           derivatives of the X- and Y-components of the mapping with respect to           T.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVP, SNHCSH

                                                                          ARKURP

 

 Purpose:

      This function integrates a closed curve in the plane specified by a spline      under tension between two given limits.  The subroutine KURVP1  should  be      called earlier to determine necessary parameters.

  Subprogram Statement:

      FUNCTION ARKURP(TL,TU,N,X,Y,XP,YP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL TL, TU, X(N), Y(N), XP(N), YP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           TL  and  TU  contain  the  upper  and  lower  limits  of integration,           respectively.    (TL  need  not  be  less  than  or  equal   to   TU,           ARKURP(TL,TU,...)  .EQ.  -ARKURP(TU,TL,...)  ).    The  arclength  is           measured from the image (using KURVP2) of TL to the image of TU.

           N contains the number of points which were specified to determine the           curve.

           X  and  Y  are  arrays  containing  the  X-  and Y-coordinates of the           specified points.

           XP and YP are the arrays  output  from  KURVP1  containing  curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  N,  X,  Y,  XP,  YP,  S,  and  SIGMA should be input           unaltered from the output of KURVP1.

      On Output:           ARKURP contains the arclength.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      ARCLN2, INTRVL, SNHCSH

  Common Storage Names:

      AR2COM

                                                                          AREAKP

 

 Purpose:

      This function determines the area enclosed by a closed curve in the plane.      The sign associated with the area is such that the area is positive if the      curve passes around the  interior  in  a  counter-clockwise  fashion  (and      negative if clockwise).  The subroutine KURVP1 should be called earlier to      determine certain necessary parameters.

  Subprogram Statement:

      FUNCTION AREAKP(N,X,Y,XP,YP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL X(N), Y(N), XP(N), YP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           curve.

           X  and  Y  are  arrays  containing  the  X-  and Y-coordinates of the           specified points.

           XP and YP are the arrays  output  from  KURVP1  containing  curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  N,  X,  Y,  XP,  YP,  S,  and  SIGMA should be input           unaltered from the output of KURVP1.

      On Output:           AREAKP contains the area.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      AREA, SNHCSH

  Common Storage Names:

      ARECOM

         III. Mapping With One Independent and Three Dependent Variables

  III.1 Introduction to Capabilities

      This chapter allows general curves in three dimensional space  to  be  fit using  a  parametric representation.  The software and its usage are (with only minor exceptions) three dimensional analogues of the two  dimensional  software in  Chapter  II.   As there, these curves are invariant with respect to shifts, rescaling or rotations of the data.

      The package allows for periodic or non-periodic  behavior.    Non-periodic curves  are  "open"  curves  in  three-dimensional  space;  periodic curves are "closed."  The preprocessing for the non-periodic case is done with  QURV1  (if end  slopes are known or to be internally estimated) or with QURVN1 (if natural end conditions are to be used).  The preprocessing  in  the  periodic  case  is accomplished using QURVP1.

      Having  completed  preprocessing, the user may obtain points on the curve, derivatives, or arclengths.  In both periodic and  non-periodic  situations,  a parameterization  is  performed so that the interval from zero to one is mapped onto the curve with zero mapping to the first point and one to the  last.    In the periodic case, the first is considered the same as the last; thus the curve closes on itself and has a period of one.  (In the usage of the code the  first point  should  not be replicated as the last; the code will automatically close the curve.)

      The subroutine QURV2 returns points (i.e., ordered triples of coordinates) on  the  curve  corresponding  to values of the parameter.  This is used in the non-periodic case.  Extrapolation  occurs  for  the  values  of  the  parameter outside  the  interval  from zero to one.  To determine points as well as first and second derivatives, QURVD is used.    By  applying  the  classic  formulae, tangents,  normals,  and  curvatures  can be obtained with the output of QURVD. Arclengths along the curve between any two  values  of  the  parameter  can  be obtained  by  invoking  ARQURV.  Obviously to determine the total arclength the user invokes ARQURV with the values of zero and one.

      The analogous capabilities for the periodic case are furnished  by  QURVP2 (for  points),  QURVPD  (for points, first, and second derivatives), and ARQURP (for arclengths).  There are no smoothing capabilities in this chapter.

      The use of tension in this chapter  is  similar  to  that  in  Chapter  I, although no automatic tension determining capabilities are present.  Basically, the user with  experience  selecting  tension  factors  in  the  one  dependent variable  situation  will  not  have  difficulty  with  selecting  it for three dependent variables.  As before, the greater the tension factor, the closer the resulting curve is to a polygonal line.

  III.2 Discussion of Examples

 Example  5  (found at the end of this section) is typical of the usage of QURV1 and QURV2.  The data are input, they are  preprocessed  with  QURV1,  and  then QURV2 is called once for each point to be printed or graphed.

      In  this  example, the user provided subroutine GDATA3, called at line 33, returns an array of 13 data points on a spiral.  The call to the  user-provided subroutine  GDER6 in line 47 returns the three components of the slopes at each of the two ends.  The setting of ISLPSW to zero indicates to QURV1  that  these values  are  to  be  used.    Notice that three variables are required for each slope.  (This is the analog to the  single  variable  containing  an  angle  in KURV1.)  Alternatively, lines 54 and 55 could be replaced with: CALL QURVN1(N,X,Y,Z,XP,YP,ZP,TEMP,S,SIGMA,IERR) if  natural  end  conditions  are  to  be  used.  The call to QURV1 (or QURVN1) returns with array XP, YP, and ZP containing second  derivative  values  to  be used in the second phase.

      The second phase involves mapping 101 points onto the curve.  The interval [0.,1.] is divided into equally-spaced points and at each QURV2 is called.  The user-provided  routines  WDATA3  and  PDATA3  print  and  plot the interpolated values.  The plotted output is shown in Figure 16.

      The call to QURV2 could be replaced by one to QURVD, which  returns  first and  second  derivatives of the parametric representation.  These could be used to compute tangents, normals or curvatures.

      Example 6 is similar to Example 5, except that a closed curve is  desired, and  thus  QURVP1  and  QURVP2  replace QURV1 and QURV2, respectively.  In this case, 13 points on a helical curve are entered through GDATA3.  Notice that the allocation  for  the  temporary  storage array TEMP must be twice the number of data points and that no slope information is required for QURVP1.  The calls to QURVP2  are  identical  to  those to QURV2 in Example 5.  The plotted output is displayed in Figure 17.  Again, by substituting QURVPD for  QURVP2,  first  and second  derivatives  could  be  obtained  for  computing  tangents, normals, or curvatures. Example 5

 C  THIS PROGRAM IS A SAMPLE DRIVER FOR NON-PERIODIC MAPPING FROM  001 C  A ONE-DIMENSIONAL SPACE INTO A THREE-DIMENSIONAL SPACE.        002 C  IT COVERS USAGE OF PACKAGE MODULES QURV1, QURVN1, QURV2,       003 C  QURVD, AND ARQUR.                                              004 C                                                                 005 C  HELIX                                                          006 C                                                                 007 C                                                                 008 C  ------------------------------------------------------------   009 C                                                                 010 C                                                                 011 C  DIMENSIONING                                                   012 C                                                                 013 C                                                                 014        INTEGER N,ISLPSW,IERR                                      015        REAL    X(13),Y(13),Z(13),SLP1X,SLP1Y,SLP1Z,SLPNX,         016       *        SLPNY,SLPNZ,XP(13),YP(13),ZP(13),TEMP(13),         017       *        S(13),SIGMA                                        018        REAL    XPLT(101),YPLT(101),ZPLT(101)                      019 C                                                                 020 C                                                                 021 C  -----------------------------------------------------------    022 C                                                                 023 C                                                                 024 C  READ DATA ARRAYS                                               025 C                                                                 026 C                                                                 027 C  GDATA3 IS A FORTRAN SUBROUTINE WHICH RETURNS N, THE NUMBER     028 C  OF DATA POINTS, AND ARRAYS X, Y, Z WHOSE CORRESPONDING         029 C  COMPONENTS CONSTITUTE THE COORDINATES OF THE DATA POINTS.      030 C  ADJACENT X-Y-Z TRIPLES MUST BE DISTINCT.                       031 C                                                                 032        CALL GDATA3(N,X,Y,Z)                                       033 C                                                                 034 C                                                                 035 C  ------------------------------------------------------------   036 C                                                                 037 C                                                                 038 C  PHASE 1 - SET UP PARAMETERS                                    039 C                                                                 040 C                                                                 041 C  WE INVOKE A SPLINE UNDER TENSION WITH ENDPOINT SLOPES          042 C  GIVEN                                                          043 C                                                                 044 C  OBTAIN BOUNDARY DERIVATIVES                                    045 C                                                                 046        CALL GDER6(SLP1X,SLP1Y,SLP1Z,SLPNX,SLPNY,SLPNZ)            047 C                                                                 048 C  SET SCALAR PARAMETERS AND CALL SUBROUTINE                      049 C                                                                 050        ISLPSW = 0                                                 051        SIGMA = 1.                                                 052 C                                                                 053        CALL QURV1(N,X,Y,Z,SLP1X,SLP1Y,SLP1Z,SLPNX,SLPNY,          054       *           SLPNZ,ISLPSW,XP,YP,ZP,TEMP,S,SIGMA,IERR)        055 C                                                                 056 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   057 C                                                                 058        IF (IERR .NE. 0) GO TO 900                                 059 C                                                                 060 C                                                                 061 C  ------------------------------------------------------------   062 C                                                                 063 C                                                                 064 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         065 C                                                                 066 C                                                                 067 C  WE MAP NUMPTS EQUALLY SPACED POINTS BETWEEN 0. AND 1.          068 C  ONTO THE PLANAR CURVE DETERMINED IN PHASE 1.                   069 C                                                                 070        NUMPTS = 101                                               071        A = 0.                                                     072        B = 1.                                                     073        DELTA = (B-A)/FLOAT(NUMPTS-1)                              074        DO 1 I = 1,NUMPTS                                          075           CALL QURV2(A+FLOAT(I)*DELTA,XPLT(I),YPLT(I),            076       *              ZPLT(I),N,X,Y,Z,XP,YP,ZP,S,SIGMA)            077      1    CONTINUE                                                078 C                                                                 079 C                                                                 080 C  -----------------------------------------------------------    081 C                                                                 082 C                                                                 083 C  WRITE AND PLOT RESULTS                                         084 C                                                                 085 C                                                                 086 C  SUBROUTINE WDATA3 PRINTS TRIPLES XPLT(I), YPLT(I), ZPLT(I)     087 C  FOR I = 1,...,NUMPTS.  SUBROUTINE PDATA3 PRODUCES A PLOT       088 C  OF POINTS (XPLT(I),YPLT(I),ZPLT(I)), I = 1,...,NUMPTS.         089 C                                                                 090 C                                                                 091        CALL WDATA3(NUMPTS,XPLT,YPLT,ZPLT)                         092        CALL PDATA3(NUMPTS,XPLT,YPLT,ZPLT)                         093 C                                                                 094        STOP                                                       095 C                                                                 096 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         097 C                                                                 098    900 CALL EMESS(IERR)                                           099        STOP                                                       100        END                                                        101 Example 6

 C  THIS PROGRAM IS A SAMPLE DRIVER FOR PERIODIC MAPPING FROM      001 C  A ONE-DIMENSIONAL SPACE INTO A 3-DIMENSIONAL SPACE.  IT        002 C  COVERS USAGE OF PACKAGE MODULES QURVP1, QURVP2, QURVPD,        003 C  AND ARQURP.                                                    004 C                                                                 005 C  HELIX                                                          006 C                                                                 007 C                                                                 008 C  ------------------------------------------------------------   009 C                                                                 010 C                                                                 011 C  DIMENSIONING                                                   012 C                                                                 013 C                                                                 014        INTEGER N,ISLPSW,IERR                                      015        REAL    X(13),Y(13),Z(13),SLP1X,SLP1Y,SLP1Z,SLPNX,         016       *        SLPNY,SLPNZ,XP(13),YP(13),ZP(13),TEMP(13),         017       *        S(13),SIGMA                                        018        REAL    XPLT(101),YPLT(101),ZPLT(101)                      019 C                                                                 020 C                                                                 021 C  -----------------------------------------------------------    022 C                                                                 023 C                                                                 024 C  READ DATA ARRAYS                                               025 C                                                                 026 C                                                                 027 C  GDATA3 IS A FORTRAN SUBROUTINE WHICH RETURNS N, THE NUMBER     028 C  OF DATA POINTS, AND ARRAYS X, Y, Z WHOSE CORRESPONDING         029 C  COMPONENTS CONSTITUTE THE COORDINATES OF THE DATA POINTS.      030 C  ADJACENT X-Y-Z TRIPLES MUST BE DISTINCT.                       031 C                                                                 032        CALL GDATA3(N,X,Y,Z)                                       033 C                                                                 034 C                                                                 035 C  ------------------------------------------------------------   036 C                                                                 037 C                                                                 038 C  PHASE 1 - SET UP PARAMETERS                                    039 C                                                                 040 C                                                                 041 C  WE INVOKE A SPLINE UNDER TENSION                               042 C                                                                 043        SIGMA = 1.                                                 044 C                                                                 045        CALL QURVP1(N,X,Y,Z,XP,YP,ZP,TEMP,S,SIGMA,IERR)            046 C                                                                 047 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   048 C                                                                 049        IF (IERR .NE. 0) GO TO 900                                 050 C                                                                 051 C                                                                 052 C  ------------------------------------------------------------   053 C                                                                 054 C                                                                 055 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         056 C                                                                 057 C                                                                 058 C  WE MAP NUMPTS EQUALLY SPACED POINTS BETWEEN 0. AND 1.          059 C  ONTO THE PLANAR CURVE DETERMINED IN PHASE 1.                   060 C                                                                 061        NUMPTS = 101                                               062        A = 0.                                                     063        B = 1.                                                     064        DELTA = (B-A)/FLOAT(NUMPTS-1)                              065        DO 1 I = 1,NUMPTS                                          066           CALL QURV2(A+FLOAT(I-1)*DELTA,XPLT(I),YPLT(I),          067       *              ZPLT(I),N,X,Y,Z,XP,YP,ZP,S,SIGMA)            068      1    CONTINUE                                                069 C                                                                 070 C                                                                 071 C  -----------------------------------------------------------    072 C                                                                 073 C                                                                 074 C  WRITE AND PLOT RESULTS                                         075 C                                                                 076 C                                                                 077 C  SUBROUTINE WDATA3 PRINTS TRIPLES XPLT(I), YPLT(I), ZPLT(I)     078 C  FOR I = 1,...,NUMPTS.  SUBROUTINE PDATA3 PRODUCES A PLOT       079 C  OF POINTS (XPLT(I),YPLT(I),ZPLT(I)), I = 1,...,NUMPTS.         080 C                                                                 081 C                                                                 082        CALL WDATA3(NUMPTS,XPLT,YPLT,ZPLT)                         083        CALL PDATA3(N,X,Y,Z,NUMPTS,XPLT,YPLT,ZPLT)                 084 C                                                                 085        STOP                                                       086 C                                                                 087 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         088 C                                                                 089    900 CALL EMESS(IERR)                                           090        STOP                                                       091        END                                                        092

 

 

                               III.3 Documentation

 

                               III.3.1 Non-Periodic

                                                                           QURV1

 

 Purpose:

      This subroutine determines the parameters necessary to  compute  a  spline      under     tension     passing    through    a    sequence    of    triples      (x ,y ,z ),...,(x ,y ,z ).  The slopes at the two ends of the curve may be        1  1  1        n  n  n      specified or omitted.  For actual computation of points on the curve it is      necessary to call the subroutine QURV2.

  Subprogram Statement:

      SUBROUTINE QURV1(N,X,Y,Z,SLP1X,SLP1Y,SLP1Z,SLPNX,SLPNY,SLPNZ,ISLPSW,                       XP,YP,ZP,TEMP,S,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISLPSW, IERR      REAL X(N), Y(N), Z(N), SLP1X, SLP1Y, SLP1Z, SLPNX, SLPNY, SLPNZ, XP(N),           YP(N), ZP(N), TEMP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           N is the number of points to be interpolated (N.GE.2).

           X is an array containing the N X-coordinates of the points.

           Y is an array containing the N Y-coordinates of the points.

           Z  is  an  array  containing  the  N  Z-coordinates  of  the  points.           (Adjacent  X-Y-Z  triples  must  be  distinct, i.e., either X(I) .NE.           X(I+1) or Y(I) .NE. Y(I+1) or Z(I) .NE. Z(I+1), for I=1,...,N-1).

           SLP1X, SLP1Y, SLP1Z and  SLPNX,  SLPNY,  SLPNZ  contain  the  desired           values  of  the  components  of  tangent  vectors  to  the  curve  at           (X(1),Y(1),Z(1)) and (X(N),Y(N),Z(N)), respectively.    The  positive           sense of the curve is assumed to be that moving from point 1 to point           N. The user may omit values for either or both of these  triples  and           signal this with ISLPSW.

           ISLPSW  contains  a switch indicating which slope data should be used           and which should be estimated by this subroutine,

                = 0  if SLP1X, SLP1Y, SLP1Z and SLPNX, SLPNY, SLPNZ  are  to  be                     used,                = 1  if SLP1X, SLP1Y, SLP1Z are to be used but not SLPNX, SLPNY,                     SLPNZ,                = 2  if SLPNX, SLPNY, SLPNZ are to be used but not SLP1X, SLP1Y,                     SLP1Z,                = 3  if both end-tangents are to be estimated internally.

           XP, YP, and ZP are arrays of length at least N.

           TEMP  is  an  array  of  length  at least N which is used for scratch           storage.

           S is an array of length at least N.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting curve is approximately a cubic spline.   If  ABS(SIGMA)  is           large (e.g., 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1. in absolute value.

      On Output:           XP,  YP,  and ZP contain information about the curvature of the curve           at the given nodes.

           S contains the polygonal arclengths of the curve.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if adjacent triples coincide.

           and

           N, X, Y, Z, SLP1X, SLP1Y, SLP1Z, SLPNX,  SLPNY,  SLPNZ,  ISLPSW,  and           SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH

                                                                          QURVN1

 

 Purpose:

      This  subroutine  determines the parameters necessary to compute a natural      spline   under   tension   passing   through   a   sequence   of   triples      (x ,y ,z ),...,(x ,y ,z ).   For actual computation of points on the curve        1  1  1        n  n  n      it is necessary to call the subroutine QURV2.

  Subprogram Statement:

      SUBROUTINE QURVN1(N,X,Y,Z,XP,YP,ZP,TEMP,S,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL X(N), Y(N), Z(N), XP(N), YP(N), ZP(N), TEMP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           N is the number of points to be interpolated (N.GE.2).

           X is an array containing the N X-coordinates of the points.

           Y is an array containing the N Y-coordinates of the points.

           Z  is  an  array  containing  the  N  Z-coordinates  of  the  points.           (Adjacent  X-Y-Z  triples  must  be  distinct, i.e., either X(I) .NE.           X(I+1) or Y(I) .NE. Y(I+1) or Z(I) .NE. Z(I+1), for I=1,...,N-1).

           XP, YP, and ZP are arrays of length at least N.

           TEMP is an array of length at least  N  which  is  used  for  scratch           storage.

           S is an array of length at least N.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  curve  is  approximately a cubic spline.  If ABS(SIGMA) is           large (e.g., 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1. in absolute value.

      On Output:           XP, YP, and ZP contain information about the curvature of  the  curve           at the given nodes.

           S contains the polygonal arclengths of the curve.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if adjacent triples coincide.

           and

           N, X, Y, Z, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                           QURV2

 

 Purpose:

      This  subroutine  performs the mapping of points in the interval [0.0,1.0]      onto a curve in space.  The subroutine QURV1 should be called  earlier  to      determine  certain  necessary  parameters.    The  resulting  curve  has a      parametric representation  all  of  whose  components  are  splines  under      tension and functions of the polygonal arclength parameter.

  Subprogram Statement:

      SUBROUTINE QURV2(T,XS,YS,ZS,N,X,Y,Z,XP,YP,ZP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, XS, YS, ZS, X(N), Y(N), Z(N), XP(N), YP(N), ZP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           T  contains  a  real value to be mapped to a point on the curve.  The           interval (0.,1.) is mapped onto the entire curve, with 0. mapping  to           (X(1),Y(1),Z(1))  and 1. mapping to (X(N),Y(N),Z(N)).  Values outside           this interval result in extrapolation.

           N contains the number of points which were specified to determine the           curve.

           X, Y, and Z are arrays containing the X-, Y- and Z-coordinates of the           specified points.

           XP, YP, and ZP are the arrays output from QURV1 containing  curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  N, X, Y, Z, XP, YP, ZP, S, and SIGMA should be input           unaltered from the output of QURV1.

      On Output:           XS, YS and ZS contain the X-, Y- and Z-coordinates of the image point           on the curve.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                           QURVD

 

 Purpose:

      This  subroutine  performs  the  mapping of points in the interval (0.,1.)      onto a curve in space.  It also returns the first and  second  derivatives      of the component functions.  The subroutine QURV1 should be called earlier      to determine certain necessary parameters.   The  resulting  curve  has  a      parametric  representation  all  of  whose  components  are  splines under      tension and functions of the polygonal arclength parameter.

  Subprogram Statement:

      SUBROUTINE QURVD(T,XS,YS,ZS,XST,YST,ZST,XSTT,YSTT,ZSTT,                       N,X,Y,Z,XP,YP,ZP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, XS, YS, ZS, XST, YST, ZST, XSTT, YSTT, ZSTT, X(N),           Y(N), Z(N), XP(N), YP(N), ZP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value to be mapped to a point on the  curve.    The           interval  (0.,1.) is mapped onto the entire curve, with 0. mapping to           (X(1),Y(1),Z(1)) and 1. mapping to (X(N),Y(N),Z(N)).  Values  outside           this interval result in extrapolation.

           N contains the number of points which were specified to determine the           curve.

           X, Y, and Z are arrays containing the X-, Y- and Z-coordinates of the           specified points.

           XP,  YP, and ZP are the arrays output from QURV1 containing curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X, Y, Z, XP, YP, ZP, S, and SIGMA should  be  input           unaltered from the output of QURV1.

      On Output:           XS,  YS,  and  ZS  contain the X-, Y-, and Z-coordinates of the image           point on the curve.  XST, YST, and ZST contain the first  derivatives           of  the  X-, Y-, and Z-components of the mapping with respect to T.           XSTT, YSTT, and ZSTT contain the second derivatives of  the  X-,  Y-,           and Z-components of the mapping with respect to T.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                           ARQUR

 

 Purpose:

      This function integrates a curve in three dimensions specified by a spline      under tension between two given limits.  The subroutine  QURV1  should  be      called earlier to determine necessary parameters.

  Subprogram Statement:

      FUNCTION ARQUR(TL,TU,N,X,Y,Z,XP,YP,ZP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL TL, TU, X(N), Y(N), Z(N), XP(N), YP(N), ZP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           TL  and  TU  contain  the  upper  and  lower  limits  of integration,           respectively.    (TL  need  not  be  less  than  or  equal   to   TU,           ARQUR(TL,TU,...)  .EQ. -ARQUR(TU,TL,...)).  The arclength is measured           from the image (using QURV2) of TL to the image of TU.

           N contains the number of points which were specified to determine the           curve.

           X,  Y,  and  Z are arrays containing the X-, Y-, and Z-coordinates of           the specified points.

           XP, YP, and ZP are the arrays output from QURV1 containing  curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  N, X, Y, Z, XP, YP, ZP, S, and SIGMA should be input           unaltered from the output of QURV1.

      On Output:           ARQUR contains the arclength.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      ARCLN3, INTRVL, SNHCSH

  Common Storage Names:

      AR3COM

 

 

 

 

                                III.3.2 Periodic

                                                                          QURVP1

 

 Purpose:

      This subroutine determines the parameters necessary to  compute  a  spline      under  tension  forming  a closed curve in three dimensional space passing      through a sequence  of  triples  (x ,y ,z ),...,(x ,y ,z ).    For  actual                                         1  1  1        n  n  n      computation  of points on the curve it is necessary to call the subroutine      QURVP2.

  Subprogram Statement:

      SUBROUTINE QURVP1(N,X,Y,Z,XP,YP,ZP,TEMP,S,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL X(N), Y(N), Z(N), XP(N), YP(N), ZP(N), TEMP(N,2), S(N), SIGMA

  Status of Parameters:

      On Input:           N is the number of points to be interpolated (N.GE.2).

           X is an array containing the N X-coordinates of the points.

           Y is an array containing the N Y-coordinates of the points.

           Z  is  an  array  containing  the  N  Z-coordinates  of  the  points.           (Adjacent  X-Y-Z  triples  must  be  distinct, i.e., either X(I) .NE.           X(I+1) or Y(I) .NE. Y(I+1) or Z(I) .NE. Z(I+1), for  I=1,...,N-1  and           either X(1) .NE. X(N) or Y(1) .NE. Y(N) or Z(1) .NE. Z(N).)

           XP, YP, and ZP are arrays of length at least N.

           TEMP  is  an  array  of length at least 2*N which is used for scratch           storage.

           S is an array of length at least N.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting curve is approximately a cubic spline.   If  ABS(SIGMA)  is           large (e.g., 50.) the resulting curve is nearly a polygonal line.  If           SIGMA equals zero a cubic spline results.  A standard value for SIGMA           is approximately 1. in absolute value.

      On Output:           XP,  YP,  and ZP contain information about the curvature of the curve           at the given nodes.

           S contains the polygonal arclengths of the curve.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if adjacent coordinate pairs coincide.

           and

           N, X, Y, Z, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          QURVP2

 

 Purpose:

      This subroutine performs the mapping of points in the  interval  [0.0,1.0]      onto  a  closed  curve  in three dimensional space.  The subroutine QURVP1      should be called earlier to determine certain necessary parameters.    The      resulting  curve  has  a  parametric  representation  all  three  of whose      components are  periodic  splines  under  tension  and  functions  of  the      polygonal arclength parameter.

  Subprogram Statement:

      SUBROUTINE QURVP2(T,XS,YS,ZS,N,X,Y,Z,XP,YP,ZP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, XS, YS, ZS, X(N), Y(N), Z(N), XP(N), YP(N), ZP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           T contains a value to be mapped onto the curve.  The interval (0.,1.)           is mapped onto the entire closed curve with both 0. and 1. mapping to           (X(1),Y(1),Z(1)).    The mapping is periodic with period one thus any           interval of the form (TT,TT+1.) maps onto the entire curve.

           N contains the number of points which were specified to determine the           curve.

           X,  Y,  and  Z are arrays containing the X-, Y-, and Z-coordinates of           the specified points.

           XP, YP, and ZP are the arrays output from QURVP1 containing curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  N,  X, Y, Z, XP, YP, ZP, S and SIGMA should be input           unaltered from the output of QURVP1.

      On Output:           XS, YS, and ZS contain the X-, Y-, and  Z-coordinates  of  the  image           point on the curve.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                          QURVPD

 

 Purpose:

      This  subroutine  performs  the  mapping of points in the interval (0.,1.)      onto a closed curve in space.   It  also  returns  the  first  and  second      derivatives  of  the component functions.  The subroutine QURVP1 should be      called earlier to determine certain necessary parameters.   The  resulting      curve has a parametric representation all of whose components are periodic      splines under tension and functions of the polygonal arclength parameter.

  Subprogram Statement:

      SUBROUTINE QURVPD(T,XS,YS,ZS,XST,YST,ZST,XSTT,YSTT,ZSTT,

      N,X,Y,Z,XP,YP,ZP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, XS, YS, ZS, XST, YST, ZST, XSTT, YSTT, ZSTT,           X(N), Y(N), Z(N), XP(N), YP(N), ZP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           T contains a value to be mapped onto the curve.  The interval (0.,1.)           is mapped onto the entire closed curve with both 0. and 1. mapping to           (X(1),Y(1),Z(1)).   The mapping is periodic with period one, thus any           interval of the form (TT,TT+1.) maps onto the entire curve.

           N contains the number of points which were specified to determine the           curve.

           X,  Y,  and  Z are arrays containing the X-, Y-, and Z-coordinates of           the specified points.

           XP, YP, and ZP are arrays output  from  QURVP1  containing  curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  N,  X, Y, Z, XP, YP, ZP, S and SIGMA should be input           unaltered from the output of QURVP1.

      On Output:           XS, YS, and ZS contain the X-, Y-, and  Z-coordinates  of  the  image           point  on the curve.  XST, YST, and ZST contain the first derivatives           of the X-, Y-, and Z-components of the mapping with respect  to  T.           XSTT,  YSTT,  and  ZSTT contain the second derivatives of the X-, Y-,           and Z-components of the mapping with respect to T.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVLP, SNHCSH

                                                                          ARQURP

 

 Purpose:

      This function integrates a closed curve in three dimensions specified by a      spline  under  tension  between  two  given limits.  The subroutine QURVP1      should be called earlier to determine necessary parameters.

  Subprogram Statement:

      FUNCTION ARQURP(TL,TU,N,X,Y,Z,XP,YP,ZP,S,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL TL, TU, X(N), Y(N), Z(N), XP(N), YP(N), ZP(N), S(N), SIGMA

  Status of Parameters:

      On Input:           TL and  TU  contain  the  upper  and  lower  limits  of  integration,           respectively.      (TL  need  not  be  less  than  or  equal  to  TU,           ARQURP(TL,TU,...)  .EQ.  -ARQURP(TU,TL,...)).    The   arclength   is           measured from the image (using QURVP2) of TL to the image of TU.

           N contains the number of points which were specified to determine the           curve.

           X, Y, and Z are arrays containing the X-, Y-,  and  Z-coordinates  of           the specified points.

           XP, YP, and ZP are the arrays output from QURVP1 containing curvature           information.

           S is an array containing the polygonal arclengths of the curve.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters N, X, Y, Z, XP, YP, ZP, S, and SIGMA should  be  input           unaltered from the output of QURVP1.

      On Output:           ARQURP contains the arclength.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      ARCLN3, INTRVL, SNHCSH

  Common Storage Names:

      AR3COM

          IV. Mapping With Two Independent and One Dependent Variables

  IV.1 Introduction to Capabilities

      This chapter is the first of the three dealing with surface fitting (i.e., two or more independent variables).  The presence of tension  in  the  surfaces allows certain constraints to be met just as in the curve fitting capabilities. The surfaces generated are such that if either of the independent variables  is held  fixed the resulting curve is a tension spline.  Alternatively stated, the surfaces are composed of tensor products of one-dimensional tension splines.

      This chapter is the largest of the chapters because of the various options available.    First  there  are  seven sections in the chapter, each allowing a different geometry.  The  geometries  admit  all  combinations  of  poles,  and periodic  and  non-periodic  edges.    All  of  the  geometries are essentially rectangular, however.  That is, the dependent variable must be specified  on  a set which is the cartesian product of two sets of abscissa, one for each of the independent variables.  Thus if we consider Z to be the dependent variable  and X  and  Y  to be the independent variables, we insist for some grid of X values {x , ..., x } and some grid of Y values {y , ..., y } that Z is  specified  for   1        m                              1        n each  pair  (x ,y )  i=1,...,m,  and  j=1,...,n.    Of  course, surface fitting               i  j problems arise where the data grid is non-rectangular.  The  software  in  this edition of FITPACK only addresses rectangular grids.

      The  rectangular grids allowed include more options than the X-Y cartesian grid may suggest.  The grid may be periodic on exactly  one  pair  of  opposite edges  (cylindrical  or annular geometry) or on both pairs (toroidal geometry). The grid may have one pole and not be periodic on the edges joining to form the pole  (sector  geometry)  or  one  pole  and periodic with respect to the edges forming the pole (disc geometry).  There may  be  two  poles  without  periodic behavior on the two edges joining to form the two poles (lunar geometry) or two poles and periodic on these edges (spherical geometry).    For  each  of  these geometries there is at least a preprocessing and an evaluation subprogram.

      Within  the  traditional  Euclidean  geometry  several  extra  options are available.  For  preprocessing,  the  boundary  conditions  may  be  specified, internally  estimated,  or  natural.  The boundary data which must be specified are the first derivatives in the directions normal to the four  edges  and  the mixed  second  partial derivatives at the four corners.  If this information is specified, the preprocessing subroutine SURF1 is used.  SURF1 is also  employed if   certain  subsets  of  this  information  are  used  (including  none,  see description of NSURF1 below, however).  Those  values  not  specified  will  be internally  estimated.    If natural boundary conditions are to be used, SURFN1 handles preprocessing.  Four special preprocessing subprograms, BSURF1, XSURF1, YSURF1  and  NSURF1,  assume boundary conditions are to be internally estimated and also assume that either the X-grid  or  the  Y-grid  or  both  are  equally spaced.    Specifically,  BSURF1  assumes  both are equally spaced.  XSURF1 and YSURF1 assume the X-grid and the Y-grid are equally spaced, respectively.   The subroutine  NSURF1  assumes  no  equispacing and is identical to SURFN1, except internally estimated derivatives are used  rather  than  the  natural  boundary conditions.

      In  order  to  save  storage,  the  preprocessing  may  be  done  with the subroutine SURFB1, which employs a  B-spline  representation  of  the  surface. Natural  end conditions are used, and thus the resulting surface is the same as that obtained by using SURFN1.  The storage requirement is only  one-fourth  as great.

      The  subroutine for preprocessing by smoothing is SURFS.  It is similar in design to CURVS; in fact, it uses the same approach employed in CURVS to smooth the  data along each of the lines of the rectangular grid.  The final result is the average of the smoothing along the lines of constant X  and  the  lines  of constant Y.

      Preprocessing  in  the  annular  geometry is performed with SURFA1, in the sector geometry with SURFW1, in the disc geometry with SURFD1, in the  toroidal geometry  with  SURFT1, in the lunar geometry with SURFL1, and in the spherical geometry with SURFS1.  The periods for the disc and  spherical  geometries  are fixed  at 360 degees.  All other periods (including both periods in the toroidal geometry) are user-defined.  Usually, the arrays containing the values  of  the independent  variables must be strictly increasing.  However, for five of these six sections (i.e., for all but the sector geometry) the array  containing  the grid  for  the  second  independent  variable may "step over" the period.  This means,  for example,  that if the period were 360,  the  array  300,  350,  20, 80, 100 would be acceptable.  The rule to be obeyed is that the array of grid values (e.g., d , d , ..., d ) must be such that either:                1   2        n    1. It is strictly increasing and d -d  is less than P, the period, or                                      n  1    2. For some value of i, the subarray d , ...,  d   is  increasing,  the                                          1         i       subarray d   , ..., d  is increasing, d -d    is less than P, and d                 i+1        n                 i  i+1                      1       is greater than d .                        n This allows the user to employ any "branch cuts" that are convenient.

      The evaluation in the Euclidean geometry has many options.  These  options allow  a  great  deal  of  flexibility  without  sacrifice  of efficiency.  The function SURF2 returns function values only.  The subroutine SURFD computes the function  value  as  well  as  the  two first partial derivatives and the three second partial derivatives.  A  function  SURFI  integrates  the  surface  over rectangular regions.

      To  obtain  function  values  over  an entire grid using SURF2 it would be necessary to invoke the function once for every grid point.  For  this  special purpose, however, eight subroutines are available to return values on an entire grid which is  equispaced  in  both  coordinate  directions.    Four  of  these subroutines  are  suffixed  by  2  and four by 3.  Those suffixed by 2 (namely, BSURF2, XSURF2, YSURF2, and NSURF2) return  an  entire  array  of  interpolated values.   Those suffixed by 3 (namely, BSURF3, XSURF3, YSURF3, and NSURF3) call a user-provided subroutine and transmit a "row" of interpolated values once for each  value  of  the second independent variable.  This option is very time and space efficient for large interpolation grids.  The user-provided function  may print,  plot, or save the row of interpolated values.  The prefixes B-, X-, Y-, and N- have the same meaning as in BSURF1, XSURF1,  YSURF1,  and  NSURF1:  they indicate  the  nature  of equispacing of the original data grid.  As before, B- indicates the grid is equispaced in both coordinates, X- and Y-  indicates  the grid  is  equispaced  in the first and second coordinates, respectively, and N- indicates the grid is equispaced in neither coordinate direction.

      When using the B-spline basis, the subroutine SURFBD (analogous to  SURFD) returns  function  value,  two  first  derivatives,  and  three  second partial derivatives.  There is no function which uses the B-spline basis  and  computes only function values.  Furthermore, if the storage is available, SURF2 and even SURFD are more time efficient than SURFBD.    A  transition  subroutine  NBTOH2 transforms  from the B-spline basis to the hermite representation.  This allows the eleven previously described evaluation subprograms to be used.

      For each non-Euclidean geometry, there is a  function  which  returns  the surface  value:  in the annular geometry SURFA2, in the sector geometry SURFW2, in the disc geometry SURFD2, in the toroidal  geometry  SURFT2,  in  the  lunar geometry SURFL2, and in the spherical geometry SURFS2.

  IV.2 Discussion of Examples

 Example 7 shows how the SURF1/SURF2 pair can be used to solve a typical surface fitting problem.  The data are input via the user provided  subroutines  GDATS3 (for the function values) and GDERS8 for the boundary derivatives.  The data in this case come from evaluating a bivariate normal density function on  an  11x6 grid of values equispaced on the [-1,1] x [-1,1] square.  The fact that all the bounday derivatives are supplied (one array for each  side  plus  four  corner, mixed  partial  derivatives)  is  indicated  by  the value zero of the variable ISLPSW.

      The call to SURF1 fills the array ZP with  derivative  information  to  be used by the function SURF2.  A grid of 21x21 points on the same [-1,1] x [-1,1] square is interpolated in the loops on lines  87-93.    Notice  that  SURF2  is invoked  once  for  each  of  the  441 points.  Finally, subroutines WDATS3 and PDATS3 write and plot, respectively, the interpolated  grid  of  values.    The plotted output is shown in Figure 18.

      Many  options  are  available  for replacements to the SURF1/SURF2 pair in example 7.  If natural boundary conditions are  desired  instead  of  the  user specified  ones, then the call to GDERS8 in lines 52 and 58 could be omitted as well as the arrays ZX1, ZXM, ZY1 and ZYN and the call to SURF1 in lines 64  and 65 replaced by: CALL SURFN1(M,N,X,Y,Z,IZ,ZP,TEMP,SIGMA,IERR) If the boundary derivatives are all to be internally estimated, then either the switch ISLPSW could be set to 255 or any of  the  subroutines  BSURF1,  XSURF1, YSURF1, or NSURF1 could be used.  Each of these omit the call to GDERS8 and the usage of the arrays ZX1, ZXM, ZY1, and ZYN.  The choice of any of the  four  is available  since  they  differ only in equispacing assumptions and in example 7 both X and Y arrays are equispaced.  Thus  the  most  efficient  option  is  to replace SURF1 by BSURF1 with: XMIN = -1. XMAX = 1. YMIN = -1. YMAX = 1. CALL BSURF1(M,N,XMIN,XMAX,YMIN,YMAX,Z,IZ,ZP,TEMP,SIGMA,IERR). The  arrays  X and Y may be omitted.  Alternatively, exploiting the equispacing of only the X grid, the call to SURF1 could be replaced with: XMIN = -1. XMAX = 1. CALL XSURF1(M,N,XMIN,XMAX,Y,Z,IZ,ZP,TEMP,SIGMA,IERR)

      The array X may be omitted.  Exploiting the equispacing of the Y grid (but not the X grid) the call to SURF1 could be replaced by: YMIN = -1. YMAX = 1. CALL YSURF1(M,N,X,YMIN,YMAX,Z,IZ,ZP,TEMP,SIGMA,IERR) and  the  array  Y  omitted.    If  the equispacing in neither X nor Y is to be exploited (but the internal boundary derivative estimation is) then  the  SURF1 call could be replaced by: CALL NSURF1(M,N,X,Y,Z,IZ,ZP,TEMP,SIGMA,IERR).

      Two  other  options  for  replacements to SURF1, smoothing with SURFS1 and B-spline interpolation SURFB1 will be discussed later.

      The replacements for  SURF2  in  this  example  are  also  numerous.    If derivatives  are  desired  in addition to function values, then a call to SURFD should replace the invocation of SURF2.  This subroutine returns  the  function value,  the  two  first  partial derivatives, and the three second derivatives. Alternatively, the function SURFI could replace SURF2 to obtain integrals  over rectangular domains.

      Eight  different subroutines can replace the entire loop of invocations of SURF2 in lines 85 through 93.  All eight are available since the original  grid is  equispaced  in  both  coordinates.  The first four modifications return the array ZPLT in the example.  The second four do not return the entire array.

      Exploiting the equispacing in both X and Y grids, any of the calls: CALL BSURF2(-1.,1.,NUMX,-1.,1.,NUMY,ZPLT,IZPLT,M,N,-1.,1.,             -1.,1.,Z,IZ,ZP,WORK1,SIGMA), CALL XSURF2(-1.,1.,NUMX,-1.,1.,NUMY,ZPLT,IZPLT,M,N,-1.,1.,             Y,Z,IZ,ZP,WORK1,SIGMA),

 CALL YSURF2(-1.,1.,NUMX,-1.,1.,NUMY,ZPLT,IZPLT,M,N,X,-1.,1.,             Z,IZ,ZP,WORK1,SIGMA),

 or

 CALL NSURF2(-1.,1.,NUMX,-1.,1.,NUMY,ZPLT,IZPLT,M,N,X,Y,Z,             IZ,ZP,WORK1,SIGMA) could replace lines 87 through 93 to determine the array ZPLT.  Each  of  these require an array WORK1 of length 4*NUMX = 84 for temporary storage.

      The  other  alternative for obtaining the NUMX x NUMY grid of interpolated values requires a user-provided  subroutine  which  accepts  a  one-dimensional array  of  length  NUMX and transmits it to an output medium such as a printer, plotter, or storage device.    The  output  subroutine  is  called  NUMY  times processing  from  the  maximum  Y-value  down  to the minimum.  The transmitted arrays correspond to the constant Y rows of the array ZPLT.

      In order to use the subroutines BSURF3, XSURF3, YSURF3, or NSURF3 the name of  the  user provided output subroutine must be declaed as an external.  Thus, assuming a subroutine PRNTLN, which prints an array, and PLOTLN, which plots  a line, we could replace lines 87 through 109 with: CALL BSURF3(-1.,1.,NUMX,-1.,1.,NUMY,ROW,M,N,-1.,1.,-1.,1.,              Z,IZ,ZP,WORK1,SIGMA,PRNTLN),

 CALL XSURF3(-1.,1.,NUMX,-1.,1.,NUMY,ROW,M,N,-1.,1.,Y,Z,IZ,ZP,             WORK1,SIGMA,PRNTLN),

 CALL YSURF3(-1.,1.,NUMX,-1.,1.,NUMY,ROW,M,N,X,-1.,1.,Z,IZ,ZP,             WORK1,SIGMA,PRNTLN),

 or

 CALL NSURF3(-1.,1.,NUMX,-1.,1.,NUMY,ROW,M,N,X,Y,Z,IZ,ZP,WORK1,             SIGMA,PRNTLN) and  an  identical  call with PLOTLN replacing PRNTLN.  In each case, ROW is an array of length NUMX and WORK1 is  an  array  of  length  4*NUMX  locations  of temporary storage.  Between lines 22 and 23 should be inserted: EXTERNAL PRNTLN,PLOTLN The  usage  of  the  -SURF3  subroutines  allow  the  output  of large grids of interpolated values without the storage requirements of the -SURF2 subroutines.

      Another storage efficient alternative to the code  in  example  7  is  the usage of the SURFB1/SURFBD pair instead of SURF1/SURF2.  The subroutines SURFB1 and SURFBD use the B-spline representation of the surface and allow one quarter of  the  storage  as that required for SURF1.  This is obtained by omitting the array ZP.  Specifically, lines 65 and 66 are replaced by: CALL SURFB1(N,M,X,Y,Z,IZ,VX,VY,TEMP,SIGMA,IERR) where array VX has dimension M, VY has dimension  N,  and  TEMP  has  dimension 4*MAX(M,N).  Lines 91 and 92 may be replaced by: CALL SURFBD(XPLT(I),YPLT(J),ZPLT(I,J),ZXPLT(I,J),ZYPLT(I,J),             ZXXPLT(I,J),ZXYPLT(I,J),ZYYPLT(I,J),M,N,X,Y,Z,             VX,VY,SIGMA) This requires arrays ZXPLT, ZYPLT, ZXXPLT, ZXYPLT, and ZYYPLT of dimension NUMX x NUMY for the partial derivatives if these are desired.    (If  they  are  not desired the positions in the call may be occupied by dummy variables.)

      Although  the usage of SURFB1 is storage efficient, the usage of SURFBD is not as time efficient as SURF2 (or SURFD).  If the user chooses to change  from the   storage   efficient   preprocessing  subroutine  (i.e.,  SURFB1)  to  the time-efficient evaluation function (i.e., SURF2) the subroutine NBTOH2 must  be used to transform from the B-spline to the hermite representations.

      The  final  modification  to  example  7  is  to replace the interpolation subroutine SURF1 by the surface smoothing subroutine SURFS.  We could make  the simple substitution of: DX = 1. DY = 1. ISW = 1. S = .05 EPS = .001 CALL SURFS(M,N,X,Y,DX,DY,ISW,S,EPS,Z,IZ,ZS,ZP,TEMP,            SIGMA,IERR) for lines 65 and 66 and the call to GDERS9 in line 52 and 53.  The arrays ZS of dimension MxN and TEMP of dimension 7*MAX(M,N) must be declared and the  arrays ZX1,  ZXM,  ZY1,  and ZYN may be omitted.  The invocations of SURF2 should have the parameter Z changed to ZS.  These modifications  will  produce  a  smoothed surface fitting the original data.

      Another  modification  to  example 7 shows the result of applying SURFS to the output of that example after  subjected  to  random  perturbations.    This perturbed  array  is  shown  in  Figure  19.    The perturbations are uniformly distributed within the limits [-.015,+.015].  The data before perturbation fell in the interval [0.,.2], thus the perturbations were about 7.5%.  In this case, the value of S was .15 and the resulting plot is shown in Figure 20.

      All of the preceeding discussion in this section pertained to  a  grid  in Euclidean  coordinates.    However,  six alternatives are available.  The first uses polar coordinates on an annular region.  In example 8, we see a grid of 11 radius  values  and  24 angles interpolated to a 21 by 49 grid.  The subroutine SURFA1 performs the preprocessing in lines 59 and 60 and the  interpolation  to the  denser  grid  is  done  in  the loop of lines 61 through 67, which invokes SURFA2.  The plotted results are displayed in Figure 21.  The intersections  of the overlaid grid lines show the positions of the original data grid.

      If  a  pole is present in the polar coordinate grid, but the region is not closed in angular coordinates, then sector geometry  is  desired.    Example  9 shows  the  application  of the SURFW1/SURFW2 pair to a data set taken from the same source function as in the annular  example  8.    The  plotted  output  is displayed in Figure 22.

      Example  10 shows surface fitting on a disc.  Here a pole is present as in the sector of example 9, but closed in angle coordinate as in  the  annulus  of example  8.   Again the source for the fitted data is the same as in example 8. The plotted output on the denser grid  is  shown  in  Figure  23.    Again  the original grid is overlaid on the contours.

      Example  11  shows  the application of the SURFT1/SURFT2 pair to a surface fitting problem which is periodic in both variables (i.e., toroidal  geometry). The periods are 360 and 120.  Figure 24 displays the plotted output.

      The final two examples of surface fitting involve grids on the surfaces of spheres and including both poles.  The first is not closed in  longitude  (thus fills  a  lune) the second is closed in longitude (and thus covers the sphere). Both examples use the same source data.  For  the  lune  the  pair  SURFL1  and SURFL2  are  employed  in example 12.  The original grid has 13 latitude values and 12 longitude values.  These are densified into a 25 by 23 output grid.  The user   provided   subroutine  GDER6  furnishes  not  only  arrays  of  boundary derivatives on the two sides of the lune, but also partial derivatives  at  the two poles.  The plotted output is displayed in Figure 25.

      Spherical geometry is used in example 13.  The original grid has 13 values of latitude and 24 values of longitude.  The output grid is  25  by  49.    The subroutine  GDER4, called in line 43, returns values of the partial derivatives of the surface at both poles.  The plotted output is displayed  in  Figures  26 and 27.  As in Figure 24, the original grid is overlaid upon the contours. Example 7

 C                                                                 001 C  THIS PROGRAM IS A SAMPLE DRIVER FOR NON-PERIODIC MAPPINGS      002 C  FROM A TWO-DIMENSIONAL SPACE INTO A ONE-DIMENSIONAL SPACE.     003 C  IT COVERS USAGE OF PACKAGE MODULES SURF1, SURFN1, BSURF1,      004 C  XSURF1, YSURF1, NSURF1, SURFS, SURF2, SURFD, SURFI, BSURF2,    005 C  XSURF2, YSURF2, NSURF2, BSURF3, XSURF3, YSURF3, AND NSURF3.    006 C                                                                 007 C  BIVARIATE NORMAL                                               008 C                                                                 009 C                                                                 010 C  ------------------------------------------------------------   011 C                                                                 012 C                                                                 013 C  DIMENSIONING                                                   014 C                                                                 015 C                                                                 016        INTEGER M,N,IZ,ISLPSW,IERR                                 017        INTEGER IZPLT                                              018        REAL    X(11),Y(6),Z(11,6),ZX1(6),ZXM(6),ZY1(11),          019       *        ZYN(11),ZXY11,ZXYM1,ZXY1N,ZXYMN,ZP(198),           020       *        TEMP(100),SIGMA                                    021        REAL    XPLT(21),YPLT(21),ZPLT(21,21)                      022 C                                                                 023 C                                                                 024 C  -----------------------------------------------------------    025 C                                                                 026 C                                                                 027 C  SET SCALAR PARAMETERS                                          028 C                                                                 029        ISLPSW = 0                                                 030        IZ = 11                                                    031        IZPLT = 21                                                 032        SIGMA = 1.                                                 033 C                                                                 034 C  READ DATA ARRAYS                                               035 C                                                                 036 C                                                                 037 C  GDATS3 IS A FORTRAN SUBROUTINE WHICH, GIVEN IZ, THE ROW        038 C  DIMENSION OF Z, RETURNS M, THE NUMBER OF X-VALUES IN THE       039 C  GRID, N, THE NUMBER OF Y-VALUES IN THE GRID, X, THE ARRAY      040 C  OF X-VALUES, Y, THE ARRAY OF Y-VALUES, AND Z, THE ARRAY        041 C  OF FUNCTIONAL VALUES AT THE GRID POINTS.  THE ARRAYS X,        042 C  Y, AND Z ARE ALSO PRINTED.                                     043 C                                                                 044 C                                                                 045        CALL GDATS3(IZ,M,N,X,Y,Z)                                  046 C                                                                 047 C                                                                 048 C  READ DERIVATIVES                                               049 C                                                                 050 C                                                                 051        CALL GDERS8(M,N,X,Y,ZX1,ZXM,ZY1,ZYN,ZXY11,ZXYM1,ZXY1N,     052       *            ZXYMN)                                         053 C                                                                 054 C                                                                 055 C  ------------------------------------------------------------   056 C                                                                 057 C                                                                 058 C  PHASE 1 - SET UP PARAMETERS                                    059 C                                                                 060 C  WE INVOKE A TENSOR PRODUCT OF SPLINES UNDER TENSION WITH       061 C  BOUNDARY DERIVATIVES SPECIFIED.                                062 C                                                                 063 C                                                                 064        CALL SURF1(M,N,X,Y,Z,IZ,ZX1,ZXM,ZY1,ZYN,ZXY11,ZXYM1,       065       *           ZXY1N,ZXYMN,ISLPSW,ZP,TEMP,SIGMA,IERR)          066 C                                                                 067 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   068 C                                                                 069        IF (IERR .NE. 0) GO TO 900                                 070 C                                                                 071 C                                                                 072 C  ------------------------------------------------------------   073 C                                                                 074 C                                                                 075 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         076 C                                                                 077 C  WE MAP (X,Y), X = -1.,-0.9,-0.8,...,1.0, Y = -1.0,-0.9,        078 C  -0.8,...,1.0 ONTO THE SURFACE DETERMINED IN PHASE 1.           079 C                                                                 080        NUMX = 21                                                  081        NUMY = 21                                                  082        X0 = -1.0                                                  083        Y0 = -1.0                                                  084        DELX = 2./FLOAT(NUMX-1)                                    085        DELY = 2./FLOAT(NUMY-1)                                    086        DO 1 I = 1,NUMX                                            087           XPLT(I) = X0+DELX*FLOAT(I-1)                            088           DO 1 J = 1,NUMY                                         089              YPLT(J) = Y0+DELY*FLOAT(J-1)                         090              ZPLT(I,J) = SURF2(XPLT(I),YPLT(J),M,N,X,Y,Z,IZ,      091       *                        ZP,SIGMA)                          092      1    CONTINUE                                                093 C                                                                 094 C                                                                 095 C  -----------------------------------------------------------    096 C                                                                 097 C                                                                 098 C  WRITE AND PLOT RESULTS                                         099 C                                                                 100 C                                                                 101 C  SUBROUTINE WDATS3 PRINTS TRIPLES XPLT(I), YPLT(I), ZPLT(I,J)   102 C  FOR I = 1,...,NUMX AND J = 1,..,NUMY.  PDATS3 PLOTS THE        103 C  SAME DATA.                                                     104 C                                                                 105 C                                                                 106        CALL WDATS3(NUMX,NUMY,IZPLT,XPLT,YPLT,ZPLT)                107 C                                                                 108        CALL PDATS3(NUMX,NUMY,IZPLT,XPLT,YPLT,ZPLT)                109 C                                                                 110        STOP                                                       111 C                                                                 112 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         113 C                                                                 114    900 CALL EMESS(IERR)                                           115        STOP                                                       116        END                                                        117 Example 8

 C                                                                 001 C  THIS PROGRAM IS A SAMPLE DRIVER FOR PERIODIC MAPPING           002 C  FROM A TWO-DIMENSIONAL SPACE INTO A ONE-DIMENSIONAL SPACE.     003 C  IT PRODUCES A SURFACE OF THE FORM Z = F(R,THETA) AND           004 C  COVERS USAGE OF PACKAGE MODULES SURFA1 AND SURFA2.             005 C                                                                 006 C  Z = R**2+75.*EXP(-(R*COS(THETA)-2.)**2-(R*SIN(THETA)-3.)**2    007 C                                         /3.)                    008 C                                                                 009 C                                                                 010 C  ------------------------------------------------------------   011 C                                                                 012 C                                                                 013 C  DIMENSIONING                                                   014 C                                                                 015 C                                                                 016        INTEGER M,N,IZ,ISLPSW,ISTAR,IERR                           017        INTEGER NUMR,NUMT,IZPLT                                    018        REAL    R(11),T(24),Z(11,24),ZR1(24),ZRM(24),TEMP(120),    019       *        ZP(792)                                            020                               079        DELT = (BT-AT)/FLOAT(NUMT-1)                               080        DO 1 J = 1,NUMT                                            081           TPLT(J) = AT+DELT*FLOAT(J-1)                            082           DO 1 I = 1,NUMR                                         083              RPLT(I) = AR+DELR*FLOAT(I-1)                         084              ZPLT(I,J) = SURFA2(RPLT(I),TPLT(J),M,N,R,T,P,Z,      085       *                        IZ,ZP,ISTAR,SIGMA)                 086      1    CONTINUE                                                087 C                                                                 088 C                                                                 089 C  -----------------------------------------------------------    090 C                                                                 091 C                                                                 092 C  WRITE AND PLOT RESULTS                                         093 C                                                                 094 C                                                                 095        CALL WDATP3(NUMR,NUMT,IZPLT,RPLT,TPLT,ZPLT)                096 C                                                                 097        CALL PDATP3(M,N,R,T,NUMR,NUMT,IZPLT,RPLT,TPLT,ZPLT)        098 C                                                                 099        STOP                                                       100 C                                                                 101 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         102 C                                                                 103    900 CALL EMESS(IERR)                                           104        STOP                                                       105        END                                                        106 Example 9

 C                                                                 001 C  THIS PROGRAM IS A SAMPLE DRIVER FOR NON-PERIODIC MAPPING       002 C  FROM A TWO-DIMENSIONAL SPACE WITH A POLE AT (0,0) INTO A       003 C  ONE-DIMENSIONAL SPACE.  IT PRODUCES A SURFACE OF THE FORM      004 C  Z = F(R,THETA) AND COVERS USAGE OF PACKAGE MODULES SURFW1      005 C  AND SURFW2.                                                    006 C                                                                 007 C      F(R,T) = R*R+75.*EXP(-(R*COS(T)-2.)**2-(R*SIN(T)-3.)**2    008 C     *                                   /3.)                    009 C                                                                 010 C                                                                 011 C  ------------------------------------------------------------   012 C                                                                 013 C                                                                 014 C  DIMENSIONING                                                   015 C                                                                 016 C                                                                 017        INTEGER M,N,IZ,ISLPSW,ISTAR,IERR                           018        INTEGER NUMR,NUMT,IZPLT                                    019        REAL    R(11),T(21),Z(11,21),ZR10,ZR190,ZRM(21),ZT1(11),   020       *        ZTN(11),ZRTM1,ZRTMN,TEMP(63),ZP(693)               021        REAL    RPLT(21),TPLT(41),ZPLT(21,41)                      022 C                                                                 023 C                                                                 024 C  -----------------------------------------------------------    025 C                                                                 026 C                                                                 027 C  SET SCALAR PARAMETERS                                          028 C                                                                 029        IZ = 11                                                    030        ISLPSW = 0                                                 031        SIGMA = 1.                                                 032        IZPLT = 21                                                 033        NUMR = 21                                                  034        NUMT = 41                                                  035 C                                                                 036 C  READ DATA ARRAYS                                               037 C                                                                 038 C                                                                 039        CALL GDATP3(IZ,M,N,R,T,Z)                                  040 C                                                                 041 C                                                                 042 C  GET DERIVATIVES                                                043 C                                                                 044 C                                                                 045        CALL GDERP7(M,N,ZR10,ZR190,ZRM,ZT1,ZTN,ZRTM1,ZRTMN)        046 C                                                                 047 C                                                                 048 C                                                                 049 C                                                                 050 C  ------------------------------------------------------------   051 C                                                                 052 C                                                                 053 C  PHASE 1 - SET UP PARAMETERS                                    054 C                                                                 055 C  WE INVOKE A TENSOR PRODUCT OF SPLINES UNDER TENSION            056 C                                                                 057 C                                                                 058        CALL SURFW1(M,N,R,T,Z,IZ,ZR10,ZR190,ZRM,ZT1,ZTN,           059       *            ZRTM1,ZRTMN,ISLPSW,ZP,TEMP,SIGMA,ISTAR,        060       *            IERR)                                          061 C                                                                 062 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   063 C                                                                 064        IF (IERR .NE. 0) GO TO 900                                 065 C                                                                 066 C                                                                 067 C  ------------------------------------------------------------   068 C                                                                 069 C                                                                 070 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         071 C                                                                 072 C  WE MAP (R,T), R = 0.,.25,...,5., T = 30.,35.,...,230. ONTO     073 C  THE SURFACE DETERMINED IN PHASE 1.                             074 C                                                                 075        AR = 0.                                                    076        BR = 5.                                                    077        AT = 30.                                                   078        BT = 230.                                                  079        DELR = (BR-AR)/FLOAT(NUMR-1)                               080        DELT = (BT-AT)/FLOAT(NUMT-1)                               081        DO 1 J = 1,NUMT                                            082           TPLT(J) = AT+DELT*FLOAT(J-1)                            083           DO 1 I = 1,NUMR                                         084              RPLT(I) = AR+DELR*FLOAT(I-1)                         085              ZPLT(I,J) = SURFW2(RPLT(I),TPLT(J),M,N,R,T,Z,        086       *                        IZ,ZP,ISTAR,SIGMA)                 087      1    CONTINUE                                                088 C                                                                 089 C                                                                 090 C  -----------------------------------------------------------    091 C                                                                 092 C                                                                 093 C  WRITE AND PLOT RESULTS                                         094 C                                                                 095 C                                                                 096        CALL WDATP3(NUMR,NUMT,IZPLT,RPLT,TPLT,ZPLT)                097 C                                                                 098        CALL PDATP3(M,N,R,T,NUMR,NUMT,IZPLT,RPLT,TPLT,ZPLT)        099 C                                                                 100        STOP                                                       101 C                                                                 102 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         103 C                                                                 104    900 CALL EMESS(IERR)                                           105        STOP                                                       106        END                                                        107 Example 10

 C                                                                 001 C  THIS PROGRAM IS A SAMPLE DRIVER FOR A PERIODIC MAPPING         002 C  FROM A TWO-DIMENSIONAL SPACE WITH A POLE AT (0,0) INTO A       003 C  ONE-DIMENSIONAL SPACE.  IT PRODUCES A SURFACE OF THE FORM      004 C  Z = F(R,THETA) AND COVERS USAGE OF PACKAGE MODULES SURFD1      005 C  AND SURFD2.                                                    006 C                                                                 007 C  Z = R**2 + 75.*EXP(-(R*COS(THETA)-2.)**2                       008 C                     -(R*SIN(THETA)-3.)**2/3.)                   009 C                                                                 010 C                                                                 011 C  ------------------------------------------------------------   012 C                                                                 013 C                                                                 014 C  DIMENSIONING                                                   015 C                                                                 016 C                                                                 017        INTEGER M,N,IZ,ISLPSW,ISTAR,IERR                           018        INTEGER NUMR,NUMT,IZPLT                                    019        REAL    R(11),T(24),Z(11,24),ZR10,ZR190,ZRM(24),           020       *        TEMP(120),ZP(792)                                  021        REAL    RPLT(21),TPLT(49),ZPLT(21,49)                      022 C                                                                 023 C                                                                 024 C  -----------------------------------------------------------    025 C                                                                 026 C                                                                 027 C  SET SCALAR PARAMETERS                                          028 C                                                                 029        IZ = 11                                                    030        ISLPSW = 0                                                 031        SIGMA = 1.                                                 032        P = 360.                                                   033        IZPLT = 21                                                 034        NUMR = 21                                                  035        NUMT = 49                                                  036 C                                                                 037 C  READ DATA ARRAYS                                               038 C                                                                 039 C                                                                 040        CALL GDATP3(IZ,M,N,R,T,Z)                                  041 C                                                                 042 C                                                                 043 C  GET DERIVATIVES                                                044 C                                                                 045 C                                                                 046        CALL GDERP3(M,N,ZR10,ZR190,ZRM)                            047 C                                                                 048 C                                                                 049 C                                                                 050 C                                                                 051 C  ------------------------------------------------------------   052 C                                                                 053 C                                                                 054 C  PHASE 1 - SET UP PARAMETERS                                    055 C                                                                 056 C  WE INVOKE A TENSOR PRODUCT OF SPLINES UNDER TENSION            057 C                                                                 058 C                                                                 059        CALL SURFD1(M,N,R,T,Z,IZ,ZR10,ZR190,ZRM,ISLPSW,            060       *            ZP,TEMP,SIGMA,ISTAR,IERR)                      061 C                                                                 062 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   063 C                                                                 064        IF (IERR .NE. 0) GO TO 900                                 065 C                                                                 066 C                                                                 067 C  ------------------------------------------------------------   068 C                                                                 069 C                                                                 070 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         071 C                                                                 072 C  WE MAP (R,T), R = 0.,.5,...,5., T = 0.,7.5,...,360. ONTO       073 C  THE SURFACE DETERMINED IN PHASE 1.                             074 C                                                                 075        AR = 0.                                                    076        BR = 5.                                                    077        AT = 0.                                                    078        BT = 360.                                                  079        DELR = (BR-AR)/FLOAT(NUMR-1)                               080        DELT = (BT-AT)/FLOAT(NUMT-1)                               081        DO 1 J = 1,NUMT                                            082           TPLT(J) = AT+DELT*FLOAT(J-1)                            083           DO 1 I = 1,NUMR                                         084              RPLT(I) = AR+DELR*FLOAT(I-1)                         085              ZPLT(I,J) = SURFD2(RPLT(I),TPLT(J),M,N,R,T,          086       *                        Z,IZ,ZP,ISTAR,SIGMA)               087      1    CONTINUE                                                088 C                                                                 089 C                                                                 090 C  -----------------------------------------------------------    091 C                                                                 092 C                                                                 093 C  WRITE AND PLOT RESULTS                                         094 C                                                                 095 C                                                                 096        CALL WDATP3(NUMR,NUMT,IZPLT,RPLT,TPLT,ZPLT)                097 C                                                                 098        CALL PDATP3(M,N,R,T,NUMR,NUMT,IZPLT,RPLT,TPLT,ZPLT)        099 C                                                                 100        STOP                                                       101 C                                                                 102 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         103 C                                                                 104    900 CALL EMESS(IERR)                                           105        STOP                                                       106        END                                                        107 Example 11

 C                                                                 001 C  THIS PROGRAM IS A SAMPLE DRIVER FOR A MAPPING FROM A TWO-      002 C  DIMENSIONAL SPACE INTO A ONE-DIMENSIONAL SPACE WHICH IS        003 C  PERIODIC IN R AND THETA.  IT PRODUCES A SURFACE OF THE         004 C  FORM Z = F(R,THETA) AND COVERS USAGE OF PACKAGE MODULES        005 C  SURFT1 AND SURFT2.                                             006 C                                                                 007 C  Z = 1./(1.5+SIN(3.*THETA))+2./(COS(R)+2.)                      008 C                                                                 009 C                                                                 010 C  ------------------------------------------------------------   011 C                                                                 012 C                                                                 013 C  DIMENSIONING                                                   014 C                                                                 015 C                                                                 016        INTEGER M,N,IZ,ISTAR,IERR                                  017        INTEGER NUMR,NUMT,IZPLT                                    018        REAL    PR,PT,R(9),T(12),Z(9,12),TEMP(60),ZP(324)          019        REAL    RPLT(19),TPLT(25),ZPLT(19,25)                      020 C                                                                 021 C                                                                 022 C  -----------------------------------------------------------    023 C                                                                 024 C                                                                 025 C  SET SCALAR PARAMETERS                                          026 C                                                                 027        IZ = 9                                                     028        SIGMA = 1.                                                 029        PR = 360.                                                  030        PT = 120.                                                  031        IZPLT = 19                                                 032        NUMR = 19                                                  033        NUMT = 25                                                  034 C                                                                 035 C  READ DATA ARRAYS                                               036 C                                                                 037 C                                                                 038        CALL GDATP3(IZ,M,N,R,T,Z)                                  039 C                                                                 040 C                                                                 041 C                                                                 042 C                                                                 043 C  ------------------------------------------------------------   044 C                                                                 045 C                                                                 046 C  PHASE 1 - SET UP PARAMETERS                                    047 C                                                                 048 C  WE INVOKE A TENSOR PRODUCT OF SPLINES UNDER TENSION            049 C                                                                 050 C                                                                 051        CALL SURFT1(M,N,R,T,PR,PT,Z,IZ,ZP,TEMP,SIGMA,ISTAR,        052       *            IERR)                                          053 C                                                                 054 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   055 C                                                                 056        IF (IERR .NE. 0) GO TO 900                                 057 C                                                                 058 C                                                                 059 C  ------------------------------------------------------------   060 C                                                                 061 C                                                                 062 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         063 C                                                                 064 C  WE MAP (R,T), R = 0.,20.,...,360., T = 0.,5.,...,120.          065 C  ONTO THE SURFACE DETERMINED IN PHASE 1.                        066 C                                                                 067        AR = 0.                                                    068        BR = 360.                                                  069        AT = 0.                                                    070        BT = 120.                                                  071        DELR = (BR-AR)/FLOAT(NUMR-1)                               072        DELT = (BT-AT)/FLOAT(NUMT-1)                               073        DO 1 J = 1,NUMT                                            074           TPLT(J) = AT+DELT*FLOAT(J-1)                            075           DO 1 I = 1,NUMR                                         076              RPLT(I) = AR+DELR*FLOAT(I-1)                         077              ZPLT(I,J) = SURFT2(RPLT(I),TPLT(J),M,N,R,T,          078       *                        PR,PT,Z,IZ,ZP,ISTAR,SIGMA)         079      1    CONTINUE                                                080 C                                                                 081 C                                                                 082 C  -----------------------------------------------------------    083 C                                                                 084 C                                                                 085 C  WRITE AND PLOT RESULTS                                         086 C                                                                 087 C                                                                 088        CALL WDATP3(NUMR,NUMT,IZPLT,RPLT,TPLT,ZPLT)                089 C                                                                 090        CALL PDATP3(M,N,R,T,NUMR,NUMT,IZPLT,RPLT,TPLT,ZPLT)        091 C                                                                 092        STOP                                                       093 C                                                                 094 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         095 C                                                                 096    900 CALL EMESS(IERR)                                           097        STOP                                                       098        END                                                        099 Example 12

 C                                                                 001 C  THIS PROGRAM IS A SAMPLE DRIVER FOR A MAPPING FROM A TWO-      002 C  DIMENSIONAL SPACE INTO A ONE-DIMENSIONAL SPACE.  IT PRO-       003 C  DUCES A SURFACE WHICH IS NON-PERIODIC, HAS TWO POLES, AND      004 C  HAS THE FORM R = F(PHI,THETA).  IT COVERS USAGE OF PACK-       005 C  AGE MODULES SURFL1 AND SURFL2.                                 006 C                                                                 007 C  R = SUM OF GAUSSIANS                                           008 C                                                                 009 C                                                                 010 C  ------------------------------------------------------------   011 C                                                                 012 C                                                                 013 C  DIMENSIONING                                                   014 C                                                                 015 C                                                                 016        INTEGER M,N,IR,ISLPSW,ISTAR,IERR                           017        INTEGER NUMP,NUMT,IRPLT                                    018        REAL    PHI(13),T(12),R(13,12),RP10,RP190,RPM0,            019       *        RPM90,RT1(13),RTN(13),SIGMA,TEMP(39),RP(468)       020        REAL    PPLT(25),TPLT(23),RPLT(25,23)                      021 C                                                                 022 C                                                                 023 C  -----------------------------------------------------------    024 C                                                                 025 C                                                                 026 C  SET SCALAR PARAMETERS                                          027 C                                                                 028        IR = 13                                                    029        ISLPSW = 0                                                 030        SIGMA = 1.                                                 031        IRPLT = 25                                                 032        NUMP = 25                                                  033        NUMT = 23                                                  034 C                                                                 035 C  READ DATA ARRAYS                                               036 C                                                                 037 C                                                                 038        CALL GDATP3(IR,M,N,PHI,T,R)                                039 C                                                                 040 C  GET DERIVATIVES                                                041 C                                                                 042        CALL GDER6(M,N,RP10,RP190,RPM0,RPM90,RT1,RTN)              043 C                                                                 044 C                                                                 045 C                                                                 046 C                                                                 047 C  ------------------------------------------------------------   048 C                                                                 049 C                                                                 050 C  PHASE 1 - SET UP PARAMETERS                                    051 C                                                                 052 C  WE INVOKE A TENSOR PRODUCT OF SPLINES UNDER TENSION            053 C                                                                 054 C                                                                 055        CALL SURFL1(M,N,PHI,T,R,IR,ISLPSW,RP10,RP190,RPM0,         056       *            RPM90,RT1,RTN,RP,TEMP,SIGMA,ISTAR,IERR)        057 C                                                                 058 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   059 C                                                                 060        IF (IERR .NE. 0) GO TO 900                                 061 C                                                                 062 C                                                                 063 C  ------------------------------------------------------------   064 C                                                                 065 C                                                                 066 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         067 C                                                                 068 C  WE MAP (P,T), P = -90.,-82.5,...,90., T = 0.,5.,...,110.       069 C  ONTO THE SURFACE DETERMINED IN PHASE 1.                        070 C                                                                 071        AP = -90.                                                  072        BP = 90.                                                   073        AT = -70.                                                  074        BT = 40.                                                   075        DELP = (BP-AP)/FLOAT(NUMP-1)                               076        DELT = (BT-AT)/FLOAT(NUMT-1)                               077        DO 1 J = 1,NUMT                                            078           TPLT(J) = AT+DELT*FLOAT(J-1)                            079           DO 1 I = 1,NUMP                                         080              PPLT(I) = AP+DELP*FLOAT(I-1)                         081              RPLT(I,J) = SURFL2(PPLT(I),TPLT(J),M,N,              082       *                         PHI,T,R,IR,RP,ISTAR,SIGMA)        083      1    CONTINUE                                                084 C                                                                 085 C                                                                 086 C  -----------------------------------------------------------    087 C                                                                 088 C                                                                 089 C  WRITE AND PLOT RESULTS                                         090 C                                                                 091 C                                                                 092        CALL WDAT3(M,N,PHI,T,R,IR,NUMP,NUMT,IRPLT,PPLT,TPLT,       093       *           RPLT)                                           094 C                                                                 095        CALL PDATP3(M,N,PHI,T,NUMP,NUMT,IRPLT,PPLT,TPLT,           096       *            RPLT)                                          097 C                                                                 098        STOP                                                       099 C                                                                 100 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         101 C                                                                 102    900 CALL EMESS(IERR)                                           103        STOP                                                       104        END                                                        105 Example 13

 C                                                                 001 C  THIS PROGRAM IS A SAMPLE DRIVER FOR A MAPPING FROM A TWO-      002 C  DIMENSIONAL SPACE INTO A ONE-DIMENSIONAL SPACE.  IT PRO-       003 C  DUCES A SURFACE WHICH IS PERIODIC, HAS TWO POLES, AND HAS      004 C  THE FORM R = F(PHI,THETA).  IT COVERS USAGE OF PACKAGE MOD-    005 C  ULES SURFS1 AND SURFS2.                                        006 C                                                                 007 C  R = SUM OF GAUSSIANS                                           008 C                                                                 009 C                                                                 010 C  ------------------------------------------------------------   011 C                                                                 012 C                                                                 013 C  DIMENSIONING                                                   014 C                                                                 015 C                                                                 016        INTEGER M,N,IR,ISLPSW,ISTAR,IERR                           017        INTEGER NUMP,NUMT,IRPLT                                    018        REAL    PHI(13),T(24),R(13,24),RP10,RP190,RPM0,            019       *        RPM90,SIGMA,TEMP(120),RP(936)                      020        REAL    PPLT(25),TPLT(49),RPLT(25,49)                      021 C                                                                 022 C                                                                 023 C  -----------------------------------------------------------    024 C                                                                 025 C                                                                 026 C  SET SCALAR PARAMETERS                                          027 C                                                                 028        IR = 13                                                    029        ISLPSW = 0                                                 030        SIGMA = 1.                                                 031        IRPLT = 25                                                 032        NUMP = 25                                                  033        NUMT = 49                                                  034 C                                                                 035 C  READ DATA ARRAYS                                               036 C                                                                 037 C                                                                 038        CALL GDATP3(IR,M,N,PHI,T,R)                                039 C                                                                 040 C  GET DERIVATIVES                                                041 C                                                                 042        CALL GDER4(RP10,RP190,RPM0,RPM90)                          043 C                                                                 044 C                                                                 045 C                                                                 046 C                                                                 047 C  ------------------------------------------------------------   048 C                                                                 049 C                                                                 050 C  PHASE 1 - SET UP PARAMETERS                                    051 C                                                                 052 C  WE INVOKE A TENSOR PRODUCT OF SPLINES UNDER TENSION            053 C                                                                 054 C                                                                 055        CALL SURFS1(M,N,PHI,T,R,IR,RP10,RP190,RPM0,RPM90           056       *            ISLPSW,RP,TEMP,SIGMA,ISTAR,IERR)               057 C                                                                 058 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   059 C                                                                 060        IF (IERR .NE. 0) GO TO 900                                 061 C                                                                 062 C                                                                 063 C  ------------------------------------------------------------   064 C                                                                 065 C                                                                 066 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         067 C                                                                 068 C  WE MAP (P,T), P = -90.,-82.5,...,90., T = -90.,-82.5,...,270.  069 C  ONTO THE SURFACE DETERMINED IN PHASE 1.                        070 C                                                                 071        AP = -90.                                                  072        BP = 90.                                                   073        AT = -90.                                                  074        BT = 270.                                                  075        DELP = (BP-AP)/FLOAT(NUMP-1)                               076        DELT = (BT-AT)/FLOAT(NUMT-1)                               077        DO 1 J = 1,NUMT                                            078           TPLT(J) = AT+DELT*FLOAT(J-1)                            079           DO 1 I = 1,NUMP                                         080              PPLT(I) = AP+DELP*FLOAT(I-1)                         081              RPLT(I,J) = SURFS2(PPLT(I),TPLT(J),M,N,              082       *                         PHI,T,R,IR,RP,ISTAR,SIGMA)        083      1    CONTINUE                                                084 C                                                                 085 C                                                                 086 C  -----------------------------------------------------------    087 C                                                                 088 C                                                                 089 C  WRITE AND PLOT RESULTS                                         090 C                                                                 091 C                                                                 092        CALL WDAT3(M,N,PHI,T,R,IR,NUMP,NUMT,IRPLT,PPLT,TPLT,       093       *           RPLT)                                           094 C                                                                 095        CALL PDATP3(M,13,PHI,T,NUMP,25,IRPLT,PPLT,TPLT,            096       *            RPLT)                                          097 C                                                                 098        STOP                                                       099 C                                                                 100 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         101 C                                                                 102    900 CALL EMESS(IERR)                                           103        STOP                                                       104        END                                                        105

 

 

 

                                IV.3 Documentation

 

                        IV.3.1 Non-Periodic and Non-Polar

                        The SURF path chart will go here.

                                                                           SURF1

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolatory surface passing through a  rectangular  grid  of  functional      values.    The surface determined can be represented as the tensor product                                                                    2                                 %      %                          %      of splines under tension.     and    around the boundary and       at  the

                                 %x     %y                         %x%y      four  corners  may  be specified or omitted.  For actual mapping of points      onto the surface it is necessary to call the function SURF2.

  Subprogram Statement:

      SUBROUTINE SURF1(M,N,X,Y,Z,IZ,ZX1,ZXM,ZY1,ZYN,ZXY11,ZXYM1,                       ZXY1N,ZXYMN,ISLPSW,ZP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, ISLPSW, IERR      REAL X(M), Y(N), Z(IZ,N), ZX1(N), ZXM(N), ZY1(M), ZYN(M), ZXY11,           ZXYM1, ZXY1N, ZXYMN, ZP(M,N,3), TEMP(N+N+M), SIGMA

  Status of Parameters:

      On Input:           M is the number  of  grid  lines  in  the  X-direction,  i.e.,  lines           parallel to the Y-axis (M .GE. 2).

           N  is  the  number  of  grid  lines  in  the Y-direction, i.e., lines           parallel to the X-axis (N .GE. 2).

           X is an array of the  M  X-coordinates  of  the  grid  lines  in  the           X-direction.  These should be strictly increasing.

           Y  is  an  array  of  the  N  Y-coordinates  of the grid lines in the           Y-direction.  These should be strictly increasing.

           Z is an array of the M*N functional values at the grid  points,  i.e.           Z(I,J) contains the functional value at (X(I),Y(J)) for I=1,...,M and           J=1,...,N.

           Z is the row dimension of the matrix Z used in  the  calling  program           (IZ .GE. M).

           ZX1 and ZXM are arrays of the M X-partial derivatives of the function           along the X(1) and X(M) grid lines, respectively.   Thus  ZX1(J)  and           ZXM(J)  contain  the X-partial derivatives at the points ((X(1),Y(J))           and (X(M),Y(J)),  respectively,  for  J=1,...,N.    Either  of  these           parameters  will  be ignored (and approximations supplied internally)           if ISLPSW so indicates.

           ZY1 and ZYN are arrays of the N Y-partial derivatives of the function           along  the  Y(1)  and Y(N) grid lines, respectively.  Thus ZY1(I) and           ZYN(I) contain the Y-partial derivatives at  the  points  (X(I),Y(1))           and  (X(I),Y(N)),  respectively,  for  I=1,...,M.    Either  of these           parameters will be ignored (and estimations supplied  internally)  if           ISLPSW so indicates.

           ZXY11, ZXYM1, ZXY1N, and ZXYMN are the X-Y-partial derivatives of the           function at the four corners, (X(1),Y(1)), (X(M),Y(1)),  (X(1),Y(N)),           and (X(M),Y(N)), respectively.  Any of the parameters will be ignored           (and estimations supplied internally) if ISLPSW so indicates.

           ISLPSW  contains  a  switch  indicating  which  boundary   derivative           information  is  user-supplied  and which should be estimated by this           subroutine.  To determine ISLPSW, let

                I1 = 0                     if ZX1 is user-supplied (and = 1 otherwise),                I2 = 0                     if ZXM is user-supplied (and = 1 otherwise),                I3 = 0                     if ZY1 is user-supplied (and = 1 otherwise),                I4 = 0                     if ZYN is user-supplied (and = 1 otherwise),                I5 = 0                     if ZXY11 is user-supplied (and = 1 otherwise),                I6 = 0                     if ZXYM1 is user-supplied (and = 1 otherwise),                I7 = 0                     if ZXY1N is user-supplied (and = 1 otherwise),                I8 = 0                     if ZXYMN is user-supplied (and = 1 otherwise),

           Then ISLPSW = I1 + 2*I2 + 4*I3 + 8*I4 +  16*I5  +  32*I6  +  64*I7  +           128*I8.    Thus  ISLPSW  =  0  indicates all derivative informaion is           user-supplied and ISLPSW = 255 indicates no derivative information is           user-supplied.  Any value between these limits is valid.

           ZP is an array of at least 3*M*N locations.

           TEMP  is  an  array  of  at  least  N+N+M locations which is used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately bi-linear.  If SIGMA equals  zero  tensor  products  of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP contains the values of the XX-, YY-, and XXYY-partial  derivatives           of the surface at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if the X-values or Y-values are not strictly increasing.

           and

           M,  N,  X,  Y, Z, IZ, ZX1, ZXM, ZY1, ZYN, ZXY11, ZXYM1, ZXY1N, ZXYMN,           ISLPSW, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH

                                                                          SURFN1

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory  surface  passing  through  a rectangular grid of functional      values.  The surface determined can be represented as the  tensor  product      of  natural  splines under tension.  For actual mapping of points onto the      surface it is necessary to call the function SURF2.

  Subprogram Statement:

      SUBROUTINE SURFN1(M,N,X,Y,Z,IZ,ZP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, IERR      REAL X(M), Y(N), Z(IZ,N), ZP(M,N,3), TEMP(MAX(N,M)), SIGMA

  Status of Parameters:

      On Input:           M is the number  of  grid  lines  in  the  X-direction,  i.e.,  lines           parallel to the Y-axis (M .GE. 2).

           N  is  the  number  of  grid  lines  in  the Y-direction, i.e., lines           parallel to the X-axis (N .GE. 2).

           X is an array of the  M  X-coordinates  of  the  grid  lines  in  the           X-direction.  These should be strictly increasing.

           Y  is  an  array  of  the  M  Y-coordinates  of the grid lines in the           Y-direction.  These should be strictly increasing.

           Z is an array of the M*N functional values at the grid points,  i.e.,           Z(I,J) contains the functional value at (X(I),Y(J)) for I=1,...,M and           J=1,...,N.

           IZ is an array of at least 3*M*N locations.

           TEMP is an array of at least MAX(N,M) locations  which  is  used  for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  bi-linear.    If  SIGMA equals zero tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP  contains the values of the XX-, YY-, and XXYY-partial derivatives           of the surface at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if the X-values or Y-values are not strictly increasing.

           and

           M, N, X, Y, Z, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          BSURF1

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory  surface  passing  through  a rectangular grid of functional      values.  The x and y values are assumed equally spaced in the grid.    The      surface  determined  can  be  represented as the tensor product of splines      under tension.  For actual interpolation  at  a  grid  of  points  equally      spaced  in  both  X  and  Y coordinates it is necessary to call subroutine      BSURF2.

  Subprogram Statement:

      SUBROUTINE BSURF1(M,N,XMIN,XMAX,YMIN,YMAX,Z,IZ,ZP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, IERR      REAL XMIN, XMAX, YMIN, YMAX, Z(IZ,N), ZP(M,N,3), TEMP(N+N+M), SIGMA

  Status of Parameters:

      On Input:           M is the number  of  grid  lines  in  the  X-direction,  i.e.,  lines           parallel to the Y-axis (M .GE. 2).

           N  is  the  number  of  grid  lines  in  the Y-direction, i.e., lines           parallel to th X-axis (N .GE. 2).

           XMIN and XMAX are the lower and upper limits,  respectively,  of  the           grid in the X-direction.  XMAX should be greater than XMIN.

           YMIN  and  YMAX  are the lower and upper limits, respectively, of the           grid in the Y-direction.  YMAX should be greater than YMIN.

           Z is an array of the M*N functional values at the grid points,  i.e.,           Z(I,J) contains the functional value at (X(I),Y(J)) for I=1,...,M and           J=1,...,N, where X(I) represents the I-th  equispaced  X  value,  and           Y(J) represents the J-th equispaced Y value.

           IZ  is  the row dimension of the matrix Z used in the calling program           (IZ .GE. M).

           ZP is an array of at least 3*M*N locations.

           TEMP is an array of at  least  N+N+M  locations  which  is  used  for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  bi-linear.    If  SIGMA equals zero tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP  contains the values of the XX-, YY-, and XXYY-partial derivatives           of the surface at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if XMAX is not greater than XMIN or  YMAX  is  not  greater                     than YMIN.

           and

           M, N, XMIN, XMAX, YMIN, YMAX, Z, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH

                                                                          XSURF1

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolatory surface passing through a  rectangular  grid  of  functional      values.  The x values are assumed equally spaced in the grid.  The surface      determined can be represented as  the  tensor  product  of  splines  under      tension.    For actual interpolation at a grid of points equally spaced in      both x and y coordinates it is necessary to call subroutine XSURF2.

  Subprogram Statement:

      SUBROUTINE XSURF1(M,N,XMIN,XMAX,Y,Z,IZ,ZP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, IERR      REAL XMIN, XMAX, Y(N), Z(IZ,N), ZP(M,N,3), TEMP(N+N+M), SIGMA

  Status of Parameters:

      On Input:           M is the number  of  grid  lines  in  the  X-direction,  i.e.,  lines           parallel to the Y-axis (M .GE. 2).

           N  is  the  number  of  grid  lines  in  the Y-direction, i.e., lines           parallel to the X-axis (N .GE. 2).

           XMIN and XMAX are the lower and upper limits,  respectively,  of  the           grid in the X-direction.  XMAX should be greater than XMIN.

           Y  is  an  array  of  the  N  Y-coordinates  of the grid lines in the           Y-direction.  These should be strictly increasing.

           Z is an array of the M*N functional values at the grid points,  i.e.,           Z(I,J) contains the functional value at (X(I),Y(J)) for I=1,...,M and           J=1,...,N, where X(I) represents the I-th equispaced X value.

           IZ is the row dimension of the matrix Z used in the  calling  program           (IZ .GE. M).

           ZP is an array of at least 3*M*N locations.

           TEMP  is  an  array  of  at  least  N+N+M locations which is used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately bi-linear.  If SIGMA equals  zero  tensor  products  of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP contains the values of the XX-, YY-, and XXYY-partial  derivatives           of the surface at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if  the Y-values are not strictly increasing or XMAX is not                     greater than XMIN.

           and

           M, N, XMIN, XMAX, Y, Z, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH

                                                                          YSURF1

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory  surface  passing  through  a rectangular grid of functional      values.  The y values are assumed equally spaced in the grid.  The surface      determined  can  be  represented  as  the  tensor product of splines under      tension.  For actual interpolation at a grid of points equally  spaced  in      both x and y coordinates it is necessary to call subroutine YSURF2.

  Subprogram Statement:

      SUBROUTINE YSURF1(M,N,X,YMIN,YMAX,Z,IZ,ZP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, IERR      REAL X(M), YMIN, YMAX, Z(IZ,N), ZP(M,N,3), TEMP(N+N+M), SIGMA

  Status of Parameters:

      On Input:           M  is  the  number  of  grid  lines  in  the X-direction, i.e., lines           parallel to the Y-axis (M .GE. 2).

           N is the number  of  grid  lines  in  the  Y-direction,  i.e.,  lines           parallel to the X-axis (N .GE. 2).

           X  is  an  array  of  the  M  X-coordinates  of the grid lines in the           X-direction.  These should be strictly increasing.

           YMIN and YMAX are the lower and upper limits,  respectively,  of  the           grid in the Y direction.  YMAX should be greater than YMIN.

           Z  is an array of the M*N functional values at the grid points, i.e.,           Z(I,J) contains the functional value at (X(I),Y(J)) for I=1,...,M and           J=1,...,N, where Y(J) represents the J-th equispaced Y value.

           IZ  is  the row dimension of the matrix Z used in the calling program           (IZ .GE. M).

           ZP is an array of at least 3*M*N locations.

           TEMP is an array of at  least  N+N+M  locations  which  is  used  for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  bi-linear.    If  SIGMA equals zero tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP  contains the values of the XX-, YY-, and XXYY-partial derivatives           of the surface at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if the X-values are not strictly increasing or YMAX is  not                     greater than YMIN.

           and

           M, N, X, YMIN, YMAX, Z, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH

                                                                          NSURF1

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolatory surface passing through a  rectangular  grid  of  functional      values.    The surface determined can be represented as the tensor product      of splines under tension.  For actual mapping of points onto  the  surface      it is necessary to call the function SURF2.  For actual interpolation at a      grid of points equally spaced in both x and y coordinates it is  necessary      to call subroutine NSURF2.

  Subprogram Statement:

      SUBROUTINE NSURF1(M,N,X,Y,Z,IZ,ZP,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, IERR      REAL X(M), Y(N), Z(IZ,N), ZP(M,N,3), TEMP(N+N+M), SIGMA

  Status of Parameters:

      On Input:           M  is  the  number  of  grid  lines  in  the X-direction, i.e., lines           parallel to the Y-axis (M .GE. 2).

           N is the number  of  grid  lines  in  the  Y-direction,  i.e.,  lines           parallel to the X-axis (N .GE. 2).

           X  is  an  array  of  the  M  X-coordinates  of the grid lines in the           X-direction.  These should be strictly increasing.

           Y is an array of the  N  Y-coordinates  of  the  grid  lines  in  the           Y-direction.  This should be strictly increasing.

           Z  is  an  array  of  the M * N functional values at the grid points,           i.e.,  Z(I,J)  contains  the  functional  value  at  (X(I),Y(J))  for           I=1,...,M and J=1,...,N.

           IZ  is  the row dimension of the matrix Z used in the calling program           (IZ .GE. M).

           ZP is an array of at least 3*M*N locations.

           TEMP is an array of at  least  N+N+M  locations  which  is  used  for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  bi-linear.    If  SIGMA equals zero tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP  contains the values of the XX-, YY-, and XXYY-partial derivatives           of the surface at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if the X-values or Y-values are not strictly increasing.

           and

           M, N, X, Y, Z, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH

                                                                           SURFS

 

 Purpose:

      This subroutine determines the parameters necessary to compute a smoothing      surface  under  tension  approximating  a  rectangular  grid of functional      values.  For given increasing sequences of  abscissae  (X(I)),  I=1,...,M,      (Y(J)), J=1,...,N and associated ordinates (Z(I,J)), I=1,...,M, J=1,...,N,      the function is determined so that the double summation of the  square  of      (F(X(I),Y(J))-Z(I,J))/(DX(I)*DY(J))  is  less  than  or  equal  to a given      constant S, where (DX(I)), I=1,...,M and (DY(J)), J=1,...,N are given sets      of  observation  weights.    The method used is to solve N one-dimensional      smoothing problems along fixed Y lines  and  to  solve  M  one-dimensional      smoothing  problems  along  fixed  X lines, independently from the fixed Y      solutions.  The functional values of the smoothed surface  are  determined      by averaging the X-direction smoothed values with the Y-direction smoothed      values.  For actual mapping of points onto  the  smoothed  surface  it  is      necessary to call the function SURF2 with the surface information returned      by SURFS in ZS and ZSP.  The determination of the surface is performed  by      subroutine  SURFSS.    The  subroutine  SURFS decomposes the workspace for      SURFSS and determines surface derivative information needed by SURF2.

  Subprogram Statement:

      SUBROUTINE SURFS(M,N,X,Y,DX,DY,ISW,S,EPS,Z,IZ,ZS,ZSP,                       WORK,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, ISW, IZ, IERR      REAL X(M), Y(N), DX(M), DY(N), S, EPS, Z(IZ,N), ZS(M,N),           ZSP(M,N,3), WORK(7*MAX(N,M)), SIGMA

  Status of Parameters:

      On Input:           M is the number  of  grid  lines  in  the  X-direction,  i.e.,  lines           parallel to the Y-axis (M .GE. 2).

           N  is  the  number  of  grid  lines  in  the Y-direction, i.e., lines           parallel to the X-axis (N .GE. 2).

           X is an array of the  M  X-coordinates  of  the  grid  lines  in  the           X-direction.  These should be strictly increasing.

           Y  is  an  array  of  the  N  Y-coordinates  of the grid lines in the           Y-direction.  These should be strictly increasing.

           DX and DY are parameters containing the observation weights.    These           may  either  be  arrays  of  lengths  M and N respectively or scalars           (interpreted as constants).  The product of the values of DX  and  DY           corresponding  to  the  observation (X(I), Y(J), Z(I,J)) should be an           approximation to the standard deviation of error.

           ISW contains a switch indicating whether the parameters DX and DY are           to be considered vectors or scalars,

                = 0  if DX and DY are arrays of lengths M and N respectively,                = 1  if DX and DY are scalars.

           S  contains  the  value  controlling  the  smoothing.    This must be           non-negative.    For  S  equal   to   zero,   the   subroutine   does           interpolation,   larger  values  lead  to  smoother  functions.    If           DX(I)*DY(J) is an approximation to the standard  deviation  of  error           for  observation  (X(I),Y(J),Z(I,J)),  a  reasonable  value  for S is           FLOAT(M*N).

           EPS contains a tolerance on the relative precision to which S  is  to           be  interpreted.  This must be greater than or equal to zero and less           than  or  equal  to  one.     A   reasonable   value   for   EPS   is           SQRT(2./FLOAT(M*N)).

           Z  is an array of the M*N functional values at the grid points, i.e.,           Z(I,J) contains the functional value at (X(I),Y(J)) for I=1,...,M and           J=1,...,N.

           IZ  is  the row dimension of the matrix Z used in the calling program           (IZ .GE. M).

           ZS is an array of at least M*N locations.

           ZSP is an array of at least 3*M*N locations.

           WORK is an  array  of  at  least  7*MAX(M,N)  locations  to  be  used           internally for workspace.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  bi-linear.    If SIGMA equals zero, tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZS contains the smoothed ordinate values.

           ZSP contains the values of the XX-, YY-, and XXYY-partial derivatives           of the smoothed surface at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1   if N is less than 2 or M is less than 2,                = 2  if S is negative,                = 3  if EPS is negative or greater than one,                = 4  if the x-values or Y-values are not strictly increasing,                = 5  if a DX-value or DY-value is non-positive.

           and

           M, N, X, Y, DX, DY, ISW, S, EPS, Z, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      SURFSS, SURFN1, CRVSSA, CRVSSB, TERMS, SNHCSH, and BLAS module SCOPY

                                                                           SURF2

 

 Purpose:

      This function interpolates a surface at a given coordinate  pair  using  a      bi-spline under tension.  The subroutine SURF1 should be called earlier to      determine certain necessary parameters.

  Subprogram Statement:

      FUNCTION SURF2(XX,YY,M,N,X,Y,Z,IZ,ZP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ      REAL XX, YY, X(M), Y(N), Z(IZ,N), ZP(M,N,3), SIGMA

  Status of Parameters:

      On Input:           XX and YY contain the X- and Y-coordinates of the point to be  mapped           onto the interpolating surface.

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           X and Y are arrays containing the X- and Y-grid values, respectively,           each in increasing order.

           Z is a matrix containing the M + N functional values corresponding to           the grid values (i.e., Z(I,J) is  the  surface  value  at  the  point           (X(I),Y(J)) for I=1,...,M and J=1,...N).

           IZ  contains  the  row  dimension  of  the array Z as declared in the           calling program.

           ZP is an array of 3*M*N locations stored  with  the  various  surface           derivative information determined by SURF1.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  M,  N,  X,  Y,  Z, IZ, ZP, and SIGMA should be input           unaltered from the output of SURF1.

      On Output:           SURF2 contains the interpolated surface value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                           SURFD

 

 Purpose:

      This subroutine evaluates  the  function  value,  the  two  first  partial      derivatives,  and the three second partial derivatives of a tensor product      spline under tension in two variables.  The  subroutine  SURF1  should  be      called earlier to determine certain necessary parameters.

  Subprogram Statement:

      SUBROUTINE SURFD(XX,YY,ZZ,ZX,ZY,ZXX,ZXY,ZYY,M,N,X,Y,Z,IZ,ZP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ      REAL  XX,  YY,  ZZ, ZX, ZY, ZXX, ZXY, ZYY, X(M), Y(N), Z(IZ,N), ZP(M,N,3),      SIGMA

  Status of Parameters:

      On Input:           XX and YY contain the X- and Y-coordinates of the point to be  mapped           onto the interpolating surface.

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           X and Y are arrays containing the X- and Y-grid values, respectively,           each in increasing order.

           Z is a matrix containing the M * N functional values corresponding to           the grid values (i.e., Z(I,J) is  the  surface  value  at  the  point           (X(I),Y(J)) for I=1,...,M and J=1,...,N).

           IZ  contains  the  row  dimension  of  the array Z as declared in the           calling program.

           ZP is an array of 3*M*N locations stored  with  the  various  surface           derivative information determined by SURF1.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  M,  N,  X,  Y,  Z, IZ, ZP, and SIGMA should be input           unaltered from the output of SURF1.

      On Output:           ZZ contains the interpolated function value.

           ZX and ZY contain the X- and Y-partial derivatives, respectively.

           ZXX, ZXY, and ZYY contain the XX-, XY-, and  YY-partial  derivatives,           respectively.

           and

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                           SURFI

 

 Purpose:

      This  function  integrates  a  surface specified by a spline under tension      within a rectangle.  The subroutine SURF1  should  be  called  earlier  to      determine necessary parameters.

  Subprogram Statement:

      FUNCTION SURFI(XL,XU,YL,YU,M,N,X,Y,Z,IZ,ZP,T,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N, IZ      REAL XL, XU, YL, YU, X(M), Y(N), Z(IZ,N), ZP(M,N,3), T(M,2), SIGMA

  Status of Parameters:

      On Input:           XL  and  XU  contain the upper and lower limits of integration in the           X-direction, respectively.  (XL need not be less than or equal to XU,           SURFI(XL,XU,...) .EQ. -SURFI(XU,XL,...)).

           YL  and  YU  contain the upper and lower limits of integration in the           Y-direction, respectively.  (YL need not be less than or equal to YU,           SURFI(...,YL,YU,...) .EQ. -SURFI(...,YU,YL,...)).

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           X and Y are arrays containing the X- and Y-grid values, respectively,           each in increasing order.

           Z  is  a  matrix containing the M * N functional values corresponding           the the grid values (i.e., Z(I,J) is the surface value at  the  point           (X(I),Y(J)) for I=1,...,M and J=1,...,N).

           IZ  contains  the  row  dimension  of  the array Z as declared in the           calling program.

           ZP is an array of 3*M*N locations stored  with  the  various  surface           derivative information determined by SURF1.

           T  is  an array of at least 2 * M locations which is used for scratch           storage.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters M, N, X, Y, Z, IZ,  ZP,  and  SIGMA  should  be  input           unaltered from the output of SURF1.

      On Output:           SURFI contains the integral value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                          BSURF2

 

 Purpose:

      This  subroutine  maps  values  onto  a  surface  at every point of a grid      equally spaced in both x and y coordinates.  The surface interpolation  is      performed  using  a bi-spline under tension.  The subroutine BSURF1 should      be called earlier to determine certain  necessary  parameters.    In  both      BSURF1  and  BSURF2,  the original grid is assumed to be equally spaced in      the x and y coordinates.

  Subprogram Statement:

      SUBROUTINE BSURF2(DXMIN,DXMAX,MD,DYMIN,DYMAX,ND,DZ,IDZ,M,N,XMIN,XMAX,                        YMIN,YMAX,Z,IZ,ZP,WORK,SIGMA)

 Type and Dimension of Parameters:

      INTEGER MD, ND, IDZ, M, N, IZ      REAL DXMIN, DXMAX, DYMIN, DYMAX, DZ(IDZ,ND), XMIN, XMAX, YMIN, YMAX,           Z(IZ,N), ZP(M,N,3), WORK(4,MD), SIGMA

  Status of Parameters:

      On Input:           DXMIN and DXMAX contain the lower and upper limits, respectively,  of           the X-coordinates of the second grid.

           MD contains the number of grid lines in the X direction of the second           grid (MD .GE. 1).

           DYMIN and DYMAX contain the lower and upper limits, respectively,  of           the Y-coordinates of the second grid.

           ND contains the number of grid lines in the Y direction of the second           grid (ND .GE. 1).

           IDZ contains the row dimension of the array DZ  as  declared  in  the           calling program.

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           XMIN and XMAX are the lower and upper limits,  respectively,  of  the           grid in the X direction.

           YMIN  and  YMAX  are the lower and upper limits, respectively, of the           grid in the Y direction.

           Z is a matrix containing the M * N functional values corresponding to           the  grid  values  (i.e.,  Z(I,J)  is  the surface value at the point           (X(I),Y(J)) for I=1,...,M and J=1,...,N, where  X(I)  represents  the           I-th  equispaced  X  value  and Y(J) represents the J-th equispaced Y           value).

           IZ contains the row dimension of the  array  Z  as  declared  in  the           calling program.

           ZP  is  an  array  of 3*M*N locations stored with the various surface           derivative information determined by SURF1.

           WORK is an  array  of  4*MD  locations  to  be  used  internally  for           workspace.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  M,  N,  XMIN, XMAX, YMIN, YMAX, Z, IZ, ZP, and SIGMA           should be input unaltered from the output of BSURF1.

      On Output:           DZ contains the MD by ND array of surface values interpolated at  the           points of the second grid.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          XSURF2

 

 Purpose:

      This  subroutine  maps  values  onto  a  surface  at every point of a grid      equally spaced in both x and y coordinates.  The surface interpolation  is      performed  using  a bi-spline under tension.  The subroutine XSURF1 should      be called earlier to determine certain  necessary  parameters.    In  both      XSURF1  and  XSURF2,  the original grid is assumed to be equally spaced in      the x coordinate.

  Subprogram Statement:

      SUBROUTINE XSURF2(DXMIN,DXMAX,MD,DYMIN,DYMAX,ND,DZ,IDZ,M,N,                        XMIN,XMAX,Y,Z,IZ,ZP,WORK,SIGMA)

 Type and Dimension of Parameters:

      INTEGER MD, ND, IDZ, M, N, IZ      REAL DXMIN, DXMAX, DYMIN, DYMAX, DZ(IDZ,ND), XMIN, XMAX, Y(N),           Z(IZ,N), ZP(M,N,3), WORK(4,MD), SIGMA

  Status of Parameters:

      On Input:           DXMIN and DXMAX contain the lower and upper limits, respectively,  of           the X-coordinates of the second grid.

           MD contains the number of grid lines in the X direction of the second           grid (MD .GE. 1).

           DYMIN and DYMAX contain the lower and upper limits, respectively,  of           the Y-coordinates of the second grid.

           ND contains the number of grid lines in the Y direction of the second           grid (ND .GE. 1).

           IDZ contains the row dimension of the array DZ  as  declared  in  the           calling program.

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           XMIN and XMAX are the lower and upper limits,  respectively,  of  the           grid in the X direction.

           Y is an array containing the Y grid values in increasing order.

           Z is a matrix containing the M * N functional values corresponding to           the grid values (i.e., Z(I,J) is  the  surface  value  at  the  point           (X(I),Y(J))  for  I=1,...,M  and J=1,...,N, where X(I) represents the           I-th equispaced X value).

           IZ contains the row dimension of the  array  Z  as  declared  in  the           calling program.

           ZP  is  an  array  of 3*M*N locations stored with the various surface           derivative information determined by SURF1.

           WORK is an  array  of  4*MD  locations  to  be  used  internally  for           workspace.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  M,  N, XMIN, XMAX, Y, Z, IZ, ZP, and SIGMA should be           input unaltered from the output of XSURF1.

      On Output:           DZ contains the MD by ND array of surface values interpolated at  the           points of the second grid.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          YSURF2

 

 Purpose:

      This  subroutine  maps  values  onto  a  surface  at every point of a grid      equally spaced in both x and y coordinates.  The surface interpolation  is      performed  using  a bi-spline under tension.  The subroutine YSURF1 should      be called earlier to determine certain  necessary  parameters.    In  both      YSURF1  and  YSURF2,  the original grid is assumed to be equally spaced in      the y coordinate.

  Subprogram Statement:

      SUBROUTINE YSURF2(DXMIN,DXMAX,MD,DYMIN,DYMAX,ND,DZ,IDZ,M,N,                        X,YMIN,YMAX,Z,IZ,ZP,WORK,SIGMA)

 Type and Dimension of Parameters:

      INTEGER MD, ND, IDZ, M, N, IZ      REAL DXMIN, DXMAX, DYMIN, DYMAX, DZ(IDZ,ND), X(M), YMIN, YMAX, Z(IZ,N),           ZP(M,N,3), WORK(4,MD), SIGMA

  Status of Parameters:

      On Input:           DXMIN and DXMAX contain the lower and upper limits, respectively,  of           the X-coordinates of the second grid.

           MD contains the number of grid lines in the X direction of the second           grid (MD .GE. 1).

           DYMIN and DYMAX contain the lower and upper limits, respectively,  of           the Y-coordinates of the second grid.

           ND contains the number of grid lines in the Y direction of the second           grid (ND .GE. 1).

           IDZ contains the row dimension of the array DZ  as  declared  in  the           calling program.

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           X is an array containing the X grid values in increasing order.

           YMIN and YMAX are the lower and upper limits,  respectively,  of  the           grid in the Y direction.

           Z is a matrix containing the M * N functional values corresponding to           the grid values (i.e., Z(I,J) is  the  surface  value  at  the  point           (X(I),Y(J))  for  I=1,...,M  and J=1,...,N, where Y(J) represents the           J-th equispaced Y value).

           IZ contains the row dimension of the  array  Z  as  declared  in  the           calling program.

           ZP  is  an  array  of 3*M*N locations stored with the various surface           derivative information determined by YSURF1.

           WORK is an  array  of  4*MD  locations  to  be  used  internally  for           workspace.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  M,  N, X, YMIN, YMAX, Z, IZ, ZP, and SIGMA should be           input unaltered from the output of YSURF1.

      On Output:           DZ contains the MD by ND array of surface values interpolated at  the           points of the second grid.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          NSURF2

 

 Purpose:

      This  subroutine  maps  values  onto  a  surface  at every point of a grid      equally spaced in both x and y coordinates.  The surface interpolation  is      performed using a bi-spline under tension.  The subroutine SURF1 or NSURF1      should be called earlier to determine certain necessary parameters.

  Subprogram Statement:

      SUBROUTINE NSURF2(DXMIN,DXMAX,MD,DYMIN,DYMAX,ND,DZ,IDZ,M,N,X,Y,                        Z,IZ,ZP,WORK,SIGMA)

 Type and Dimension of Parameters:

      INTEGER MD, ND, IDZ, M, N, IZ      REAL DXMIN, DXMAX, DYMIN, DYMAX, DZ(IDZ,ND), X(M), Y(N), Z(IZ,N),           ZP(M,N,3), WORK(4,MD), SIGMA

  Status of Parameters:

      On Input:           DXMIN and DXMAX contain the lower and upper limits, respectively,  of           the X-coordinates of the second grid.

           MD contains the number of grid lines in the X direction of the second           grd (MD .GE. 1).

           DYMIN and DYMAX contain the lower and upper limits, respectively,  of           the Y-coordinates of the second grid.

           ND contains the number of grid lines in the Y direction of the second           grid (ND .GE. 1).

           IDZ contains the row dimension of the array DZ  as  declared  in  the           calling program.

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           X and Y are arrays containing the X- and Y-grid values, respectively,           each in increasing order.

           Z is a matrix containing the M * N functional values corresponding to           the grid values (i.e., Z(I,J) is  the  surface  value  at  the  point           (X(I),Y(J)) for I=1,...,M and J=1,...,N).

           IZ  contains  the  row  dimension  of  the array Z as declared in the           calling program.

           ZP is an array of 3*M*N locations stored  with  the  various  surface           derivative information determined by SURF1.

           WORK  is  an  array  of  4*MD  locations  to  be  used internally for           workspace.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters M, N, X, Y, Z, IZ,  ZP,  and  SIGMA  should  be  input           unaltered from the output of SURF1 or NSURF1.

      On Output:           DZ  contains the MD by ND array of surface values interpolated at the           points of the second grid.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          BSURF3

 

 Purpose:

      This subroutine maps values onto a  surface  at  every  point  of  a  grid      equally  spaced in both x and y coordinates.  The surface interpolation is      performed using a bi-spline under tension.  The subroutine  BSURF1  should      be  called  earlier  to  determine  certain necessary parameters.  In both      BSURF1 and BSURF3, the original grid is assumed to be  equally  spaced  in      the  x  and  y coordinates.  The surface values along horizontal lines are      output one by one (starting with the line with  largest  y-coordinate)  by      calling a user provided subroutine.

  Subprogram Statement:

      SUBROUTINE BSURF3(DXMIN,DXMAX,MD,DYMIN,DYMAX,ND,DZT,M,N,                        XMIN,XMAX,YMIN,YMAX,Z,IZ,ZP,WORK,SIGMA,LINOUT)

 Type and Dimension of Parameters:

      INTEGER MD, ND, IZ, M, N, IZ      REAL DXMIN, DXMAX, DYMIN, DYMAX, DZT(MD), XMIN, XMAX, YMIN, YMAX, Z(IZ,N),           ZP(M,N,3), WORK(4,MD), SIGMA

  Status of Parameters:

      On Input:           DXMIN  and DXMAX contain the lower and upper limits, respectively, of           the X-coordinates of the second grid.

           MD contains the number of grid lines in the X direction of the second           grid (MD .GE. 1).

           DYMIN  and DYMAX contain the lower and upper limits, respectively, of           the Y-coordinates of the second grid.

           ND contains the number of grid lines in the Y direction of the second           grid (ND .GE. 1).

           DZT is an array of at least MD locations.

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           XMIN and XMAX are the lower and upper limits,  respectively,  of  the           grid in the X direction.

           YMIN  and  YMAX  are the lower and upper limits, respectively, of the           grid in the Y direction.

           Z is a matrix containing the M * N functional values corresponding to           the  grid  values  (i.e.,  Z(I,J)  is  the surface value at the point           (X(I),Y(J)) for I=1,...,M and J=1,...,N, where  X(I)  represents  the           I-th  equispaced  X  value  and Y(J) represents the J-th equispaced Y           value).

           IZ contains the row dimension of the  array  Z  as  declared  in  the           calling program.

           ZP  is  an  array  of 3*M*N locations stored with the various surface           derivative information determined by SURF1.

           WORK is an  array  of  4*MD  locations  to  be  used  internally  for           workspace.

           SIGMA contains the tension factor (its sign is ignored).

           and

           LINOUT  is the name of a user provided subroutine with parameters DZT           and MD which accepts a vector  DZT  of  MD  surface  values  along  a           horizontal  line.  The routine is called ND times by NSURF3, once for           each horizontal line moving from DYMAX and  DYMIN.    The  subroutine           LINOUT should be declared external in the calling program.

           The  parameters  M,  N,  XMIN, XMAX, YMIN, YMAX, Z, IZ, ZP, and SIGMA           should be input unaltered from the output of BSURF1.

      On Output:           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          XSURF3

 

 Purpose:

      This subroutine maps values onto a  surface  at  every  point  of  a  grid      equally  spaced in both x and y coordinates.  The surface interpolation is      performed using a bi-spline under tension.  The subroutine  XSURF1  should      be  called  earlier  to  determine  certain necessary parameters.  In both      XSURF1 and XSURF3, the original grid is assumed to be  equally  spaced  in      the  X  coordinate.   The surface values along horizontal lines are output      one by one (starting with the  line  with  the  largest  Y-coordinate)  by      calling a user provided subroutine.

  Subprogram Statement:

      SUBROUTINE XSURF3(DXMIN,DXMAX,MD,DYMIN,DYMAX,ND,DZT,M,N,XMIN,                        XMAX,Y,Z,IZ,ZP,WORK,SIGMA,LINOUT)

 Type and Dimension of Parameters:

      INTEGER MD, ND, M, N, IZ      REAL DXMIN, DXMAX, DYMIN, DYMAX, DZT(MD), XMIN, XMAX,           Y(N), Z(IZ,N), ZP(M,N,3), WORK(4,MD), SIGMA

  Status of Parameters:

      On Input:           DXMIN  and DXMAX contain the lower and upper limits, respectively, of           the X-coordinates of the second grid.

           MD contains the number of grid lines in the X direction of the second           grid (MD .GE. 1).

           DYMIN  and DYMAX contain the lower and upper limits, respectively, of           the Y-coordinates of the second grid.

           ND contains the number of grid lines in the Y direction of the second           grid (ND .GE. 1).

           DZT is an array of at least MD locations.

           M  and N contain the number of grid lines in the X- and Y-directions,           respectively, of the rectangular grid which specified the surface.

           XMIN and XMAX are the lower and upper limits,  respectively,  of  the           grid in the X direction.

           Y is an array containing the Y grid values in increasing order.

           Z is a matrix containing the M * N functional values corresponding to           the grid values (i.e., Z(I,J) is  the  surface  value  at  the  point           (X(I),Y(J))  for  I=1,...,M  and J=1,...,N, where X(I) represents the           I-th equispaced X value).

           IZ contains the row dimension of the  array  Z  as  declared  in  the           calling program.

           ZP  is  an  array  of 3*M*N locations stored with the various surface           derivative information determined by SURF1.

           WORK is an  array  of  4*MD  locations  to  be  used  internally  for           workspace.

           SIGMA contains the tension factor (its sign is ignored).

           and

           LINOUT  is the name of a user provided subroutine with parameters DZT           and MD which accepts a vector  DZT  of  MD  surface  values  along  a           horizontal  line.  The routine is called ND times by NSURF3, once for           each horizontal line moving from DYMAX and  DYMIN.    The  subroutine           LINOUT should be declared external in the calling program.

           The  parameters  M,  N, XMIN, XMAX, Y, Z, IZ, ZP, and SIGMA should be           input unaltered from the output of XSURF1.

      On Output:           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          YSURF3

 

 Purpose:

      This subroutine maps values onto a  surface  at  every  point  of  a  grid      equally  spaced in both x and y coordinates.  The surface interpolation is      performed using a bi-spline under tension.  The subroutine  YSURF1  should      be  called  earlier  to  determine  certain necessary parameters.  In both      YSURF1 and YSURF3, the original grid is assumed to be  equally  spaced  in      the  Y  coordinate.   The surface values along horizontal lines are output      one by one (starting with the  line  with  the  largest  Y-coordinate)  by      calling a user provided subroutine.

  Subprogram Statement:

      SUBROUTINE YSURF3(DXMIN,DXMAX,MD,DYMIN,DYMAX,ND,DZT,M,N,X,                        YMIN,YMAX,Z,IZ,ZP,WORK,SIGMA,LINOUT)

 Type and Dimension of Parameters:

      INTEGER MD, ND, M, N, IZ      REAL  DXMIN,  DXMAX,  DYMIN,  DYMAX,  DZT(MD),  X(M), YMIN, YMAX, Z(IZ,N),      ZP(M,N,3)           WORK(4,MD), SIGMA

  Status of Parameters:

      On Input:           DXMIN and DXMAX contain the lower and upper limits, respectively,  of           the X-coordinates of the second grid.

           MD contains the number of grid lines in the X direction of the second           grid (MD .GE. 1).

           DYMIN and DYMAX contain the lower and upper limits, respectively,  of           the Y-coordinates of the second grid.

           ND contains the number of grid lines in the Y direction of the second           grid (ND .GE. 1).

           DZT is an array of at least MD locations.

           M and N contain the number of grid lines in the X- and  Y-directions,           respectively, of the rectangular grid which specified the surface.

           X is an array containing the X grid values in increasing order.

           YMIN  and  YMAX  are the lower and upper limits, respectively, of the           grid in the Y direction.

           Z is a matrix containing the M * N functional values corresponding to           the  grid  values  (i.e.,  Z(I,J)  is  the surface value at the point           (X(I),Y(J)) for I=1,...,M and J=1,...,N, where  Y(J)  represents  the           J-th equispaced Y value.

           IZ  contains  the  row  dimension  of  the array Z as declared in the           calling program.

           ZP is an array of 3*M*N locations stored  with  the  various  surface           derivative information determined by YSURF1.

           WORK  is  an  array  of  4*MD  locations  to  be  used internally for           workspace.

           SIGMA contains the tension factor (its sign is ignored).

           and

           LINOUT is the name of a user provided subroutine with parameters  DZT           and  MD  which  accepts  a  vector  DZT  of MD surface values along a           horizontal line.  The routine is called ND times by NSURF3, once  for           each  horizontal  line  moving  from  DYMAX to DYMIN.  The subroutine           LINOUT should be declared external in the calling program.

           The parameters M, N, X, YMIN, YMAX, Z, IZ, ZP, and  SIGMA  should  be           input unaltered from the output of YSURF1.

      On Output:           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          NSURF3

 

 Purpose:

      This  subroutine  maps  values  onto  a  surface  at every point of a grid      equally spaced in both x and y coordinates.  The surface interpolation  is      performed using a bi-spline under tension.  The subroutine SURF1 or NSURF1      should be called earlier to determine certain necessary parameters.    The      surface values along horizontal lines are output one by one (starting with      the line with largest y-coordinate) by calling a user provided subroutine.

  Subprogram Statement:

      SUBROUTINE NSURF3(DXMIN,DXMAX,MD,DYMIN,DYMAX,ND,DZT,M,N,X,Y,Z,IZ,                        ZP,WORK,SIGMA,LINOUT

  Type and Dimension of Parameters:

      INTEGER MD, ND, M, N, IZ      REAL DXMIN, DXMAX, DYMIN, DYMAX, DZT(MD), X(M), Y(N), Z(IZ,N),           ZP(M,N,3), WORK(4,MD), SIGMA

  Status of Parameters:

      On Input:

           DXMIN and DXMAX contain the lower and upper limits, respectively,  of           the X-coordinates of the second grid.

           MD contains the number of grid lines in the X direction of the second           grid (MD .GE. 1).

           DYMIN and DYMAX contain the lower and upper limits, respectively,  of           the Y-coordinates of the second grid.

           ND contains the number of grid lines in the Y direction of the second           grid (ND .GE. 1).

           DZT is an array of at least MD locations.

           M and N contain the number of grid lines in the X- and  Y-directions,           respectively, of the rectangular grid which specified the surface.

           X and Y are arrays containing the X- and Y-grid values, respectively,           each in increasing order.

           Z is a matrix containing the M * N functional values corresponding to           the  grid  values  (i.e.,  Z(I,J)  is  the surface value at the point           (X(I),Y(J)) for I=1,...,M and J=1,...,N).

           IZ contains the row dimension of the  array  Z  as  declared  in  the           calling program.

           ZP  is  an  array  of 3*M*N locations stored with the various surface           derivative information determined by SURF1.

           WORK is an  array  of  4*MD  locations  to  be  used  internally  for           workspace.

           SIGMA contains the tension factor (its sign is ignored).

           and

           LINOUT  is the name of a user provided subroutine with parameters DZT           and MD which accepts a vector  DZT  of  MD  surface  values  along  a           horizontal  line.  The routine is called ND times by NSURF3, once for           each horizontal line moving from DYMAX  to  DYMIN.    The  subroutine           LINOUT should be declared external in the calling program.

           The  parameters  M,  N,  X,  Y,  Z, IZ, ZP, and SIGMA should be input           unaltered from the output of SURF1 or NSURF1.

      On Output:           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          SURFB1

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory  function  on  a  two  dimensional  rectangular  grid.   The      function determined can be represented as  a  tensor  product  of  splines      under  tension.   For actual mapping of points it is necessary to call the      subroutine  SURFBD,  which  also  returns   first   and   second   partial      derivatives.

  Subprogram Statement:

      SUBROUTINE SURFB1(NX,NY,X,Y,W,NW1,C,VX,VY,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER NX, NY, NW1, IERR      REAL    X(NX),    Y(NY),    W(NW1,NY),   C(NX,NY),   VX(5,NX),   VY(5,NY),      TEMP(3*MAX(NX,NY)), SIGMA

  Status of Parameters:

      On Input:           NX and NY are the number of grid lines in the  X  and  Y  directions,           respectively, of the rectangular grid.  (NX and NY should be at least           2.)

           X and Y are arrays of the NX and NY coordinates of the grid lines  in           the  X  and  Y  directions,  respectively.   These should be strictly           increasing.

           W is an array of the NX * NY functional values at  the  grid  points,           i.e.,  W(I,J)  contains  the  functional  value  at  (X(I),Y(J))  for           I=1,...,NX, and J=1,...,NY.

           NW1 is the first dimension of the array W used in the calling program           (NW1 .GE. NX).

           C  is  an  array  of  at least NX * NY locations.  This parameter may           coincide with W in which case W is destroyed on output.

           VX and VY are arrays of at least  5  *  NX  and  5  *  NY  locations,           respectively.

           TEMP  is  an array of at least 3 * MAX(NX,NY) locations which is used           for scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately bi-linear.  If SIGMA equals  zero  tensor  products  of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           C contains the coefficients of a representation of  the  interpolated           function in a B-spline tensor production form.

           VX and VY contain B-spline under tension basis data.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if NX or NY is less than 2,                = 2  if the X- or Y-arrays are not strictly increasing.

           and

           None  of the input parameters are altered (except W if this parameter           and C are identical in the calling sequence).

  Referenced Package Subprograms:

      VGEN, TERMS, SNHCSH, TRIDEC, TRISLM

                                                                          NBTOH2

 

 Purpose:

      This subroutine obtains  a  hermite  interpolation  representation  (i.e.,      function  values  and  second  partial  derivatives) for a two dimensional      spline from a B-spline basis representation.  The  spline  is  assumed  to      have natural end conditions.

  Subprogram Statement:

      SUBROUTINE NBTOH2(NX,NY,C,VX,VY,Z,IZ,ZP)

 Type and Dimension of Parameters:

      INTEGER NX, NY, IZ      REAL C(NX,NY), VX(5,NX), VY(5,NY), Z(IZ,NY), ZP(NX,NY,3)

  Status of Parameters:

      On Input:           NX  and  NY  are  the number of grid lines in the X and Y directions,           respectively, of the rectangular grid which specified the function.

           C is an array of coefficients describing the function in terms  of  a           B-spline  under tension basis.  In the expansion of the function, for           I=1,...,NX and J=1,...,NY, the coefficient multiplying the product of           basis function I in X and basis function J in Y is stored in C(I,J).

           VX  and  VY  are  arrays  of  length  5*NX  and  5*NY,  respectively,           containing the B-spline basis data for the X- and Y-grids.

           Z is an array of at least NX * NY locations.

           IZ is the row dimension of the matrix Z used in the  calling  program           (IZ .GE. NX).

           and

           ZP is an array of at least 3 * NX * NY locations.

           The  parameters  NX, NY, C, VX, and VY should be input unaltered from           the output of SURF1.

      On Output:           Z is an array of the NX * NY functional values at  the  grid  points,           i.e.,  Z(I,J)  contains  the  functional  value  at  (X(I),Y(J))  for           I=1,...,NX and J=1,...,NY.

           ZP contains the values of the XX-, YY-, and XXYY-partial  derivatives           of the surface at the given nodes.

           and

           NX, NY, C, VX, VY, and IZ are unaltered.

  Referenced Package Subprograms:

      SUM

                                                                          SURFBD

 

 Purpose:

      This  subroutine  evaluates  the  function  value,  the  two first partial      derivatives, and the three second partial derivatives of a tensor  product      spline under tension in two variables.

  Subprogram Statement:

      SUBROUTINE SURFBD(XX,YY,W,WX,WY,WXX,WXY,WYY,NX,NY,X,Y,C,VX,VY,SIGMA)

 Type and Dimension of Parameters:

      INTEGER NX, NY      REAL XX, YY, W, WX, WY, WXX, WXY, WYY, X(NX), Y(NY), VX(5,NX),           VY(5,NY), C(NX,NY), SIGMA

  Status of Parameters:

      On Input:           XX  and YY contain the X- and Y-coordinates of the point at which the           interpolation is to be performed.

           NX and NY are the number of grid lines in the  X  and  Y  directions,           respectively, of the rectangular grid which specified the function.

           X and Y are arrays containing the X- and Y-grid values, respectively.

           C  is  an array of coefficients describing the function in terms of a           B-spline under tension basis.  In the expansion of the function,  for           I=1,...,NX and J=1,...,NY, the coefficient multiplying the product of           basis function I in X and basis function J in Y is stored in C(I,J).

           VX  and  VY  are  arrays  of  length  5*NX  and  5*NY,  respectively,           containing the B-spline basis data for the X- and Y-grids.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters NX, NY, X, Y, Z, C, VX, VY, and SIGMA should be input           unaltered from the output of SURFB1.

      On Output:           W contains the interpolated function value.

           WX and WY contain the X- and Y-partial derivatives, respectively.

           WXX, WXY, and WYY contain the XX-, XY-, and  YY-partial  derivatives,           respectively.

           and

           None of the input parameters are altered.

  Referenced Package Subprograms:

      DSPLNZ, INTRVL, SNHCSH

 

 

 

 

                         IV.3.2 One Period and Non-Polar

                                                                          SURFA1

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolatory surface passing through function values specified on a  grid      which is periodic in the second independent variable and non-polar in both      variables.  The surface  determined  can  be  represented  as  the  tensor      product  of  splines  under  tension.   Certain partial derivatives at the      boundary are needed.  These may be  specified  or  omitted.    For  actual      mapping  of  the  points  onto  the  surface  it  is necessary to call the      function SURFA2.

  Subprogram Statement:

      SUBROUTINE SURFA1(M,N,R,THETA,P,Z,IZ,ZR1,ZRM,ISLPSW,ZP,TEMP,      SIGMA,ISTAR,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, ISLPSW, ISTAR, IERR      REAL R(M), THETA(N), P, Z(IZ,N), ZR1(N), ZRM(N), ZP(M,N,3),           TEMP(1), SIGMA

  Status of Parameters:

      On Input:           M is the number of R-values in the grid (M .GE. 2).

           N is the number of THETA-values in the grid (N .GE. 2).

           R  is an array of the M R-coordinates in the grid.  The values should           be positive and strictly increasing.

           THETA is an array of the N THETA-coordinates in the grid.  If  a  ray           with   its   endpoint   at   the   origin   sweeps   the  plane  from           THETA(1) to THETA(2) to ... to THETA(N), it must move continuously in           a  counterclockwise  direction.    Either  the  sequence  is strictly           increasing  and  satisfies   THETA(N)   -   THETA(1)   .LT.   P,   or           THETA(N)  .LT.  THETA(1) and there is an index, ISTAR, so that if the           elements of the sequence whose indices are greater than or  equal  to           ISTAR are increased by P, then the sequence is strictly increasing.

           P is the period for THETA.

           Z  is  an  array  of  the  M  * N function values at the grid points.           Z(I,J) contains the function value at (R(I),THETA(J))  for  I=1,...,M           and J=1,...,N.

           IZ  is  the row dimension of the matrix Z used in the calling program           (IZ .GE. M).

           ZR1 is an array of N partial derivatives with respect to R along  the           line R = R(1).  ZR1(J) is the partial derivative with respect to R at           (R(1),THETA(J)) for J=1,...,N.

           ZRM is an array of N partial derivatives with respect to R along  the           line R = R(M).  ZRM(J) is the partial derivative with respect to R at           (R(M),THETA(J)) for J=1,...,N.

           ISLPSW is a switch indicating which boundary  derivative  information           is user supplied and which is estimated.           ISLPSW                = 0  if all the derivatives are supplied.                = 1  if ZR1 is supplied and ZRM is estimated.                = 10 if ZR1 is estimated and ZRM is supplied.                = 11 if all derivatives are to be estimated.

           ZP is an array of at least 3 * M * N locations.

           TEMP is an array of at least 5 * MAX(M,N) locations which is used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately bi-linear.  If SIGMA equals zero,  tensor  products  of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP contains the partial derivative values necessary for evaluation of           the function.

           ISTAR  is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR is           0 if the THETA-values are strictly increasing.

           IERR contains an error flag.

                = 0  if normal return,                = 1  if N .LT. 2 .OR. M .LT. 2,                = 2  if R values are not strictly increasing or if THETA  values                     are not specified correctly,                = 4  if period is too small for data.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      BDRYN,  CEEZ,  CHEKIN,  DELR,  MATNN,  MATNP, RHSNN, RHSNP, SNHCSH, TERMS,      TRDEC, TRIDEP, TRSOL, and TRISOP and BLAS modules SAXPY, SCOPY, and SSCAL.

                                                                          SURFA2

 

 Purpose:

      This function  interpolates  a  surface  at  the  point  (RR,TT)  using  a      bi-spline  under  tension  when  the  surface  is  periodic  in the second      independent variable and non-polar in both variables.   Subroutine  SURFA1      should   have  been  called  previously  to  determine  certain  necessary      parameters.

  Subprogram Statement:

      FUNCTION SURFA2(RR,TT,M,N,R,THETA,P,Z,IZ,ZP,ISTAR,SIGMA)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ      REAL RR, TT, P, R(M), THETA(N), Z(IZ,N), ZP(M,N,3), SIGMA

  Status of Parameters:

      On Input:           RR and TT contain the R- and THETA-coordinates of  the  point  to  be           mapped onto the interpolating surface.

           M   and   N   contain  the  number  of  grid  lines  in  the  R-  and           THETA-directions, respectively,  of  the  grid  which  specified  the           surface.

           R  and  THETA  are  arrays  containing  the R- and THETA-grid values,           respectively.  The R-array must be strictly  increasing.    If  P  is           added  to  all  THETA array elements whose index is ISTAR or greater,           then the resulting array is strictly increasing.

           Z is an array of M * N function values.  In cylindrical  coordinates,           (R(I),THETA(J),Z(I,J)) is a point on the surface being interpolated.

           IZ  contains  the  row  dimension  of  the array Z as declared in the           calling program.

           ZP is an array of  3  *  M  *  N  locations  containing  the  surface           derivative information determined by SURFA1.

           ISTAR  is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR is           zero if the THETA values are strictly increasing.

           and

           SIGMA contains the tension factor.

           The parameters M, N, R, THETA, P, Z, IZ, SIGMA, ZP, and ISTAR  should           be input unaltered from the output of SURFA1.

      On Output:           SURFA2 is the interpolated surface value.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      INTRVL, INTRVP, SNHCSH

 

 

 

 

                        IV.3.3 Non-Periodic and One Pole

                                                                          SURFW1

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolatory  surface  passing  through   function   values   which   are      non-periodic  in both variables and have one pole in the first independent      variable.  The surface determined can be represented as the tensor product      of splines under tension.  Certain partial derivatives at the boundary are      needed.  These may be specified or omitted.  For  actual  mapping  of  the      points on the surface it is necessary to call the function SURFW2.

  Subprogram Statement:

      SUBROUTINE SURFW1(M,N,R,THETA,Z,IZ,ZR10,ZR190,ZRM,ZT1,ZTN,                        ZRTM1,ZRTMN,ISLPSW,ZP,TEMP,SIGMA,ISTAR,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, ISLPSW, ISTAR, IERR      REAL R(M), THETA(N), Z(IZ,N), ZR10, ZR190, ZRM(N),ZT1(M),           ZTN(M), ZRTM1, ZRTMN, ZP(M,N,3), TEMP(1), SIGMA

  Status of Parameters:

      On Input:           M is the number of R-values in the grid (M .GE. 2).

           N is the number of THETA-values in the grid (M .GE. 2).

           R  is  an array of the M R-coordinates in the grid.  R(1) = 0. is the           pole and the values should be strictly increasing.

           THETA is an array of the N THETA-coordinates in the grid.  If  a  ray           with   its   endpoint   at   the   origin   sweeps   the  plane  from           THETA(1) to THETA(2) to ... to THETA(N), it must move continuously in           a  counterclockwise  direction.    Either  the  sequence  is strictly           increasing  and  satisfies  THETA(N)  -  THETA(1)   .LT.   360.,   or           THETA(N)  .LT.  THETA(1) and there is an index, ISTAR, so that if the           elements of the sequence whose indices are greater than or  equal  to           ISTAR   are   increased  by  360.,  then  the  sequence  is  strictly           increasing.

           Z is an array of the M *  N  function  values  at  the  grid  points.           Z(I,J) contains the functional value at (R(I),THETA(J)) for I=1,...,M           and J=1,...,N.

           IZ is the row dimension of the matrix Z used in the  calling  program           (IZ .GE. M).

           ZR10  is  the  value  of  the partial derivative with respect to R at           (0.,0.) = (R(1),0.).

           ZR190 is the value of the partial derivative with  respect  to  R  at           (0.,90.) = (R(1),90.).

           ZRM  is an array of N partial derivatives with respect to R along the           line R = R(M).  ZRM(J) is the partial derivative with respect to R at           (R(M),THETA(J)) for J=1,...,N.

           ZT1  is an array of M partial derivatives with respect to THETA along           the line THETA = THETA(1).  ZT1(I) is  the  partial  derivative  with           respect to THETA at (R(I),THETA(1)) for I=1,...,M.

           ZTN  is an array of M partial derivatives with respect to THETA along           the line THETA = THETA(N).  ZTN(I) is  the  partial  derivative  with           respect to THETA at (R(I),THETA(N)) for I=1,...,M.

           ZRTM1 is the second mixed partial derivative at (R(M),THETA(1)).

           ZRTMN is the second mixed partial derivative at (R(M),THETA(N)).

           ISLPSW  is  a switch indicating which boundary derivative information           is user supplied and which is estimated.  ISLPSW is a 6-digit decimal           number.   A zero digit signifies that the corresponding derivative is           supplied.  A non-zero digit instructs the module to  approximate  the           derivatives.  From left to right the derivatives are

               ZRTMN  ZRTM1  ZTN  ZT1  ZRM  ZR1.

           ISLPSW = 0 means all derivatives are supplied.  ISLPSW = 111111 means           all derivatives will be approximated.

           ZP is an array of at least 3 * M * N locations.

           TEMP is an array of at least 3 * MAX(M,N) locations which is used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  bi-linear.    If SIGMA equals zero, tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP contains the partial derivative values necessary for evaluation of           the function.

           ISTAR is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR  is           0 if the THETA-values are strictly increasing.

           IERR contains an error flag,

                = 0  if normal return,                = 1  if N .LT. 2 .OR. M .LT. 2,                = 2  if  R values are not strictly increasing or if THETA values                     are not specified correctly,                = 3  if R(1) .NE. 0.,                = 4  if the range of THETA-values is too large.

           and

           M, N, R, Z, IZ,  ISLPSW,  ZRM,  ZTN,  ZRTM1,  ZRTMN,  and  SIGMA  are           unaltered.

  Referenced Package Subprograms:

      BDRYN,  BDRYP,  CEEZ,  CHEKIN,  DELR,  LSTSQ, MATNN, RHSNN, SNHCSH, TERMS,      TRDEC, and TRSOL and BLAS modules SAXPY, SCOPY, SDOT, SNRM2, and SSCAL.

                                                                          SURFW2

 

 Purpose:

      This function  interpolates  a  surface  at  the  point  (RR,TT)  using  a      bi-spline under tension when the surface is non-periodic in both variables      and has one pole in the first independent  variable.    Subroutine  SURFW1      should   have  been  called  previously  to  determine  certain  necessary      parameters.

  Subprogram Statement:

      FUNCTION SURFW2(RR,TT,M,N,R,THETA,Z,IZ,ZP,ISTAR,SIGMA)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ      REAL RR, TT, R(M), THETA(N), Z(IZ,N), ZP(M,N,3), SIGMA

  Status of Parameters:

      On Input:           RR and TT contain the R- and THETA-coordinates of  the  point  to  be           mapped onto the interpolating surface.

           M   and   N   contain  the  number  of  grid  lines  in  the  R-  and           THETA-directions, respectively,  of  the  grid  which  specified  the           surface.

           R  and  THETA  are  arrays  containing  the R- and THETA-grid values,           respectively.  The R-array must be strictly  increasing.    If  P  is           added  to  all  THETA array elements whose index is ISTAR or greater,           then the resulting array is strictly increasing.

           Z is an array of M * N function values.  In cylindrical  coordinates,           (R(I),THETA(J),Z(I,J)) is a point on the surface being interpolated.

           IZ  contains  the  row  dimension  of  the array Z as declared in the           calling program.

           ZP is an array of  3  *  M  *  N  locations  containing  the  surface           derivative information determined by SURFW1.

           ISTAR  is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR is           0 if the THETA values are strictly increasing.

           and

           SIGMA contains the tension factor.

           The parameters M, N, R, T, Z, IZ, SIGMA,  ZP,  and  ISTAR  should  be           input unaltered from the output of SURFW1.

      On Output:           SURFW2 is the interpolated surface value.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

 

 

 

 

                         IV.3.4 One Period and One Pole

                                                                          SURFD1

 

 Purpose:

      This  subroutine  returns  parameters necessay to compute an interpolatory      surface passing through function values  specified  on  a  grid  which  is      periodic  in the second independent variable and has one pole in the first      independent variable.  The surface determined can be  represented  as  the      tensor  product  of splines under tension.  Certain partial derivatives at      the boundary are needed.  These may be specified or omitted.   For  actual      mapping  of  the  points  onto  the  surface  it  is necessary to call the      function SURFD2.

  Subprogram Statement:

      SUBROUTINE SURFD1(M,N,R,THETA,Z,IZ,ZR10,ZR190,ZRM,ISLPSW,                        ZP,TEMP,SIGMA,ISTAR,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, ISLPSW, ISTAR, IERR      REAL R(M), THETA(N), Z(IZ,N), ZR10, ZR190, ZRM(N),           ZP(M,N,3), TEMP(1), SIGMA

  Status of Parameters:

      On Input:           M is the number of R-values in the grid (M .GE. 2).

           N is the number of THETA-values in the grid (N .GE. 2).

           R is an array of the M R-coordinates in the grid.  The values  should           be non-negative and strictly increasing.

           THETA  is  an array of the N THETA-coordinates in the grid.  If a ray           with  its  endpoint   at   the   origin   sweeps   the   plane   from           THETA(1) to THETA(2) to ... to THETA(N), it must move continuously in           a counterclockwise  direction.    Either  the  sequence  is  strictly           increasing   and   satisfies   THETA(N)  -  THETA(1)  .LT.  360.,  or           THETA(N) .LT. THETA(1) and there is an index, ISTAR, so that  if  the           elements  of  the sequence whose indices are greater than or equal to           ISTAR  are  increased  by  360.,  then  the  sequence   is   strictly           increasing.

           Z  is  an  array  of  the  M  * N function values at the grid points.           Z(I,J) contains the function value at (R(I),THETA(J))  for  I=1,...,M           and J=1,...,N.

           IZ  is  the row dimension of the matrix Z used in the calling program           (IZ .GE. M).

           ZR10 is the partial derivative with respect to R at (R(1),0.).

           ZR190 is the partial derivative with respect to R at (R(1),90.).

           ZRM is an array of N partial derivatives with respect to R along  the           line R = R(M).  ZRM(J) is the partial derivative with respect to R at           (R(M),THETA(J)) for J=1,...,N.

           ISLPSW is a switch indicating which boundary  derivative  information           is user supplied and which is estimated.  If ISLPSW                = 0  all derivatives are supplied.                = 1  Z10 and Z190 are supplied and ZRM is to be estimated.                = 10 Z10 and Z190 are to be estimated and ZRM is supplied.                = 11 all derivatives are to be estimated.

           ZP is an array of dimension 3 * M * N or more.

           TEMP is an array of at least 5 * MAX(M,N) locations which is used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately bi-linear.  If SIGMA equals zero,  tensor  products  of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP contains the partial derivative values necessary for evaluation of           the function.

           ISTAR  is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR is           0 if the THETA-values are strictly increasing.

           IERR contains an error flag,

                = 0  if normal return,                = 1  if N .LT. 2 .OR. M .LT. 2,                = 2  if R values are not strictly increasing or if THETA  values                     are not specified correctly,                = 3  if R(1) .NE. 0.  (R(1) = 0 is a pole),                = 4  if the range of THETA-values is too large.

           and

           M, N, R, T, Z, IZ, ISLPSW, ZR10, ZR190, ZRM, and SIGMA are unaltered.

  Referenced Package Subprograms:

      BDRYN,  BDRYP,  CEEZ,  CHEKIN,  DELR,  LSTSQ,  MATNN, MATNP, RHSNN, RHSNP,      SNHCSH, TERMS, TRDEC, TRIDEP, TRSOL, and TRISOP and  BLAS  modules  SAXPY,      SCOPY, SDOT, SNRM2, and SSCAL.

                                                                          SURFD2

 

 Purpose:

      This  function  interpolates  a  surface  at  the  point  (RR,TT)  using a      bi-spline under tnesion  when  the  surface  is  periodic  in  the  second      independent  variable  and has one pole in the first independent variable.      Subroutine SURFD1 should have been called previously to determine  certain      necessary parameters.

  Subprogram Statement:

      FUNCTION SURFD2(RR,TT,M,N,R,THETA,Z,IZ,ZP,ISTAR,SIGMA)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ      REAL RR, TT, R(M), THETA(N), Z(IZ,N), ZP(M,N,3), SIGMA

  Status of Parameters:

      On Input:           RR  and  TT  contain  the R- and THETA-coordinates of the point to be           mapped onto the interpolating surface.

           M  and  N  contain  the  number  of  grid  lines  in   the   R-   and           THETA-directions,  respectively,  of  the  grid  which  specified the           surface.

           R and THETA are arrays  containing  the  R-  and  THETA-grid  values,           respectively.    The R-array must be strictly increasing.  If 360. is           added to all THETA array elements whose index  is  ISTAR  or  greaer,           then the resulting array is strictly increasing.

           Z  is an array of M * N function values.  In cylindrical coordinates,           (R(I),THETA(J),Z(I,J)) is a point on the surface being interpolated.

           IZ contains the row dimension of the  array  Z  as  declared  in  the           calling program.

           ZP  is  an  array  of  3  *  M  *  N locations containing the surface           derivative information determined by SURFD1.

           ISTAR is the index for THETA(ISTAR-1) .GT. THETA(ISTAR).    ISTAR  is           zero if the THETA values are strictly increasing.

           and

           SIGMA contains the tension factor.

           The  parameters  M,  N,  R,  T, Z, IZ, SIGMA, ZP, and ISTAR should be           input unaltered from the output of SURFD1.

      On Output:           SURFD2 is the interpolated surface value.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      INTRVL, INTRVP, SNHCSH

 

 

 

 

                               IV.3.5 Two Periods

                                                                          SURFT1

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory  surface passing through function values specified on a grid      which is periodic and non-polar in both variables.  The surface determined      can  be  represented  as the tensor product of splines under tension.  For      actual mapping of the points onto the surface it is necessary to call  the      function SURFT2.

  Subprogram Statement:

      SUBROUTINE SURFT1(M,N,R,THETA,PR,PT,Z,IZ,ZP,TEMP,                        SIGMA,ISTAR,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, ISTAR, IERR      REAL R(M), THETA(N), PR, PT, Z(IZ,N), ZP(M,N,3), TEMP(1),           SIGMA

  Status of Parameters:

      On Input:           M is the number of R-values in the grid (M .GE. 2).

           N is the number of THETA-values in the grid (N .GE. 2).

           R  is  an  array of the M R-coordinates in the grid.  These should be           strictly increasing.

           THETA is an array of the N THETA-coordinates in the grid.  If  a  ray           with   its   endpoint   at   the   origin   sweeps   the  plane  from           THETA(1) to THETA(2) to ... to THETA(N), it must move continuously in           a  counterclockwise  direction.    Either  the  sequence  is strictly           increasing  and  satisfies  THETA(N)   -   THETA(1)   .LT.   PT,   or           THETA(N)  .LT.  THETA(1) and there is an index, ISTAR, so that if the           elements of the sequence whose indices are greater than or  equal  to           ISTAR are increased by PT, then the sequence is strictly increasing.

           PR is the period for R.   PR .GT. ABS(R(M)-R(1)).

           PT is the period for THETA.

           Z  is  an  array  of  the M * N functional values at the grid points.           Z(I,J) contains the functional value at (R(I),THETA(J)) for I=1,...,M           and J=1,...,N.

           IZ  is  the row dimension of the matrix Z used in the calling program           (IZ .GE. M).

           ZP is an array of at least 3 * M * N locations.

           TEMP is an array of at least 5 * MAX(M,N) locations which is used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  bi-linear.    If SIGMA equals zero, tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           ZP contains the partial derivative values necessary for evaluation of           the function.

           ISTAR is the  index  in  the  THETA-domain  where  THETA(ISTAR-1)  is           greater  than  THETA(ISTAR).    ISTAR  =  0  if  the THETA-values are           strictly increasing.

           IERR contains an error flag,

                = 0  if normal return,                = 1  if N .LT. 2 .OR. M .LT. 2,                = 2  if R values are not strictly increasing or if THETA  values                     are not specified correctly,                = 4  if period is too small for data.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      CEEZ,  CHEKIN,  DELR,  MATNP, RHSNP, SNHCSH, TERMS, TRIDEP, and TRISOP and      BLAS modules SAXPY, SCOPY, and SSCAL.

                                                                          SURFT2

 

 Purpose:

      This function  interpolates  a  surface  at  the  point  (RR,TT)  using  a      bi-spline under tension when the surface is periodic in both variables and      non-polar in both variables.  Subroutine SURFT1 should  have  been  called      previously to determine certain necessary parameters.

  Subprogram Statement:

      FUNCTION SURFT2(RR,TT,M,N,R,THETA,PR,PT,Z,IZ,ZP,ISTAR,SIGMA)

 Type and Dimension of Parameters:

      INTEGER M, N, IZ, ISTAR      REAL RR, TT, R(M), THETA(N), PR, PT, Z(IZ,N), ZP(M,N,3),           SIGMA

  Status of Parameters:

      On Input:           RR  and  TT  contain  the R- and THETA-coordinates of the point to be           mapped onto the interpolating surface.

           M  and  N  contain  the  number  of  grid  lines  in   the   R-   and           THETA-directions,  respectively,  of  the  grid  which  specified the           surface.

           R and THETA are arrays  containing  the  R-  and  THETA-grid  values,           respectively.    The  R-array  must  be strictly increasing.  If P is           added to all THETA array elements whose index is  ISTAR  or  greater,           then the resulting array is strictly increasing.

           PR is the period for R.

           PT is the period for THETA.

           Z  is an array of M * N function values.  In cylindrical coordinates,           (R(I),THETA(J),Z(I,J)) is a point on the surface being interpolated.

           IZ contains the row dimension of the  array  Z  as  declared  in  the           calling program.

           ZP  is  an  array  of  3  *  M  *  N locations containing the surface           derivative information determined by SURFT1.

           ISTAR is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR  is           zero if the THETA values are strictly increasing.

           and

           SIGMA contains the tension factor.

           The parameters M, N, R, T, PR, PT, Z, IZ, SIGMA, ZP, and ISTAR should           be input unaltered from the output of SURFT1.

      On Output:           SURFT2 is the interpolated surface value.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      INTRVL, INTRVP, SNHCSH

 

 

 

 

                        IV.3.6 Non-Periodic and Two Poles

                                                                          SURFL1

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory  surface passing through function values specified on a grid      which is non-periodic in both variables and has two  poles  in  the  first      independent  variable.  The surface determined can be represented as a the      tensor product of splines under tension.  Certain partial  derivatives  at      the  boundary  are needed.  These may be specified or omitted.  For actual      mapping of the points onto  the  surface  it  is  necessary  to  call  the      function SURFL2.

  Subprogram Statement:

      SUBROUTINE SURFL1(M,N,PHI,THETA,RHO,IR,RP10,RP190,RPM0,                        RPM90,RT1,RTN,ISLPSW,RP,TEMP,SIGMA,ISTAR,                        IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IR, ISLPSW, IERR, ISTAR      REAL PHI(M), THETA(N), RHO(IR,N), RP10, RP190,           RPM0, RPM90, RT1(M), RTN(M), RP(M,N,3), TEMP(3*MAX(M,N)),           SIGMA

  Status of Parameters:

      On Input:           M is the number of PHI-values in the grid (M .GE. 3).

           N is the number of THETA-values in the grid (N .GE. 2).

           PHI is an array of the M PHI-coordinates in the grid.  PHI(1) = -90.,           PHI(M) = +90., and the values should be strictly increasing.

           THETA is an array of the N THETA-coordinates in the grid.  If  a  ray           with   its   endpoint   at   the   origin   sweeps   the  plane  from           THETA(1) to THETA(2) to ... to THETA(N), it must move continuously in           a  counterclockwise  direction.    Either  the  sequence  is strictly           increasing  and  satisfies  THETA(N)  -  THETA(1)   .LT.   360.,   or           THETA(N)  .LT.  THETA(1) and there is an index, ISTAR, so that if the           elements of the sequence whose indices are greater than or  equal  to           ISTAR   are   increased  by  360.,  then  the  sequence  is  strictly           increasing.

           RHO is an array of the M * N function  values  at  the  grid  points.           RHO(I,J)   contains  the  function  value  at  (PHI(I),THETA(J))  for           I=1,...,M and J=1,...,N.

           IR is the row dimension of the matrix RHO used in the calling program           (IZ .GE. M).

           RP10  is  the  value of the partial derivative with respect to PHI at           (-90,0).

           RP190 is the value of the partial derivative with respect to  PHI  at           (-90,90).

           RPM0  is  the  value of the partial derivative with respect to PHI at           (+90,0).

           RPM90 is the value of the partial derivative with respect to  PHI  at           (+90.,90.).

           RT1  is an array of M partial derivatives with respect to THETA along           the curve THETA = THETA(1).  RT1(I) is the  partial  derivative  with           respect to THETA at (PHI(I),THETA(1)) for I=1,...,M.

           RTN  is an array of M partial derivatives with respect to THETA along           the curve THETA = THETA(N).  RTN(I) is the  partial  derivative  with           respect to THETA at (PHI(I),THETA(N)) for I=1,...,M.

           ISLPSW  is  a switch indicating which boundary derivative information           is user supplied and which is to be estimated.  ISLPSW is  a  4-digit           decimal  number.    A  zero  digit  signifies  that the corresponding           derivative(s) is supplied.  A non-zero digit instructs the module  to           approximate the derivatives.  From left to right the derivatives are

               RTN   RT1   (RPM0   and   RPM90)   (RP10   and   RP190)

           ISLPSW  =  0 means all derivatives are supplied.  ISLPSW = 1111 means           all derivatives will be approximated.

           RP is an array of at least 3 * M * N locations.

           TEMP is an array of at least 3 * MAX(M,N) locations which is used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  bi-linear.    If SIGMA equals zero, tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           RP contains the partial derivative values necessary for evaluation of           the function.

           ISTAR is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR = 0           if the THETA-values are strictly increasing.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N .LT. 2 or M .LT. 3,                = 2  if  PHI  values  are  not  strictly  increasing or if THETA                     values are not specified correctly,                = 3  if PHI(1) and PHI(M) are not poles,                = 4  if the range of THETA-values is too large.

           and

           M, N, PHI, THETA, RHO, IR, ISLPSW, RP10,  RP190,  RPM0,  RPM90,  RT1,           RTN, and SIGMA are unaltered.

  Referenced Package Subprograms:

      BDRYN,  BDRYP,  CEEZ,  CHEKIN,  DELR,  LSTSQ, MATNN, RHSNN, SNHCSH, TERMS,      TRDEC, and TRSOL and BLAS modules SAXPY, SCOPY, SDOT, SNRM2 and SSCAL.

                                                                          SURFL2

 

 Purpose:

      This function  interpolates  a  surface  at  the  point  (PP,TT)  using  a      bi-spline under tension when the surface is non-periodic in both variables      and has two poles in the first independent variable.  SURFL1  should  have      been called previously to determine certain necessary parameters.

  Subprogram Statement:

      FUNCTION SURFL2(PP,TT,M,N,PHI,THETA,R,IR,RP,ISTAR,SIGMA)

 Type and Dimension of Parameters:

      INTEGER M, N, IR      REAL PP, TT, PHI(M), THETA(N), R(IR,N), RP(M,N,3), SIGMA

  Status of Parameters:

      On Input:           PP  and  TT contain the PHI- and THETA-coordinates of the point to be           mapped onto the interpolating surface.

           M  and  N  contain  the  number  of  grid  lines  in  the  PHI-   and           THETA-directions,  respectively,  of  the  grid  which  specified the           surface.

           PHI and THETA are arrays containing the PHI- and  THETA-grid  values,           respectively.    The  PHI-array must be strictly increasing.  If 360.           is added to all THETA-array elements whose index is ISTAR or greater,           then the resulting array is strictly increasing.

           R  is  an  array of M * N function values.  In spherical coordinates,           (PHI(I),THETA(J),R(I,J))  is   a   point   on   the   surface   being           interpolated.

           IR  contains  the  row  dimension  of  the array R as declared in the           calling program.

           RP is an array of  3  *  M  *  N  locations  containing  the  surface           derivative information determined by SURFL1.

           ISTAR  is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR is           zero if the THETA values are strictly increasing.

           and

           SIGMA contains the tension factor.

           The parameters M, N, PHI, THETA, R, IR, SIGMA, RP, and  ISTAR  should           be input unaltered from the output of SURFL1.

      On Output:           SURFL2 is the interpolated surface value.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

 

 

 

 

                          IV.3.7 Periodic and Two Poles

                                                                          SURFS1

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolatory surface passing through function values specified on a  grid      which  is periodic in the second independent variable and has two poles in      the first independent variable.  The surface determined can be represented      as  the  tensor  product  of  splines  under  tension.    Certain  partial      derivatives at the boundary  are  needed.    These  may  be  specified  or      omitted.    For  actual  mapping  of  the  points  onto  the surface it is      necessary to call the function SURFS2.

  Subprogram Statement:

      SUBROUTINE SURFS1(M,N,PHI,THETA,RHO,IR,RP10,RP190,                        RPM0,RPM90,ISLPSW,RP,TEMP,SIGMA,ISTAR,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IR, ISLPSW, IERR      REAL PHI(M), THETA(N), RHO(IR,N), RP10, RP190, RPM0           RPM90, RP(M,N,3), TEMP(1), SIGMA

  Status of Parameters:

      On Input:           M is the number of PHI values in the grid (M .GE. 3).

           N is the number of THETA values in the grid (N .GE. 2).

           PHI is an array of the M PHI-coordinates in the grid.  PHI(1) =  -90,           PHI(M) = +90, and the values should be strictly increasing.

           THETA  is  an array of the N THETA-coordinates in the grid.  If a ray           with  its  endpoint   at   the   origin   sweeps   the   plane   from           THETA(1) to THETA(2) to ... to THETA(N), it must move continuously in           a counterclockwise  direction.    Either  the  sequence  is  strictly           increasing   and   satisfies   THETA(N)  -  THETA(1)  .LT.  360.,  or           THETA(N) .LT. THETA(1) and there is an index, ISTAR, so that  if  the           elements  of  the sequence whose indices are greater than or equal to           ISTAR  are  increased  by  360.,  then  the  sequence   is   strictly           increasing.

           RHO  is  an  array  of  the M * N function values at the grid points.           RHO(I,J)  contains  the  function  value  at  (PHI(I),THETA(J))   for           I=1,...,M and J=1,...,N.

           IR is the row dimension of the matrix RHO used in the calling program           (IR .GE. M).

           RP10 is the value of the partial derivative with respect  to  PHI  at           (-90,0).

           RP190  is  the value of the partial derivative with respect to PHI at           (-90,90).

           RPM0 is the value of the partial derivative with respect  to  PHI  at           (+90,0).

           RPM90  is  the value of the partial derivative with respect to PHI at           (+90,90).

           ISLPSW is a switch indicating which boundary  derivative  information           is user supplied and which is to be estimated.           ISLPSW                = 0  if all derivatives are supplied.                = 1  if  RP10  and  RP190 are to be estimated and RPM0 and RPM90                     are supplied.                = 10 if RP10 and RP190 are supplied and RPM0 and RMP90 are to be                     estimated.                = 11 if all derivatives are to be estimated.

           RP is an array of at least 3 * M * N locations.

           TEMP is an array of at least 5 * MAX(M,N) locations which is used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately bi-linear.  If SIGMA equals zero,  tensor  products  of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           RP contains the partial derivative values necessary for evaluation of           the function.

           ISTAR is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR = 0           if the THETA-values are strictly increasing.

           IERR is an error flag,

                = 0  for normal return,                = 1  if N .LT. 2 or M .LT. 3,                = 2  if PHI values are  not  strictly  increasing  or  if  THETA                     values are not specified correctly,                = 3  if PHI(1) and PHI(M) are not poles,                = 4  if the range of THETA-values is too large.

           and

           M, N, PHI, THETA, RHO, IR, ISLPSW, RP10, RP190, RPM0, RPM90 and SIGMA           are unaltered.

  Referenced Package Subprograms:

      BDRYP, CEEZ, CHEKIN, DELR, LSTSQ,  MATNN,  MATNP,  RHSNN,  RHSNP,  SNHCSH,      TERMS,  TRDEC,  TRIDEP,  TRSOL,  and TRISOP and BLAS modules SAXPY, SCOPY,      SDOT, SNRM2, and SSCAL.

                                                                          SURFS2

 

 Purpose:

      This function  interpolates  a  surface  at  the  point  (PP,TT)  using  a      bi-spline under tension when the surface is periodic in both variables and      has two poles in the first independent variable.  SURFL1 should have  been      called previously to determine certain necessary parameters.

  Subprogram Statement:

      FUNCTION SURFS2(PP,TT,M,N,PHI,THETA,R,IR,RP,ISTAR,SIGMA)

 Type and Dimension of Parameters:

      INTEGER M, N, IR      REAL PP, TT, PHI(M), THETA(N), R(IR,N), RP(M,N,3), SIGMA

  Status of Parameters:

      On Input:           PP  and  TT contain the PHI- and THETA-coordinates of the point to be           mapped onto the interpolating surface.

           M  and  N  contain  the  number  of  grid  lines  in  the  PHI-   and           THETA-directions,  respectively,  of  the  grid  which  specified the           surface.

           PHI and THETA are arrays containing the PHI- and  THETA-grid  values,           respectively.  The PHI-array must be strictly increasing.  If 360. is           added to all THETA-array elements whose index is  ISTAR  or  greater,           then the resulting array is strictly increasing.

           R  is  an  array of M * N function values.  In spherical coordinates,           (PHI(I),THETA(J),R(I,J))  is   a   point   on   the   surface   being           interpolated.

           IR  contains  the  row  dimension  of  the array R as declared in the           calling program.

           RP is an array of  3  *  M  *  N  locations  containing  the  surface           derivative information determined by SURFS1.

           ISTAR  is the index where THETA(ISTAR-1) .GT. THETA(ISTAR).  ISTAR is           zero if the THETA values are strictly increasing.

           and

           SIGMA contains the tension factor.

           The parameters M, N, PHI, T, R, IR, SIGMA, RP, and  ISTAR  should  be           input unaltered from the output of SURFS1.

      On Output:           SURFS2 is the interpolated surface value.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      INTRVL, INTRVP, SNHCSH

          V. Mapping With Three Independent and One Dependent Variables

  V.1 Introduction to Capabilities

      The  capabilities  in  this  chapter  are analogous to the surface fitting capabilities of Chapter IV except that none of the boundary conditions  options are  available,  nor  are  all  of  the  output  options  available.   The only preprocessing subroutine  is  VAL3B1.    Use  of  VAL3B1  implies  natural  end conditions will be employed.

      After  preprocessing  two  options  are  available for interpolation:  one storage efficient and one time efficient.  The storage  efficient  method  uses VAL3BD to compute values on the surface.  The time efficient method uses VAL3HD in its place, but also requires a transition subroutine NBTOH3 to be called  to convert   from  the  B-spline  representation  to  the  hermite  representaion. Ignoring this time for transition, an invocation of VAL3HD requires  about  one third  as much time as a call to VAL3BD if the tension factor is zero and about one half the time if the tension factor is non-zero.  It  also  requires  eight times  the  storage  as VAL3BD.  In fact, the storage requirement for VAL3HD is eight locations per grid point in the three dimensional grid and one  per  grid point  with  VAL3BD.  This may be very significant, since the three dimensional grid itself, being the cartesian product of three one-dimensional grids, can be quite large.  For example, a 50x50x50 grid contains 125,000 points and at least 1,000,000 locations would be required to use VAL3HD  but  about  125,000  would suffice  for  VAL3BD.    If the storage is available and time is critical, then VAL3HD is preferable, however.

      Both VAL3HD and VAL3BD return function values as well as all  three  first partial derivatives and all six second partial derivatives.

  V.2 Discussion of Examples

 Example  14 (found at the end of this section) demonstrates the usage of VAL3B1 and  VAL3BD.    In  this  situation  a  sum  of  Gaussians  function  is  being interpolated  on an 11x15x21 grid.  The data is input via the call to GDATV4 in line 45.  The call to VAL3B1 is made in lines 55 and 56.  This call returns  an array  of  B-spline coefficients in the array C and three arrays VX, VY, and VZ with B-spline base information for the grids in each of the three coordinates.

      The interpolation is done on a 100x100x60 grid in phase 2 of the  example. Subroutine  VAL3BD  is  called  once  for  each  point in this grid in lines 87 through 92.  The calls also return the three  first  derivatives  and  the  six second  derivatives.   However, dummy variables could occupy these locations if this information was not desired.  After the construction of  the  interpolated arrays, the user provided subroutines WDATV4 and PDATV4 are called to print and plot the results, respectively.  The plotted output is shown in Figure 28 where the  contour surface corresponding to the values 2.5 and 20 are each shown from two opposite views.  If sufficient storage is available, the  calls  to  VAL3BD could be replaced by calls to VAL3HD.  This results in significant reduction in execution time.  To transform from the B-spline representation to  the  hermite representation  a  call  to  NBTOH3  needs to be inserted after that to VAL3B1. This is of the form CALL NBTOH3(NX,NY,NZ,C,VX,VY,VZ,W,NW1,NW2,WXXP,WYYP,             WZZP,WXXYYP,WYYZZP,WXXZZP) and is inserted after line 60.  The arrays WXXP, WYYP,  WZZP,  WXXYYP,  WYYZZP, WXXZZP,  and WXYZ2P are each NSxNYxNZ.  Although the array C is no longer used, there are now eight arrays of the same dimensions as C. The calls to VAL3BD  in lines 87 through 92 are replaced by: CALL VAL3HD(XPLT(I),YPLT(J),ZPLT(K),WPLT(I,J,K),WX(I,J,K),             WY(I,J,K),WZ(I,J,K),WXX(I,J,K),WXY(I,J,K),             WYY(I,J,K),WYZ(I,J,K),WZZ(I,J,K),WXZ(I,J,K),             NX,NY,NZ,X,Y,Z,W,NW1,NW2,WXXP,WYYP,WZZP,WXXYYP,             WYYZZP,WXXZZP,WXYZ2P,SIGMA) As  before, if no derivatives are desired, the places for WX, XY, XZ, WXX, WXY, WYY, WYZ, WZZ, and WXZ could be occupied by dummy variables in the call. Example 14

 C                                                                 001 C  THIS PROGRAM IS A SAMPLE DRIVER FOR NON-PERIODIC MAPPING       002 C  FROM A THREE-DIMENSIONAL SPACE INTO A ONE-DIMENSIONAL          003 C  SPACE.  IT COVERS USAGE OF PACKAGE MODULES VAL3B1 AND          004 C  VAL3BD.                                                        005 C                                                                 006 C  SUM OF GAUSSIANS                                               007 C                                                                 008 C                                                                 009 C  ------------------------------------------------------------   010 C                                                                 011 C                                                                 012 C  DIMENSIONING                                                   013 C                                                                 014 C                                                                 015        INTEGER NX,NY,NZ,NW1,NW2,IZ,IERR                           016        INTEGER IXPLT,IYPLT                                        017        REAL    X(11),Y(15),Z(21),W(11,15,21),C(3465),VX(5,11),    018       *        VY(5,15),VZ(5,21),TEMP(33),SIGMA                   019        REAL    XPLT(100),YPLT(100),ZPLT(100),WPLT(100,100,60),    020       *        WX(100,100,60),WY(100,100,60),WZ(100,100,60),      021       *        WXX(100,100,60),WXY(100,100,60),WYY(100,100,60),   022       *        WYZ(100,100,60),WZZ(100,100,60),WXZ(100,100,60)    023 C                                                                 024 C                                                                 025 C  -----------------------------------------------------------    026 C                                                                 027 C                                                                 028 C  SET SCALAR PARAMETERS                                          029 C                                                                 030        NW1 = 11                                                   031        NW2 = 15                                                   032        IXPLT = 100                                                033        IYPLT = 100                                                034        NUMX = 100                                                 035        NUMY = 100                                                 036        NUMZ = 60                                                  037        SIGMA = 1.                                                 038 C                                                                 039 C  READ DATA ARRAYS                                               040 C                                                                 041 C                                                                 042 C                                                                 043 C                                                                 044        CALL GDATV4(NW1,NW2,NX,NY,NZ,X,Y,Z,W)                      045 C                                                                 046 C                                                                 047 C  ------------------------------------------------------------   048 C                                                                 049 C                                                                 050 C  PHASE 1 - SET UP PARAMETERS                                    051 C                                                                 052 C                                                                 053 C                                                                 054        CALL VAL3B1(NX,NY,NZ,X,Y,Z,W,NW1,NW2,C,VX,VY,VZ,TEMP,      055       *            SIGMA,IERR)                                    056 C                                                                 057 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   058 C                                                                 059        IF (IERR .NE. 0) GO TO 900                                 060 C                                                                 061 C                                                                 062 C  ------------------------------------------------------------   063 C                                                                 064 C                                                                 065 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         066 C                                                                 067 C  WE FIND THE VALUE OF THE DENSITY AT (X,Y,Z) ON A               068 C  GRID WITH 100 EQUISPACED VALUES OF X AND Y AND                 069 C  60 EQUISPACED VALUES OF Z.                                     070 C                                                                 071        AX = 0.                                                    072        BX = 1.                                                    073        AY = 0.                                                    074        BY = 1.                                                    075        AZ = 0.                                                    076        BZ = 1.                                                    077        DELX = (BX-AX)/FLOAT(NUMX-1)                               078        DELY = (BY-AY)/FLOAT(NUMY-1)                               079        DELZ = (BZ-AZ)/FLOAT(NUMZ-1)                               080        DO 1 K = 1,NUMZ                                            081           ZPLT(K) = AZ+DELZ*FLOAT(K-1)                            082           DO 1 J = 1,NUMY                                         083              YPLT(J) = AY+DELY*FLOAT(J-1)                         084              DO 1 I = 1,NUMX                                      085                 XPLT(I) = AX+DELX*FLOAT(I-1)                      086                 CALL VAL3BD(XPLT(I),YPLT(J),ZPLT(K),              087       *                     WPLT(I,J,K),WX(I,J,K),WY(I,J,K),      088       *                     WZ(I,J,K),WXX(I,J,K),WXY(I,J,K),      089       *                     WYY(I,J,K),WYZ(I,J,K),WZZ(I,J,K),     090       *                     WXZ(I,J,K),NX,NY,NZ,X,Y,Z,C,VX,       091       *                     VY,VZ,SIGMA)                          092      1    CONTINUE                                                093 C                                                                 094 C                                                                 095 C  -----------------------------------------------------------    096 C                                                                 097 C                                                                 098 C  WRITE AND PLOT RESULTS                                         099 C                                                                 100 C                                                                 101 C  SUBROUTINE WDATV4 PRINTS FUNCTIONAL VALUES AND DERIVATIVES     102 C  FOUND BY VAL3BD.                                               103 C                                                                 104 C                                                                 105        CALL WDATV4(NUMX,NUMY,NUMZ,IXPLT,IYPLT,XPLT,YPLT,ZPLT,     106       *            WPLT,WX,WY,WZ,WXX,WXY,WYY,WYZ,WZZ,WXZ)         107 C                                                                 108        CALL PDATV4(NUMX,NUMY,NUMZ,IXPLT,IYPLT,XPLT,YPLT,ZPLT,     109       *            WPLT,WX,WY,WZ,WXX,WXY,WYY,WYZ,WZZ,WXZ)         110 C                                                                 111        STOP                                                       112 C                                                                 113 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         114 C                                                                 115    900 CALL EMESS(IERR)                                           116        STOP                                                       117        END                                                        118

 

 

                                 V.3 Documentation

                                                                          VAL3B1

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory  function  on  a  three  dimensional  rectangular grid.  The      function determined can be represented as  a  tensor  product  of  splines      under  tension.   For actual mapping of points it is necessary to call the      subroutine  VAL3BD,  which  also  returns   first   and   second   partial      derivatives.

  Subprogram Statement:

      SUBROUTINE VAL3B1(NX,NY,NZ,X,Y,Z,W,NW1,NW2,C,VX,VY,VZ,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER NX, NY, NZ, NW1, NW2, IERR      REAL X(NX), Y(NY), Z(NZ), W(NW1,NW2,NZ) C(NX,NY,NZ), VX(5,NX), VY(5,NY),           VZ(5,NZ), TEMP(1), SIGMA

  Status of Parameters:

      On Input:           NX,  NY,  and  NZ  are  the  number  of  grid lines in the X, Y and Z           directions, respectively, of the rectangular grid.  (NX, NY,  and  NZ           should be at least 2.)

           X,  Y, and Z are arrays of the NX, NY, and NZ coordinates of the grid           lines in the X, Y and Z directions, respectively.   These  should  be           strictly increasing.

           W  is  an  array  of  the  NX * NY * NZ functional values at the grid           points,   i.e.,   W(I,J,K)   contains   the   functional   value   at           (X(I),Y(J),Z(K)) for I=1,...,NX, J=1,...,NY, and K=1,...,NZ.

           NW1  and  NW2 are the first two dimensions of the array W used in the           calling program (NW1 .GE. NX and NW2 .GE. NY).

           C is an array of at least NX * NY * NZ locations.  This parameter may           coincide with W in which case W is destroyed on output.

           VX,  VY,  and  VZ  are  arrays of at least 5 * NX, 5 * NY, and 5 * NZ           locations, respectively.

           TEMP is an array of at least 3 *  MAX(NX,NY,NZ)  locations  which  is           used for scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           resulting  surface  is  approximately  the  tensor  product  of cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately  tri-linear.    If SIGMA equals zero tensor products of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.      On Output:           C  contains  the coefficients of a representation of the interpolated           function in a B-spline tensor production form.

           VX, VY, and VZ contain B-spline under tension basis data.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if NX, NY, or NZ is less than 2,                = 2  if the X-, Y-, or Z-arrays are not strictly increasing.

           and

           None of the input parameters are altered (except W if this  parameter           and C are identical in the calling sequence).

  Referenced Package Subprograms:

      VGEN, TERMS, SNHCSH, TRIDEC, TRISLM

                                                                          VAL3BD

 

 Purpose:

      This  subroutine  evaluates  the  function  value, the three first partial      derivatives, and the six second partial derivatives of  a  tensor  product      spline under tension in three variables.

  Subprogram Statement:

      SUBROUTINE VAL3BD(XX,YY,ZZ,W,WX,WY,WZ,WXX,WXY,WYY,WYZ,WZZ,                        WXZ,NX,NY,NZ,X,Y,Z,C,VX,VY,VZ,SIGMA)

 Type and Dimension of Parameters:

      INTEGER NX, NY, NZ      REAL XX, YY, ZZ, W, WX, WY, WZ, WXX, WXY, WYY, WYZ, WZZ, WXZ, X(NX),           Y(NY), Z(NZ), VX(5,NX), VY(5,NY), VZ(5,NZ), C(NX,NY,NZ), SIGMA

  Status of Parameters:

      On Input:           XX,  YY, and ZZ contain the X-, Y-, and Z-coordinates of the point at           which the interpolation is to be performed.

           NX, NY, and NZ are the number of  grid  lines  in  the  X-,  Y-,  and           Z-directions,  respectively,  of the rectangular grid which specified           the function.

           X, Y, and Z are arrays containing the  X-,  Y-,  and  Z-grid  values,           respectively.

           C  is  an array of coefficients describing the function in terms of a           B-spline under tension basis.  In the expansion of the function,  for           I=1,...,NX,  J=1,...,NY,  and K=1,...,NZ, the coefficient multiplying           the product of basis function I in X, basis  function  J  in  Y,  and           basis function K in Z is stored in C(I,J,K).

           VX,   VY,  and  VZ  are  arrays  of  length  5*NX,  5*NY,  and  5*NZ,           respectively, containing the B-spline basis data for the X-, Y-,  and           Z-grids.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  NX, NY, NZ, X, Y, Z, C, VX, VY, VZ, and SIGMA should           be input unaltered from the output of VAL3B1.

      On Output:           W contains the interpolated function value.

           WX, WY, and  WZ  contain  the  X-,  Y-,  and  Z-partial  derivatives,           respectively.

           WXX, WXY, WYY, WYZ, WZZ, and WXZ contain the XX-, XY-, YY-, YZ-, ZZ-,           and XZ-partial derivatives, respectively.

           and

           None of the input parameters are altered.

  Referenced Package Subprograms:

      DSPLNZ, INTRVL, SNHCSH

                                                                          NBTOH3

 

 Purpose:

      This subroutine obtains  a  hermite  interpolation  representation  (i.e.,      function  values  and  partial derivatives) for a three dimensional spline      from a B-spline basis representation.   The  spline  is  assumed  to  have      natural end conditions.

  Subprogram Statement:

      SUBROUTINE NBTOH3(NX,NY,NZ,C,VX,VY,VZ,W,NW1,NW2,WXXP,                        WYYP,WZZP,WXXYYP,WYYZZP,WXXZZP,WXYZ2P)

 Type and Dimension of Parameters:

      INTEGER NX, NY, NZ, NW1, NW2      REAL C(NX,NY,NZ), VX(5,NX), VY(5,NY), VZ(5,NZ), W(NW1,NW2,NZ),           WXXP(NX,NY,NZ), WYYP(NX,NY,NZ), WZZP(NX,NY,NZ), WXXYYP(NX,NY,NZ),           WYYZZP(NX,NY,NZ), WXXZZP(NX,NY,NZ), WXYZ2P(NX,NY,NZ)

  Status of Parameters:

      On Input:           NX,  NY,  and  NZ  are  the  number  of grid lines in the X, Y, and Z           directions, respectively, of the rectangular grid which specified the           function.

           C  is  an array of coefficients describing the function in terms of a           B-spline under tension basis.  In the expansion of the function,  for           I=1,...,NX,  J=1,...,NY,  and K=1,...,NZ, the coefficient multiplying           the product of basis function I in X, basis  function  J  in  Y,  and           basis function K in Z is stored in C(I,J,K).

           VX,   VY,  and  VZ  are  arrays  of  length  5*NX,  5*NY,  and  5*NZ,           respectively, containing the B-spline basis data for the X-, Y-,  and           Z-grids.

           W is an array of at least NX * NY * NZ locations.

           NW1  and  NW2 are the first two dimensions of the array W used in the           calling program (NW1 .GE. NX and NW2 .GE. NY).

           and

           WXXP, WYYP, WZZP, WXXYYP, WYYZZP, WXXZZP, and WXYZ2P are arrays of at           least NX * NY * NZ locations each.

           The  parameters  NX,  NY,  NZ,  C,  VX,  VY,  and  VZ should be input           unaltered from the output of VAL3B1.

      On Output:           W is an array of the NX * NY *  NZ  functional  values  at  the  grid           points,   i.e.,   W(I,J,K)   contains   the   functional   value   at           (X(I),Y(J),Z(K)) for I=1,...,NX, J=1,...,NY, and K=1,...,NZ.

           WXXP, WYYP, WZZP, WXXYYP, WYYZZP,  WXXZZP,  and  WXYZ2P  contain  the           values  of the XX-, YY-, ZZ-, XXYY-, YYZZ-, XXZZ-, and XXYYZZ-partial           derivatives of the function at the given nodes, respectively.

           and

           NX, NY, NZ, C, VX, VY, VZ, NW1, and NW2 are unaltered.

  Referenced Package Subprograms:

      SUM

                                                                          VAL3HD

 

 Purpose:

      This subroutine evaluates the function  value,  the  three  first  partial      derivatives,  and  the  six second partial derivatives of a tensor product      spline under tension in three variables.

  Subprogram Statement:

      SUBROUTINE VAL3HD(XX,YY,ZZ,WW,WX,WY,WZ,WXX,WXY,WYY,WYZ,WZZ,                        WXZ,NX,NY,NZ,X,Y,Z,W,NW1,NW2,WXXP,WYYP,WZZP,                        WXXYYP,WYYZZP,WXXZZP,WXYZ2P,SIGMA)

 Type and Dimension of Parameters:

      INTEGER NX, NY, NZ, NW1, NW2      REAL XX, YY, ZZ, WW, WX, WY, WZ, WXX, WXY, WYY, WYZ, WZZ, WXZ, X(NX),           Y(NY), Z(NZ), W(NW1,NW2,NZ), WXXP(NX,NY,NZ), WYYP(NX,NY,NZ),           WZZP(NX,NY,NZ), WXXYYP(NX,NY,NZ), WYYZZP(NX,NY,NZ),           WXXZZP(NX,NY,NZ), WXYZ2P(NX,NY,NZ), SIGMA

  Status of Parameters:

      On Input:           XX, YY, and ZZ contain the X-, Y-, and Z-coordinates of the point  at           which the interpolation is to be performed.

           NX,  NY,  and  NZ  are  the  number  of grid lines in the X-, Y-, and           Z-directions, respectively, of the rectangular grid  which  specified           the function.

           X,  Y,  and  Z  are  arrays containing the X-, Y-, and Z-grid values,           respectively.

           W is an array of the NX * NY *  NZ  functional  values  at  the  grid           points,   i.e.,   W(I,J,K)   contains   the   functional   value   at           (X(I),Y(J),Z(K)) for I=1,...,NX, J=1,...,NY, and K=1,...,NZ.

           NW1 and NW2 are the first two dimensions of the array W used  in  the           calling program (NW1 .GE. NX and NW2 .GE. NY).

           WXXP,  WYYP,  WZZP,  WXXYYP,  WYYZZP,  WXXZZP, and WXYZ2P contain the           values of the XX-, YY-, ZZ-, XXYY-, YYZZ-, XXZZ-, and  XXYYZZ-partial           derivatives of the function at the given nodes, respectively.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The  parameters  NX,  NY, NZ, X, Y, Z, W, NW1, NW2, WXXP, WYYP, WZZP,           WXXYYP, WYYZZP, WXXZZP and WXYZ2P should be input unaltered from  the           output of NBT0H3.

      On Output:           WW contains the interpolated function value.

           WX,  WY,  and  WZ  contain  the  X-,  Y-,  and Z-partial derivatives,           respectively.

           WXX, WXY, WYY, WYZ, WZZ, and WXZ contain the XX-, XY-, YY-, YZ-, ZZ-,           and XZ-partial derivatives, respectively.

           and

           None of the input parameters are altered.

  Referenced Package Subprograms:

      THREET, INTRVL, SNHCSH

         VI. Mapping With Two Independent and Three Dependent Variables

 

 VI.1 Introduction to Capabilities

      This  is  the  smallest  of  the  FITPACK  chapters.    There are only two user-callable subroutines: ZURFN1 and ZURF2D.  These are used when a surface is to  be  fitted  given a "roughly rectangular" grid of data.  A crude definition for this is that the data must come from a  rectangular  mesh  which  has  been contorted  to  fit  the surface.  This mesh can be expanded, squeezed, and even passed through itself, but each interior  point  on  the  grid  maintains  four "neighbors": left, right, above, and below.                                                                        m   n      The  formal  definition  is  that three arrays are given:  {{x   }   }   ,                                                                    i,j i=1 j=1        m    n                m   n {{y   }    }    , and {{z   }   }    so that for j=1,...,n, a  curve  in  three    i,j  i=1  j=1         i,j i=1 j=1 dimensional space passing through (x   ,y   ,z   ),...,(x   ,y   ,z   ) lies in                                     1,j  1,j  1,j        m,j  m,j  m,j the   surface   and   that   for   i=1,...,m,   a   curve    passing    through (x   ,y   ,z   ),...,(x   ,y   ,z   ) lies on the surface.   i,1  i,1  i,1        i,n  i,n  i,n      The  subroutine  ZURFN1  does  the  preprocessing.   No boundary condition options are available:  natural boundary conditions are assumed.   The  surface has  a  parametric  representation  in which the unit square [0,1] x [0,1] maps onto the surface.  Calls to ZURF2D will return points on the surface as well as the  two  first  partial  derivatives for each of the three coordinates (six in total) and the three second partial derivatives for each (nine in total).

  VI.2 Discussion of Example

 Example 15 shows the usage of the ZURFN1/ZURF2D pair.  In this  case  a  15x200 grid  of  data  has  been  taken  from  a digitization of the head section of a statute.  Fifteen planar sections through the head were  taken  and  from  each resulting  contour 200 points were used.  The data is loaded into the arrays X, Y, and Z by the user provided subroutine GDATZ3 called in line 44.  The call to ZURFN1  in  lines  56  and  57 returns the parameters describing the surface in arrays XP, YP, and ZP.  The arrays S and T contain information  describing  the parameterization  of  the mapping.  Each of the arrays XP, YP, and ZP must have storage of size at least three times that of the original grid (i.e., 3MN).

      In  the  example  here  we  fill  a  set  of  30x30  arrays  with  surface information.    The  square  [0,1]  x  [0,1] maps onto the entire head, in this example we map only the rectangle [1/2,1] x [0,1] which corresponds to the left half.    The calls to ZURF2D are made in lines 85 through 91.  Notice that each of the six first derivatives and nine second derivatives are stored.   If  only points  on  the  surface  are  desired  (and  no  tangent, normal, or curvature information) then each of these parameters in  the  call  to  ZURF2D  could  be replaced with a dummy variable.

      The user provided subroutines WDATZ3 and PDATZ3 print and plot the output, respectively.  The plotted output is displayed as Figure 29. Example 15

 C  THIS PROGRAM IS A SAMPLE DRIVER FOR NON-PERIODIC MAPPING       001 C  FROM A TWO-DIMENSIONAL SPACE INTO A THREE-DIMENSIONAL          002 C  SPACE.  IT COVERS USAGE OF PACKAGE MODULES ZURFN1 AND          003 C  ZURF2D.                                                        004 C                                                                 005 C  APHRODITE OF MELOS                                             006 C                                                                 007 C                                                                 008 C  ------------------------------------------------------------   009 C                                                                 010 C                                                                 011 C  DIMENSIONING                                                   012 C                                                                 013 C                                                                 014        INTEGER M,N,IX,IY,IZ,IERR                                  015        INTEGER IXPLT,IYPLT,IZPLT                                  016        REAL    X(15,200),Y(15,200),Z(15,200),XP(9000),YP(9000),   017       *        ZP(9000),S(15),T(200),TEMP(1400),SIGMA             018        REAL    SPLT(21),TPLT(15),XPLT(30,50),YPLT(30,50),         019       *        ZPLT(30,50),XS(30,50),YS(30,50),ZS(30,50),         020       *        XT(30,50),YT(30,50),ZT(30,50),XSS(30,50),          021       *        YSS(30,50),ZSS(30,50),SXT(30,50),YST(30,50),       022       *        ZST(30,50),XTT(30,50),YTT(30,50),ZTT(30,50)        023 C                                                                 024 C                                                                 025 C  -----------------------------------------------------------    026 C                                                                 027 C                                                                 028 C  SET SCALAR PARAMETERS                                          029 C                                                                 030        IX = 15                                                    031        IY = 15                                                    032        IZ = 15                                                    033        IXPLT = 21                                                 034        IYPLT = 21                                                 035        IZPLT = 21                                                 036        SIGMA = 1.                                                 037 C                                                                 038 C  READ DATA ARRAYS                                               039 C                                                                 040 C                                                                 041 C                                                                 042 C                                                                 043        CALL GDATZ3(IX,IY,IZ,M,N,X,Y,Z)                            044 C                                                                 045 C                                                                 046 C  ------------------------------------------------------------   047 C                                                                 048 C                                                                 049 C  PHASE 1 - SET UP PARAMETERS                                    050 C                                                                 051 C  WE INVOKE THREE TENSOR PRODUCTS OF SPLINES UNDER TENSION       052 C                                                                 053 C                                                                 054        CALL ZURFN1(M,N,X,Y,Z,IX,IY,IZ,XP,YP,ZP,S,T,TEMP,          055       *            SIGMA,IERR)                                    056 C                                                                 057 C  CHECK ERROR FLAG - IERR = 0 IS NORMAL RETURN                   058 C                                                                 059        IF (IERR .NE. 0) GO TO 900                                 060 C                                                                 061 C                                                                 062 C  ------------------------------------------------------------   063 C                                                                 064 C                                                                 065 C  PHASE 2 - ACTUAL COMPUTATION OF POINTS                         066 C                                                                 067 C  FOR 30 EQUISPACED VALUES OF S BETWEEN .5 AND 1., AND 50        068 C  EQUISPACED VALUES OF T BETWEEN 0. AND 1., WE MAP (S,T)         069 C  ONTO THE SURFACE DETERMINED IN PHASE 1 AND GET FIRST AND       070 C  SECOND PARTIAL DERIVATIVES OF THE X, Y, AND Z COORDINATES      071 C  OF THE SURFACE WITH RESPECT TO S AND T.                        072 C                                                                 073        NUMS = 30                                                  074        NUMT = 50                                                  075        AS = .5                                                    076        BS = 1.                                                    077        AT = 0.                                                    078        BT = 1.                                                    079        DELX = (BS-AS)/FLOAT(NUMS-1)                               080        DELY = (BT-AT)/FLOAT(NUMT-1)                               081        DO 1 I = 1,NUMS                                            082           SPLT(I) = AS+DELX*FLOAT(I-1)                            083           DO 1 J = 1,NUMT                                         084              TPLT(J) = AT+DELY*FLOAT(J-1)                         085              CALL ZURF2D(SPLT(I),TPLT(J),XPLT(I,J),YPLT(I,J),     086       *                  ZPLT(I,J),XS(I,J),YS(I,J),ZS(I,J),       087       *                  XT(I,J),YT(I,J),ZT(I,J),XSS(I,J),        088       *                  YSS(I,J),ZSS(I,J),XST(I,J),YST(I,J),     089       *                  ZST(I,J),XTT(I,J),YTT(I,J),ZTT(I,J),     090       *                  M,N,X,Y,Z,IX,IY,IZ,XP,YP,ZP,S,T,         091       *                  SIGMA)                                   092      1    CONTINUE                                                093 C                                                                 094 C                                                                 095 C  -----------------------------------------------------------    096 C                                                                 097 C                                                                 098 C  WRITE AND PLOT RESULTS                                         099 C                                                                 100 C                                                                 101 C  SUBROUTINE WDATZ3 PRINTS COORDINATES AND DERIVATIVES           102 C  FOUND BY ZURF2D.                                               103 C                                                                 104 C                                                                 105        CALL WDATZ3(NUMS,NUMT,IXPLT,IYPLT,IZPLT,SPLT,TPLT,         106       *            XPLT,YPLT,ZPLT,XS,YS,ZS,XT,YT,ZT,XSS,YSS,      107       *            ZSS,XST,YST,ZST,XTT,YTT,ZTT)                   108 C                                                                 109        CALL PDATZ3(NUMS,NUMT,IXPLT,IYPLT,IZPLT,SPLT,TPLT,         110       *            XPLT,YPLT,ZPLT,XS,YS,ZS,XT,YT,ZT,XSS,YSS,      111       *            ZSS,XST,YST,ZST,XTT,YTT,ZTT)                   112 C                                                                 113        STOP                                                       114 C                                                                 115 C  ERROR DETECTED.  CALL EMESS TO PRINT MESSAGE AND STOP.         116 C                                                                 117    900 CALL EMESS(IERR)                                           118        STOP                                                       119        END                                                        120

 

 

                                VI.3 Documentation

                                                                          ZURFN1

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory   surface   passing  through  a  grid  of  points  in  three      dimensional space - (x   , y   , z   ) for i = 1,...,m and  j  =  1,...,n.                            i,j   i,j   i,j      The  surface  determined  can  be  represented as three tensor products of      splines under tension.  For actual mapping of points onto the  surface  it      is necessary to call the subroutine ZURF2D (which also returns derivatives      with respect to two parameters for  use  in  calculating  normal  vectors,      tangent  planes,  curvatures,  etc.).    This  subroutine  decomposes  the      workspace then calls the subroutine ZURFNC.

  Subprogram Statement:

      SUBROUTINE ZURFN1(M,N,X,Y,Z,IX,IY,IZ,XP,YP,ZP,S,T,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IX, IY, IZ, IERR      REAL X(IX,N), Y(IY,N), Z(IZ,N), XP(M,N,3), YP(M,N,3), ZP(M,N,3), S(M),           T(N), TEMP(1), SIGMA

  Status of Parameters:

      On Input:           M is the number of rows in the arrays X,  Y,  and  Z  containing  the           surface values.

           N  is  the number of columns in the arrays X, Y, and Z containing the           surface values.

           X is an array of the M x N X-coordinates of the surface points.

           Y is an array of the M x N Y-coordinates of the surface points.

           Z is an array of the M x N Z-coordinates of the surface points.

           IX is the row dimension of the matrix X used in the  calling  program           (IX .GE. M).

           IY  is  the row dimension of the matrix Y used in the calling program           (IY .GE. M).

           IZ is the row dimension of the matrix Z used in the  calling  program           (IZ .GE. M).

           XP is an array of at least 3*M*N locations.

           YP is an array of at least 3*M*N locations.

           ZP is an array of at least 3*M*N locations.

           S is an array of length at least M.

           T is an array of length at least N.

           TEMP  is an array of at least 4*MAX(M,N) + 3N locations which is used           for scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately bi-linear.  If SIGMA equals  zero  tensor  products  of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           XP, YP, and ZP contain information about the curvature of the surface           at the given points.

           S  and  T  contain  vectors  of grids to be used in the parameterized           surface.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if either X(I,J) = X(I+1,J), Y(I,J) = Y(I+1,J), and  Z(I,J)                     =  Z(I+1,J)  or  X(I,J)  = X(I,J+1), Y(I,J) = Y(I,J+1), and                     Z(I,J) = Z(I,J+1).

           and

           M, N, X, Y, Z, IX, IY, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      ZURFNC, CEEZ, TERMS, SNHCSH

                                                                          ZURF2D

 

 Purpose:

      This subroutine performs the mapping of points in the square  [0.0,1.0]  x      [0.0,1.0]  onto a surface.  The subroutine ZURFN1 should be called earlier      to determine certain necessary parameters.  The resulting  surface  has  a      parametric  representation all three of whose components are splines under      tension and functions of the two grid parameters.

  Subprogram Statement:

      SUBROUTINE ZURF2D(SS,TT,XX,YY,ZZ,XS,YS,ZS,XT,YT,ZT,XSS                        YSS,ZSS,XST,YST,ZST,XTT,YTT,ZTT,M,N,X,Y,Z,IX,                        IY,IZ,XP,YP,ZP,S,T,SIGMA

 Type and Dimension of Parameters:

      INTEGER M, N, IX, IY, IZ      REAL SS, TT, XX, YY, ZZ, XS, YS, ZS, XT, YT, ZT, XSS, YSS           ZSS, XST, YST, ZST, XTT, YTT, ZTT, X(IX,N), Y(IY,N), Z(IZ,N),           XP(M,N,3), YP(M,N,3), ZP(M,N,3), S(M), T(N), SIGMA

  Status of Parameters:

      On Input:           SS and TT contain real values to be mapped to a point on the surface.           The  square  (0.,1.) x (0.,1.) is mapped onto the entire surface with           (0.,0.)  mapping  to  (X(1,1,),Y(1,1),Z(1,1)),  (0.,1.)  mapping   to           (X(1,N),Y(1,N),Z(1,N)),  (1.,0.)  mapping  to (X(M,1),Y(M,1),Z(M,1)),           and (1.,1.) mapping to (X(M,N),Y(M,N),Z(M,N)).  Values  outside  this           square result in extrapolation.

           M  and  N  contain  the dimensions of the arrays of points which were           specified to determine the surface.

           X, Y, and Z are arrays containing the X-, Y-,  and  Z-coordinates  of           the specified points, respectively.

           IX,  IY, and IZ contain the row dimensions of the arrays X, Y, and Z,           respectively, as declared in the calling program.

           XP, YP, and ZP are the arrays output from ZURFN1 containing curvature           information.

           S and T are arrays containing the parametric grids.

           and

           SIGMA contains the tension factor (its sign is ignored).

           The parameters M, N, X, Y, Z, XP, YP, S, T, and SIGMA should be input           unaltered from the output of ZURFN1.

      On Output:           XX, YY, and ZZ contain the X-, Y-, and  Z-coordinates  of  the  image           point on the surface.

           XS,  YS,  and ZS contain the first partial derivatives of the X-, Y-,           and Z-coordinates on the surface with respect to the first parameter.

           XT, YT, and ZT contain the first partial derivatives of the  X-,  Y-,           and   Z-coordinates  on  the  surface  with  respect  to  the  second           parameter.

           XSS, YSS, and ZSS contain the second partial derivatives of  the  X-,           Y-,  and  Z-coordinates  on  the  surface  with  respect to the first           parameter.

           XST, YST, and ZST contain the second mixed partial derivative of  the           X-,  Y-,  and  Z-coordinates on the surface with respect to the first           and second parameters.

           XTT, YTT, and ZTT contain the second partial derivatives of  the  X-,           Y-,  and  Z-coordinates  on  the  surface  with respect to the second           parameter.

           and

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL, THREET, SNHCSH

 

 

 

 

                   VII. Generation and Usage of B-spline Bases

                                                                            VGEN

 

 Purpose:

      This  subroutine  generates  an  array  of  coefficients  used  by   other      subroutines for the determination of a B-spline under tension basis.

  Subprogram Statement:

      SUBROUTINE VGEN(N,X,SIGMA,V,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL X(N), SIGMA, V(5,N)

  Status of Parameters:

      On Input:           N is the number of knots defining the basis (N .GE. 2).

           X  is the array of the N increasing knots.  Any linear combination of           the resulting basis will have third derivative  discontinuities  only           at the interior knots, (i.e., X(2),...,X(N-1) ).

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness desired.  If ABS(SIGMA) is nearly  zero  (e.g.,  .001)  the           basis  functions  are  approximately cubic splines.  If ABS(SIGMA) is           large (e.g., 50.) the basis functions are  nearly  piecewise  linear.           If  SIGMA equals zero a cubic spline basis results.  A standard value           for SIGMA is approximately 1. in absolute value.

           and

           V is an array of at least 5*N locations.

      On Output:           V contains certain coefficients to be used by other  subprograms  for           the determination of the B-spline under tension basis.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if X-values are not strictly increasing.

           and

           N, X, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                           VGENP

 

 Purpose:

      This   subroutine  generates  an  array  of  coefficients  used  by  other      subroutines for the determination of a  periodic  B-spline  under  tension      basis.

  Subprogram Statement:

      SUBROUTINE VGENP(N,X,P,SIGMA,V,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL X(N), P, SIGMA, V(5,N)

  Status of Parameters:

      On Input:           N is the number of knots defining the basis (N .GE. 2).

           X  is the array of the N increasing knots.  Any linear combination of           the resulting basis will have third derivative  discontinuities  only           at  the  knots  and  their  periodic  translations  (i.e.,  ...,X(1)-           P,...,X(N)-P,X(1),...,X(N),X(1)+P,...,X(N)+P,...).

           P is the period (P .GT. X(N)-X(1)).

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           basis functions are approximately cubic splines.   If  ABS(SIGMA)  is           large  (e.g.,  50.)  the basis functions are nearly piecewise linear.           If SIGMA equals zero a cubic spline basis results.  A standard  value           for SIGMA is approximately 1. in absolute value.

           and

           V is an array of at least 5*N locations.

      On Output:           V  contains  certain coefficients to be used by other subprograms for           the determination of  the  periodic  B-spline  under  tension  basis.           Considered  as a 5 by N array, for I=1,...,N, B-spline basis function           I is specified by:

               V(1,I) = second derivative at X(I-1),               V(2,I) = second derivative at X(I),               V(3,I) = second derivative at X(I+1),               V(4,I) = function value at X(I-1),               V(5,I) = function value at X(I+1),

           and the properties that it has:

              1. function value 1 at X(I),

              2. function value = 0 at X(1),...,X(I-2) and X(I+2),...X(N),

              3. if  N  is  greater  than  3,  second  derivative  =  0  at                 X(1),...,X(I-2) and X(I-2),...,X(N).

                 The  meaning  of X(0) = X(N)-P, X(-1) = X(N-1)-P, X(N+1) =                 X(1)+P, and X(N+2) = X(2)+P.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if P is less than or equal to X(N)-X(1),                = 3  if X-values are not strictly increasing.

           and

           N, X, P, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          BSPLNZ

 

 Purpose:

      This subroutine evaluates  at  a  given  point  the  four  non-zero  basis      functions  of  a  B-spline  under  tension  basis.  The index of the first      non-zero basis function is also  determined.    (The  sense  of  the  word      non-zero  is  extended  to include the special cases where the given point      coincides with a knot in which case one  of  the  four  returned  function      values  may  be  zero.)    The subroutine VGEN should be called earlier to      determine certain necessary coefficients.

  Subprogram Statement:

      SUBROUTINE BSPLNZ(T,N,X,V,SIGMA,ISTART,B)

 Type and Dimension of Parameters:

      INTEGER N, ISTART      REAL T, X(N), V(5,N), SIGMA, B(4)

  Status of Parameters:

      On Input:           T contains a real value at  which  the  basis  functions  are  to  be           evaluated.

           N contains the number of knots defining the basis.

           X contains the array of knots.

           V   contains  the  array  of  coefficients  determined  by  VGEN  for           calculation of basis functions.

           SIGMA contains the tension factor (its sign is ignored).

           ISTART is an integer variable.

           and

           B is a real array of length 4.

           The parameters N, X, V, and SIGMA should be input unaltered from  the           output of VGEN.

      On Output:           ISTART contains the index of the first non-zero basis function.  Thus           0 .LE. ISTART .LE. N-2 and the non-zero basis functions have  indices           ISTART,...,ISTART+3.

           B  contains the values at T of basis functions ISTART,...,ISTART+3 in           B(1),...,B(4), respectively.

           T, N, X, V, and SIGMA are unaltered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                          BSPPNZ

 

 Purpose:

      This subroutine evaluates  at  a  given  point  the  four  non-zero  basis      functions  of  a  periodic B-spline under tension basis.  The index of the      first non-zero basis function is also determined.  (The sense of the  word      non-zero  is  extended  to include the special cases where the given point      coincides with a knot in which case the last of the four  function  values      is  zero.)    The  subroutine  VGENP should be called earlier to determine      certain necessary coefficients.  For N equal to  2  and  3  only  N  basis      functions exist.  These are the only values returned.

  Subprogram Statement:

      SUBROUTINE BSPPNZ(T,N,X,P,V,SIGMA,ISTART,B)

 Type and Dimension of Parameters:

      INTEGER N, ISTART      REAL T, X(N), P, V(5,N), SIGMA, B(4)

  Status of Parameters:

      On Input:           T  contains  a  real  value  at  which  the basis functions are to be           evaluated.

           N contains the number of knots defining the basis.

           X contains the array of knots.

           P is the period.

           V  contains  the  array  of  coefficients  determined  by  VGENP  for           calculation of basis functions.

           SIGMA contains the tension factor (its sign is ignored).

           ISTART is an integer variable.

           and

           B is a real array of length 4.

           The  parameters  N, X, P, V, and SIGMA should be input unaltered from           the output of VGENP.

      On Output:           ISTART contains the index of the first non-zero basis function.  Thus           1  .LE.  ISTART  .LE. N and the non-zero basis functions have indices           ISTART,...,ISTART+3  interpreted  in  a  cyclical  fashion  (e.g.  if           ISTART=N-1   then   the  active  indices  are  N-1,  N,  1,  and  2).           Furthermore, for N=2 and N=3,  ISTART=1  and  only  1,...,N  are  the           indices of the basis functions.

           B  contains the values at T of basis functions ISTART,...,ISTART+3 in           B(1),...,B(4), respectively (except for N=2 and N=3  for  which  only           B(1),...,B(N) contain values).

           and

           T, N, X, P, V, and SIGMA are unaltered.

  Referenced Package Subprograms:

      INTRVP, SNHCSH

                                                                          DSPLNZ

 

 Purpose:

      This  subroutine  evaluates  at  a  given  point  the  four non-zero basis      functions of a B-spline under tension basis and  their  first  and  second      derivatives.    The  index  of  the  first non-zero basis function is also      determined.  (The sense of the word non-zero is extended  to  include  the      special  cases  where the given point coincides with a knot, in which case      one of the four returned function values may be  zero.)    The  subroutine      VGEN should be called earlier to determine certain necessary coefficients.

  Subprogram Statement:

      SUBROUTINE DSPLNZ(T,N,X,V,SIGMA,ISTART,B)

 Type and Dimension of Parameters:

      INTEGER N, ISTART      REAL T, X(N), V(5,N), SIGMA, B(3,4)

  Status of Parameters:

      On Input:           T  contains  a  real  value  at  which  the basis functions are to be           evaluated.

           N contains the number of knots defining the basis.

           X contains the array of knots.

           V  contains  the  array  of  coefficients  determined  by  VGEN   for           calculation of basis functions.

           SIGMA contains the tension factor (its sign is ignored).

           ISTART is an integer variable.

           and

           B is a real array with 3 rows and 4 columns.

           The  parameters N, X, V, and SIGMA should be input unaltered from the           output of VGEN.

      On Output:           ISTART contains the index of the first non-zero basis function.  Thus           0  .LE. ISTART .LE. N-2 and the non-zero basis functions have indices           ISTART,...,ISTART+3.

           B contains the values at T of basis functions ISTART,...,ISTART+3  in           B(1,1),...,B(1,4), respectively.  First and second derivatives of the           corresponding  functions  are  contained  in  B(2,1),...,B(2,4),  and           B(3,1),...,B(3,4), respectively.

           T, N, X, V, and SIGMA are unaltered.

  Referenced Package Subprograms:

      INTRVL, SNHCSH

                                                                          DSPPNZ

 

 Purpose:

      This  subroutine  evaluates  at  a  given  point  the  four non-zero basis      functions of a periodic B-spline under tension basis and their  first  and      second  derivatives.    The  index of the first non-zero basis function is      also determined.  (The sense of the word non-zero is extended  to  include      the  special  cases  where the given point coincides with a knot, in which      case the last of the four function values and derivatives are zero.)   The      subroutine  VGENP  should be called earlier to determine certain necessary      coefficients. For N equal to two  and  N  equal  to  three  only  N  basis      functions exist.  These are the only values returned.

  Subprogram Statement:

      SUBROUTINE DSPPNZ(T,N,X,P,V,SIGMA,ISTART,B)

 Type and Dimension of Parameters:

      INTEGER N, ISTART      REAL T, X(N), P, V(5,N), SIGMA, B(3,4)

  Status of Parameters:

      On Input:           T  contains  a  real  value  at  which  the basis functions are to be           evaluated.

           N contains the number of knots defining the basis.

           X contains the array of knots.

           P is the period.

           V  contains  the  array  of  coefficients  determined  by  VGENP  for           calculation of basis functions.

           SIGMA contains the tension factor (its sign is ignored).

           ISTART is an integer variable.

           and

           B is a real array with 3 rows and 4 columns.

           The  parameters  N, X, P, V, and SIGMA should be input unaltered from           the output of VGENP.

      On Output:           ISTART contains the index of the first non-zero basis function.  Thus           1  .LE.  ISTART  .LE. N and the non-zero basis functions have indices           ISTART,...,ISTART+3  interpreted  in  a  cyclical  fashion  (e.g.  if           ISTART=N-1   then   the  active  indices  are  N-1,  N,  1,  and  2).           Furthermore, for N=2 and N=3,  ISTART=1  and  only  1,...,N  are  the           indices of the basis functions.

           B  contains the values at T of basis functions ISTART,...,ISTART+3 in           B(1,1),...,B(1,4), respectively.  Corresponding first derivatives  in           B(2,1),...,B(2,4),    and   corresponding   second   derivatives   in           B(3,1),...,B(3,4)  (except  for  N=2   and   N=3   for   which   only           B(.,1),...,B(.,N) contain values).

           and

           T, N, X, P, V, and SIGMA are unaltered.

  Referenced Package Subprograms:

      INTRVP, SNHCSH

 

 

 

 

                   VIII. Conversion of B-Spline Representation                            to Hermite Representation

                                                                           BTOH1

 

 Purpose:

      This  subroutine  obtains  a  hermite  interpolation representation (i.e.,      function values and second derivatives) for a one dimensional spline  from      a B-spline basis representation.

  Subprogram Statement:

      SUBROUTINE BTOH1(N, C, V, Y, YP)

 Type and Dimension of Parameters:

      INTEGER N      REAL C(N+2), V(5,N), Y(N), YP(N)

  Status of Parameters:

      On Input:           N is the number of knots defining the B-spline basis (N .GE. 2).

           C   contains   the   array   of  N+2  coefficients  of  the  B-spline           representation.  For I=1,...,N+2, C(I) is the coefficient  for  basis           function I-1.

           V  is  an  array  containing the B-spline under tension basis data as           determined by VGEN.

           and

           Y and YP are arrays of at least N locations.

      On Output:           Y contains the function values at the knots (i.e., Y(I) contains  the           function value at X(I), for I=1,...,N).

           YP  contains  the second derivative of the spline at the knots (i.e.,           YP(I) contains the second derivative at X(I), for I=1,...,N).

           and

           None of the input parameters are altered.

                                                                          NBTOH1

 

 Purpose:

      This subroutine obtains  a  hermite  interpolation  representation  (i.e.,      function  values and second derivatives) for a one dimensional spline from      a B-spline basis representation.  The spline is assumed  to  have  natural      end conditions.

  Subprogram Statement:

      SUBROUTINE NBTOH1(N,C,V,Y,YP)

 Type and Dimension of Parameters:

      INTEGER N      REAL C(N), V(5,N), Y(N), YP(N)

  Status of Parameters:

      On Input:           N is the number of knots defining the B-spline basis (N .GE. 2).

           C  is an array containing the coefficients of the spline with respect           to the B-spline basis.

           V is an array containing the B-spline under  tension  basis  data  as           determined by VGEN.

           and

           Y and YP are arrays of at least N locations.

      On Output:           Y  contains the function values at the knots (i.e., Y(I) contains the           function value at X(I), for I=1,...,N).

           YP contains the second derivative of the spline at the  knots  (i.e.,           YP(I) contains the second derivative at X(I), for I=1,...,N).

           and

           None of the input parameters are altered.

 

 

 

 

                             IX. Auxiliary Software

                                                                          ARCLN2

 

 Purpose:

      This  function,  called  by  ARKUR  and  ARKURP,  determines the arclength                      2        2 1/2      integrand (x'(t)  + y'(t) )     of  a  curve  (x(t),y(t))  each  of  whose      components  is  a  spline  under tension (and where x' and y' indicate the      derivatives of x and y, respectively).

  Subprogram Statement:

      FUNCTION ARCLN2(T)

 Type and Dimension of Parameters:

      REAL T

  Status of Parameters:

      On Input:           T is a value of the independent variable.

      On Output:           ARCLN2 contains the arclength integrand quantity evaluated at T.

           and

           T is unaltered.

  Referenced Package Subprograms:

      SNHCSH

  Common Storage Names:

      AR2COM

                                                                          ARCLN3

 

 Purpose:

      This function, called  by  ARQUR  and  ARQURP,  determines  the  arclength                       2         2        2 1/2      integrand  (x'(t)   + y'(t)  + z'(t) )    of a curve (x(t),y(t),z(t)) each      of whose components is a spline under tension (and where x',  y',  and  z'      indicate the derivatives of x, y, and z, respectively).

  Subprogram Statement:

      FUNCTION ARCLN3(T)

 Type and Dimension of Parameters:

      REAL T

  Status of Parameters:

      On Input:           T is a vlue of the independent variable

      On Output:           ARCLN3 contains the arclength integrand quantity evaluated at T.

           and

           T is unaltered.

  Referenced Package Subprograms:

      SNHCSH

  Common Storage Names:

      AR3COM

                                                                            AREA

 

 Purpose:

      This function determines the area integrand

          X(T) * YPRIME(T)

      of  a curve (X(T),Y(T)) each of whose components is a spline under tension      (and where YPRIME indicates the derivative of Y).

  Subprogram Statement:

      FUNCTION AREA(T)

 Type and Dimension of Parameters:

      REAL T

  Status of Parameters:

      On Input:           T is a value of the independent variable.

      On Output:           AREA contains the area integrand quantity evaluated at T.

           and

           T is unaltered

  Referenced Package Subprograms:

      SNHCSH

  Common Storage Names:

      ARECOM

                                                                           BDRYN

 

 Purpose:

      This subroutine constructs non-polar boundary derivatives.    If  F  is  a      function  of  R  and  THETA  defined  over  a  grid  with M R-values and N      THETA-values, the values of FR(R(1),THETA(J)), J=1,...,N,  are  placed  in      array FP, where FR denotes the partial derivative of F with respect to R.

  Subprogram Statement:

      SUBROUTINE BDRYN(M,N,ISW,ISTAR,ID,D,R1,R2,R3,IZ,Z1,                       Z2,Z3,SIGMA,IFP,FP,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, ISW, ISTAR, ID, IZ, IFP, IERR      REAL D(1), Z1(1), Z2(1), Z3(1), SIGMA, FP(1), R1, R2, R3

  Status of Parameters:

      On Input:           M is the number of R-values in the grid (M .GE. 2).

           N is the number of derivatives to be placed in FP (N .GE. 1).

           ISW  specifies whether or not derivatives are user-supplied.  ISW = 0           if derivatives are in  D.  ISW  .NE.  0  if  derivatives  are  to  be           approximated.

           ISTAR  describes  monotonicity  of  the  grid.   ISTAR = 0 if data is           strictly monotone.  ISTAR .NE. 0 otherwise.

           ID is the distance between derivatives in D.

           D is an array  of  N  derivatives.    Its  contents  are  ignored  if           ISW .NE. 0.

           R1, R2, R3 are the grid values R(1), R(2), R(3).

           IZ is the distance between function values in arrays Z1, Z2, Z3.

           Z1  is  an array containing the N function values at (R(1),THETA(J)),           J=1,...,N.

           Z2 is an array containing the N function values  at  (R(2),THETA(J)),           J=1,...,N.

           Z3  is  an array containing the N function values at (R(3),THETA(J)),           J=1,...,N.  Z3 is ignored if M = 2.

           SIGMA is the denormalized tension factor.

           and

           IFP is the distance between derivatives in FP.

      On Output:           FP is the array which contains the N derivatives.

           IERR is an error flag,

                = 0  if normal return,                = 1  if input dimensions are too small.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      CEEZ

                                                                           BDRYP

 

 Purpose:

      This subroutine constructs boundary derivatives at a pole.    If  F  is  a      function  of  R  and  THETA  defined  over  a  grid  with M R-values and N      THETA-values, if R(1) is a pole, and if FR denotes the partial  derivative      of  F  with  respect to R, then the values of FR(R(1),THETA(J)), J=1,...,N      are calculated from FR(R(1),0) and FR(R(1),90.) in such a way that  FR  is      continuous and placed in array FP.  The values F(R(1),0) and F(R(1),PI/2.)      are either supplied by the user or approximated by the routine.

  Subprogram Statement:

      SUBROUTINE BDRYP(M,N,ISW,D0,D90,R1,R2,R3,IZ,Z1,                       Z2,Z3,SIGMA,THETA,IFP,FP,DD0,DD90,TEMP,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, ISW, IZ, IFP, IERR      REAL Z1(1), Z2(1), Z3(1), SIGMA, THETA(N), FP(1), TEMP(1),           D0, D90, R1, R2, R3, DD0, DD90

  Status of Parameters:

      On Input:           M is the number of R-values in the grid (M .GE. 2).

           N is the number of derivatives to be placed in FP (N .GE. 2).

           ISW is a switch which tells where to get the derivatives.  ISW = 0 if           derivatives  are  in  D0,  D90.   ISW .NE. 0 if derivatives are to be           approximated.

           D0 is the derivative of F with respect to R at (R(1),0).  This  value           is ignored if ISW is not zero.

           D90  is  the  derivative  of  F with respect to R at (R(1),90).  This           value is ignored if ISW is not zero.

           R1, R2, R3 are grid values R(1), R(2), R(3),  respectively.    R3  is           ignored if M = 2.

           IZ is the distance between function values in arrays Z1, Z2, and Z3.

           Z1 is an array of N function values at (R(1),THETA(J)), J=1,...,N.

           Z2 is an array of N function values at (R(2),THETA(J)), J=1,...,N.

           Z3  is  an  array of N function values at (R(3),THETA(J)), J=1,...,N.           Z3 is ignored if M = 2.

           SIGMA is the denormalized tension factor.

           THETA is the array of N values of THETA in degrees at which FR is  to           be evaluated.

           IFP is the distance between derivatives in FP.

           and

           TEMP is workspace of dimension at least 3 * N.

      On Output:           FP  is  the  array  which  contains  the  N  derivatives in locations           FP(1), FP(IFP+1), ... ,FP((N-1)*IFP+1).

           DD0 = FR(0,0).

           DD90 = FR(0,90).

           IERR is an error flag,

                = 0  if normal return,                = 1  if input dimensions are too small,                = 4  if derivatives could not be estimated.

           and

           The input parameters are unaltered.

           Note that R and THETA are not interchangable in this module.

  Referenced Package Subprograms:

      CEEZ, LSTSQ, and BLAS modules SAXPY, SCOPY, SDOT, SNRM2, and SSCAL.

                                                                          BPREDT

 

 Purpose:

      This subroutine predicts a new SIGMA that is less than the present  SIGMA.      This  routine assumes the present SIGMA satisfies the conditions and looks      for a smaller SIGMA that does also.

  Subprogram Statement:

      SUBROUTINE BPREDT(N,X,Y,SIGMA,DYP,YP,FLLMT,FULMT,DFLLMT,                        DFULMT,IFCON,IDFCON,ISDCON,PSIGMA,DELTA,SIGMAL)

 Type and Dimension of Parameters:

      INTEGER N, IFCON(N), IDFCON(N), ISDCON(N)      REAL X(N), Y(N), SIGMA, DYP(N), YP(N), FLLMT(N),           FULMT(N), DFLLMT(N), DFULMT(N), PSIGMA, DELTA, SIGMAL

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           X   and   Y   are  arrays  containing  the  abscissae  and  ordinates           respectively, of the specified points.

           SIGMA is the tension factor.

           DYP is an array containing the partials of YP  with  respect  to  the           tension factor.

           YP is an array of second derivative values of the curve at the nodes.

           FLLMT  and FULMT are arrays of length N which contain the lower limit           and the upper limit, respectively, of the desired spline.    FLLMT(I)           and    FULMT(I)    describe    the    limits    for    the   interval           X(I) .LE. X .LE. X(I+1).  The Nth element is ignored.  The  user  may           omit either or both of these parameters for any interval I and signal           this with IFCON(I).

           DFLLMT and DFULMT are arrays of length N which contain the lower  and           upper  limits,  respectively,  of the first derivative of the desired           spline.  DFLLMT(I) and DFULMT(I) describe the limits for the interval           X(I)  .LE.  X .LE. X(I+1).  The Nth element is ignored.  The user may           omit either or both of these parameters for any interval I and signal           this with IDFCON(I).

           IFCON  is an array of length N containing information about FLLMT and           FULMT.           IFCON(I)                = -1 if FLLMT(I) is to be used but not FULMT(I),                = 0  if both FLLMT(I) and FULMT(I) are to be used,                = 1  if FULMT(I) is to be used but not FLLMT(I),                = 2  if both FLLMT(I) and FULMT(I) are not used.

           IFCON(N) is ignored.

           IDFCON is an array of length N containing  information  about  DFLLMT           and DFULMT.           IDFCON(I)                = -1 if DFLLMT(I) is to be used but not DFULMT(I),                = 0  if both DFLLMT(I) and DFULMT(I) are to be used,                = 1  if DFULMT(I) is to be used but not DFLLMT(I),                = 2  if both DFLLMT(I) and DFULMT(I) are not used.

           IDFCON(N) is ignored.

           and

           ISDCON(I)  is  an  array of length N containing information about the           second derivative on each interval.           ISDCON(I)                = -1 the spline should be concave on the Ith interval.                = 0  no constraints are placed on the 2nd derivative on the  Ith                     interval,                = 1  the spline should be convex on the Ith interval.

           ISDCON(N) is ignored.

      On Output:           PSIGMA contains a predicted value of SIGMA.

           DELTA  contains  the  difference  between  the actual maximum/minimum           value and the desired maximum/minimum value of the condition used  to           choose  PSIGMA.    If  no  PSIGMA  can be chosen PSIGMA and DELTA are           returned as zero.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      DYYRS, DFMXMN, DYRS, FMXMN, MKRHS2, PREDT, SNHCS2, TERMS2, TRISOL,  CURV2,      CURVD, INTRVL, SNHCSH

                                                                            CEEZ

 

 Purpose:

      This  subroutine  determines  the  coefficients  c ,  c ,  and  c  used to                                                        1    2         3      determine endpoint slopes.  Specifically, if function values y ,  y ,  and                                                                    1    2      y   are  given at points x , x , and x , respectively, the quantity c y  +       3                        1   2       3                              1 1      c y  + c y  is the value of the derivative at x  of a spline under tension       2 2    3 3                                    1      (with  tension  factor  sigma) passing through the three points and having      third derivative equal to zero at x .  Optionally, only two values, c  and                                         1                                 1      c  are determined.       2

  Subprogram Statement:

      SUBROUTINE CEEZ(DEL1,DEL2,SIGMA,C1,C2,C3,N)

 Type and Dimension of Parameters:

      INTEGER N      REAL DEL1, DEL2, SIGMA, C1, C2, C3

  Status of Parameters:

      On Input:           DEL1 is X2-X1 (.GT. 0.).

           DEL2 is X3-X1 (.GT. 0.).  If N .EQ. 2, this parameter is ignored.

           SIGMA is the tension factor.

           and

           N  is  a switch indicating the number of coefficients to be returned.           If N .EQ. 2 only two coefficients are returned.  Otherwise all  three           are returned.

      On Output:           C1, C2, and C3 contain the coefficients.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          CHEKIN

 

 Purpose:

      This subroutine checks the monotonicity of input grid values.

  Subprogram Statement:

      SUBROUTINE CHEKIN(N,X,ISTAR,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISTAR, IERR      REAL X(N)

  Status of Parameters:

      On Input:           N is the number of grid values.

           and

           X is an array of the N grid values.

      On Output:           ISTAR  is the index where X(ISTAR-1) .GT. X(ISTAR).  ISTAR is zero if           the grid values are strictly increasing.

           IERR is an error flag,

                = 0  if the grid values are specified correctly,                = 2  if the grid values are not specified as 1 or 2 sequences of                     strictly increasing values.

           and

           The input parameters are unaltered.

                                                                          CKINTV

 

 Purpose:

      This  subroutine  checks  a  certain  interval  to  see  if user specified      conditions can be achieved by an interpolation spline  under  tension  for      every tension factor greater than some unknown real number.

  Subprogram Statement:

      SUBROUTINE CKINTV(N,I,X,Y,SP1,SP2,SP3,FLLMT,FULMT,DFLLMT,                        DFULMT,IFCON,IDFCON,ISDCON,IERR,IERCON)

 Type and Dimension of Parameters:

      INTEGER N, I, IFCON(N), IDFCON(N), ISDCON(N), IERR, IERCON(N)      REAL X(N), Y(N), SP1, SP2, SP3, FLLMT(N), FULMT(N), DFLLMT(N), DFULMT(N)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           I contains the index of the interval to be checked.

           X  and  Y  are  arrays  containing  the  abscissae   and   ordinates,           respectively, of the specified points.

           SP1,  SP2,  and  SP3  are the limits of the slopes in the I-1, I, I+1           intervals respectively.  If I = 1, SP1 should contain  the  value  of           the  first  derivative  of  the  curve at X(1).  If I = N, SP3 should           contain the value of the first derivative of the curve at X(N).

           FLLMT and FULMT are arrays of length N which contain the lower  limit           and  the  upper limit, respectively, of the desired spline.  FLLMT(J)           and   FULMT(J)    describe    the    limits    for    the    interval           X(J)  .LE.  X .LE. X(J+1).  The Nth element is ignored.  The user may           omit either or both of these parameters for any interval J and signal           this with IFCON(J).

           DFLLMT  and DFULMT are arrays of length N which contain the lower and           the upper limits,  respectively,  of  the  first  derivative  of  the           desired  spline.  DFLLMT(J) and DFULMT(J) describe the limits for the           interval X(J) .LE. X .LE. X(J+1).  The Nth element is ignored.    The           user  may  omit either or both of these parameters for any interval J           and signal this with IDFCON(J).

           IFCON is an array of length N containing information about FLLMT  and           FULMT.           IFCON(I)                = -1 if FLLMT(I) is to be used but not FULMT(I),                = 0  if both FLLMT(I) and FULMT(I) are to be used,                = 1  if FULMT(I) is to be used but not FLLMT(I),                = 2  if both FLLMT(I) and FULMT(I) are not used.

           IFCON(N) is ignored.

           IDFCON  is  an  array of length N containing information about DFLLMT           and DFULMT.           IDFCON(I)                = -1 if DFLLMT(I) is to be used but not DFULMT(I),                = 0  if both DFLLMT(I) and DFULMT(I) are to be used,                = 1  if DFULMT(I) is to be used but not DFLLMT(I),                = 2  if both DFLLMT(I) and DFULMT(I) are not used.

           IDFCON(N) is ignored.

           ISDCON(I) is an array of length N containing  information  about  the           second derivative on each interval.           ISDCON(I)                = -1 the spline should be concave on the Ith interval.                = 0  no  constraints are placed on the 2nd derivative on the Ith                     interval,                = 1  the spline should be convex on the Ith interval.

           ISDCON(N) is ignored.

           and

           IERCON is an array of length at least N.

      On Output:           IERR contains an error flag.

                = 0  for normal return                = 3  conditions cannot be met

           IERCON(I) contains the decimal equivalent of a five digit  number  A1           A2 A3 A4 A5.              A1 = 0    condition FLLMT(I) can be met              A1 = 1    condition FLLMT(I) cannot be met              A2 = 0    condition FULMT(I) can be met              A2 = 1    condition FULMT(I) cannot be met              A3 = 0    condition DFLLMT(I) can be met              A3 = 1    condition DFLLMT(I) cannot be met              A4 = 0    condition DFULMT(I) can be met              A4 = 1    condition DFULMT(I) cannot be met              A5 = 0    condition ISDCON(I) can be met              A5 = 1    condition ISDCON(I) cannot be met           IERCON(J), where J not equal to I, is unaltered.

           None of the input parameters are altered.

                                                                          CONDCK

 

 Purpose:

      This subroutine checks to see if user specified conditions can be achieved      by an interpolation spline under tension for every tension factor  greater      than some unknown real number.

  Subprogram Statement:

      SUBROUTINE CONDCK(N,X,Y,SLPP1,SLPPN,FLLMT,FULMT,DFLLMT,                        DFULMT,IFCON,IDFCON,ISDCON,IERR,IERCON)

 Type and Dimension of Parameters:

      INTEGER N, IFCON(N), IDFCON(N), ISDCON(N), IERR, IERCON(N)      REAL X(N), Y(N), SLPP1, SLPPN, FLLMT(N), FULMT(N), DFLLMT(N),           DFULMT(N)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           X  and  Y  are  arrays  containing  the  abscissae   and   ordinates,           respectively, of the specified points.

           SP1,  SP2,  and  SP3  are the limits of the slopes in the I-1, I, I+1           intervals respectively.  If I = 1, SP1 should contain  the  value  of           the  first  derivative  of  the  curve at X(1).  If I = N, SP3 should           contain the value of the first derivative of the curve at X(N).

           FLLMT and FULMT are arrays of length N which contain the lower  limit           and  the  upper limit, respectively, of the desired spline.  FLLMT(N)           and   FULMT(J)    describe    the    limits    for    the    interval           X(J)  .LE.  X .LE. X(J+1).  The Nth element is ignored.  The user may           omit either or both of these parameters for any interval J and signal           this with IFCON(J).

           DFFLMT  and DFULMT are arrays of length N which contain the lower and           the upper limits,  respectively,  of  the  first  derivative  of  the           desired  spline.  DFLLMT(J) and DFULMT(J) describe the limits for the           interval X(J) .LE. X .LE. X(J+1).  The Nth element is ignored.    The           user  may  omit either or both of these parameters for any interval J           and signal this with IDFCON(J).

           IFCON is an array of length N containing information about FLLMT  and           FULMT.           IFCON(I)                = -1 if FLLMT(I) is to be used but not FULMT(I),                = 0  if both FLLMT(I) and FULMT(I) are to be used,                = 1  if FULMT(I) is to be used but not FLLMT(I),                = 2  if both FLLMT(I) and FULMT(I) are not used.

           IFCON(N) is ignored.

           IDFCON  is  an  array of length N containing information about DFLLMT           and DFULMT.           IDFCON(I)                = -1 if DFLLMT(I) is to be used but not DFULMT(I),                = 0  if both DFLLMT(I) and DFULMT(I) are to be used,                = 1  if DFULMT(I) is to be used but not DFLLMT(I),                = 2  if both DFLLMT(I) and DFULMT(I) are not used.

           IDFCON(N) is ignored.

           and

           ISDCON(I) is an array of length N containing  information  about  the           second derivative on each interval.           ISDCON(I)                = -1 the spline should be concave on the Ith interval.                = 0  no  constraints are placed on the 2nd derivative on the Ith                     interval,                = 1  the spline should be convex on the Ith interval.

           ISDCON(N) is ignored.

           and

           IERCON is an array of length at least N.

      On Output:           IERR contains an error flag.

                = 0  for normal return.                = 3  conditions cannot be met.

           IERCON(I) contains the decimal equivalent of a five digit  number  A1           A2 A3 A4 A5.              A1 = 0    condition FLLMT(I) can be met              A1 = 1    condition FLLMT(I) cannot be met              A2 = 0    condition FULMT(I) can be met              A2 = 1    condition FULMT(I) cannot be met              A3 = 0    condition DFLLMT(I) can be met              A3 = 1    condition DFLLMT(I) cannot be met              A4 = 0    condition DFULMT(I) can be met              A4 = 1    condition DFULMT(I) cannot be met              A5 = 0    condition ISDCON(I) can be met              A5 = 1    condition ISDCON(I) cannot be met           IERCON(J), where J not equal to I, is unaltered.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      CKINTV

                                                                          CRVSSA

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  set  up  the      computation of smoothing splines under  tnesion  for  a  given  increasing      sequence  of  abscissae.    For  actual  determination  of  the parameters      necessary to compute a smoothing spline under tnesion it is  necessary  to      call the subroutine CRVSSB.

  Subprogram Statement:

      SUBROUTINE CRVSSA(N,X,D,ISW,TD,TSD1,HD,HSD1,HSD2,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISW, IERR      REAL X(N), D(N), TD(N), TSD1(N), HD(N), HSD1(N), HSD2(N)

  Status of Parameters:

      On Input:           N is the number of values to be smoothed (N .GE. 2).

           X  is  an  array  of  the  N increasing abscissae of the values to be           smoothed.

           D is a parameter containing the observation weights.  This may either           be an array of length N or a scalar (interpreted as a constant).  The           value of D corresponding to the observation (X(K),Y(K)) should be  an           approximation to the standard deviation of error.

           ISW  contains  a  switch  indicating whether the parameter D is to be           considered a vector or a scalar,

                = 0  if D is an array of length N,                = 1  if D is a scalar.

           TD, TSD1, HD, HSD1, and HSD2 are arrays of at least N locations.

           and

           SIGMA contains the tension factor.  This value indicates  the  degree           to  which  the  first  derivative part of the smoothing functional is           emphasized.  If SIGMA is nearly zero (e.g., .001) the resulting curve           is  approximately a cubic spline.  If SIGMA is large (e.g., 50.)  the           resulting curve is nearly a polygonal line.  If SIGMA equals zero,  a           cubic spline results.  A standard value for SIGMA is approximately 1.

      On Output:           TD,  TSD1, HD, HSD1, and HSD2 contain information needed by CRVSSB to           determine parameters of a smoothing spline under tension.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 4  if X-values are not strictly increasing,                = 5  if a D-value is non-positive.

           and

           N, X, Y, D, ISW, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          CRVSSB

 

 Purpose:

      This subroutine determines the parameters necessary to compute a smoothing      spline  under  tension.    For  a  given  increasing sequence of abscissae      (X(I)), I=1,...,N and associated ordinates (Y(I)), I=1,...,N, the function      determined  minimizes  the  summation from I=1 to N-1 of the square of the      second derivative of F plus SIGMA squared  times  the  difference  of  the      first  derivative of F and (F(X(I+1))-F(X(I)))/(X(I+1)-X(I)) squared, over      all functions F with two continuous derivatives such that the summation of      the  square  of  (F(X(I)-Y(I)))/D(I)  is  less  than  or  equal to a given      constant S, where  (D(I)),  I=1,...,N  are  a  given  set  of  observation      weights.    The  function  determined is a spline under tension with third      derivative discontinuities at (X(I)), I=2,...,N-1.  The subroutine  CRVSSA      should be called earlier to determine certain necessary parameters.

  Subprogram Statement:

      SUBROUTINE CRVSSB(N,X,Y,D,ISW,S,EPS,YS,YSP,P,TD,TSD1,      HD,HSD1,HSD2,RD,RSD1,RSD2,V,IFLAG)

 Type and Dimension of Parameters:

      INTEGER N, ISW, IFLAG      REAL X(N), Y(N), D(N), S, EPS, YS(N), YSP(N), P, TD(N),           TSD1(N), HD(N), HSD1(N), HSD2(N), RD(N),           RSD1(N), RSD2(N), V(N)

  Status of Parameters:

      On Input:           N is the number of values to be smoothed (N .GE. 2).

           X  is  an  array  of  the  N increasing abscissae of the values to be           smoothed.

           Y is an array of the N ordinates of the values to be smoothed, (i.e.,           Y(K) is the functional value corresponding to X(K)).

           D is a parameter containing the observation weights.  This may either           be an array of length N or a scalar (interpreted as a constant).  The           value  of D corresponding to the observation (X(K),Y(K)) should be an           approximation to the standard deviation of error.

           ISW contains a switch indicating whether the parameter  D  is  to  be           considered a vector or a scalar,

                = 0  if D is an array of length N,                = 1  if D is a scalar.

           S  contains  the  value  controlling  the  smoothing.    This must be           non-negative.    For  S  equal   to   zero,   the   subroutine   does           interpolation,   larger  values  lead  to  smoother  functions.    If           parameter D contains standard deviation estimates, a reasonable value           for S is FLOAT(N).

           EPS  contains  a tolerance on the relative precision to which S is to           be intepreted.  This must be greater than or equal to zero  and  less           than   or   equal   to   one.      A  reasonable  value  for  EPS  is           SQRT(2./FLOAT(N)).

           YS is an array of length at least N.

           YSP is an array of length at least N.

           P contains the initial approximation to the LaGrangian  parameter  to           be  determined  by  the Newton iteration.  This must be non-negative.           If an initial approximation is not known, zero should be used.

           and

           TD, TSD1, HD, HSD1, and  HSD2  are  the  arrays  output  from  CRVSSA           containing  information  needed to determine parametes of a smoothing           spline under tension.

           The parameters N, X, D, ISW, TD, TSD1, HD, HSD1, and HSD2  should  be           input unaltered from the output of CRVSSA.

      On Output:           YS contains the smoothed ordinate values.

           YSP  contains  the  values  of  the second derivative of the smoothed           curve at the given nodes.

           P contains the value of the LaGrangian parameter  determined  by  the           Newton iteration.

           IFLAG contains a flag indicating how the Newton iteration terminated,

                = 0  for convergence to finite P,                = 1  if  converging to infinite P. This value of P should not be                     used  as  an  initial  approximation  to   the   LaGrangian                     parameter in future calls to CRVSSB.

           and

           N, X, Y, D, ISW, S, EPS, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          CURVPP

 

 Purpose:

      This  subroutine determines the parameters necessary to compute a periodic      smoothing spline under tension.    For  a  given  increasing  sequence  of      abscissae  (X(I)),  I=1,...,N  and associated ordinates (Y(I)), I=1,...,N,      letting P be the period, X(N+1) = X(1)+P, and Y(N+1) = Y(1), the  function      determined  minimizes  the  summation from I = 1 to N of the square of the      second derivative of F plus SIGMA squared  times  the  difference  of  the      first  derivative of F and (F(X(I+1))-F(X(I)))/(X(I+1)-X(I)) squared, over      all functions F with period P and two continuous derivatives such that the      summation  of the square of (F(X(I))-Y(I))/D(I) is less than or equal to a      given constant S, where (D(I)), I=1,...,N are a given set  of  observation      weights.   The function determined is a periodic spline under tension with      third derivative discontinuities at (X(I)), I=1,...,N  (and  all  periodic      translations  of  these  values).  For actual computation of points on the      curve it is necessary to call the function CURVP2.

  Subprogram Statement:

      SUBROUTINE CURVPP(N,X,Y,P,D,ISW,S,EPS,YS,YSP,SIGMA,                        TD,TSD1,HD,HSD1,HSD2,RD,RSD1,RSD2,RNM1,                        RN,V,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISW, IERR      REAL X(N), Y(N), P, D(N), S, EPS, YS(N), YSP(N), SIGMA,           TD(N), TSD1(N), HD(N), HSD1(N), HSD2(N), RD(N), RSD1(N),           RSD2(N), RNM1(N), RN(N), V(N)

  Status of Parameters:

      On Input:           N is the number of values to be smoothed (N .GE. 2).

           X is an array of the N increasing  abscissae  of  the  values  to  be           smoothed.

           Y is an array of the N ordinates of the values to be smoothed, (i.e.,           Y(K) is the functional value corresponding to X(K)).

           P is the period (P .GT. X(N)-X(1)).

           D is a parameter containing the observation weights.  This may either           be an array of length N or a scalar (interpreted as a constant).  The           value of D corresponding to the observation (X(K),Y(K)) should be  an           approximation to the standard deviation of error.

           ISW  contains  a  switch  indicating whether the parameter D is to be           considered a vector or a scalar,

                = 0  if D is an array of length N,                = 1  if D is a scalar.

           S contains the  value  controlling  the  smoothing.    This  must  be           non-negative.      For   S   equal   to  zero,  the  subroutine  does           interpolation,  larger  values  lead  to  smoother  functions.     If           parameter D contains standard deviation estimates, a reasonable value           for S is FLOAT(N).

           EPS contains a tolerance on the relative precision to which S  is  to           be  interpreted.  This must be greater than or equal to zero and less           than  or  equal  to  one.     A   reasonable   value   for   EPS   is           SQRT(2./FLOAT(N)).

           YS is an array of length at least N.

           YSP is an array of length at least N.

           SIGMA  contains  the tension factor.  This value indicates the degree           to which the first derivative part of  the  smoothing  functional  is           emphasized.  If SIGMA is nearly zero (e.g., .001) the resulting curve           is approximately a cubic spline.  If SIGMA is large (e.g., 50.)   the           resulting  curve is nearly a polygonal line.  If SIGMA equals zero, a           cubic spline results.  A standard value for SIGMA is approximately 1.

           and

           TD, TSD1, HD, HSD1, HSD2, RD, RSD1, RSD2, RNM1, RN, and V are  arrays           of length at least N which are used for scratch storage.

      On Output:           YS contains the smoothed ordinate values.

           YSP  contains  the  values  of  the second derivative of the smoothed           curve at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if S is negative,                = 3  if EPS is negative or greater than one,                = 4  if X-values are not strictly increasing,                = 5  if a D-value is non-positive,                = 6  if P is less than or equal to X(N)-X(1).

           and

           N, X, Y, D, ISW, S, EPS, and SIGMA are unaltered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          CURVSS

 

 Purpose:

      This subroutine is called by CURVS, and actually determines the parameters      necessary  to  compute  a  smoothing  spline  under  tension.   For actual      computation of points on the curve it is necessary to  call  the  function      CURV2.

  Subprogram Statement:

      SUBROUTINE CURVSS (N,X,Y,D,ISW,S,EPS,YS,YSP,SIGMA,TD,TSD1,HD,HSD1,HSD2,                         RD,RSD1,RSD2,V,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISW, IERR      REAL X(N), Y(N), D(N), S, EPS, YS(N), YSP(N), SIGMA, TD, TSD1, HD(N),           HSD1(N), HSD2(N), RD(N), RSD1(N), RSD2(N), V(N)

  Status of Parameters:

      On Input:           N is the number of values to be smoothed (N.GE.2).

           X  is  an  array  of  the  N increasing abscissae of the values to be           smoothed.

           Y is an array of the N ordinates of the values to be smoothed, (i.e.,           Y(K) is the functional value corresponding to X(K) ).

           D is a parameter containing the observation weights.  This may either           be an array of length N or a scalar (interpreted as a constant).  The           value  of D corresponding to the observation (X(K),Y(K)) should be an           approximation to the standard deviation of error.

           ISW contains a switch indicating whether the parameter  D  is  to  be           considered a vector or a scalar,

                = 0  if D is an array of length N,                = 1  if D is a scalar.

           S  contains  the  value  controlling  the  smoothing.    This must be           non-negative.    For  S  equal   to   zero,   the   subroutine   does           interpolation,   larger  values  lead  to  smoother  functions.    If           parameter D contains standard deviation estimates, a reasonable value           for S is FLOAT(N).

           EPS  contains  a tolerance on the relative precision to which S is to           be interpreted.  Thus must be greater than or equal to zero and  less           than   or   equal   to   one.      A  reasonable  value  for  EPS  is           SQRT(2./FLOAT(N)).

           YS is an array of length at least N.

           YSP is an array of at least N.

           SIGMA contains the tension factor.  This value indicates  the  degree           to  which  the  first  derivative part of the smoothing functional is           emphasized.  If SIGMA is nearly zero (e.g., .001) the resulting curve           is  approximately  a cubic spline.  If SIGMA is large (e.g., 50.) the           resulting curve is nearly a polygonal line.  If SIGMA equals  zero  a           cubic spline results.  A standard value for SIGMA is approximately 1.

           and

           TD,  TSD1, HD, HSD1, HSD2, RD, RSD1, RSD2, and V are arrays of length           at least N which are used for scratch storage.

      On Output:           YS contains the smoothed ordinate values.

           YSP contains the values of the  second  derivative  of  the  smoothed           curve at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2,                = 2  if S is negative,                = 3  if EPS is negative or greater than one,                = 4  if X-values are not strictly increasing,                = 5  if a D-value is non-positive.

           and

           N, X, Y, D, ISW, S, EPS, and SIGMA are unaltered.

  Referenced Package Subprograms:

      STORE, TERMS, SNHCSH

                                                                           DDYRS

 

 Purpose:

      This function differentiates the derivative of a spline under tension with      respect to the tension factor at a given point.

  Subprogram Statement:

      FUNCTION DDYRS(T,N,X,YP,DYP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), YP(N), DYP(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value at which the derivative is to be determined.

           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           YP  is  an  array  of  second  derivative values of the spline at the           nodes.

           DYS is an array of first derivative values  of  YP  with  respect  to           SIGMA.

           and

           SIGMA contains the tension factor.

      On Output:           DDYRS contains the derivative value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCS2, INTRVL, SNHCSH

                                                                            DELR

 

 Purpose:

      Given  R(I),  I=1,...,M  and  N  vectors  of  data  ZZJ(I),  I=1,...,M and      J=1,...,N, this subroutine returns the N vectors                 ZZJ(I+2) - ZZJ(I+1)    ZZJ(I+1) - ZZJ(I)        BBJ(I) = ------------------- -  -----------------                   R(I+2) - R(I+1)        R(I+1) - R(I)

      I=1,...,M-2, where the ZZJ(I) and BBJ(I) are rows or columns in matrices Z      and B according to IZS, IZC and IBS, IBC, respectively.

  Subprogram Statement:

      SUBROUTINE DELR(N,M,R,IZS,IZC,Z,IBS,IBC,B)

 Type and Dimension of Parameters:

      INTEGER N, M, IZS, IZC, IBS, IBC      REAL R(M), Z(1), B(1)

  Status of Parameters:

      On Input:           N is the number of vectors to be computed.

           M is the number of values in R (M .GE. 3).

           R contains M values.

           IZS  is the distance between successive components in Z (e.g., ZZ1(1)           and ZZ1(2)).

           IZC is the distance between  corresponding  components  in  Z  (e.g.,           ZZ1(1) and ZZ2(1)).

           Z contains N * M values.

           IBS is the distance between successive components in B.

           and

           IBC is the distance between corresponding components in B.

      On Output:           B contains N * (M-2) values computed by the above formula.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      BLAS modules SAXPY, SCOPY, and SSCAL.

                                                                          DFMXMN

 

 Purpose:

      This  subroutine  returns the minimum and maximum values of the derivative      of a spline under tension on a  specified  interval.    The  associated  X      values are also returned.

  Subprogram Statement:

      SUBROUTINE DFMXMN(N,IM1,X,Y,YP,SIGMA,ISW,DFMAX,DFMIN,XMAX,XMIN)

 Type and Dimension of Parameters:

      INTEGER N, IM1, ISW      REAL X(N), Y(N), YP(N), SIGMA, DFMAX, DFMIN, XMAX, XMIN

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           IM1 contains the index to the leftmost point of  the  interval,  thus           the interval of interest is X(IM1) .LE. X .LE. X(IM1+1).

           X   and   Y  are  arrays  containing  the  abscissae  and  ordinates,           respectively, of the specified points.

           YP is an array of second derivative values of the curve at the nodes.

           SIGMA is the tension factor.

           and

           ISW indicates the result desired.

                = -1 only the minimum is desired                = 0  both the minimum and maximum are desired                = 1  only the maximum is desired.

       On Output:           DFMAX contains the maximum value and XMAX is the associated X  value.           (If ISW = -1 DFMAX and XMAX are unaltered.)

           DFMIN  contains the minimum value and XMIN is the associated X value.           (If ISW = 1 DFMIN and XMIN are unaltered.)

           None of the input parameters are altered.

  Referenced Package Subprograms:

      CURVD, SNHCSH

                                                                            DYRS

 

 Purpose:

      This function differentiates a spline under tension with  respect  to  the      tension factor at a given point.

  Subprogram Statement:

      FUNCTION DYRS(T,N,X,YP,DYP,SIGMA)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), YP(N), DYP(N), SIGMA

  Status of Parameters:

      On Input:           T contains a real value at which the derivative is to be determined.

           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           YP is an array of second derivative  values  of  the  spline  at  the           nodes.

           DYS  is  an  array  of  first derivative values of YP with respect to           SIGMA.

           and

           SIGMA contains the tension factor.

      On Output:           DYRS contains the derivative value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      SNHCS2, INTRVL, SNHCSH

                                                                           FMXMN

 

 Purpose:

      This subroutine returns the minimum and maximum values of a  spline  under      tension  on  a  specified  interval.    The  associated  X values are also      returned.

  Subprogram Statement:

      SUBROUTINE FMXMN(N,IM1,X,Y,YP,SIGMA,ISW,FMAX,FMIN,XMAX,XMIN)

 Type and Dimension of Parameters:

      INTEGER N, IM1, ISW      REAL X(N), Y(N), YP(N), SIGMA, FMAX, FMIN, XMAX, XMIN, XHAT(2)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           IM1  contains  the index to the leftmost point of the interval.  Thus           the interval of interest is X(IM1) .LE. X .LE. X(IM1+1).

           X  and  Y  are  arrays  containing  the  abscissae   and   ordinates,           respectively, of the specified points.

           YP is an array of second derivative values of the curve at the nodes.

           SIGMA is the tension factor.

           and

           ISW indicates the result desired.

                = -1 only the minimum is desired                = 0  both the minimum and maximum are desired                = 1  only the maximum is desired.

       On Output:           FMAX  contains  the  maximum  value and XMAX is the associated value.           (If ISW = 1, FMAX and XMAX are unaltered.)

           FMIN contains the minimum value and XMIN  is  the  associated  value.           (If ISW = 1, FMIN and XMIN are unaltered.)

           None of the input parameters are altered.

  Referenced Package Subprograms:

      CURV2, SNHCSH

                                                                          IPREDT

 

 Purpose:

      This subroutine predicts a new tension factor to produce a change of DELTA      in a spline under tension, its first derivative, or its second  derivative      at some point T. The present tension factor is assumed to be zero.

  Subprogram Statement:

      SUBROUTINE IPREDT(T,N,X,YP,SDYP,DELTA,PSIGMA,ISW)

 Type and Dimension of Parameters:

      INTEGER N, ISW      REAL T, X(N), YP(N), SDYP(N), DELTA, PSIGMA

  Status of Parameters:

      On Input:           T  contains  a  real  value  at  which  the  change  is  desired.  If           ISW .GT. 0 then the contents of T is ignored.

           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           YP is an array of second derivative values of the spline nodes.

           SDYP  is  an  array  of  second  partial derivative values of YP with           respect to the tension factor.

           DELTA is the desired change.

           and

           ISW indicates the change desired.

                = 0  a change in the spline is desired                = -1 a change in the first derivative is desired                = M .GT. 0                     a change in YP(M) is desired.

       On Output:           PSIGMA is the predicted tension factor.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      SDDYRS, SDYRS, INTRVL

                                                                          INTRVL

 

 Purpose:

      This  function determines the index of the interval (determined by a given      increasing sequence) in which a given value lies.

  Subprogram Statement:

      FUNCTION INTRVL(T,X,N)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N)

  Status of Parameters:

      On Input:           T is the given value.

           X is a vector of strictly increasing values.

           and

           N is the length of X (N .GE. 2).

      On Output:           INTRVL returns an integer I such that

                   I = 1                        if T .LE. X(2),                   I = N-1                        if X(N-1) .LE. T,                   otherwise                        X(I) .LE. T .LE. X(I+1)

           None of the input parameters are altered.

                                                                          INTRVP

 

 Purpose:

      This  function determines the index of the interval (determined by a given      increasing sequence) in which a given value lies,  after  translating  the      value  to  within  the  correct  period.   It also returns this translated      value.

  Subprogram Statement:

      FUNCTION INTRVP(T,X,N,P,TP)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), P, TP

  Status of Parameters:

      On Input:           T is the given value.

           X is a vector of strictly increasing values.

           N is the length of X (N .GE. 2).

           and

           P contains the period.

      On Output:           TP contains a translated value of T (i.e.,  X(1)  .LE.  TP,  TP  .LT.           X(1)+P, and TP = T + K*P for some integer K).

           INTRVL returns an integer I such that

                   I = 1                        if TP .LE. X(2),                   I = N                        if X(N) .LE. TP,                   otherwise                        X(I) .LE. TP .LE. X(I+1)

           None of the input parameters are altered.

                                                                          LEGCON

 

 Purpose:

      This subroutine checks to see if user specified conditions can be achieved      by  an interpolation spline under tension for every tension factor greater      than some unknown real number.

  Subprogram Statement:

      SUBROUTINE LEGCON(N,X,Y,SLP1,SLPN,ISLPSW,FLLMT,FULMT,                        DFLLMT,DFULMT,ISDCON,IERR)

 Type and Dimension of Parameters:

      INTEGER N, ISDCON(N), ISLPSW      REAL X(N), Y(N), SLP1, SLPN, FLLMT(N), FULMT(N), DFLLMT(N), DFULMT(N)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           X   and   Y  are  arrays  containing  the  abscissae  and  ordinates,           respectively, of the specified points.

           SLP1 and SLPN contain the values for the  first  derivatives  of  the           curve  at  X(1) and X(N), respectively.  The user may omit values for           either or both of these parameters and signal this with ISLPSW.

           ISLPSW contains a switch indicating which slope data should  be  used           and which should be estimated by this subroutine.

                = 0  if SLP1 and SLPN are to be used,                = 1  if SLP1 is to be used but not SLPN,                = 2  if SLPN is to be used but not SLP1,                = 3  if both SLP1 and SLPN are to be estimated internally.

           FLLMT, FULMT, DFLLMT, and DFULMT are arrays of length N.

           ISDCON is an integer array of length N.

      On Output:           FLLMT(I)  contains  a real number such that any real number less than           FLLMT(I) can be accepted by CURVSC as a legal value for the parameter           of the same name.

           FULMT(I)  contains  a  real  number such that any real number greater           than FULMT(I) can be accepted by CURVSC as  a  legal  value  for  the           parameter of the same name.

           DFLLMT(I)  contains a real number such that any real number less than           DFLLMT(I) can be  accepted  by  CURVSC  as  a  legal  value  for  the           parameter of the same name.

           DFULMT(I)  contains  a  real number such that any real number greater           than DFULMT(I) can be accepted by CURVSC as a  legal  value  for  the           parameter of the same name.

           ISDCON(I)  contains  information  about what value may be accepted by           CURVSC as a legal value for the parameter of the same name.           if ISDCON(I) = -1      legal values are -1 and 0,           if ISDCON(I) = 0       legal value is 0           if ISDCON(I) = 1       legal values are 0 and 1

           The Nth elements of all output arrays are unaltered.

           IERR is an error flag.

                = 0  for normal return                = 1  if N is less than 2                = 2  if X-values are not strictly increasing

           None of the input parameters are altered.

  Referenced Package Subprograms:

      LEGINT

                                                                          LEGINT

 

 Purpose:

      This subroutine checks a certain interval and finds the limit of the legal      values  of FLLMT, FULMT, DFLLMT, DFULMT, and ISDCON that the user can give      to CURVSC.

  Subprogram Statement:

      SUBROUTINE LEGINT(N,I,X,Y,SP1,SP2,SP3,FLLMT,FULMT,                        DFLLMT,DFULMT,ISDCON)

 Type and Dimension of Parameters:

      INTEGER N, I, ISDCON(N)      REAL X(N), Y(N), SP1, SP2, SP3, FLLMT(N), FULMT(N),           DFLLMT(N), DFULMT(N)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           I contains the index of the interval to be checked.

           X   and   Y  are  arrays  containing  the  abscissae  and  ordinates,           respectively, of the specified points.

           SP1, SP2, and SP3 are the limits of the slopes in  the  I-1,  I,  I+1           intervals  respectively.  If I=1, SP1 should contain the value of the           first derivative of the curve at X(1).  If I=N,  SP3  should  contain           the value of the first derivative of the curve at X(N).

           FLLMT, FULMT, DFLLMT, DFULMT are arrays of length N.

           ISDCON is an integer array of length N.

      On Output:           FLLMT(I)  contains  a real number such that any real number less than           FLLMT(I) can be accepted by CURVSC as a legal value for the parameter           of the same name.

           FULMT(I)  contains  a  real  number such that any real number greater           than FULMT(I) can be accepted by CURVSC as  a  legal  value  for  the           parameter of the same name.

           DFLLMT(I)  contains a real number such that any real number less than           DFLLMT(I) can be  accepted  by  CURVSC  as  a  legal  value  for  the           parameter of the same name.

           DFULMT(I)  contains  a  real number such that any real number greater           than DFULMT(I) can be accepted by CURVSC as a  legal  value  for  the           parameter of the same name.

           ISDCON(I)  contains  information  about what value may be accepted by           CURVSC as a legal value for the parameter of the same name.           if ISDCON(I) = -1      legal values are -1 and 0,           if ISDCON(I) = 0       legal value is 0           if ISDCON(I) = 1       legal values are 0 and 1

           None of the input parameters are altered.

                                                                           LSTSQ

 

 Purpose:

      This subroutine determines X1 and X2, part of  a  solution  to  the  least      squares system

          X0+X1*COS(THETA(I))+X2*SIN(THETA(I)) = B(I), I=1,...,N,

      using Gram-Schmidt orthogonalization.

  Subprogram Statement:

      SUBROUTINE LSTSQ(N,THETA,IB,B,X1,X2,Q1,Q2,BB,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IB, IERR      REAL THETA(N), B(IB,N), X1, X2, Q1(N), Q2(N), BB(N)

  Status of Parameters:

      On Input:           N is the number of equations in the system.

           THETA is an array of N values of THETA in degrees.

           IB is the distance between values in B.

           Q1,  Q2,  and  BB  are  arrays  of length at least N used for scratch           storage.

           and

           B is an array of N right hand sides.

      On Output:           X1, X2 contain the solution.

           IERR is an error flag.  IERR = 0 if normal return.

           and

           N, THETA, IB, and B are unaltered.

  Referenced Package Subprograms:

      BLAS modules SAXPY, SCOPY, SDOT, SNRM2, and SSCAL.

                                                                           MATNN

 

 Purpose:

      This subroutine constructs the symmetric tridiagonal  matrix  of  order  N      associated  with  spline  under  tension  interpolation  of a non-periodic      function.

  Subprogram Statement:

      SUBROUTINE MATNN(N,SIGMA,R,D,S)

 Type and Dimension of Parameters:

      INTEGER N      REAL SIGMA, R(N), D(N), S(N)

  Status of Parameters:

      On Input:           N is the number of R values in the grid.

           SIGMA contains the tension factor.

           and

           R is an array of N grid values.

      On Output:           D is an array of N diagonal terms.

           S is an array of N-1 super diagonal terms.

           and

           N, SIGMA, and R are unaltered.

  Referenced Package Subprograms:

      SNHCSH, TERMS

                                                                           MATNP

 

 Purpose:

      This subroutine constructs the symmetric tridiagonal  matrix  of  order  N      associated with spline under tension interpolation of a periodic function.

  Subprogram Statement:

      SUBROUTINE MATNP(N,P,SIGMA,R,D,S,C)

 Type and Dimension of Parameters:

      INTEGER N      REAL SIGMA, R(N), D(N), S(N), C

  Status of Parameters:

      On Input:           N is the number of R values in the grid.

           P is the period (P .GT. R(N)-R(1)).

           SIGMA contains the tension factor.

           and

           R is an array of N grid values.

      On Output:           D is an array of N diagonal terms.

           S is an array of N-1 superdiagonal terms.

           C is the corner element.

           and

           N, SIGMA, and R are unaltered.

  Referenced Package Subprograms:

      SNHCSH, TERMS

                                                                           MKRHS

 

 Purpose:

      This  subroutine computes the right hand side of the linear system used to      solve for the second derivative values of a spline under tension.

  Subprogram Statement:

      SUBROUTINE MKRHS(N,X,Y,SLPP1,SLPPN,RHS)

 Type and Dimension of Parameters:

      INTEGER N      REAL X(N), Y(N), SLPP1, SLPPN, RHS(N)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           X   and   Y  are  arrays  containing  the  abscissae  and  ordinates,           respectively, of the specified points.

           and

           SLPP1 and SLPPN are the slopes of the spline  under  tension  at  the           endpoints.

      On Output:           RHS contains the right hand side.

           None of the input parameters are altered.

                                                                          MKRHS2

 

 Purpose:

      This  subroutine computes the right hand side of the linear system used to      solve for the derivative with respect to SIGMA of  the  second  derivative      values of a spline under tension.

  Subprogram Statement:

      SUBROUTINE MKRHS2(N,X,YP,SIGMA,RHS)

 Type and Dimension of Parameters:

      INTEGER N      REAL X(N), YP(N), SIGMA, RHS(N)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           YP is an array of second derivative values of the curve at the nodes.

           and

           SIGMA is the tension factor.

      On Output:           RHS contains the right hand side.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      TERMS2, SNHCSH2, SNHCSH

                                                                          MKRHS3

 

 Purpose:

      This subroutine computes the right hand side of the linear system used  to      solve  for the second derivative with respect to the tension factor of the      second derivative values of a spline under tension.  The tension factor is      assumed to be zero.

  Subprogram Statement:

      SUBROUTINE MKRHS3(N,X,YP,RHS)

 Type and Dimension of Parameters:

      INTEGER N      REAL X(N), YP(N), RHS(N)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           and

           YP is an array of second derivative values of the curve at the nodes.

      On Output:           RHS contains the right hand side.

           None of the input parameters are altered.

                                                                           PREDT

 

 Purpose:

      This subroutine predicts a new tension factor to produce a change of DELTA      in  a spline under tension, its first derivative, or its second derivative      at some point T. The present tension factor should be non-zero.

  Subprogram Statement:

      SUBROUTINE PREDT(T,N,X,YP,DYP,SIGMA,DELTA,PSIGMA,ISW)

 Type and Dimension of Parameters:

      INTEGER N, ISW      REAL T, X(N), YP(N), DYP(N), SIGMA, DELTA, PSIGMA

  Status of Parameters:

      On Input:           T contains a  real  value  at  which  the  change  is  desired.    If           ISW .GT. 0 then the contents of T is ignored.

           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           YP is an array of second derivative  values  of  the  spline  at  the           nodes.

           DYP  is an array of first derivative values of YP with respect to the           tension factor.

           SIGMA is the present tension factor.

           DELTA is the desired change.

           and

           ISW indicates the change desired

                = 0  a change in the spline is desired                = -1 a change in the first derivative is desired                = M .GT. 0                     a change in YP(M) is desired

       On Output:           PSIGMA is the predicted tension factor.

           None of the input parameters are changed.

  Referenced Package Subprograms:

      DDYRS, DYRS, INTRVL

                                                                          RCRVSC

 

 Purpose:

      This   subroutine  determines  the  parameters  necessary  to  compute  an      interpolation spline under tension, that satisfies  specified  conditions,      through  a  sequence  of functional values.  The slopes at the two ends of      the curve may be specified or omitted.  The user may also specify a  lower      and/or  upper  limit  for the spline and its convexity or concavity of the      spline on each interval.  For actual computation of points on the curve it      is necessary to call the function CURV2.

  Subprogram Statement:

      SUBROUTINE RCRVSC(N,X,Y,SLP1,SLPN,ISLPSW,SIGMA,YP,TEMP1,                        TEMP2,TEMP3,TEMP4,FLLMT,FULMT,DFLLMT,DFULMT,                        IFCON,IDFCON,ISDCON,IERR,IERCON)

 Type and Dimension of Parameters:

      INTEGER N, ISLPSW, IFCON(N), IDFCON(N), ISDCON(N), IERR, IERCON(N)      REAL X(N), Y(N), SLP1, SLPN, SIGMA, YP(N), TEMP1(N), TEMP2(N),           TEMP3(N), TEMP4(N), FLMT(N), FULMT(N), DFLLMT(N), DFULMT(N)

  Status of Parameters:

      On Input:           N is the number of values to be interpolated.  (N .GE. 2)

           X is an array of the N increasing abscissae of the functional values.

           Y  is  an  array  of  the  N  ordinates of the values, (i.e. Y(K) are           functional values corresponding to X(K).)

           SLP1 and SLPN contain the desired values for the first derivatives of           the  curve  at X(1) and X(N), respectively.  The user may omit values           for either or both of these parameters and signal this with ISLPSW.

           ISLPSW contains a switch indicating which slope data should  be  used           and which should be estimated by this subroutine.

                = 0  if SLP1 and SLPN are to be used,                = 1  if SLP1 is to be used but not SLPN,                = 2  if SLPN is to be used but not SLP1,                = 3  if both SLP1 and SLPN are to be estimated internally.

           YP is an array of length at least N.

           TEMP1,  TEMP2, TEMP3, and TEMP4 are arrays of length at least N which           are used for scratch storage.

           FLLMT and FULMT are arrays of length N which contain the lower  limit           and  upper  limit, respectively, of the desired spline.  FLLMT(I) and           FULMT(I)     describe     the     limits     for     the     interval           X(I)  .LE.  X .LE. X(I+1).  The Nth element is ignored.  The user may           omit either or both of these parameters for any interval I and signal           this with IFCON(I).

           IFCON  is an array of length N containing information about FLLMT and           FULMT.           IFCON(I)                = -1 if FLLMT(I) is to be used but not FULMT(I),                = 0  if both FLLMT(I) and FULMT(I) are to be used,                = 1  if FULMT(I) is to be used but not FLLMT(I),                = 2  if both FLLMT(I) and FULMT(I) are not used.

           IFCON(N) is ignored.

           IDFCON is an array of length N containing  information  about  DFLLMT           and DFULMT.           IDFCON(I)                = -1 if DFLLMT(I) is to be used but not DFULMT(I),                = 0  if both DFLLMT(I) and DFULMT(I) are to be used,                = 1  if DFULMT(I) is to be used but not DFLLMT(I),                = 2  if both DFLLMT(I) and DFULMT(I) are not used.

           IDFCON(N) is ignored.

           and

           ISDCON(I)  is  an  array of length N containing information about the           second derivative on each interval.           ISDCON(I)                = -1 the spline should be concave on the Ith interval.                = 0  no constraints are placed on the 2nd derivative on the  Ith                     interval,                = 1  the spline should be convex on the Ith interval.

           ISDCON(N) is ignored.

           and

           IERCON is an array of length at least N.

      On Output:           If  IERR  =  0  SIGMA  contains  the tension factor of a spline under           tension that satisfies the user specified conditions.  If  IERR  =  4           SIGMA  contains a large tension factor of a spline under tension that           does not satisfy the conditions but graphically appears as  piecewise           linear interpolation.  Otherwise SIGMA is unaltered.

           IERR contains an error flag.

                = 0  for normal return                = 1  if N is less than 2                = 2  if X-values are not strictly increasing                = 3  conditions cannot be met                = 4  conditions  can  be  met but graphically the curve will not                     differ from piecewise linear interpolation.

           IERCON(I) is unaltered if  IERR  =  1  or  2.    Otherwise  IERCON(I)           contains  the  decimal equivalent of a five digit binary number A1 A2           A3 A4 A5.              A1 = 0    condition FLLMT(I) can be met              A1 = 1    condition FLLMT(I) cannot be met              A2 = 0    condition FULMT(I) can be met              A2 = 1    condition FULMT(I) cannot be met              A3 = 0    condition DFLLMT(I) can be met              A3 = 1    condition DFLLMT(I) cannot be met              A4 = 0    condition DFULMT(I) can be met              A4 = 1    condition DFULMT(I) cannot be met              A5 = 0    condition ISDCON(I) can be met              A5 = 1    condition ISDCON(I) cannot be met           IERCON(N) is unaltered.

           N, X, Y, SLP1, SLPN, ISLPSW, FLLMT,  FULMT,  DFLLMT,  DFULMT,  IFCON,           IDFCON, and ISDCON are unaltered.

  Referenced Package Subprograms:

      BPREDT, CKINTV, CONDCK, DDRYS, DFMXMN, DYRS, FMXMN, IPREDT, MKRHS, MKRHS2,      MKRHS3, PREDT, SDDYRS,  SDYRS,  STORE,  STRHLP,  SOLNCK,  SNHCS2,  TERMS2,      TRIFAC, TRISOL, CEEZ, CURV2, CURVD, INTRVL, SNHCSH, TERMS

                                                                           RHSNN

 

 Purpose:

      This  subroutine  builds multiple right hand sides of tri-diagonal systems      of equations which produce parameters to evaluate an interpolatory surface      which  is  non-periodic in variable R. It requires function and derivative      values which may be stored in rows or columns or a matrix and returns  the      right hand sides as rows or columns of a matrix.

  Subprogram Statement:

      SUBROUTINE RHSNN(N,M,IZS,IZC,Z,R,IFR,FR1,FRM,                       IBS,IBC,B)

 Type and Dimension of Parameters:

      INTEGER N, M, IZS, IZC, IFR, IBS, IBC      REAL Z(IZC,N), R(M), FR1(N), FRM(N), B(IBC,N)

  Status of Parameters:

      On Input:           N is the number of right hand sides to be constructed.

           M is the order of the matrix.

           IZS is the distance between successive components of Z which are used           to compute one right hand side.

           IZC is the distance between corresponding components of Z.

           Z is the array of N * M function values.

           R is the array of M grid values.

           IFR is the distance between components of FR1 and FRM.

           FR1  is  the  array  of  N  derivatives  with   respect   to   R   at           (R(1),THETA(J)), J=1,...,N.  (May be first row/column of B.)

           FRM   is   the   array   of  N  derivatives  with  respect  to  R  at           (R(M),THETA(J)), J=1,...,N.  (May be last row/column of B.)

           IBS is the distance between successive components of each right  hand           side in B.

           and

           IBC is the distance between corresponding components of any two right           hand sides in B.

      On Output:           B is the array of N * M components of the right hand sides.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      DELR and BLAS modules SAXPY, SCOPY, and SSCAL.

                                                                           RHSNP

 

 Purpose:

      This subroutine builds multiple right hand sides of  tri-diagonal  systems      of equations which produce parameters to evaluate an interpolatory surface      which is non-polar and periodic in variable R. It requires function values      which  may  be stored in rows or columns of a matrix and returns the right      hand sides as rows or columns of a matrix.

  Subprogram Statement:

      SUBROUTINE RHSNP(N,M,P,IZS,IZC,Z,R,IBS,IBC,B)

 Type and Dimension of Parameters:

      INTEGER N, M, IZS, IZC, IBS, IBC      REAL Z(1), R(M), B(1)

  Status of Parameters:

      On Input:           N is the number of right hand sides to be constructed.

           M is the order of the matrix.

           P is the period (P .GT. R(M)-R(1)).

           IZS is the distance between successive components of Z which are used           to compute one right hand side.

           IZC is the distance between corresponding components of Z.

           Z is the array of N * M function values.

           R is the array of M grid values.

           IBS  is the distance between successive components of each right hand           side in B.

           and

           IBC is the distance between corresponding components of any two right           hand sides in B.

      On Output:           B is the array of N * M components of the right hand sides.

           and

           The input parameters are unaltered.

  Referenced Package Subprograms:

      DELR and BLAS modules SAXPY, SCOPY, and SSCAL.

                                                                          SDDYRS

 

 Purpose:

      This  function  finds  the  value  of  the  second partial derivative with      respect to the tension factor of the derivative of a spline under  tension      at a given point.  The tension factor is assumed to be zero.

  Subprogram Statement:

      FUNCTION SDDYRS(T,N,X,YP,SDYP)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), YP(N), SDYP(N)

  Status of Parameters:

      On Input:           T contains a real value at which the derivative is to be determined.

           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           YP is an array of second derivative  values  of  the  spline  at  the           nodes.

           and

           SDYS  is  an  array  of  second  partial derivative values of YP with           respect to the tension factor.

      On Output:           SDDYRS contains the derivative value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL

                                                                           SDYRS

 

 Purpose:

      This function finds the value of the second partial derivative of a spline      under  tension  with  respect to the tension factor at a given point.  The      tension factor is assumed to be zero.

  Subprogram Statement:

      FUNCTION SDYRS(T,N,X,YP,SDYP)

 Type and Dimension of Parameters:

      INTEGER N      REAL T, X(N), YP(N), SDYP(N)

  Status of Parameters:

      On Input:           T contains a real value at which the derivative is to be determined.

           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           YP  is  an  array  of  second  derivative values of the spline at the           nodes.

           and

           SDYS is an array of second  partial  derivative  values  of  YP  with           respect to the tension factor.

      On Output:           SDYRS contains the derivative value.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      INTRVL

                                                                          SNHCSH

 

 Purpose:

      This subroutine returns approximations to

          SINHM(X) = SINH(X)/X-1          COSHM(X) = COSH(X) - 1

      and

          COSHMM(X) = (COSH(X) - 1 - X*X/2)/(X*X)

       with relative error less than 1.0E-6

  Subprogram Statement:

      SUBROUTINE SNHCSH(SINHM,COSHM,X,ISW)

 Type and Dimension of Parameters:

      INTEGER ISW      REAL SINHM, COSHM, X

  Status of Parameters:

      On Input:           X contains the value of the independent variable.

           ISW indicates the function desired.

                = -1 if only SINHM is desired,                = 0  if both SINHM and COSHM are desired,                = 1  if only COSHM is desired,                = 2  if only COSHMM is desired,                = 3  if both SINHM and COSHMM are desired.

       On Output:           SINHM  contains  the  value  of  SINHM(X) if ISW .LE. 0 or ISW .EQ. 3           (SINHM is unaltered if ISW .EQ. 1 or ISW .EQ. 2).

           COSHM contains the value of COSHM(X) if ISW .EQ. 0 or ISW .EQ. 1  and           contains  the value of COSHMM(X) if ISW .GE. 2 (COSHM is unaltered if           ISW .EQ. -1).

           and

           X and ISW are unaltered.

                                                                          SNHCSH

 

 Purpose:

      This subroutine returns approximations to

          SINHM(X) = SINH(X)/X-1          COSHM(X) = COSH(X) - 1

      and

          COSHMM(X) = (COSH(X) - 1 - X*X/2)/(X*X)

       with relative error less than 4.0E-14.

  Subprogram Statement:

      SUBROUTINE SNHCSH(SINHM,COSHM,X,ISW)

 Type and Dimension of Parameters:

      INTEGER ISW      REAL SINHM, COSHM, X

  Status of Parameters:

      On Input:           X contains the value of the independent variable.

           ISW indicates the function desired.

                = -1 if only SINHM is desired,                = 0  if both SINHM and COSHM are desired,                = 1  if only COSHM is desired,                = 2  if only COSHMM is desired,                = 3  if both SINHM and COSHMM are desired.

       On Output:           SINHM contains the value of SINHM(X) if ISW .LE.  0  or  ISW  .EQ.  3           (SINHM is unaltered if ISW .EQ. 1 or ISW .EQ. 2).

           COSHM  contains the value of COSHM(X) if ISW .EQ. 0 or ISW .EQ. 1 and           contains the value of COSHMM(X) if ISW .GE. 2 (COSHM is unaltered  if           ISW .EQ. -1).

           and

           X and ISW are unaltered.

                                                                          SNHCS2

 

 Purpose:

      This subroutine returns approximations to

          SINHMM(X) = SINH(X) - X - X*X*X/6          COSHMM(X) = COSH(X) - 1 - X*X/2

      and

          COSHMMM(X) = COSH(X) - 1 - X*X/2 - X*X*X*X/24

      with relative error less than 1.0E-6

  Subprogram Statement:

      SUBROUTINE SNHCS2(SINHMM,COSHMM,X,ISW)

 Type and Dimension of Parameters:

      INTEGER ISW      REAL SINHMM, COSHMM, X

  Status of Parameters:

      On Input:           X contains the value of the independent variable.

           ISW indicates the function desired.

                = -1 if only SINHMM is desired,                = 0  if both SINHMM and COSHMM are desired,                = 1  if only COSHMM is desired,                = 2  if only COSHMMM is desired,                = 3  if both SINHMM and COSHMMM are desired.

       On Output:           SINHMM  contains  the value of SINHMM(X) if ISW .LE. 0 or ISW .EQ. 3.           (SINHMM is unaltered if ISW .EQ. 1 or ISW .EQ. 2).

           COSHMM contains the value of COSHMM(X) if ISW .EQ. 0 or  ISW  .EQ.  1           and  contains  the  value  of  COSHMMM(X)  if  ISW  .GE. 2 (COSHMM is           unaltered if ISW .EQ. -1).

           and

           X and ISW are unaltered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          SNHCS2

 

 Purpose:

      This subroutine returns approximations to

          SINHMM(X) = SINH(X) - X - X*X*X/6          COSHMM(X) = COSH(X) - 1 - X*X/2

      and

          COSHMMM(X) = COSH(X) - 1 - X*X/2 - X*X*X*X/24

      with relative error less than 3.2E-14.

  Subprogram Statement:

      SUBROUTINE SNHCS2(SINHMM,COSHMM,X,ISW)

 Type and Dimension of Parameters:

      INTEGER ISW      REAL SINHMM, COSHMM, X

  Status of Parameters:

      On Input:           X contains the value of the independent variable.

           ISW indicates the function desired.

                = -1 if only SINHMM is desired,                = 0  if both SINHMM and COSHMM are desired,                = 1  if only COSHMM is desired,                = 2  if only COSHMMM is desired,                = 3  if both SINHMM and COSHMMM are desired.

       On Output:           SINHMM contains the value of SINHMM(X) if ISW .LE. 0 or  ISW  .EQ.  3           (SINHMM is unaltered if ISW .EQ. 1 or ISW .EQ. 2).

           COSHMM  contains  the  value of COSHMM(X) if ISW .EQ. 0 or ISW .EQ. 1           and contains the value  of  COSHMMM(X)  if  ISW  .GE.  2  (COSHMM  is           unaltered is ISW .EQ. -1).

           and

           X and ISW are unaltered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          SOLNCK

 

 Purpose:

      This  subroutine  checks  to  see if an interpolation spline under tension      using a certain tension factor meets a set of user  specified  conditions.      If not it predicts a new SIGMA.

  Subprogram Statement:

      SUBROUTINE SOLNCK(N,X,Y,SIGMA,RLDIAG,RSDIAG,USDIAG,                        SDRDYP,YP,FLLMT,FULMT,DFLLMT,DFULMT,                        IFCON,IDFCON,ISDCON,PSIGMA,DELTA,IFLAG)

 Type and Dimension of Parameters:

      INTEGER N, IFCON(N), IDFCON(N), ISDCON(N), IFLAG      REAL X(N), Y(N), SIGMA, RLDIAG(N), RSDIAG(N), USDIAG(N),           SDRDYP(N), YP(N), FLLMT(N), FULMT(N),           DFLLMT(N), DFULMT(N), PSIGMA, DELTA

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           X  and  Y  are  arrays  containing  the  abscissae   and   ordinates,           respectively, of the specified points.

           SIGMA is the tension factor.

           RLDIAG  is  an array that contains the main diagonal of L, where L is           the lower tridiagonal matrix of the LU factorization  of  the  linear           system associated with the spline under tension.

           RSDIAG  is  an array that contains the subdiagonal of L. RSDIAG(1) is           ignored.

           USDIAG is an array that contains the superdiagonal of  U  of  the  LU           factorization.  USDIAG(N) is ignored.

           SDRDYP is an array of length at least N.

           YP is an array of second derivative values of the curve at the nodes.

           FLLMT  and FULMT are arrays of length N which contain the lower limit           and the upper limit, respectively, of the desired spline.    FLLMT(I)           and    FULMT(I)    describe    the    limits    for    the   interval           X(I) .LE. X .LE. X(I+1).  The Nth element is ignored.  The  user  may           omit either or both of these parameters for any interval I and signal           this with IFCON(I).

           DFLLMT and DFULMT are arrays of length N which contain the lower  and           upper  limits,  respectively,  of the first derivative of the desired           spline.  DFLLMT(I) and DFULMT(I) describe the limits for the interval           X(I)  .LE.  X .LE. X(I+1).  The Nth element is ignored.  The user may           omit either or both of the parameters for any interval I  and  signal           this with IDFCON(I).

           IFCON  is an array of length N containing information about FLLMT and           FULMT.           IFCON(I)                = -1 if FLLMT(I) is to be used but not FULMT(I),                = 0  if both FLLMT(I) and FULMT(I) are to be used,                = 1  if FULMT(I) is to be used but not FLLMT(I),                = 2  if both FLLMT(I) and FULMT(I) are not used.

           IFCON(N) is ignored.

           IDFCON is an array of length N containing  information  about  DFLLMT           and DFULMT.           IDFCON(I)                = -1 if DFLLMT(I) is to be used but not DFULMT(I),                = 0  if both DFLLMT(I) and DFULMT(I) are to be used,                = 1  if DFULMT(I) is to be used but not DFLLMT(I),                = 2  if both DFLLMT(I) and DFULMT(I) are not used.

           IDFCON(N) is ignored.

           and

           ISDCON(I)  is  an  array of length N containing information about the           second derivative on each interval.           ISDCON(I)                = -1 the spline should be concave on the Ith interval.                = 0  no constraints are placed on the 2nd derivative on the  Ith                     interval,                = 1  the spline should be convex on the Ith interval.

           ISDCON(N) is ignored.

      On Output:           PSIGMA contains a predicted value of SIGMA if IFLAG = 1.           PSIGMA = zero if IFLAG = 0.

           DELTA  contains  the  difference  between  the actual maximum/minimum           value and the desired maximum/minimum value of the condition used  to           predict  PSIGMA.    If  no PSIGMA can be chosen, PSIGMA and DELTA are           returned as zero.

           SDRDYP contains the first partials of YP with respect to the  tension           factor  if  SIGMA  not  equal  to  zero.  If SIGMA equals zero SDRDYP           contains the second partials of YP with respect to SIGMA.   SDRDYP(N)           is unaltered.

           IFLAG contains an error flag.           IFLAG                = 0  if conditions have been met                = 1  if conditions have not been met

           None of the input parameters are altered.

  Referenced Package Subprograms:

      DDYRS,  DFMXMN, DYRS, FMXMN, IPREDT, MKRHS2, MKRHS3, PREDT, SDDRYS, SDYRS,      SNHCS2, TERMS2, TRISOL, CURV2, CURVD, INTRVL, SNHCSH

                                                                             SUM

 

 Purpose:

      This subroutine accumulates B-spline data to obtain  function  values  and      second derivatives on grid points.

  Subprogram Statement:

      SUBROUTINE SUM(C1,C2,C3,V,S,SP,ISW)

 Type and Dimension of Parameters:

      INTEGER ISW      REAL C1, C2, C3, V(5), S, SP

  Status of Parameters:

      On Input:           C1,  C2,  and  C3  contain the coefficients for the I-1-st, I-th, and           I+1-st basis functions if the values are to be obtained at  the  I-th           grid point.

           V contains 5 basis function data at the I-th grid point,

               V(1) contains the value of basis function I-1,               V(2) contains the value of basis function I+1,               V(3) contains the derivative of basis function I-1,               V(4) contains the derivative of basis function I,               V(5) contains the derivative of basis function I+1.

           and

           ISW contains a switch,

                = 1  for the left-most grid point,                = 2  for non-extreme grid points,                = 3  for the right-most grid point.

       On Output:           S  and  SP  contain the function value and second derivative value at           the grid point, respectively.

           None of the input parameters are altered.

                                                                          SURFSS

 

 Purpose:

      This subroutine determines the parameters necessary to compute a smoothing      surface  under  tension  approximating  a  rectangular  grid of functional      values.  For given increasing sequences of  abscissae  (X(I)),  I=1,...,M,      (Y(J)), J=1,...,N, the function is determined so that the double summation      of the square of (F(X(I),Y(J))=Z(I,J))/(DX(I)*DY(J)) is less than or equal      to a given constant S, where (DX(I)), I=1,...,M and (DY(J)), J=1,...,N are      given sets of observation  weights.    The  method  used  is  to  solve  N      one-dimensional  smoothing  problems  along  fixed Y lines, and to solve M      one-dimensional smoothing problems along fixed X lines, independently from      the  fixed Y solutions.  The functional values of the smoothed surface are      determined  by  averaging  the  X-direction  smoothed  values   with   the      Y-direction  smoothed  values.    For  actual  mapping  of points onto the      smoothed surface, it is necessary to call  the  function  SURF2  with  the      surface information returned by SURFS in ZS and ZSP.

  Subprogram Statement:

      SUBROUTINE SURFSS(M,N,X,Y,DX,DY,ISW,S,EPS,Z,IZ,ZS,TD                        TSD1,HD,HSD1,HSD2,RD,RSD1,RSD2,V,ZS1D,                        ZSP1D,SE,TEMP,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, ISW, IZ, IERR      REAL X(M), Y(N), DX(M), DY(N), S, EPS, Z(IZ,N), ZS(M,N),           TD(MAX(M,N)), TSD1(MAX(M,N)), HD(MAX(M,N)), HSD1(MAX(M,N)),           HSD2(MAX(M,N)), RD(MAX(M,N)), RSD1(MAX(M,N)), RSD2(MAX(M,N)),           V(MAX(M,N)), ZS1D(MAX(M,N)), ZSP1D(MAX(M,N)), SE(MAX(M,N)),           TEMP(MAX(M,N))

  Status of Parameters:

      On Input:           M  is  the  number  of  grid  lines  in  the X-direction, i.e., lines           parallel to the Y-axis (M .GE. 2).

           N is the number  of  grid  lines  in  the  Y-direction,  i.e.,  lines           parallel to the X-axis (N .GE. 2).

           X  is  an  array  of  the  M  X-coordinates  of the grid lines in the           X-direction.  These should be strictly increasing.

           Y is an array of the  N  Y-coordinates  of  the  grid  lines  in  the           Y-direction.  These should be strictly increasing.

           DX  and  DY are parameters containing the observation weights.  These           may either be arrays of lengths M and  N,  respectively,  or  scalars           (interpreted  as  constants).  The product of the values of DX and DY           corresponding to the  observation  (X(I),Y(J),Z(I,J))  should  be  an           approximation to the standard deviation of error.

           ISW contains a switch indicating whether the parameters DX and DY are           to be considered vectors or scalars,

                = 0  if DX and DY are arrays of lengths M and N respectively,                = 1  if DX and DY are scalars.

           S contains the  value  controlling  the  smoothing.    This  must  be           non-negative.      For   S   equal   to  zero,  the  subroutine  does           interpolation,  larger  values  lead  to  smoother  functions.     If           DX(I)*DY(J)  is  an  approximation to the standard deviation of error           for observation (X(I),Y(J),Z(I,J)),  a  reasonable  value  for  S  is           FLOAT(M*N).

           EPS  contains  a tolerance on the relative precision to which S is to           be interpreted.  This must be greater than or equal to zero and  less           than   or   equal   to   one.      A  reasonable  value  for  EPS  is           SQRT(2./FLOAT(M*N)).

           Z is an array of the M*N functional values at the grid points,  i.e.,           Z(I,J) contains the functional value at (X(I),Y(J)) for I=1,...,M and           J=1,...,N.

           IZ is the row dimension of the matrix Z used in the  calling  program           (IZ .GE. M).

           ZS is an array of at least M*N locations.

           ZSP is an array of at least 3*M*N locations.

           WORK  is  an  array  of  at  least  7*MAX(M,N)  locations  to be used           internally for workspace.

           TD, TSD1, HD, HSD1, HSD2, RD, RSD1, RSD2, V,  ZS1D,  ZSP1D,  SE,  and           TEMP  are  arrays  of  at least MAX(M,N) locations which are used for           scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.    If ABS(SIGMA) is large (e.g., 50.)  the resulting surface           is approximately bi-linear.  If SIGMA equals zero, tenso products  of           cubic splines result.  A standard value for SIGMA is approximately 1.

      On Output:           ZS contains the smoothed ordinate values.

           ZSP contains the values of the XX-, YY-, and XXYY-partial derivatives           of the smoothed surface at the given nodes.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if S is negative,                = 3  if EPS is negative or greater than one,                = 4  if the X-values or Y-values are not strictly increasing.                = 5  if a DX-value or DY-value is non-positive.

           and

           M, N, X, Y, Z, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CRVSSA, CRVSSB, TERMS, SNHCSH, and BLAS module SCOPY

                                                                           TERMS

 

 Purpose:

      This subroutine computes the  diagonal  and  superdiagonal  terms  of  the      tridiagonal   linear   system   associated   with   spline  under  tension      interpolation.

  Subprogram Statement:

      SUBROUTINE TERMS(DIAG,SDIAG,SIGMA,DEL)

 Type and Dimension of Parameters:

      REAL DIAG, SDIAG, SIGMA, DEL

  Status of Parameters:

      On Input:           SIGMA contains the tension factor.

           and

           DEL contains the step size.

      On Output:                        SIGMA*DEL*COSH(SIGMA*DEL) - SINH(SIGMA*DEL)           DIAG = DEL *

                        (SIGMA*DEL)**2 * SINH(SIGMA*DEL)

                         SINH(SIGMA*DEL) - SIGMA*DEL           SDIAG = DEL *

                         (SIGMA*DEL)**2 * SINH(SIGMA*DEL)           and

           SIGMA and DEL are unaltered.

  Referenced Package Subprograms:

      SNHCSH

                                                                          TERMS2

 

 Purpose:

      This subroutine computes the  diagonal  and  superdiagonal  terms  of  the      derivative  with  respect  to  SIGMA  of  the  tridiagonal  linear  system      associated with the spline under tension interpolation.

  Subprogram Statement:

      SUBROUTINE TERMS2(DIAG,SDIAG,SIGMA,DEL)

 Type and Dimension of Parameters:

      REAL DIAG, SDIAG, SIGMA, DEL

  Status of Parameters:

      On Input:           SIGMA contains the tension factor.

           and

           DEL contains the step size.

      On Output:

 DIAG                                                                     = (-(DEL*SIGMA)**2-(DEL*SIGMA)/2.*SINH(2*DEL*SIGMA)+COSH(2*DEL*SIGMA))

  DEL*SIGMA**3*(SINH(DEL*SIGMA))**2

  SDIAG                                                                    = (DEL*SIGMA)**2*COSH(DEL*SIGMA)+DEL*SIGMA*SINH(DEL*SIGMA)-COSH(2*DEL*SIGMA)

  DEL*SIGMA**3*(SINH(DEL*SIGMA))**2

  and

 SIGMA and DEL are unaltered.

  Referenced Package Subprograms:

      SNHSC2, SNHCSH

                                                                          THREET

 

 Purpose:

      This subroutine performs hermite interpolation to obtain function  values,      first derivatives, and second derivatives.

  Subprogram Statement:

      SUBROUTINE THREET(A,Y,YP,YY,YYP,YYPP)

 Type and Dimension of Parameters:

      REAL A(10), Y(2), YP(2), YY, YYP, YYPP

  Status of Parameters:

      On Input:           A  is  an  array  of  10 coefficients.  To specify these, let F1 be a           spline under tension with value 1 at X1 and second derivative  at  X1           as  well  as  value  and  second derivative at X2 all 0.  Let F2 have           value 1 at X2 and second derivative at X2 as well as value and second           derivative  at  X1 all 0.  Let FP1 have second derivative 1 at X1 and           value at X1 as well as value and second derivative at X2 all 0.   Let           FP2  have  second derivative 1 at X2 and value at X2 as well as value           and second derivative at X1 all 0.  Letting XX represent the point at           which the interpolations are desired,

               A(1) contains the value of F1 and XX,

               A(2) contains the value of F2 at XX,

               A(3) contains the value of FP1 at XX,

               A(4) contains the value of FP2 at XX,

               A(5) contains the first derivative of F1 at XX,

               A(6) contains the first derivative of F2 at XX,

               A(7) contains the first derivative of FP1 at XX,

               A(8) contains the first derivative of FP2 at XX,

               A(9) contains the second derivative of FP1 at XX,

               A(10) contains the second derivative of FP2 at XX.

           Y(1)  and  Y(2)  contain  the  second derivatives of the spline being           interpolated at X1 and X2, respectively.

           and

           YP(1) and YP(2) contain the second derivatives of  the  spline  being           interpolated at X1 and X2, respectively.

      On Output:           YY,  YYP,  and  YYPP  contain the value, first derivative, and second           derivative of the spline at XX.

           None of the input parameters are altered.

                                                                           TRDEC

 

 Purpose:

      This subroutine factors the symmetric tridiagonal matrix represented by  D      and  SUP  into  a  lower unit triangular matrix represented by SUBL and an      upper triangular matrix represented by  its  diagonal  overwriting  D  and      superdiagonal SUP.

  Subprogram Statement:

      SUBROUTINE TRDEC(N,D,SUP,SUBL)

 Type and Dimension of Parameters:

      INTEGER N      REAL D(N), SUP(N), SUBL(N)

  Status of Parameters:

      On Input:           N is the order of the matrix.

           D is an array of N diagonal elements of the tridiagonal matrix.

           and

           SUP  is  an  array  of  N-1 superdiagonal elements of the tridiagonal           matrix.

      On Output:           SUBL is an array of  N-1  subdiagonal  elements  of  the  unit  lower           triangular matrix.

           D is an array of N diagonal elements of the upper triangular matrix.

           and

           N and SUP are unaltered.

           Note D is both input and output.

                                                                           TRSOL

 

 Purpose:

      This  subroutine  solves a tridiagonal system of equations of order N with      NRHS  right-hand  sides,  where  the  factored   tridiagonal   matrix   is      represented  by  SUBL,  D,  and  SUP, and the right hand sides are rows or      columns of RHS.  Each solution overwrites its respective right hand side.

  Subprogram Statement:

      SUBROUTINE TRSOL(N,NRHS,IRS,IRC,SUBL,D,SUP,RHS)

 Type and Dimension of Parameters:

      INTEGER N, NRHS, IRS, IRC      REAL SUBL(N), D(N), SUP(N), RHS(IRC,NRHS)

  Status of Parameters:

      On Input:           N is the order of the system.

           NRHS is the number of right hand sides.

           IRS is the distance between successive components of each right  hand           side.

           IRC  is  the  distance between corresponding components of each right           hand side.

           SUBL is an array of  N-1  subdiagonal  elements  of  the  unit  lower           triangular factor.

           D is an array of N diagonal elements of the upper triangular factor.

           SUP is an array of N-1 superdiagonal elements of the upper triangular           factor.

           and

           RHS is an array containing the right hand sides.

      On Output:           RHS contains the solutions.

           and

           NRHS, IRS, IRC, SUBL, D and SUP are unaltered.

  Referenced Package Subprograms:

      BLAS modules SAXPY and SSCAL

                                                                          TRIFAC

 

 Purpose:

      This subroutine computes the LU factorization of  the  tridiagonal  linear      system associated with the spline under tension interpolation.

  Subprogram Statement:

      SUBROUTINE TRIFAC(N,X,SIGMA,RLDIAG,RSDIAG,USDIAG)

 Type and Dimension of Parameters:

      INTEGER N      REAL X(N), SIGMA, RLDIAG(N), RSDIAG(N), USDIAG(N)

  Status of Parameters:

      On Input:           N contains the number of points which were specified to determine the           spline.

           X is an array containing the abscissae of the specified points.

           and

           SIGMA is the tension factor.

      On Output:           RLDIAG is an array that contains the main diagonal of L.

           RSDIAG is an array that contains the subdiagonal of L.  RSDIAG(1)  is           unchanged.

           USDIAG  is  an  array  that contains the superdiagonal of U. (U has a           unit main diagonal.)  USDIAG(N) is unchanged.

           None of the input parameters are altered.

  Referenced Package Subprograms:

      TERMS, SNHCSH

                                                                          TRIDEC

 

 Purpose:

      This subroutine factorizes a tridiagonal matrix in order to solve  systems      of  linear  equations.    The  factorization  employs gaussian elimination      without any interchanging of columns or rows.  The subroutine  TRISLM  may      be  called  to  actually  solve the system once the factorization has been      performed.

  Subprogram Statement:

      SUBROUTINE TRIDEC(N,SUBDI,DIAGI,SUPD,SUBDO,DIAGO,IERR)

 Type and Dimension of Parameters:

      INTEGER N, IERR      REAL SUBDI(N), DIAGI(N), SUPD(N), SUBDO(N), DIAGO(N)

  Status of Parameters:

      On Input:           N contains the order of the matrix (N .GE. 1).

           SUBDI is an array containing the subdiagonal elements of  the  matrix           in positions 2,...,N.

           DIAGI is an array containing the diagonal elements of the matrix.

           SUPD  is an array containing the superdiagonal elements of the matrix           in positions 1,...,N-1.

           and

           SUBDO and DIAGO are arrays of length N. (The storage  for  these  may           coincide  with  that for SUBDI and DIAGI, respectively, in which case           the original contents of SUBDI and DIAGI will be destroyed.)

      On Output:           SUBDO  and  DIAGO  contain  the  subdiagonal  and  diagonal  of   the           factorization matrix.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 1,                = 2  if the system is singular.

           and

           N,  SUBDI, DIAGI, and SUPD are unaltered (unless storage for SUBDI or           DIAGI coincided with that for SUBDO or DIAGO, respectively).

                                                                          TRIDEP

 

 Purpose:

      Given terms D(I), I=1,...,N,  S(I),  I=1,...,N-1,  and  C  representing  a      symmetric  tridiagonal  matrix with added corner elements, this subroutine      determines the factored matrix as

      Upper Triangular Factor         D(I), I=1,...,N     (overwrites original D)         S(I), I=1,...,N-1   (unaltered)         F(I), I=1,...,N-1   (Nth column)

      and

      Unit Lower Triangular Factor         SUB(I), I=1,...,N-2         E(I), I=1,...,N-1   (Nth row)

         **********          **********        **********         *DS     C*          *1       *        *DS     F*         *SDS     *          *S1      *        * DS    F*         * SDS    *          * S1     *        *  DS   F*         *  SDS   *          *  S1    *        *   DS  F*         *   SDS  *     =    *   S1   *    *   *    DS F*         *    SDS *          *    S1  *        *     DSF*         *     SDS*          *     S1 *        *      DF*         *C     SD*          *EEEEEEE1*        *       D*         **********          **********        **********

 

 Subprogram Statement:

      SUBROUTINE TRIDEP(N,C,D,S,SUB,E,F)

 Type and Dimension of Parameters:

      INTEGER N      REAL C, D(N), S(N), SUB(N), E(N), F(N)

  Status of Parameters:

      On Input:           N is the order of the matrix.

           C is the corner element.

           D is an array of N diagonal elements.

           and

           S is an array of N-1 super diagonal elements.

      On Output:           SUB is an array  of  N-1  subdiagonal  elements  of  the  lower  unit           triangular factor.

           D is an array of N diagonal elements of the upper triangular factor.

           E is the last row of the lower triangular factor.

           F is the last column of the upper triangular factor.

           and

           N and S are unaltered.

           Note that D is both input and output.

                                                                          TRISLM

 

 Purpose:

      This  subroutine  solves  tridiagonal  systems  of  linear  equations with      multiple right hand sides.  The right hand sides may be stored row-wise or      column-wise.   The subroutine TRIDEC should be called earlier to determine      a  factorization  of  the  tridiagonal  matrix.    The  solution   vectors      over-write the right hand sides.

  Subprogram Statement:

      SUBROUTINE TRISLM(N,SUBD,DIAG,SUPD,RHS,MRHS,NUMRHS,INCRHS)

 Type and Dimension of Parameters:

      INTEGER N, MRHS, NUMRHS, INCRHS      REAL SUBD(N), DIAG(N), SUPD(N), RHS(MRHS,NUMRHS)

  Status of Parameters:

      On Input:           N contains the order of the matrix (N .GE. 1).

           SUBD,   DIAG,  and  SUPD  are  arrays  of  length  N  containing  the           subdiagonal,  diagonal,  and  superdiagonal  of  the   factorization,           respectively.

           RHS  is  an  array containing the right hand sides of the tridiagonal           system.

           MRHS is the increment between the first components  of  each  of  the           right hand side vectors in storage (MRHS .GE. 1).

           NUMRHS is the number of right hand sides to be solved.

           and

           INCRHS  is  the increment between components within each of the right           hand side vectors in storage (INCRHS .GE. 1).

           The parameters N, SUBD, DIAG, and SUPD may be input as the parameters           N, SUBDO, DIAGO, and SUPD output by subroutine TRIDEC, respectively.

      On Output:           RHS  contains  the  solution vectors in the same storage structure as           for the right hand sides.

           and

           N, SUBD, DIAG, SUPD, MRHS, NUMRHS, and INCRHS are unaltered.

                                                                          TRISOL

 

 Purpose:

      This subroutine solves the  tridiagonal  linear  system  LU  X  =  B.  The      subroutine  TRIFAC is to be called earlier to compute the LU factorization      of the tridiagonal matrix associated with the spline under tension.

  Subprogram Statement:

      SUBROUTINE TRISOL(N,RLDIAG,RSDIAG,USDIAG,X,B)

 Type and Dimension of Parameters:

      INTEGER N      REAL RLDIAG(N), RSDIAG(N), USDIAG(N), X(N), B(N)

  Status of Parameters:

      On Input:           N contains the order of the system.

           RLDIAG is an array that contains the main diagonal of L.

           RSDIAG is an array that contains the subdiagonal of L.  RSDIAG(1)  is           ignored.

           USDIAG  is  an  array  that contains the superdiagonal of U. (U has a           unit main diagonal.)  The contents of USDIAG(N) is ignored.

           B is an array that contains the right hand side.

      On Output:           X contains the solution of the system.

           If storage is a concern, X and B can be the same variable,  in  which           case B is destroyed.

           None  of  the  input  parameters  are  altered,  with the above noted           exception.

                                                                          TRISOP

 

 Purpose:

      This subroutine solves a symmetric tridiagonal system  of  equations  with      added  corner  elements  of  order  N and NRHS right hand sides, where the      factored matrix is represented by D, S, SUB, E, F and the right hand sides      are rows or columns of RHS.  Each solution overwrites its respective right      hand side.

  Subprogram Statement:

      SUBROUTINE TRISOP(N,D,S,SUB,E,F,NRHS,IRS,IRC,RHS)

 Type and Dimension of Parameters:

      INTEGER N, NRHS, IRS, IRC      REAL D(N), S(N), SUB(N), E(N), F(N), RHS(IRC,NRHS)

  Status of Parameters:

      On Input:           N is the order of the system.

           D is the array of N diagonal elements of the upper triangular factor.

           S is the array of N-1 superdiagonal elements of the upper  triangular           factor.

           SUB  is the array of N-1 subdiagonal elements of the lower triangular           factor.

           E is the last row of the lower triangular factor.

           F is the last column of the upper triangular factor.

           NRHS is the number of right hand sides.

           IRS is the distance between successive components of each right  hand           side.

           IRC  is  the  distance between corresponding components of each right           hand side.

           and

           RHS contains the right hand sides.

      On Output:           RHS contains the solutions.

           and

           N, D, S, SUB, E, F, NRHS, IRS, and IRC are unaltered.

  Referenced Package Subprograms:

      BLAS modules SAXPY and SSCAL

                                                                          ZURFNC

 

 Purpose:

      This  subroutine  determines  the  parameters  necessary  to  compute   an      interpolatory   surface   passing  through  a  grid  of  points  in  three      dimensional space - (x   , y   , z   ) for i = 1,...,m and  j  =  1,...,n.                            i,j   i,j   i,j      The  surface  determined  can  be  represented as three tensor products of      splines under tension.  For actual mapping of points onto the  surface  it      is necessary to call the subroutine ZURF2D (which also returns derivatives      with respect to two parameters for  use  in  calculating  normal  vectors,      tangent planes, curvatures, etc.).

  Subprogram Statement:

      SUBROUTINE ZURFNC(M,N,X,Y,Z,IX,IY,IZ,XP,YP,ZP,S,T,TEMP,                        XPST,YPST,ZPST,XPS,YPS,ZPS,SIGMA,IERR)

 Type and Dimension of Parameters:

      INTEGER M, N, IX, IY, IZ, IERR      REAL X(IX,N), Y(IY,N), Z(IZ,N), XP(M,N,3), YP(M,N,3), ZP(M,N,3),           S(M), T(N), TEMP(MAX(M,N)), XPST(MAX(M,N)), YPST(MAX(M,N)),           ZPST(MAX(M,N)), XPS(N), YPS(N), ZPS(N), SIGMA

  Status of Parameters:

      On Input:           M  is  the  number  of  rows in the arrays X, Y, and Z containing the           surface values.

           N is the number of columns in the arrays X, Y, and Z  containing  the           surface values.

           X is an array of the M x N X-coordinates of the surface points.

           Y is an array of the M x N Y-coordinates of the surface points.

           Z is an array of the M x N Z-coordinates of the surface points.

           IX  is  the row dimension of the matrix X used in the calling program           (IX .GE. M).

           IY is the row dimension of the matrix Y used in the  calling  program           (IY .GE. M).

           IZ  is  the row dimension of the matrix Z used in the calling program           (IZ .GE. M).

           XP is an array of at least 3*M*N locations.

           YP is an array of at least 3*M*N locations.

           ZP is an array of at least 3*M*N locations.

           S is an array of length at least M.

           T is an array of length at least N.

           TEMP, XPST, YPST, and ZPST are arrays of at least MAX(M,N) locations,           each of which are used for scratch storage.

           XPS,  YPS,  and  ZPS are arrays of at least N locations each of which           are used for scratch storage.

           and

           SIGMA  contains  the  tension  factor.    This  value  indicates  the           curviness  desired.    If  ABS(SIGMA) is nearly zero (e.g., .001) the           resulting surface  is  approximately  the  tensor  product  of  cubic           splines.  If ABS(SIGMA) is large (e.g., 50.) the resulting surface is           approximately bi-linear.  If SIGMA equals  zero  tensor  products  of           cubic splines result.  A standard value for SIGMA is approximately 1.           in absolute value.

      On Output:           XP, YP, and ZP contain information about the curvature of the surface           at the given points.

           S  and  T  contain  vectors  of grids to be used in the parameterized           surface.

           IERR contains an error flag,

                = 0  for normal return,                = 1  if N is less than 2 or M is less than 2,                = 2  if either X(I,J) = X(I+1,J), Y(I,J) = Y(I+1,J), and  Z(I,J)                     =  Z(I+1,J)  or  X(I,J)  = X(I,J+1), Y(I,J) = Y(I,J+1), and                     Z(I,J) = Z(I,J+1).

           and

           M, N, X, Y, Z, IX, IY, IZ, and SIGMA are unaltered.

  Referenced Package Subprograms:

      CEEZ, TERMS, SNHCSH @��


