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1 Overview

In the last lecture, we gave a brief introduction to randomized algorithms as well as presented a
simple randomized algorithm of Karger for computing min-cuts in a graph.

In this lecture, we will investigate concentration inequalities as they will be essential to our analysis
of randomized algorithms in future lectures. In particular, we will discuss Chernoff bounds as well
as various heuristic methods for understanding probabilities.

2 An Excercise on Expectation

We will start by flipping a fair coin 1000 times. We will repeat this experiment a large amount of
times. Let X represent the number of heads.

The Gaussian Distribution is defined as the following.
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The Central Limit Theorem states that if we examine X = Xy + X; + ..., where all X; are inde-
pendent, we will converge to an approximately Gaussian/Normal distribution.
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Furthremore, we define the Gaussian Tail Bound as the following. Given that X ~ N (p,0?)
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Based on the bounds established, we can now provide estimates for the following probabilities
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Pr[X > 510] ~ 30%
Pr[X > 600] < e 18
Pr[X > 900] < e~2%0

The last two bounds were found using the Gaussian Tail Bound. For the first bound, note that
around 68% of the area under the curve is within 1 standard deviation. There are 32 values that
occur within one standard deviation, so the average is .68/32. Since the event X = 500 occurs
with the highest probability, it must be at least the average. The second bound is approximated
by noticing that if we use the previous assumption that every event within one standard deviation
occurs with equal probability, then the 10 events corresponding to X = 500, X = 501, ..., X = 509
account for about 10 - 2% = 20% of the mass. Since X > 500 occurs with probability 1/2, then the
the probability that X > 510 should be about 50% — 20% = 30%.

For the third and fourth bounds, we use the Central Limit Theorem to assume that this distribution
is very close to a Gaussian, then apply the known tail bounds for Gaussians. Note that going from
within k standard deviations to ck standard deviations results in a decay of 1/c? in the exponent.
These tails are getting small very fast as we approach X = 1000.

3 Chernoff Bounds

The Chernoff Bound can be though as a formal Central Limit Theorem-type tail bound for finite
n. Consider X = X; + Xs + ... + X,,, for independent random variables X; € [0, 1]. There are two
forms of this bound. Depending on the situation, only one of these bounds might give something
useful.

3.1 Additive Chernoff Bounds




3.2 Multiplicative Chernoff Bound
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4 Example: Dice

Suppose we had a 2000-sided die that we rolled 1000000 times and we wished to count the number
of 1s that came up. Let us examine the estimated probabilities using the Central Limit Theorem.

1
P= 5000
1
E[X] = 1000000(—— ) = 500

2000
o? =Var(X) = Z Var(X;) = np(1 — p) =~ np = 500

However, what’s more interesting is when we apply the Gaussian Tail Bound, we find that we get
Pr(X > 600] < e~ 5. This is an extremely useless bound, as we find that the probability of this is
less than around 98%. The issue with the Central Limit Theorem/Gaussian Bounds is now shown:
o2 is treated as being \/n, when in reality, it should be np.

5 Application: Correctness Amplification

Suppose that we had a randomized algorithm that succeeded around 60% of the time, which takes
time T'(n) to run. We will use Chernoff bounds to show that we can modify this algorithm to
have success probability 1 — 4. We will do so at the cost of running the algorithm multiple times.
Assume that there exists only 1 correct answer.

To generate such an algorithm, we will simply take the randomized algorithm we have and repeat
it k times and output the majority answer. Therefore, our algorithm is correct when a majority of



the runs of our algorithm were successful. Let X; denote the random variable that is 1 when the
it" run of the algorithm is incorrect, and 0 otherwise. Therefore, the majority answer is incorrect
when > X; > % THerefore, we can bound our error probability by bounding Pr(}" X; > %]. Let
X => X,.

Now consider E[X]. By linearity of expectation, E[X] is at most %k. Applying Chernoff’s bound
gives

Setting k = 50 log(%) gives us an error probability of 4, so we succeed with probability 1 — §



