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Abstract

We consider the problem of estimating a Fourier-sparse signal from noisy samples, where
the sampling is done over some interval [0,7] and the frequencies can be “off-grid”. Previous
methods for this problem required the gap between frequencies to be above 1/T', the threshold
required to robustly identify individual frequencies. We show the frequency gap is not necessary
to estimate the signal as a whole: for arbitrary k-Fourier-sparse signals under ¢ bounded noise,
we show how to estimate the signal with a constant factor growth of the noise and sample
complexity polynomial in k and logarithmic in the bandwidth and signal-to-noise ratio.

As a special case, we get an algorithm to interpolate degree d polynomials from noisy mea-
surements, using O(d) samples and increasing the noise by a constant factor in fs.

*Supported by NSF Grant CCF-1526952.
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1 Introduction

In an interpolation problem, one can observe x(t) = x*(t) + g(t), where x*(t) is a structured signal
and ¢(t) denotes noise, at points ¢; of one’s choice in some interval [0,7]. The goal is to recover
an estimate  of * (or of x). Because we can sample over a particular interval, we would like our
approximation to be good on that interval, so for any function y(t) we define

1 T
Iyl = = / y(t)
T T 0

to be the £5 error on the sample interval. For some parameters C' and ¢, we would then like to get

24t.

17 ="l < Cllglly + 0"l (1)

while minimizing the number of samples and running time. Typically, we would like C' to be O(1)
and to have § be very small (either zero, or exponentially small). Note that, if we do not care about
changing C' by O(1), then by the triangle inequality it doesn’t matter whether we want to estimate
x* or z (i.e. we could replace the LHS of (1) by || — z||}).

Of course, to solve an interpolation problem one also needs z* to have structure. One common
form of structure is that z* have a sparse Fourier representation. We say that a function z* is
k-Fourier-sparse if it can be expressed as a sum of £ complex exponentials:

k
ZL'*(t) _ Z Uj€27rifjt-
j=1

for some v; € C and f; € [—F, F], where F is the “bandlimit”. Given F, T, and k, how many
samples must we take for the interpolation (1)?

If we ignore sparsity and just use the bandlimit, then Nyquist sampling and Shannon-Whittaker
interpolation uses F'T + 1/§ samples to achieve (1). Alternatively, in the absence of noise, x*
can be found from O(k) samples by a variety of methods, including Prony’s method from 1795 or
Reed-Solomon syndrome decoding [Mas69|, but these methods are not robust to noise.

If the signal is periodic with period T—i.e., the frequencies are multiples of 1/T—then we can
use sparse discrete Fourier transform methods, which take O(klog®(F7T/d)) time and samples (e.g.
[GGIT02, HIKP12a, IKP14]). If the frequencies are not multiples of 1/T" (are “off the grid”), then
the discrete approximation is only k/d sparse, making the interpolation less efficient; and even this
requires that the frequencies be well separated.

A variety of algorithms have been designed to recover off-grid frequencies directly, but they
require the minimum gap among the frequencies to be above some threshold. With frequency gap
at least 1/T, we can achieve a k¢ approximation factor using O(FT') samples [Moil5|, and with
gap above O(log? k)/T we can get a constant approximation using O(klog®(FT/d)) samples and
time [PS15].

Having a dependence on the frequency gap is natural. If two frequencies are very close together—
significantly below 1/T—then the corresponding complex exponentials will be close on [0, 7], and
hard to distinguish in the presence of noise. In fact, from a lower bound in [Moil5|, below 1/T
frequency gap one cannot recover the frequencies in the presence of noise as small as 2~ k) The
lower bound proceeds by constructing two signals using significantly different frequencies that are
exponentially close over [0, 1.

But if two signals are so close, do we need to distinguish them? Such a lower bound doesn’t
apply to the interpolation problem, it just says that you can’t solve it by finding the frequencies.



Our question becomes: can we benefit from Fourier sparsity in a regime where we can’t recover the
individual frequencies?

We answer in the affirmative, giving an algorithm for the interpolation using O(poly(k log(F1/6))
samples. Our main theorem is the following:

Theorem 1.1. Let z(t) = x*(t) + g(t), where x* is k-Fourier-sparse signal with frequencies in
[—F,F]. Given samples of x over [0,T] we can output Z(t) such that with probability at least
1 — 270k,

17 =%l S llgllp + oMl -

Our algorithm uses poly(k,log(1/6)) - log(FT) samples and poly(k,log(1/6)) -log?(FT) time. The
output T is poly(k,log(1/9))-Fourier-sparse signal.

Relative to previous work, this result avoids the need for a frequency gap, but loses a polynomial
factor in the sample complexity and time. We lose polynomial factors in a number of places; some
of these are for ease of exposition, but others are challenging to avoid.

Degree d polynomials are the special case of d-Fourier-sparse functions in the limit of f; — 0, by
a Taylor expansion. This is a regime with no frequency gap, so previous sparse Fourier results would
not apply but Theorem 1.1 shows that poly(dlog(1/9)) samples suffices. In fact, in this special case
we can get a better polynomial bound:

Theorem 1.2. For any degree d polynomial P(t) and an arbitrary function g(t), Procedure Ro-
BUSTPOLYNOMIALLEARNING in Algorithm 5 takes O(d) samples from x(t) = P(t)+g(t) over [0, T
and reports a degree d polynomial Q(t) in time O(d”) such that, with probability at least 99/100,

1P(t) = Q)7 < lg(®)II7-
where w < 2.373 is matriz multiplication exponent [Str69],[CWS87],[Wil12].

We also show how to reduce the failure probability to an arbitrary p > 0 with O(log(1/p))
independent repetitions, in Theorem 4.5.

Although we have not seen such a result stated in the literature, our method is quite similar to
one used in [CDL13|. Since d samples are necessary to interpolate a polynomial without noise, the
result is within constant factors of optimal.

One could apply Theorem 1.2 to approximate other functions that are well approximated by
polynomials or piecewise polynomials. For example, a Gaussian of standard deviation at least o
can be approximated by a polynomial of degree O((%)2 +1og(1/6)); hence the same bound applies
as the sample complexity of improper interpolation of a positive mixture of Gaussians.

1.1 Related work

Sparse discrete Fourier transforms. There is a large literature on sparse discrete Fourier
transforms. Results generally are divided into two categories: one category of results that carefully
choose measurements that allow for sublinear recovery time, including [GGIT02, GMS05, HIKP12b,
Iwel3, HIKP12a, IK14, IKP14, Kapl6]. The other category of results expect randomly chosen
measurements and show that a generic recovery algorithm such as ¢; minimization will work with
high probability; these results often focus on proving the Restricted Isometry Property |[CRT06,
RV08, Boul4, HR15]. At the moment, the first category of results have better theoretical sample
complexity and running time, while results in the second category have better failure probabilities
and empirical performance. Our result falls in the first category. The best results here can achieve
O(klogn) samples [IK14], O(klog®n) time [HIKP12b|, or within loglogn factors of both [IKP14].



For signals that are not periodic, the discrete Fourier transform will not be sparse: it takes k/§
frequencies to capture a 1 — ¢ fraction of the energy. To get a better dependence on §, one has to
consider frequencies “off the grid”, i.e. that are not multiples of 1/T".

Off the grid. Finding the frequencies of a signal with sparse Fourier transform off the grid has been
a question of extensive study. The first algorithm was by Prony in 1795, which worked in the noiseless
setting. This was refined by classical algorithms like MUSIC [Sch81| and ESPRIT [RPK86|, which
empirically work better with noise. Matrix pencil [BM86] is a method for computing the maximum
likelihood signal under Gaussian noise and evenly spaced samples. The question remained how
accurate the maximum likelihood estimate is; [Moil5| showed that it has an O(k®) approximation
factor if the frequency gap is at least 1/7.

Now, the above results all use F'T samples, which is analogous to n in the discrete setting. This
can be decreased down till O(k) by only looking at a subset of time, i.e. decreasing T'; but doing so
increases the frequency gap needed for decent robustness results.

A variety of works have studied how to adapt sparse Fourier techniques from the discrete setting
to get sublinear sample complexity; they all rely on the minimum separation among the frequencies
to be at least ¢/T for ¢ > 1. [TBSR13] showed that a convex program can recover the frequencies
exactly in the noiseless setting, for ¢ > 4. This was improved in [CF14] to ¢ > 2 for complex signals
and ¢ > 1.87 for real signals. [CF14| also gave a result for ¢ > 2 that was stable to noise, but this
required the signal frequencies to be placed on a finely spaced grid. [YX15] gave a different convex
relaxation that empirically requires smaller ¢ in the noiseless setting. [DB13| used model-based
compressed sensing when ¢ = (1), again without theoretical noise stability. Note that, in the
noiseless setting, exact recovery can be achieved without any frequency separation using Prony’s
method or Berlekamp-Massey syndrome decoding [Mas69]; the benefit of the above results is that
a convex program might be robust to noise, even if it has not been proven to be so.

In the noisy setting, [FL12| gave an extension of Orthogonal Matching Pursuit (OMP) that can
recover signals when ¢ = (k), with an approximation factor O(k), and a few other assumptions.
Similarly, [BCG'14] gave a method that required ¢ = (k) and was robust to certain kinds of noise.
[HK15| got the threshold down to ¢ = O(1), in multiple dimensions, but with approximation factor
O(FTEKOM),

[TBR15] shows that, under Gaussian noise and with separation ¢ > 4, a semidefinite program
can optimally estimate x*(¢;) at evenly spaced sample points ¢; from observations z*(¢;)+¢g(t;). This
is somewhat analogous to our setting, the differences being that (a) we want to estimate the signal
over the entire interval, not just the sampled points, (b) our noise g is adversarial, so we cannot
hope to reduce it—if g is also k-Fourier-sparse, we cannot distinguish z* and ¢, and of course (c)
we want to avoid requiring frequency separation.

In [PS15], we gave the first algorithm with O(1) approximation factor, finding the frequencies
when ¢ > log(1/§), and the signal when ¢ > log(1/6) + log? k.

Now, all of the above results algorithms are designed to recover the frequencies; some of the ones
in the noisy setting then show that this yields a good approximation to the overall signal (in the
noiseless setting this is trivial). Such an approach necessitates ¢ > 1: [Moil5| gave a lower bound,
showing that any algorithm finding the frequencies with approximation factor 2°*) must require
c>1.

Thus, in the current literature, we go from not knowing how to get any approximation for ¢ < 1,
to getting a polynomial approximation at ¢ = 1 and a constant approximation at ¢ > log? k. In this
work, we show how to get a constant factor approximation to the signal regardless of c.



Polynomial interpolation. Our result is a generalization of robust polynomial interpolation,
and in Theorem 1.2 we construct an optimal method for polynomial interpolation as a first step
toward interpolating Fourier-sparse signals.

Our result here can be seen as essentially an extension of a technique shown in [CDL13|. The
focus of [CDL13| is on the setting where sample points z; are chosen independently, so ©(dlog d)
samples are necessary. One of their examples, however, shows essentially the same thing as our
Corollary 4.2. From this, getting our theorem is not difficult.

The recent work |GZ16| looks at robust polynomial interpolation in a different noise model,
featuring ¢, bounded noise with some outliers. In this setting they can get a stronger £, guarantee
on the output than is possible in our setting.

Nyquist sampling. The classical method for learning bandlimited signals uses Nyquist sampling—
i.e., samples at rate 1/F, for FT points—and interpolates them using Shannon-Nyquist interpola-
tion. This doesn’t require any frequency gap, but also doesn’t benefit from sparsity like sparse
Fourier transform-based techniques. As discussed in [PS15], on the signal z(t) = 1 it takes
FT 4+ O(1/9) samples to get ¢ error on average. Our dependence is logarithmic on both those
terms.

1.2 Our techniques

Previous results on sparse Fourier transforms with robust recovery all required a frequency gap. So
consider the opposite situation, where all the frequencies converge to zero and the coefficients are
adjusted to keep the overall energy fixed. If we take a Taylor expansion of each complex exponential,
then the signal will converge to a degree k£ polynomial. So robust polynomial interpolation is a
necessary subproblem for our algorithm.

Polynomial interpolation. Let P(x) be a degree d polynomial, and suppose that we can query
f(z) = P(z)+ g(x) over the interval [—1, 1], where g represents adversarial noise. We would like to
query f at O(d) points and output a degree d polynomial Q(z) such that ||P — Q| < |lg||, where
we define ||hl* := fil |h(z)|?dz.

One way to do this would be to sample points S C [—1, 1] uniformly, then output the degree d
polynomial ) with the smallest empirical error

CEES

on the observed points. If | R||g ~ || R|| for all degree d polynomials R, in particular for P — @, then
since usually ||g||g < |lg|| by Markov’s inequality, the result follows.

This has two problems: first, uniform sampling is poor because polynomials like Chebyshev poly-
nomials can have most of their energy within O(1/d?) of the edges of the interval. This necessitates
Q(d?) uniform samples before ||R||g ~ || R| with good probability on a single polynomial. Second,
the easiest method to extend from approximating one polynomial to approximating all polynomials
uses a union bound over a net exponential in d, which would give an O(d?) bound.

To fix this, we need to bias our sampling toward the edges of the interval and we need our
sampling to not be iid. We partition [—1,1] into O(d) intervals Iy,...,I, so that the interval
containing each x has width at most O(v/1 — 22), except for the O(1/d?) size regions at the edges.
For any degree d polynomial R and any choice of n points z; € I;, the appropriately weighted
empirical energy is close to || R||. This takes care of both issues with uniform sampling. If the points



are chosen uniformly at random from within their intervals, then ||g|| is probably bounded as well,
and the empirically closest degree d polynomial ) will satisfy our requirements.
This result is shown in Section 4.

Clusters. Many previous sparse Fourier transform algorithms start with a one-sparse recovery
algorithm, then show how to separate frequencies to get a k-sparse algorithm by reducing to the
one-sparse case. Without a frequency gap, we cannot hope to reduce to the one-sparse case; instead,
we reduce to individual clusters of nearby frequencies.

Essentially the problem is that one cannot determine all of the high-energy frequencies of a
function x only by sampling it on a bounded interval, as some of the frequencies might cancel
each other out on this interval. We also cannot afford to work merely with the frequencies of the
truncation of x to the interval [0,7], as the truncation operation will spread the frequencies of x
over too wide a range. To fix this problem, we must do something in between the two. In particular,
we instead study z- H for a judiciously chosen function H. We want H to approximate the indicator
function of the interval [0, 7] and have small Fourier-support, supp(ﬁ ) C [-k¢/T,k/T]. By using
some non-trivial lemmas about the growth rate of x*, we can show that the difference between
x- H on R and the truncation of z to [0, 7] has small L? mass, so that we can use the former as a
substitute for the latter.

On the other hand, the Fourier transform of x - H is the convolution Z x* H , which has most
of its mass within poly(k)/T of the frequencies of z*. Although it is impossible to determine the
individual frequencies of z*, we can hope to identify O(k) intervals each of length poly(k)/T so that
all but a small fraction of the energy of T is contained within these intervals.

Note that many of these intervals will represent not individual frequencies of z*, but small
clusters of such frequencies. Furthermore, some frequencies of x* might not show up in these
intervals either because they are too small, or because they cancel out other frequencies when
convolved with H.

One-cluster recovery. Given our notion of clusters, we start looking at Fourier-sparse interpola-
tion in the special case of one-cluster recovery. This is a generalization of one-sparse recovery where
we can have multiple frequencies, but they all lie in [f — A, f + A] for some base frequency f and
bandwidth A = k¢/T. Because all the frequencies are close to each other, values z(a) and z(a + ()
will tend to have ratio close to €2™/# when £ is small enough. We find that § < —— is sufficient,

A N AVTA
which lets us figure out a frequency f with |f — f| < AVTA = k:o(l)/]:.

Once we have the frequency f, we can consider #/(t) = z(t)e~?™/. This signal is k-Fourier-
sparse with frequencies bounded by £©(1) /T. By taking a Taylor approximation to each complex

exponential, can show 2* is d-close to P(t)e*™/ for a degree d = O(k® + klog(1/6)) polynomial P.
Thus we could apply our polynomial interpolation algorithm to recover the signal.

k-cluster frequency estimation. Reminiscent of algorithms such as [HIKP12a, PS15]|, we choose
random variables o ~ T/k¢, a € [0,1], and b € [0,1/0] and look at v € C* given by

v; = (x- H)(o(i — a))e” ™G ()

!There is a catch here, that the coefficients of the exponentials are potentially unbounded, if the frequencies are
arbitrarily close together. We first use Gram determinants to show that the signal is d-close to one with frequency
gap 027", and coefficients at most 2% /4.



where G is a filter function. That is, G has compact support (supp(G) C [—k¢, k]), and G approx-
imates an interval of length @(2%) In other words, G is the same as H with different parameters:
an interval convolved with itself k¢ times, multiplied by a sinc function.

We alias v down to O(k) dimensions and take the discrete Fourier transform, getting u. It has

been implicit in previous work—and we make it explicit—that u; is equal to z,, for a vector z
defined by

=@« H)-GY)

0—7

where ég{g is a particular permutation of G. In particular, @g{g has period 1/, and approximates
an interval of size o‘% within each period.

In previous work, when o and b were chosen randomly, each individual frequency would have
a good chance of being the only frequency preserved in z, and we could apply one-sparse recovery
by choosing a variety of a. Without a frequency gap we can’t quite say that: we pick 1/0 > A so
that the entire cluster usually lands in the same bin, but then nearby clusters can also often land
in the same bin. Fortunately, it is still usually true that only nearby clusters will collide. Since our
1-cluster algorithm works when the signal frequencies are nearby, we apply it to find a frequency

approximation within 7”:/0 = kO /T of the cluster.
The above algorithm recovers each individual frequency with constant probability. By repeating
it O(log k) times, with high probability we find a list L of O(k) frequencies within k<) /T of each

significant cluster.

k-sparse recovery. Because different clusters aren’t anywhere close to orthogonal, we can’t simply
approximate each cluster separately and add them up. Instead, given the list L of candidate
frequencies, we consider the O(kd)-dimensional space of functions

d ~
z(t) :== Z Z aﬁitie%ift

Fer i=0

where d = O(k°M) +1og(1/6)). We then take a bunch of random samples of z, and choose the Z(t)
minimizing the empirical error using linear regression. This regression can be made slightly faster
using oblivious subspace embeddings [CW13|, [NN13|, [Woo14],|[CNW15].

Our argument to show this works is analogous to the naive method we considered for polynomial
recovery. Similarly to the one-cluster setting, using Taylor approximations and Gram determinants,
we can show that this space includes a sufficiently close approximation to x. Since polynomials
are the limit of sparse Fourier as frequencies tend to zero, these functions are arbitrarily close to
O(kd)-Fourier-sparse functions. Hence we know that the maximum of |Z(¢)| is at most a poly(kd)
factor larger than its average over [0,7]. Using a net argument, this shows poly(kd) samples are
sufficient to find a good approximation to the nearest function in our space.

Growth rate of Fourier-sparse signals. We need that ﬁ |z* - H||, =~ ||z*||;, where H approx-
imates the interval 1jg 7. Because H has support size k“ /T, it has a transition region of size T/ k¢
at the edges, and it decays as (t/T)~* for t > T. The difference between ﬁ |z* - H||y and ||z*||,
involves two main components: mass in the transition region that is lost, and mass outside the

sampling interval that is gained. To show the approximation, we need that |z*(t)| < O(k?) llz*|| 1
within the interval and |z*(t)| < (kt/T)°®) ||z*||, outside.



We outline the bound of n%ax]\x (t)] in terms of its average ||z*||, to bound |z*(t)| within the
tefo,T

interval. Notice that we can assume |z*(0)| = H%ax |x*(t)|: if t* = arg max|z*(t)
0,T t€[0,T]

can rescale the two intervals [0, ¢*] and [t*, T to [0, T] separately. Then we show that for any ¢, there

exist m = O(k?) and constants Cj,- - - ,Cy, such that z*(0) = > jeim) G52 (- t'). Then we take

|2

2 is not 0 or T', we

the integration of ¢’ over [0,7'/m] to bound |z*(0)|* by its average. For any outside ¢ > T', we follow
this approach to show «*(t) = >y €5 - @*(¢;) where ¢; € [0,T] and |Cj| < poly(k) - (kt/T)O®)
for each j € [k]. These results are shown in Section 5.

1.3 Organization

This paper is organized as follows. We provide a brief overview about signal recovery in Section 2.
We introduce some notations and tools in Section 3. Then we show our main Theorem 1.2 about
polynomial interpolation in Section 4. For signals with k-sparse Fourier transform, we show two
bounds on their growth rate in Section 5 and describe the hash functions and filter functions in
Section 6. We provide the algorithm for frequency estimation and its proof in Section 7. In Section 8,
we describe the algorithm for one-cluster recovery. In Section 9, we show the proof of Theorem 1.1.
We defer several technical proofs in Appendix A. Appendix B gives a summary of several well-
known facts are existing in literature. We provide the analysis of hash functions and filter functions
in Appendix C.

2 Proof Sketch

We first consider one-cluster recovery centered at zero, i.e., x*(t) = > v; - €2™/it where every f; is

‘77
n [—A, Al for some small A > 0. The road map is to replace z* by a low degree polynomial P
such that ||z*(¢t) — P(t)||% < d||*||% then recover a polynomial @ to approximate P through the
observation z(t) = P(t) + ¢'(t) where g ( ) =g(t) + (z*(t) — P(t)).

A natural way to replace z*(t) = Zv e?™fit by a low degree polynomial P(t) is the Taylor
=
expansion. To bound the error after taklng the low degree terms in the expansion by d||z*|r, we

U;~62mfjt

show the existence of z'(t) = approximating x* on [0,7] with an extra property—any

<.
1=

coefficient v in #'(¢) has an upper bound in terms of |2')13. = % fOT |2’ (t)|2dt. We prove the existence
of 2/(t) via two more steps, both of which rely on the estimation of some Gram matrix constituted
by these k signals.

The first step is to show the existence of a k-Fourier-sparse signal z’(¢) with frequency gap

n> w that is sufficiently close to z*(¢).

k
Lemma 2.1. There is a universal constant Cy > 0 such that, for any x*(t) = Z e2mifit

]:

and any

6 >0, there always exist n > % kO and o/ (t) = Zv’ M5t satisfying

|2 (t) — 2z (t) |7 < oll=" ()7
th min| f, — f1| > n and max{|f; — f;[} < kn.
we Z.7g;€l|fz fil=mn an j;[lﬁ{lfj fil} < kn



We outline our approach and defer the proof to Section 8. We focus on the replacement of one
frequency fi in z* = Ej.e[k} vje2”ifjt by a new frequency fr11 # fr and its error. The idea is to
consider every signal e?™ifit as a vector and prove that for any vector z* in the linear subspace
span{e?™fit|j € [k]}, there exists a vector in the linear subspace span{e?™fk+1t e2m/it|j ¢ [k — 1]}
with distance at most exp(k?) - (|fx — fes1|T) - ||z*||7 to z*.

The second step is to lower bound ||z’||% by its coefficients through the frequency gap 7 in z’.

k .
Lemma 2.2. There ezists a universal constant ¢ > 0 such that for any x(t) = > v;e*™ it with
j=1

frequency gap n = Igéijnlfi - il

k
k2 .
Je @ > & min (11)%,1) 3 Jo; 2
j=1
Combining Lemma 2.1 and Lemma 2.2, we bound |v}| by exp(poly(k)) - 679" - ||2'||p for any
coeflicient U;- in /. Now we apply the Taylor expansion on z’(t) and keep the first d = O(AT +

poly(k) + klog %) terms of every signal v/ - ™3t in the expansion to obtain a polynomial P(t) of
degree at most d. To bound the distance between P(t) and 2/(t), we observe that the error of every
point ¢ € [0, 7] is at most (225L)d >_; [v5], which can be upper bounded by §||2’(t)|7 via the above

connection. We summarize all discussion above as follows.

Lemma 2.3. For any A > 0 and any § > 0, let 2*(t) = 3 cp v;e?™ it where |f;| < A for each
j € [k]. There exists a polynomial P(t) of degree at most

d=O(TA + k*logk + klog1/0)

such that
I1P(t) — 2* ()17 < 6[|=*(|3-

To recover z*(t), we observe z(t) as a degree d polynomial P(t) with noise. We use properties
of the Legendre polynomials to design a method of random sampling such that we only need O(d)
random samples to find a polynomial Q(t) approximating P(t).

Theorem 1.2. For any degree d polynomial P(t) and an arbitrary function g(t), Procedure RO-
BUSTPOLYNOMIALLEARNING in Algorithm 5 takes O(d) samples from x(t) = P(t)+ g(t) over [0,T]
and reports a degree d polynomial Q(t) in time O(d¥) such that, with probability at least 99/100,

1P(t) = Q)1 < gl
where w < 2.373 is matriz multiplication exponent [Str69],[CWS87],[Wil12].

We can either report the polynomial Q(t) or transfer Q(t) to a signal with d-sparse Fourier
transform. We defer the technical proofs and the formal statements to Section 8 and discuss the
recovery of k clusters from now on. -

As mentioned before, we apply the filter function (H (t), H (f)) on z* such that z* - H has at
most k clusters given/gi with k-sparse Fourier transform. First, we show that all frequencies in the
“heavy” clusters of x* - H constitute a good approximation of z* in Section 9.

10



k ) .
Definition 2.4. Given z*(t) = Y v;e*™ it any N'> 0, and a filter function (H, H) with bounded
j=1

support in frequency domain. Let L; denote the interval of supp(e?™ifit . H) for each j € [k].

Define an equivalence relation ~ on the frequencies f; by the transitive closure of the relation
fi~ fiif LinL; # 0. Let Si,...,Sy, be the equivalence classes under this relation.

Define C; = fUS L; for each i € [n]. We say C; is a “heavy” cluster iff [, |ﬂ(f)|2df >
€5; *
T -N?/k.

Claim 2.5. Given z*(t) = Zv 2™t and any N > 0, let H be the filter function defined in
Appendiz C.1 and C1, - - C’l be the heavy clusters from Definition 2.4. For

S:{je[kz]

we have 29 (t) = S v;e?™ it approzimating x* within distance || x5 (t) — z*(t)]|2 < N2
JjES

fj€C1U"'Cz}7

Hence it is enough to recover z(%) for the recovery of z*. Let Ah denote the bandwidth of H.
In Section 7, we choose A > k- Ay, such that for any j € S, ffJ+A \H - z*(f)|?df > T - N?/k from

the fact |C;| < k- Ap. Then we prove Theorem 2.6 in Section 7, which finds O(k) frequencies to
cover all heavy clusters of z* - H.

k .
Theorem 2.6. Let x*(t) = > v;e*™ it and z(t) = x*(t) + g(t) be our observable signal where
j=1
lg@®)|Z < cllz*(t)||2 for a sufficiently small constant c. Then Procedure FREQUENCYRECOV-
ERYKCLUSTER returns a set L of O(k) frequencies that covers all heavy clusters of x*, which
uses poly(k,log(1/6))log(FT) samples and poly(k,log(1/6))log?(FT) time. In particular, for A =
poly(k,log(1/8))/T and N? := ||g(t) || + 6||=*(t)||%, with probability 1 — 27¥®) | for any f* with

fr+A —
NGRS ©)
there exists an fE L satisfying N
/" = fIS AVAT.

Let L = {fl, e ,ﬁ} be the list of frequencies from the output of Procedure FREQUENCYRE-
COVERYKCLUSTER in Theorem 2.6. The guarantee is that, for any f; in (%) there exists some
p;j € [I] such that |f, — f;| S AVAT for A = poly(k,log(1/5))/T. Hence we rewrite () =
Zz‘e[l] e%ifit(zjes Sips=i e?m(fi=f) . For each i € [I], we apply Lemma 2.3 of one-cluster recovery on
des py—i 2mifi=Ti)t to approximate it by a degree d polynomial P;(t).

Now we consider z(t) = 3 2™ - Pi(t) + ¢"(t) where " (®)l|r S lg(t)llr + 8l|2*(8) [z To

recover Zz‘e[l} e?™fit . Py(t), we treat it as a vector in the linear subspace

V = span {e%iﬁt ot

j € {07 7d}7i € [l]}
with dimension at most I(d + 1) and find a vector in this linear subspace approximating it.

11



We show that for any v € V| the average of poly(kd) random samples on v is enough to estimate
|v]|2.. In particular, any vector in this linear subspace satisfies that the maximum of it in [0, 7] has
an upper bound in terms of its average in [0,7]. Then we apply the Chernoff bound to prove that
poly(kd) random samples are enough for the estimation of one vector v € V.

Claim 2.7. For any 4 € span e2mifit . ¢i
stants C1 < 4 and Cy < 3 such that

max {[i(t)[*} < (1d)* log® (Id) - |||
te[0,T]

j€{0,---,d},i€ [l]}, there exists some universal con-

At last we use an e-net to argue that poly(kd) random samples from [0,7] are enough to
interpolate x(t) by a vector v € V. Because the dimension of this linear subspace is at most
I(d+ 1) = O(kd), there exists an e-net in this linear subspace for unit vectors with size at most
exp(kd). Combining the Chernoff bound on all vectors in the e-net and Claim 2.7, we know that
poly(kd) samples are sufficient to estimate |v||% for any vector v € V. In Section 9, we show that
a vector v € V minimizing the distance on poly(kd) random samples is a good approximation for

> el e2mifit . P;(t), which is a good approximation for z*(¢) from all discussion above.

Theorem 1.1. Let x(t) = z*(t) + g(t), where x* is k-Fourier-sparse signal with frequencies in
[—F,F]. Given samples of x over [0,T] we can output Z(t) such that with probability at least
1 — 2%k

12 —2"lp S llglle + o llz"llp -
Our algorithm uses poly(k,log(1/6)) - log(FT) samples and poly(k,log(1/6)) -log?(FT) time. The
output T is poly(k,log(1/9))-Fourier-sparse signal.

3 Preliminaries

We first provide some notations in Section 3.1 and basic Fourier facts in Section 3.2. Then we
review some probability inequalities in Section 3.3. At last, we introduce Legendre polynomials in
Section 3.4 and review some basic properties of Gram matrix and its determinant in Section 3.5.

3.1 Notation

For any function f, we define O(f) to be f -log® M (f). We use [n] to denote {1,2,--- ,n}. Let i
denote v/—1. For any Complex number z = a + ib € C, where a,b € R. We define Z to be a — ib
and |z| = Va2 + b2 such that |z|? = 2Z. For any function f(¢) : R — C, we use supp(f) to denote
the support of f.

For convenience, we define the sinc function and the Gaussian distribution Gaussian, , on R
with expectation p and variance o2 as follows:

) sin(rt) ) 1 _e=w?
sinc(t) = ,  Gaussian, ,(t) = e 202
0 rlt) = —

Tt
For a fixed T > 0, we define the inner product of two functions z,y : [0,7] — C as

T
(z,y)r = ;/0 z(t)g(t)dt.

We define the || - ||z norm as
1 T
o)l = v/@0.2@r =7 [ la(oPat

12
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Figure 1: A picture of a Comby, recty, sinc,, Gaussian,, , .

3.2 Facts about the Fourier transform

In this work, we always use z(t) to denote a signal from R — C. The Fourier transform Z(f) of an
integrable function x : R — C is defined as

+oo .
z(f) = / z(t)e"?™/dt, for any real number f.
Similarly, z(t) is determined from Z(f) by the inverse transform:
+oo .
x(t) = / Z(f)e?™tdf, for any real number ¢.

—00

Let CFT denote the continuous Fourier transform, DTFT denote the discrete-time Fourier
transform, DFT denote the discrete Fourier transform, and FFT denote the fast Fourier transform.
For any signal (t) and n € N, we define 2*"(t) = z(t) * - - - x x(t) and T"(f) = z2(f) - - - - Z(f).
—_— —_—

n n

Fact 3.1. Let 6A(f) denote the Dirac delta at A. Then

~ +m . .
5A (t) — / 5A(f)62mftdf — 6271'1tA'

—o0
Fact 3.2. For any s > 0, let Comby(t) = > 6;5(t). Then the Fourier transform of Comby(t) is
JEZL

Comb, (f) = - Comby ().

The following fact says the the Fourier transform of a rectangle function is a sinc function.

13



Fact 3.3. We use

(1) 1 if |t < 5
rec =
B 0 otherwise.

Then the Fourier transform of recty(t) is recty(f) = Smﬁ}rfs) = sinc(fs).

The Fourier transform of a Gaussian function is another Gaussian function.
: e’ ‘ ‘
Fact 3.4. For Gaussian, ,(t) = pevri Then the Fourier transform is

—

: 1
Gaussian, o(f) = e_meUT Gaussiang o (f) for o' =1/(2n0).
o/ 2m

Proof. From the definition of the Fourier transform,

too 1 —w?
—_— I
Gaussian, o(f) = / e 207 e iy
oo OV2T

omifu [T 1 —omift
— o 2mi u/ e~ 2 2 miftqy
oo OV2T

3 Foo 1 (t+2mio? )2 22 2
_ e—27r1fu/ 6_2072_271— feo dt
—00 OV2T
. pid
_ e—2ﬁ1fue—m
where o' = 1/(20w), which is e72™/% . ¢/\/27 - Gaussiang ./ (f). O

3.3 Tools and inequalities

From the Chernoff Bound (Lemma B.2), we show that if the maximum of a signal is bounded by d
times its energy over some fixed interval, then taking more than d samples (each sample is drawn
i.i.d. over that interval) suffices to approximate the energy of the signal on the interval with high
probability.

)

Lemma 3.5. Given any function x(t) : R — C with H%ax}|:z;(t)|2 <d||lz(t)||%. Let S denote a set of
tel0,T

points from 0 to T. If each point of S is chosen uniformly at random from [0,T], we have

[ EPIEOIEEO

€S
We provide a proof in Appendix A.5.
Because d - 25 + 5 - (1 — 55) < 1, we have the following inequality when the maximum of |z(t)|
is at most d times its average.

—Q(e2
ZeHx(t)H?r] < e R

2

Lemma 3.6. Given any function x(t) : R — C with Hfg}iﬁ}|x(t)|2 <d||lz(t)||%. Let S denote a set of
telo,

points from 0 to T. For any point a is sampled uniformly at random from [0,T], we have,

1 1
P 2> “lz]E] > —.
aN[OfT] [z(a)|” > 2Hl’( r| > 24



3.4 Legendre polynomials

We provide an brief introduction to Legendre polynomlals (please see [Dunl10] for a complete intro-
duction). For convenience, we fix || f(¢)[|3 = 5 f t)|?dt in this section.

Definition 3.7. Let L,(z) denote the Legendre polynomz’als of degree n, the solution to Legendre’s

differential equation:

ddx [(1 - :UQ)dde (x)] +n(n+1)Ly(x) =0 (3)

We will the following two facts about the Legendre polynomials in this work.

Fact 3.8. L, (1) =1 for any n > 0 in the Legendre polynomials.

Fact 3.9. The Legendre polynomials constitute an orthogonal basts with respect to the inner product

on interval [—1,1]:
1
2

where Omy denotes the Kronecker delta, i.e., it equals to 1 if m =n and to 0 otherwise.

For any polynomial P(x) of degree at most d with complex coefficients, there exists a set of
coefficients from the above properties such that

Zal i(x), where o; € C,Vi € {0,1,2,--- ,d}.

Lemma 3.10. For any polynomial P(t) of degree at most d from R to C, for any interval [S,T],

2
s [POF < (@12 7= S/ (t)dz.

We provide a proof in Appendix A.6.

3.5 Gram matrix and its determinant

We provide an brief introduction to Gramian matrices (please see [Haz01] for a complete introduc-
tion). We use (x,y) to denote the inner product between vector x and vector y.

Let 0, - -+, ¥, be n vectors in an inner product space and span{#1, - - - , ¥, } be the linear subspace

spanned by these n vectors with coefficients in C, i.e., { > a;9;|Vi € [n],a; € C 3. The Gram matrix
i€n]

Gram,, of U1, -+, Uy, is an n x n matrix defined as Gram,, (i, j) = (¥;, ¥;) for any i € [n] and j € [n].

Fact 3.11. det(Gramy,,) is the square of the volume of the parallelotope formed by vy, -, Uy,.

Let Gram,,_1 be the Gram matrix of ¥, --- ,¥,_1. Let v” be the projection of v,, onto the linear
subspace span{y, - -+ ,¥,_1} and ¥ = v, — UL‘L We use ||U]| to denote the length of ¢ in the inner
product space, which is /{7, U).

Claim 3.12.
H _,lHQ . det(Gramn_l)
~ det(Gram,,)
Proof.
det(Gram,,) = volume?(@, - - - , ¥,) = volume?(Ty, - - - ,¥y_1) - [|0]|* = det(Gram,,) - |7+ ]|%.
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4 Robust Polynomial Interpolation Algorithm

In Section 4.1, we show how to learn a low degree polynomial by using linear number of samples,
running polynomial time, and achieving constant success probability. In Section 4.2, we show to
how boost the success probability by rerunning previous algorithm several times.

4.1 Constant success probability

We show how to learn a degree-d polynomial P with n = O(d) samples and prove Theorem 1.2 in
this section. For convenience, we first fix the interval to be [—1, 1] and use ||f|][271 5= : f_ll |f(t)|*dt.

Lemma 4.1. Let d € N and ¢ € R, there exists an efficient algorithm to compute a partition of
[—1,1] to n = O(d/e) intervals I, --- , I, such that for any degree d polynomial P(t) : R — C and
any m points x1,- - , Ty in the intervals Iy, - - - , I, respectively, the function Q(t) defined by

Q(t) = P(xj) if telj

approzimates P by

1Q — Plli=11) < el Pll=1,1- (4)

One direct corollary from the above lemma is that observing n = O(d/e€) points each from

I, , I, provides a good approximation for all degree d polynomials. For any set S = {t1,- - ,t;,}
m

where each ¢; € [-1,1] and a distribution with support {wy,- - ,wy} on S where > w; = 1 and
i=1

w; > 0 for each i € [m], we define ||z||s.m = (31, wi - |z(t;)[2)Y/2.

Corollary 4.2. Let Iy, -- , I, be the intervals in the above lemma and w; = |I;|/2 for each j € [n].
For any x1,--- ,xy, in the intervals Iy, - - | I,, respectively, we consider S = {x1,--- ,xn} with the
distribution wy, -+ ,wy,. Then for any degree d polynomial P, we have

15w € [(1 = IPl-1,1, 1+ I Pll-1y] -

We first state the main technical lemma and finish the proof of the above lemma (we defer the
proof of Lemma 4.3 to Appendix A.3).

Lemma 4.3. For any degree d polynomial P(t) : R — C with derivative P'(t), we have,

1

1
/ (1= 2)|P'(1)dt < 2d2/ |P(#)[2dt. (5)

-1 -1

Proof of Lemma 4.1.  We set m = 10d/e and show a partition of [—1,1] into n < 20m intervals.
We define g(t) = @ and yo = 0. Then we choose y; = y;—1 + g(y;—1) for i € NT. Let [ be the
first index of y such that y; > 1 — %. We show [ < m.

Let ji be the first index in the sequence such that y; > 1 — 27 Notice that

3/4
y < ———— < 1.
J2 = 1—-(3/4)2 — bm
m
and
Vl_y?*1 V91—yi1

Yi —Yi—1 = g(yz‘—l) =



Then for all £ > 2, we have
27]6

Ik — Jk—1 < —F———
V17YG, -1

m

Therefore j, < (1.5 + (2_3/2 ++-27k/2)) m and 1 < 10m.
Because 31 <1 —

< 2—k/2m

m27
1—a2? 1 (1-y}y)
w2 e == ()2
Now we set n and partition [—1, 1] into Iy,--- , I, as follows:
1. n=2(l+1).
2. For ] S [l], 12];1 = [yjfl,yj] and Igj = [—yj, —y]’,ﬂ.
3. Iy = [y, 1] and Iy = [—1, —yi].
For any z1,--- ,z, where z; € I; for each j € [n], we rewrite the LHS of (4) as follows:
/WP% PO+ [ P(an) - ra+/WP% P(t)dt
Infl

For A in Equation (7), from the Cauchy-Schwarz inequality, we have

n—2
Z/I |P(x;) — P(t)|*dt = dt<2/ \t—x]\/ |P'(y)|?dydt.
j=174J

Then we swap dt with dy and use Equation (6):

P’ )dy

Tf/ / 2 nz—:Q / 2 2 112_:2 / 22(1 - t2)
wwn/ [t — j|dtdy < L/wwnwmas L/wandt
j=1"1 t¢(2;5.y) j=1"1 j=1"1 m?

We use Lemma 4.3 to simplify it by

Z/w% >wwlﬁmﬁﬂbw<w P(1)dt.

m2

For B in Equation (7), notice that |I,_1| = |I,| =1 —y < 9m~2 and for j € {n — 1,n}

P() ~ Play)f? <4 max [P < 4(d+ DPIPIE

for any j € [I] and any x € [y;—1,¥;], we have the following property:

(6)

(7)

from the properties of degree-d polynomials, i.e., Lemma 3.10. Therefore B in Equation (7) is upper

bounded by 2 - 4(d + 1)2(9m=2)[|P(£) 2, ;-

From all discussion above, ||Q(t) — P(t H[ 1y < %%—dj < €

O

Now we use the above lemma to provide a faster learning algorithm for polynomials on interval
[—1,1] with noise instead of using the e-nets argument. Algorithm ROBUSTPOLYNOMIALLEARN-

INGFIXEDINTERVAL works as follows:
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1. Let e =1/20 and I, -- , I, be the intervals for d and € in Lemma 4.1.

2. Random choose z; € I; for every j € [n] and define S = {z1,--- ,2,} with weight w; =
|I1] _ |nl
20 Wn =

3. Find the degree d polynomial Q(t) that minimizes || P(t) — Q(t)|sw using Fact B.3.

Lemma 4.4. For any degree d polynomial P(t) and an arbitrary function g(t), Algorithm ROBUST-
POLYNOMIALLEARNINGFIXEDINTERVAL takes O(d) samples from xz(t) = P(t) 4+ g(t) over [—1,1]
and reports a degree d polynomial Q(t) in time O(d¥) such that, with probability at least 99/100,

1P(t) — Q(t)||[271,1] S Hg(t)H[{l,l}'

Proof. Notice that n = O(d/e) = O(d) and the running time depends on solving a linear regression
problem( Fact B.3 ), which takes O(d“) time. It is enough to bound the distance between P and

Q:

1P = Q=11
< LO9[|P - Qlsw by Corollary 4.2
= 109z — g — Qllsw byz=P+g
< 1.09||g]lsw + 1.09]|z — Q|| 5w by triangle inequality
< 1.09{|gllsw + 1.09]|x — P|| 5w Q = argmin ||R — z||s.
degree-d R
< 22igllsw

Because IEZ[HgH%w] = HgH[Q_LH, we know that ||P — Ql|j_1,1) < 2200]|g||;—1,1) With probability > .999

by using Markov’s inequality. O
For any function f : [0,T] — C, let f(t) = F(2ZL). Then Hﬂ][,l,l] = || f||7 from the definition.

Hence we can switch any interval [0,7] to [—1, 1] and use Lemma 4.4.

Theorem 1.2. For any degree d polynomial P(t) and an arbitrary function g(t), Procedure RoO-

BUSTPOLYNOMIALLEARNING in Algorithm 5 takes O(d) samples from x(t) = P(t)+ g(t) over [0, T
and reports a degree d polynomial Q(t) in time O(d¥) such that, with probability at least 99/100,

1P(t) = Q)7 < lg@®)II7-
where w < 2.373 is matriz multiplication exponent [Str69],[CWS87],[Wil12].

4.2 Boosting success probability

Notice that the success probability of Theorem 1.2 is only constant, and the proof technique of
obtaining that result cannot be modified to 1 — 1/ poly(d) or 1 — 2= success probability due
to using Markov’s inequality. However, we can use that algorithm as a black box, and rerun it
O(log(1/p)) (for any p > 0) times on fresh samples. Using the careful median analysis from [MP14]
gives

Theorem 4.5. For any degree d polynomial P(t), an arbitrary function g(t), and any p > 0, Pro-
cedure ROBUSTPOLYNOMIALLEARNING™ in Algorithm 5 takes O(dlog(1/p)) samples from z(t) =
P(t)+g(t) over [0,T] and reports a degree d polynomial Q(t) in time O(d* log(1/p)) such that, with
probability at least 1 — p,

1P(t) = Q)IIF < lla(®)I7-

where w < 2.373 is matrixz multiplication exponent.
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Proof. We run algorithm ROBUSTPOLYNOMIALLEARNING R rounds with O(d) independent and
fresh samples per round. We will obtain R degree-d polynomials Q1 (t), Q2(t), - ,Qr(t). We say a
polynomial @;(t) is good if ||Q;(t) — P(t)||3 < |lg(t)||%. Using the Chernoff bound, with probability
at least 1 — 272()  at least a 3/4 fraction of the polynomials are “good”. We output polynomial
Q(t) = Q= (t) such that

j* = arg min(median{[|Q;(t) — Q1 (®)II7, [Q;(t) = Q2(®)lI7,- -, 1Q;(t) = Qr()IF})  (8)

JE[R]

The Equation (8) can be solved in following straightforward way. For i # j, it takes O(d) time to
compute [|Q;(t) — Qi(t)||%. Because of the number of pairs is O(R?), thus it takes O(R?d) time
write down a R X R matrix. For each column, we run linear time 1-median algorithm. This step
takes O(R?) time. At the end, j* is index of the column that has the smallest median value. Thus,
polynomial Q(t) = @Q;(t) 1 the 0 with probability at least 1 —p by choosing R = O(log(1/p)). The
running time is not optimized yet.

To improve the dependence on R for running time, we replace the step of solving Equation (8)
by an approach that is similar to [MP14]. We choose a new set of samples S, say S = {t1,t2, -+ ,tn}
and n = O(d). Using Fact B.4, we can compute Q;(t;) for all 7,j € [R] x [n] in O(Rd poly(log(d)))
time. Define N

Q; = median Q;(t;),Vj € [n]. 9)
1€[R]
Our algorithm will output a degree-d polynomial ) which is the optimal solution of this problem,

. mirell o ||Q,—@||S,w-2 In the rest of the proof, we will show that ||Q— P||7 < ||g||7 with probability
egree- /

at least 1 — 27 2(R), N
Notice that Equation (9) implies that Q; — P(t;) = me([ii?n(Qi(tj) — P(t;)). Fix a coordinate j
i€[R

and applying the proof argument of Lemma 6.1 in [MP14], we have

Qi —P(t;)* mean(Qi(t;) - P(t;))

d i

Taking the weighted summation over all the coordinates j, we have
A 2 2
|Q — Pl[5,, < meanl|Q; — P||5,,
good 1

Using Corollary 4.2, for each good i,

1Qi = Pll%w < 1Qi = Pll7

Combining the above two inequalities gives

IQ = PlI%,, < meanl|Q; — P < llgll7 (10)
good 1

Because @ is the optimal solution for @, then

1Q — Q5w < 1Q — Pl < llgli7 (11)

Using Corollary 4.2 and for any good 4,7, ||Q; — Qu|l7 < |lg|l7, we can replace P by @y in the
Equation (10). Thus, for any Q; where i’ is good,

1Q - Qull3 . < llgllF (12)

20utputting Q = arg mig/HQl — z||s,w is not good enough, because it only gives constant success probability.
degree-d
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For any good 7/,

1Qir — Qllr
S Qi — Qlls,w by Corollary 4.2
< Qi — @ Sw + ||C~2 — Q||s,w by triangle inequality
S llgllz by Equation (11) and (12)

Thus, our algorithm takes O(dR) samples from z(t) = P(t)+g(t) over [0, T] and reports a polynomial
Q(t) in time O(Rd¥) such that, with probability at least 1 — 27 || P(t) — Q(t)||1% < |lg(t)|13-
Choosing R = O(log(1/p)) completes the proof. O

5 Bounding the Magnitude of a Fourier-sparse Signal in Terms of
Its Average Norm

The main results in this section are two upper bounds, Lemma 5.1 on n%ax]|m(t)|2 and Lemma 5.5
te[0,T

on |z(t)|? for t > T, in terms of the typical signal value ||z||% = 1 fOT |z(t)|?dt. We prove Lemma
5.1 in Section 5.1 and Lemma 5.5 in Section 5.2

5.1 Bounding the maximum inside the interval

The goal of this section is to prove Lemma 5.1.
Lemma 5.1. For any k-Fourier-sparse signal z(t) : R — C and any duration T', we have

12 < k*log® k - [|z||?
tgfg%\fc()l Sk log k- ||z||7

Proof. Without loss of generality, we fix T = 1. Then ||z|3% = fol |z(t)|?dt. Because |z||2 is the

average over the interval [0, 7], if t* = argmax|x(t)|? is not 0 or T = 1, we can rescale the two
te[0,7)
intervals [0,t*] and [t*,T] to [0,1] and prove the desired property separately. Hence we assume

0) = t)]* in thi f.
|z(0)] trerﬁ%]x( )|? in this proo

Claim 5.2. For any k, there exists m = O(k?log k) such that for any k-Fourier-sparse signal x(t),
any tg > 0 and 7 > 0, there always exist Cq,--- ,Cyy € C such that the following properties hold,

Property I |G| <11 for all j € [m],
Property I z(ty) = Z Cj-x(to+j-7).
Jj€lm]

We first use this claim to finish the proof of Lemma 5.1. We choose tg = 0 such that V7 > 0,
there always exist Cy,---,C,, € C, and

2(0)= Y Cj-a(j-7).
j€lm]
By the Cauchy-Schwarz inequality, it implies that for any 7,

O < m Y |G- )
J€[m]

S my )P (13)
J€[m]
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At last, we obtain

l/m
12(0)]? = m/ 0)|?dr
1/m m
m- / 2(j - 7)2)dr

m 1/m
= m2-2/0 lz(j - 7)2dr
J/m
= m?. Z / 7)2dr

< w30t / (e
= J Jo

S m*logm - ||z||F

N

where the first inequality follows by Equation (13), the second inequality follows by j/m < 1
and the last step follows by Y7 + = O(logm). From m = O(k*logk), we obtain |z(0)]* =
O(k*log® k|z2.). O

To prove Claim 5.2, we use the following lemmas about polynomials. We defer their proofs to
Appendix A.2.

Lemma 5.3. Let Q(z) be a degree k polynomial, all of whose roots are complex numbers with

absolute value 1. For any integer n, let ry j(2) = Zf 01 g)k 2t denote the residual polynomial of
ri(2) = 2" (mod Q(2)).
Then, each coefficient of ry, j, is bounded: \r el < 2knk=1 for any 1.

Lemma 5.4. For any k € Z and any z1,- - , zi on the unit circle of C, there always exists a degree
m

m = O(k*log k) polynomial P(z) = > cjz? with the following properties:
§=0

Property 1 P(z)=0,Vie {1, -k},
Property 11 co =1,
Property 11 lej| < 11,V5 € {1,--- ,m}.

k .
Proof of Claim 5.2.  For x(t) = > v;e?™fit we fix tg and 7 then rewrite x(tg+j-7) as a polynomial
i=1
of by = v; - e¥™fito and z; = €2™fi7 for each i € [k].

k

:E(t() +7- 7_) _ Zvie27rif¢'(t0+j-7')
=1
k

— E UieQﬂ'lfito . 627r1fi-]7'

i=1
k
— § : J
= bz . Zi .
i=1
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Given k and z1,--- , 2, let P(z) = Z}n:() cjz) be the degree m polynomial in Lemma 5.4.

m
Z cjx(to +j7) =
=0

= 0, (14)
where the last step follows by Property I of P(z) in Lemma 5.4. From the Property II and III of
P(z), we obtain x(tg) = — > ", cjz(to + j7). O
5.2 Bounding growth outside the interval

Here we show signals with sparse Fourier transform cannot grow too quickly outside the interval.
Lemma 5.5. Let x(t) be a k-Fourier-sparse signal. For any T >0 and any t > T,
() < KT - (2Kt /T)* - |||

Proof. For any t > T, let t =t + n - 7 such that ¢ty € [0,T/k], T € [O T/k] and n < %L We define
bi = v;e2™fitoand z; = €2™i™ such that z(tg +n-7) = > e biz}

By Lemma 5.3, we have for any z1, 22, - - , 2 and any n,
k=1 k
= Z a;z"*  (mod H(z - zi))
i=0 i=1
where |a;| < 2¥-n* Vi€ {0,1,---,k — 1}. Thus, we obtain

k

k—1
i
b;( E a;z;).
1 1=0

From the fact that z(to +i-7) = >_ ey bjz;:, we simplify it to be

k
x(to +nt) = Z b]z
Jj=1 J

k—1 k k—1
x(to +n1) = aZZsz§ :Zaix(to—i—i-ﬂ.
i=0 7j=1 i=0
Because (to+i-7) € [0, T] forany i = 0, - , k—1, we have |z (tp+i7)|? < n%ax]]x( )2 < k*log® k|||
T
from Lemma 5.1. Hence
k—1
a(to+n-7)P < k) Jail*-[a(to+i-7)
i=0
k—1
< : 2
< Z; max [(t)
< KT (2Kt/T)* 3.
Thus, we complete the proof. O



6 Hash Functions and Filter Functions

6.1 Permutation function and hash function

We first review the permutation function P, ,; and the hash function h,p in [PS15], which translates
discrete settings to the continuous setting.

Definition 6.1. For any signal x(t) : R — C and a,b,0 € R, let (P, qp)(t) = x(o‘(t — a))e—%riffbﬁ

Lemma 6.2. P, ,,z(0(f — b)) = Le 2M90S3(f) and P, ,pu(f) = Le 2700l /o003 (f jo 4 b)

1
ag
For completeness, we provide a proof of Lemma 6.2 in Appendix A.4.

Definition 6.3. [PS15] Let m,,(f) = 2mo(f —b) (mod 27) and hyp(f) = round(myp(f) - %) be
the hash function that maps frequency f € [—F, F] into bins {0,--- ,B — 1}.

Claim 6.4. [PS15] For any A > 0, let o be a sample uniformly at random from [ﬁ, %]
(1) If A< |f+ = f| < 02 then Prihgy(f5) = hop(f 7)) = 0
(1) If B2 < | f* = 7, then Prihoy(f) = hon(F 7)) S 5

From previous work [HIKP12b, HIKP12a, PS15], uniformly sampling from [A, 2A] for some large
A > T provides an almost uniform sample on [0, 7] when taken modulo over 7.

Lemma 6.5. For any f, and 0 <€, 5 < f, if we sample & uniformly at random from [A,2A4], then

2¢  2€ . ~ ~ = 2¢  4e
L o<l (modT)€[5—e,6+e]]<76+—6.

1
T A -T A (15)

6.2 Filter function

We state the properties of filter function (H(t), H(f)) and (G(1), G(f)), the details of proofs are
presented in Appendix C.1 and C.2.

Lemma 6.6. Given so,s1,0 <s3 <1,0>1,0<6 <1, where { = O(klog(k/d)). The filter function
(H(t),H(f)) has the following properties,

1 2
Property I:  H(t) € [1 —4,1], when |t| < (5 - 8—1)33.

1 2 1
Property I1:  H(t) € [0, 1], when (5 — —)sg < || < 253
S1
1 1
Property IIT:  H(t) < sg- (s1(— — 5) +2)~ v)t| > 253
53

].

~ { s14
Property IV : supp(H(f)) C [—;—;37 %

For any exact k-Fourier-sparse signal x*(t), we shift the interval from [0,T] to [-1/2,1/2] and
consider x*(t) fort € [-1/2,1/2] to be our observation, which is also x*(t) - recty (t).

—+oo —+o00
Property V : / ’x*(t) ~H(t) - (1-— rectl(t))‘th < 5/ |z*(t) - recty (¢)dt.
+oo

|2*(t) - H(t) - recty (t)]*dt € [1 —¢,1] - / |2* () - recty (¢)]*dt.

— 00

“+o0o
Property VI : /

—00

for arbitrarily small constant e.
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Given signal (Frequency domain)

0.06 T T
— z°(
0.04f — f= islé/(%s) i
0.03f .
0.02f i
0.01f i
0.00 J\\/ v/\v
_0.01 L L L L L L L
=40  -30 -20 _ -10 0 10 20 30 40
Fourier transform (Time domain)
— H(t)
1.0f e -
0.8f — t=+05 H
i t==+0.5s4 |
0.6 — t==4(0.5-2/5,)s;
0.4F :
0.2 .
0.0 AN
_0'2_4 -3 -2 -1 0 1 2 3 4

Figure 2: The filter function (H(t), I;T(f)) with a k-Fourier-sparse signal. The property I, IT and 111
are presented in the bottom one, the property IV is presented in the top one.

Lemma 6.7. Given B > 1,6 > 0, a > 0, we set | = Q(log(8/k)). The filter function (G(t), G(f))[B,d,a,]
satisfies the following properties,

Property T:  G(f) € [1—6/k, 1], if |f] < (1 —a)%.
Property 11: G(f) € [0.1], if (1 ~a)or < |f| <

Property IIL:  G(f) € [-6/k,0/k], if |f| > 22—;

! -Bl B
P ty IV : G(t - — -]
roperty IV supp(Gi(t)) € [L- 2 L. 2
Property V : m;;:LX|G(t)| < poly(B,1).

6.3 HAasHTOBINS
We first define two functions Ggl))(t) and @UZ( f), then show the result returned by Procedure

a,

HAsHTOBINS in Algorithm 6 satisfying some nice properties. The details of proofs are presented
in Appendix C.4.
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Figure 3: G and G. [PS15]

Definition 6.8. Vo > 0,b and j € [B]. Define,
ng(t) — éG(t/o_)eQWit(j/B—ab)/o

@9 = O —of—on) =38+ L —af—an

€7

Lemma 6.9. Let u € CP be the result of HASHTOBINS under permutation P, op, and let j € [B].
Define
o 6))

z=x-H -G

SO

z= (mH)*ngl)}
Let vector @ € CP denote the B-dimensional DFT of u, then Vj € [B],

a[]] = Zoa-

7 Frequency Recovery

The goal of this section is to prove Theorem 2.6, which is able to recover the frequencies of a signal
xz* has k-sparse Fourier transform under noise.

k .
Theorem 2.6. Let z*(t) = > v;e*™it and z(t) = x*(t) + g(t) be our observable signal where
j=1
lg@®) 1% < cllz*(t)||2 for a sufficiently small constant c. Then Procedure FREQUENCYRECOV-
ERYKCLUSTER returns a set L of O(k) frequencies that covers all heavy clusters of x*, which
uses poly(k,log(1/8))log(FT) samples and poly(k,log(1/6))log?(FT) time. In particular, for A =
poly(k,log(1/8))/T and N? := ||g(t)||3 + 6||=*(t)||%, with probability 1 — 27¥®) | for any f* with

frea
NGRS (16)
fr=A
there exists an fé L satisfying N
I~ J1 S AVAT.
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7.1 Overview

We give an overview of proving Theorem 2.6. Instead of starting with k-cluster recovery, we first
show how to achieve one-cluster recovery.

One-cluster recovery. we start with z*(¢) = Z§:1 v;e?™it where there exists fo and A such
that f; is in [fo — A, fo + A] for each j € [k] and consider its properties for frequency recovery.

Definition 7.1 ((¢, A)-one-cluster signal). We say that a signal z(t) is an (e, A)-one-cluster signal
around fo iff z(t) and Z(f) satisfy the following two properties:

fo+A 400
. (V|2 . (V|2
Property T : /M ENPr = -0 [ EPY
Property II /T\z(t)]2dt2(l—e)/+oo]z(t)\2dt.
0 —00

The main result of one-cluster recovery is to prove that the two properties in Definition 7.1 with
a sufficiently small constant e are sufficient to return fy close to fo with high probability, which
provides a black-box for k-cluster recovery algorithm.

We first prove that the pair of conditions, Property I and Property II in Definition 7.1, are
sufficient to obtain an estimation of €270 in Section 7.2. We also provide the proof of the correctness
of Procedures GETLEGALISAMPLE and GETEMPIRICALIENGERGY in Section 7.2.

Lemma 7.2. For a sufficiently small constant e > 0, any fo € [—F, F], and A > 0, given B\ =~ A\/lﬁ

and an (€, A)-one-cluster signal z(t) around fo, Procedure GETLEGAL1SAMPLE in Algorithm 3 with
any B < 2B takes O((TA)?) samples to output o € R satisfying

|2+ B) = 2(a)e®™ 0P| < 0.08(]2(a)| + |2(a + B))),
with probability at least 0.6.

The following lemma shows that for any (e, A)-one-cluster signal z(t) around fp, we could use
the above procedure to find a frequency fy approximating fy with high probability.

Lemma 7.3. For a sufficiently small constant € > 0, any fo € [-F, F], and A > 0, given an (e, A)-
one-cluster signal z(t) around fy , Procedure FREQUENCYRECOVERY1CLUSTER in Algorithm 4
returns fo with |fo — fol < A - VAT with probability at least 1 — 2~2%F)

We provide a proof of Lemma 7.3 in Section 7.4. We show z(t) = (x*(t) + g(t)) - H(t) satisfy
Properties I and II (Definition 7.1) when all frequencies in Z* are in a small range in Section 7.3.

Lemma 7.4. For any fo € [-F,F|, A" >0, and z*(t) = Z?:l vie?™ e with | f; — fo| < A’ for all
j € [k], let x(t) = z*(t) + g(t) be our observable signal whose noise ||g||% < c||z*||% for a sufficiently
small constant ¢ and H(t) be the filter function defined in Section 6 with |supp(H)| = Ay. Then
z=H -z is an (0O(\/c), Ay, + A')-one-cluster signal around fj.

From all discussion above, we summarize the result of frequency recovery when Z* is in one
cluster.

Theorem 7.5. For any fy € [—F,F], A" > 0, and z*(t) = Z§:1 v;e? it with |f; — fol < A
for all j € [K], let x(t) = x*(t) + g(t) be our observable signal whose noise ||g||3 < c||lz*||3 for a
sufficiently small constant ¢ and H(t) be the filter function defined in Section 6 with |supp(ﬁ) =
Ayp. Then Procedure FREQUENCYRECOVERY1CLUSTER in Algorithm 4 with A = A + Ay, takes
poly(k,log(1/6)) - log(FT) samples, runs in poly(k,log(1/8)) - log?(FT) time, returns a frequency
fg satisfying |fO — fo| < AVAT with probability at least 1 — 2~ k)
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k-cluster recovery. Given any z*(t) = Z§:1 v;e?™fit we plan to convolve the filter function
G(t) on z(t) - H(t) and use Lemma 7.3 as a black box to find a list of frequencies that covers
i, fih

We fix A = poly(k,log(1/6))/T, B = ©(k) and sample o uniformly at random from [gx, 5]
for k-cluster recovery. We will cover all f* € [—F, F| with the following property :

f*+A —
NGRS a7
We consider one frequency f* € [—F, F| satisfying (17) and use j = hqp(f*) to denote its index in
[B] after hashing (o,b). Recall that for j € [B], any o > 0 and any b,

GY)(1) = L G(t)0)e2mit6/B-0D1 guch that GO = al + = —of —ob).
’ g
€L

Weset 2=z -H-GY 1)7 and z = (- H) G ]) for f* and j = hyp(f*). In Section 7.5, we show that
with high probability over the hashing (o, b) (z,2) satisfies Property I with [f* — A, f* + A] and
Property II in Definition 7.1 such that we could use Lemma 7.3 on z to recover f*.
Lemma 7.6. Let f* € [—F, F] satisfy (17). For a random hashing (o,b), let j = hqp(
bucket that f* maps to under the hash such that z = (z - H) * G(]g and 2 = z-H -G
probability at least 0.9, z(t) is an (€, A)-one-cluster signal around f* .

f*) be the
GYU). With

Combining Lemma 7.6 and Lemma 7.3, we could recover any heavy frequency f* satisfying (17)
with probability at least 0.8. Then we repeat this procedure to guarantee that we cover all heavy
frequencies and finish the proof of the main frequency recovery Theorem 2.6 in Section 7.6.

7.2 Analysis of GETLEGALISAMPLE and GETEMPIRICALIENERGY
Let I = [fo— A, fo+ Al and I = (—00,+00) \ I in this proof. We define (2/(t),z/(f)) and
)z

(21t I(f ) as follows:
e JE) iffel g0 0 if fel
Z(ﬁ_{o ﬁfel’z(n_{aﬁ if fel

We consider z/(t) as the “signal” to recover fy and treat zj(t) as the “noise”. We first show some
basic properties of z(t).

Claim 7.7. For zL(t), we have fOT 121 (t)[2dt < ef+oo (t)|2dt. For 2'(t), we have
T 400 T 400
/yqumz(pqu/ ]dm%tmd/ waWaz(uﬁ¢@/ 121 () [2dt.
0 —o0 0 —00
Proof. From the definition and Property I in Definition 7.1, we know

_ 400 _ +o0
2(t) =2/ (t) + £1(t)  and / B (f)Af < e / By,

—0o0 —00

Notice that Property I(in Definition 7.1) indicates that

/ " TRa < [T wra= [T E @R < [T EoP

—0o0 —00 —0o0
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On the other hand, from Property II(in Definition 7.1), we know

“+00 T _ T T _ T _
S Py 2 ZI ZI 2 ZI 2 ZI 'ZI ZI 2 )
(1 >/ 12(0) dts/o (1) 2T (1) dts/o 2 (8)] dt+2/0 (@) <t>|dt+/0 12 (1) 2t

We havef (t)|2dt < 2 [T |2(¢)|dt from the above inequality. From fo 121 (t)2dt < e [T 12012,
we bound -
[ o< va [ eopar
0
by the Cauchy-Schwartz inequality and have
T 400
| ora= 0 -sve) [P (18)
0 —00

Because [72°| (t)2dt < e [72°12(t)|2dt, inequality (18) also indicates that

T “+00
/ (1) 2dt > (1 — 6y/e) / 12 (1),
0

—0o0

One useful property of z!(t) is that its maximum can be bounded by its average on [0, T].
Claim 7.8. Vt € [0, 7], |21(t)| < 2V AT - ||21| 7.

Proof. From the definition |2!(¢)], it is upper bounded by fch(H_AA |ZI( f)ldf for any t € [0,7]. On
the other hand,

fot+A fot+A
[ R < Vaa([ TR (P!

0—A

B[ 0 Pa

—0oQ

T
< 2\/&/ 121 (8)|2de) /2
0
= 2VAT||2||7.
[l

Claim 7.9. Given B =

in 2! (t), we have that

with a sufficiently small constant Cg, for any two B—close samples

Cp
ANAT

Va € [0,T], VB € [B,28], |2 (a)e?™ 08 — 2L (a+ B)] < 0.01- |||
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Proof. From the definition of the Fourier transform, we have

fotas
|Zl(a—|—ﬁ) . zl(a)€27rif06| _ ‘/ 0 f e27r1 fa+foﬁ)( 2mi(f—fo)B _ df‘
fot+A
< 2-(2rApB) - / |ZL(f)|df by Taylor expansion
fo—A
fot+A 3
< 47BA - V2A </ zf(f)|2df> by Hoélder inequality
—A
’ 1
. T 2
< 10mBA - V2A </ ]zl(t)|2dt) by inequality (18)
0
< 1072|277

O

We consider how to output an « such that e?™/0% ~ z(a + 3)/z(c) with high probability in the
rest of this section.

If we can sample from z/(t), we already know |2/ (a)e?™ o8 — 2I(a 4+ B)| < 0.01]2!||7 from
Claim 7.9. Then it is enough to find any « such that |2/(a)| > 0.5||z!||7. From Claim 7.8, we can
take O(v/AT) samples (2(a), 2" (o + B)) where each « is uniformly sampled from [0, T] such that
with high probability, the sample z/(a) with the largest norm |2/ ()| satisfies |2/ ()| > 0.5]|2]| 7.
Then we have e>™/08 x~ 21 (o + B) /2 ().

Next, we move to z(t) = 2! (t) + 2/ (¢ ) and plan to output a € [0,7] with probablhty at least
0.5 such that |2/ (a)| < 0.1]27(a)| and |2/ (a + B)| < 0.1]z%(a + B)|. Because the “noise” z I(t) has
|27 (t)[|Z > €||2!(t)||3 for a constant € and the bound v/AT in Claim 7.8 is a polynomial in &, the
approach for z!(t) cannot guarantee that z(a + 3)/z(a) ~ ¢*™/08 with probability more than 1/2.

The key observation is as follows:

Observation 7.10. For a sufficiently small € and HZTHT < €||z||%, let D be the weighted distribution

on [0,T] according to |z(t)|?, i.e., Dr(t) = ‘THZHQ . If we sample o € [0, T] from the distribution Dp

instead of the uniform distribution on [0,T], |2'(a)| < 0.01|2!(a)| with probability 0.9.

It follows from the fact that

R [ P R, @Pda
0

a= <e.
a~Dr |z(a)]? [2(@)2 T||z]% T||)1%

In Procedure GETLEGAL1SAMPLE, we collect (AT)? samples (in expectation) (z(«),z(a + 8))
In Sheavy With |z(a)| > 0.49||z||7 and resample one « from these samples according to their norm
|z(a)]? + |2(a + B)|?. We show its correctness as follows.

Because we do not know 0.5||z]|7, we use zemp to approximate it.

Claim 7.11. Procedure GETEMPIRICALIENERGY in Algorithm 3 takes O((T'A)?) samples to output
Zemp Such that Zemp € [0.8]|2]|7, 1.2||2||7] with prob. 0.9.

Proof. We know 22, = Eicir.)[12(00) 2] = Eielroo (127 (@) + 27 (i) ).

Notice that Ez‘e[Rest]HZI(ai)P] is in [0.99]27||7, 1.01||2?|7] with prob. 0.99 from the Chernoff
bound and Claim 7.8.
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At the same time, Eq,[|27(;)|?] = [|z7||3. With prob. 0.92, E;cigll27()[?] < 13]|27||3. For
a sufficiently small € and [|27[|3. < €[|2"[|F, Eicir,. [z (a:)[?] < 13€]|27 7.
At last, we bound the cross terms of |2/ (a;) + 2! (c;)|? by the Cauchy-Schwartz inequality,

(12 ()2 ()] + |27 ()2 ()]

'LERest
< oy
<2 B [l (a0)] |/ )]
1/2

<2 z 2. 2 ()2

<2 B @A B [P])

< 10v/el|2"|[3-
For a sufficiently small €, we have Ez’e[Rest]HZ(ai)F]l/Q is in [0.9(|27||7, 1.1||z1||7], which is also in
[0.8||z|l7, 1.2]|z||7] because of Property II. O

We assume zemp € [0.8]|2]|7,1.2||2]|7] and focus on U = {t € [0, T H )| > 0.5zemp }. Notice

that

T T
2 _ 234 2 2 — ‘2 z 2 .
/UIZ(t)I dt—/o |2(2)[dt /{QT]\UI (t)]"dt = (1 -0.6 )/0 |2(t)[dt

Let Rheavy = |Sheavy|- From Claim 7.8 and €, E[Ryeavy] > Rrepeat/(TA). So we assume Rpeavy >
0.01Ryepeat/ (TA) = 0.01(TA)? in the rest of this section and think each «; € Sheavy is a uniform
sample from U over the randomness on Speavy-

Claim 7.12. With probability 0.95, S cs, . (12 (i) 2+ |2 (i + B)|?) <1074 Ficq,  (|2(ci) [+
|z(c; + B)|?) for a sufficiently small € and ||ZTH% < e||z]|3..

Proof. At first,

|2(t) 2dt
GE LD ()P + [2(ei + B)P) | = Rucavy - E [12()°] = Rneavy - Jy =@t 7
heavy iES} t~U | ’
eavy
At the same time,
7 7 7 7 2f 121 (¢)|2dt
E | S0 17 @) 4170 + B = Buewy - B [0 417+ 7)< T
Shcavy ieshcavy t~U | ’
From [ |z(t)|*dt > 0.64 fO |z(t)|?dt and fT 121 (t)2dt < efo |z(t)|?dt, we get the conclusion.

O

We assume all results in the above claims hold and prove that the sample from Syeayvy is a good
sample such that z!(a) is small.

Claim 7.13. If we sample i € Sheavy according to the weight |2()|* + |z(ci + B)|?, with prob. at
least 0.9, |2 (a;)| + |21 (a; + B)] < 0.05(|z(a)| + |2(c + B)]).

30



imi - - = (a:) [+ =T (ai4:8) |2
Proof. Similar to the proof of the key observation, we compute the expectation of [z(c) P+ |z (i +-B)]2

over the sampling in Sheavy:

s )P e B @ + i+ )P
> (e +2(a; + B Te(@)P + [(ci + AP

ZeSheavy jesheavy

> | ()P + 2 (0 + B)

iesheavy

> (@) +[2(ei + B2

ZAesheawy

< 1074

By Markov’s inequality, when we sample i € Speavy according to the weight |z(a;)|? + [2(a; + 8)[%,
T () 2 12T () 2 : . . T
'ZEZ;}JIZ&L}?@ < 1073 with probability 0.9. We have that with prob. at least 0.9, |27(a;)| +

|2l (a; + B)| < 0.05(|z(c)| + |2(as + B)]). O

We assume all above claims hold and finish the proof by setting a = «;. From Claim 7.9, we
know that
|21 (a)e?™ 0P — 21 (a4 B)| < 0.01 - [ET]HZI(Q)\Q]UQ < 0.03]21 ().
telo,

Now we add back the noise z!(a) and 2/ (a + 3) to get
|2(@)e2™08 — 2 (a4 )| < |2 (a)e?™ 0P — 2 (a4 B)|+ |21 (@) + |2 (a4 B)| < 0.08(]2(a)|+|2(a+B)]).

7.3 A cluster of frequencies, times H, is a one-cluster signal per Definition 7.1

The goal of this section is to prove Lemma 7.4. Without loss of generality, we assume ¢(t) = 0 for
any t ¢ [0,7T] and notice that supp(H *z*) C fo + [-A, A] for A = A’ + Ay, from the definition of
H. From the Property VI (presented in Lemma 6.6) of (H, H),

T +o00
/ 2% (t)]2dt = (1 + c)/ |H(t) - z*(t)|dt.
0

—0o0

From the first two properties of (H, f[), we bound the energy of g - H:

+o0 T
/ meywﬁﬁsu+@/|mm%t
0

—00

Let z(t) = (z*(t) + g(t))H(t). We use the triangle inequality on the above two inequalities:

T
/rmﬁw
0

T T T
.x* 2 J— . 2 — 'x* . .
zA|mo ()2dt A|mwg@Mtzé|Hw (O] - [H(t) - g()|dt
—c ! () 2dt — c . 24t — \/ c ! ! T* .
(1 >A|<mu u+)4w@hu2 0+PAIWV&AI (B2t

T
a—m@ArfwMu

Y

Y
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where we use the Cauchy-Schwarz inequality and fOT lg(t)?dt < ¢ f |z*(¢)|2dt in the last step.
Similarly,

+o0o
| lepar
T T T T
§(1+c)/0 \:U*(t)th+(1+c)/O g(t)|2dt—|—2\/(1+c)2/0 |x*(t)|2dt/0 lg(8)[2dt

T
< (145V0) /0 2 (8) P,

Hence we obtain Property II(in Definition 7.1) when ¢ is sufficiently small.
Then we observe that

fo+AhA ,
AR
0—Ap

fo+Ap — )
| ek
0—Ap

> [ TE R - | H g - 2fH - Hglaf
0

fo+dn +oo fo+Ay +oo
/ Twpas— [ Pl -2 / Toapaf [ gk
0— 0_ h

+o0 +o0 fo+Ap +o00
:/ H - o2t — / H - gdt — 2 / ]H-:c*|2dt/ H - g2dt
- - —00

(1—¢)—c(l+¢c)—3yc +°°
- 14 5yc

Thus we have Property I(in Definition 7.1) for z.

\Y]

AV

t)[2dt.

7.4 Frequency recovery of one-cluster signals

The goal of this section is prove Theorem 7.5. We first show the correctness of Procedure Lo-
CATE1INNER. Second, we analyze the Procedure LOCATE1SIGNAL. At end, we rerun Procedure
LOCATEISIGNAL and use median analysis to boost the constant success probability.?

Lemma 7.14. Let fy € region(q’). Let (8 is sampled from [fi, ;—Atl] and let v denote the output of
Procedure GETLEGAL1SAMPLE in Algorithm 4. Then using the pair of samples z(y+ 8) and z(v),
we have

I for the ¢’ with probability at least 1 — s, vy will increase by one.

II. for any q such that |q — ¢'| > 3, with probability at least 1 — 15s, vy will not increase.

Proof. We replace fo by 6 in the rest of the proof. By Lemma 7.2, we have that for any 3 <pB < 23,
Procedure GETLEGAL1ISAMPLE outputs a 7 € [0, T] satisfying

12(y + B) — 2(7)e2™ 0P| < 0.1(|2()| + |2(y + B)))

with probability at least 0.6.

3The proofs in this section are identical to [HIKP12b] and [PS15].
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Furthermore, there exists such some constant g € (0,1) such that with probability 1 — g,

Hw47+m>—wuw»—2mwmosan*§x

where |z — yl|o = Ini%|:1: — y + 2mz| denote the “circular distance” between x and y. We can set
ze
s = 0O(g~'). There exists some constant p = O(s), with probability at least 1 — p,
lo— 2730\ < sm/2

where o := ¢(z(y + £)/2(7)). The above equation shows that o is a good estimate for 2736 with
good probability. We will now show that this means the true region (0 gets a vote with large
probability.

For each ¢’ with 6 € | —%%—#Al, l—%—l—%’Al] C [—F, F], we have that §, = —%—l—q,_tO'BAl
satisfies that

66, <2l
2t

Note that we sample 8 uniformly at random from [ﬂ 25] then 26 3 Al < ﬁ (Note that A is
1

some constant > 1), which implies that 27357 Al < % Thus, we can show the observation o is close
to the true region in the following sense,

lo = 275041l

< o —=27B0| o + ||2750 — 2730 || by triangle inequality
ST

< T om0 - oyl

< sm.

Thus, vy will increase in each round with probability at least 1 — s.

On the other side, consider ¢ with |¢ —¢’| > 3. Then |6 — 04| > 72Atl, and (assuming § > 4Al) we
have
7s7r 3sm

> R

2mBl0 — 0, > 20110 — 0, = “T 19— ,] > =

4Al
There are two cases: |0 — 6, < &L L and |0 — 6, > al
First, if |6 — 6,] < ftl. In thls case, from the deﬁmtion of 8 it follows that

2Al

27310 — 9|< \9 Oy <m

Combining the above equations implies that
3s 35
Second, if |[# —6,| > 2. We show this claim is true : Pr[273(0—6,) (mod 2r) € [—322r, 3227]] < s.
To prove it, we apply Lemma 6.5 by setting T = 2, 0 = 2B, 6§ = 0, € = %277, A= ZWB,
f =160 —6,]. By upper bound of Lemma 6.5, the probability is at most

2¢ 4¢ 3s 3s 3s 3s
= <

Pr[27rﬁ(t9 —0,) (mod 2m) €

—+ =5 t=—< 7+ <15s
T OAAf 2 pAfT 2 %Y
Then in either case, with probability at least 1 — 15s, we have
3s
127804 — 2760 > ZQT(
which implies that v, will not increase. O
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Lemma 7.15. Procedure LOCATELINNER in Algorithm 4 uses Rio. “legal” samples, and then af-
ter Procedure LOCATE1SIGNAL in Algorithm 4 running Procedure LOCATE1INNER Dy,ax times, it

outputs a frequency ﬁ) such that B
[fo—fol SA-VTA

with arbitrarily large constant probability.

Proof. For each observation, vy incremented with probability at least 1 — p and v, is incremented
with probability at most 15s + p for |¢ — ¢/| > 3. The probabilities corresponding to different
observations are independent. Then after Rj,. observations, there exists some constant ¢ < %, for
any ¢ such that |¢ — ¢| > 3,

Pr[False region gets more than half votes]
= Pr[ng > R]OC/Q]
Rioc Rioe/2
< 15 loc
< CQ(RIOC)

Similarly, on the other side,

Pr[True region gets less than half votes]
= Prlvj¢ < Rioc/2]

Rloc > Rioc/2
< loc
- (Rloc/ 2 (p)

< URioc)
Taking the union bound over all the ¢ regions, it gives with probability at least 1 — ¢ f2(Fiec) we can
find some region ¢ such that |¢ — ¢'| < 3.

If we repeat the above procedure Dy, rounds, each round we choose the “False” region with
probability at most 1 — tc2(Bioc) - Thus, taking the union bound over all the D« rounds, we will
report a region has size ~ AV/AT and contains fy with probability at least 1 — Dyyaxtc2(ffiec)

The reason for not ending up with region that has size = A is, the upper bound of the sample

range of 8 force us to choose 3 is at most < AT + by Claim 7.9
)3

It remains to explain how to set Dyax, t, and Rjo.. At the beginning of the first round, we start
with frequency interval of length 2F', at the beginning of the last round, we start with frequency
interval of length ¢ - AvTA. Each round we do a t-ary search, thus

Diax = < log,(F/A).

log, ( 2F )
O e —
S AVTA
We can set Rioc ~ logy.(t/c) and ¢ > Diax, €.g. t =log(F/A). Thus, the probability becomes,

1 — Dypaxtctflioe) > 1 — 4282(Fioe) > 1 poly(1/t,c)
which is larger than any constant probability. O

Using the same parameters setting in the proof of Lemma 7.15, we show the running time and
sample complexity of Procedure LOCATE1SIGNAL,
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Lemma 7.16. Procedure LOCATE1SIGNAL in Algorithm 4 uses
O(poly(k,log(1/6))) - log(FT) samples and runs in O(poly(k,log(1/6))) - log?(FT) time.

Proof. The number of “legal” observations is
Dinax o = O(log(F/A)logy c(t/c)) = O(log(F/A))
The total number of samples is
Rest + Riepeat Dmax Rioe = O(TAR)? + (TAy)? - log(FT) = poly(k, log(1/5)) - log(FT)

where the first step follows by Claim 7.11 and Lemma 7.2 and the last step follows by the setting
of Ay, in Appendix C.3.

The running time includes two parts, one is approximately computing H (t) for all the samples,
each sample takes poly(k,log(1/d)) time according to Lemma C.8; the other is for each legal sample
we need to assign vote to some regions.

poly(k, log(1/5)) : (Rest + RrepeatDmaleoc) + DaxRioct = p01Y(k7 log(l/é)) 10g2 (FT)
O

Lemma 7.17 only achieves constant success probability, using median analysis we can boost the
success probability,

Lemma 7.17. Let ﬁ) denote the frequency output by Procedure FREQUENCYRECOVERY1CLUSTER
in Algorithm 5, then with probability at least 1 — 2~ k),

fo— fol SAVTA

Proof. Because of Procedure FREQUENCYRECOVERY1CLUSTER taking the median of O(k) inde-
pendent results by repeating algorithm LOCATE1SIGNAL O(k) times. Each sample L, is close to fy
with sufficiently large probability. Thus, using the Chernoff bound will output fg with probability
1 — 279" such that _

|fo = fol S AVTA.

O

Combining Lemma 7.17 with the sample complexity and running time in Lemma 7.15, we are
able to finish the proof of Theorem 7.5.

7.5 The full signal, after multiplying by H and convolving with G, is one-
clustered.

The goal of this section is to prove Lemma 7.6. We fix f* € [—F, F| satisfying (17) in this section.
We first define a good hashing (o, b) of f* as follows.

Definition 7.18. We say that a frequency f* is well-isolated under the hashing (o,b) if, for j =
hou(f*), we have that the signal

20) — 7F - GY)

satisfies, over the interval K = (—00,00) \ ([* — A, f*+A),

/ EO()Pdf < e TN

If*
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For convenience, we simplify z(9) by using z in the rest of this section.

Lemma 7.19. Let f* be any frequency. Then f* is well-isolated by a hashing (o,b) with probability
> 0.9 given B = ©O(k) and 0 € [gx, 755] chosen uniformly at random.

Proof. For any other frequency f’ in z*, its contribution in z depends on how far it is from f*.
Either it is:

e Within A of f*, f/ and f* will be mapped into the same bucket with probability at least 0.99.

e Between A and 1/0 far, from Claim 6.4, f” and f* will always mapped into different buckets.
Hence f’ always contributes in the £ . region of Property I in Lemma 6.7 about filter function

(G(t),G(f)), i.e., it contributes at most 55 ff oz H|2df. Overall it will contribute

65 73712 _65 2

e More than 1/0 far, in which case they contribute in the same region with probability at most
3/B. By a union bound, it is at most 3k/B < 0.01

O

Without loss of generality, we assume supp(g/-?[ )N supp(ﬁ ) = 0, otherwise we treat it as
a part of ™ - H. We first consider frequency f* € z* - H under G((T]l))

Lemma 7.20. Let f* satisfying ff i /\( Wdf > TN?/k and Z = x* v H - G(l), where j =
hoo(f*). If f* is well-isolated, then z (md Z satisfying Property I(in Definition 7.1), i.e.,

T +oo
2 — € z 2 .
/O 2(1)2dt > (1 >/_OO 1=(t) 2dt

Proof. We first notice that z(t) = z*(¢t) - H(¢) * Gg{%(t) and lower bound f_t;o |2(t)|?dt as follows :

+o0 .
/ (1) - H(1) = GY)(1) Pt

- -
:/_ T A - GO Ps by FT
fotA .
> / & H(f) - GY)()Paf
0—A
fot+d
> (1-06)? / T H() Pdf
fi

0—

> (1-0)*TN?/k

T
> 0.95/ |2* (t)[2dt (19)
k Jo

We give an upper bound f (t)|?dt + f (t)|2dt < ek fo |z*(t)H (t)|?dt in the rest of this
proof.
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Consider the case t < 0, by definition of Convolution,

) ; +oo ;
XD = 2*t) - H(t) * GY)(t) = / GUNt —7) - (z* H)(r)dr
—0oQ0
Without loss of generality, we can shift the original signal and H(¢) from [0, 7] to [-T/2,T/2],
by Property of H(t), we know that if s37/2 < |t| < T/2, then H(t) < 2799() Note that G(t) is
compact and has support DB, we also assume its compact region is [-DB/2, DB/2] (Recall that
D=1

T
Thus, by definition of convolution,

2(t)

DBo/2 .

_ / GU)(s) - (- H)(t — 7)dr
—DBo/2
| [DBo/2 o

= [ Gls/o)m B (o )t - r)dr
0 J-DBo/2

DBo/2
< 1/ G(r/0)] - |(z - H)(t — 7)dr

0 J-DBo/2

1 DBo/2
O R )

So, if t ¢ [-T/2,T/2], then t —s ¢ [-T/2+ DBo/2,T/2 — DBo/2]. By Property V of G(t),
|G(t)| < poly(k,log(1/8)). Because of the parameter setting?, we have the fact [~T's3/2, T's3/2] C
[-T/2+ DBo/2,T/2 — DBo /2] C [-T/2,T/2]. Thus, we know T(1 — s3)/2 > DBo /2, then for
any t —7 € [-T/2,-T/2+ DBo /2] U [T/2 — DBo/2,T/2] = S, then

IN

1 _ ¥ _ ¥
=) < (PBo -~ - poly(k,log(1/4)))” - 2790 - k- [|a* () |3 < poly(k, log(1/6)) - 279U - " (1)}
Thus, taking the integral over S,

/SIZ(t)th S 1812799 poly (k, log(1/6)) - lz*(1)[|* < 27T ||2* (1) - H(#)II7

By property of filter function H(t), ﬁ(f), we have

(- H)(1)|* < (%)’Z!\ﬂc*(t) CH(t)|7 if t > 3T

Thus for any constant e,

—-T/2 +o0 5 T/2
/ |z(t)|2dt + / |z(t)|2dt < Q_KTHm*(t) H(t)”%" < 0.9¢ - / |$*(t)|2dt (20)
—o T/2 kJ 7/

where the last inequality follows by ¢ 2 klog(k/d). Shifting the interval from [—-7'/2,T/2] to [0,T],

the same result is still holding. Combining Equation (19) and (20) completes the proof of Property

IT.
U

“We will set B to be O(k), D to be poly(k) and o to be T/ poly(k).
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We consider frequency f* € g/?{ under G’gg and show the energy of noise g(t) is evenly dis-
tributed over B bins on expectation.
Lemma 7.21. Given any noise g(t) : [0,T7] — C and g(t) = 0,Vt ¢ [0,T]. We have, ¥j € [B],
+o0 1 +00 9
5 | [ om0 cYoka) < 5 [ 0P
o, —00
Proof. Because of Fourier Transform preserves 2 norm, it suffices to prove

[ ptoo ey ) +oo
B\ [ g Hp-GOnPA| < g [ g PR

b |J 0o _NB

—00

Since @E‘J;( f) is a periodic function and outputs at most 1 on O(1/B) fraction of the period, and
outputs < ¢ on other part. Thus, for any frequency f, we have

E [IGH0P] 5 5

Thus, we have

[/+Oolg/\(f av)(s)| df}

(=

q

e By
= 5% [/OO |9'H(f)!2'|G£,{l),(f)\2df}

e — AG)
= [l EE- EIGEWPas

—00

< [ WPy g ||

i
5| g EPS,

which completes the proof. O

AN

Proof of Lemma 7.6. Let j = hg,b(f*) signal
(21)

and region I« = (f* — A, f*+ A) with complement If* = (—00,00) \ I+. From Property I of G in
Lemma 6.7, we have that

for all f € If«, so by (17)
JREURIES TR

re

On the other hand, f* is will-isolated V\f/ith probability 0.9:
|_ERar s N,

T«
Hence, z satisfies the Property I(in Definition 7.1) of one-mountain recovery. Combining Lemma 7.20
and Lemma 7.21, we know that (z* - H) * Ggl)) always satisfies Property II(in Definition 7.1) and
fjoooo lg(t)H (t) * Gg?)(t)\th is less than 20T N2/B < ¢TN?/k with probability at least 0.95, which
indicates that z = (z*+g) -H*G((TJ;I)) satisfies Property II(in Definition 7.1) with probability 0.95. [
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7.6 Frequency recovery of k-clustered signals

The goal of this section is to prove that the frequencies found by Procedure FREQUENCYRECOV-
ERYKCLUSTER in Algorithm 8 have some reasonable guarantee.
We first notice that Lemma 7.6 and Lemma 7.3 imply the following lemma by a union bound.

k .
Lemma 7.22. Let 2*(t) = Y v;e?™ it We observe x(t) = z*(t) + g(t), where ||g(t)||% < c||z*(t)||%
j=1
for a sufficiently small constant ¢ and define N* := ||g(t)||%+6|lz*(t)||%. Then Procedure ONESTAGE
returns a set L of O(k) frequencies that covers the heavy frequencies of x*. In particular, for any

f* with
fr+A —
/ T H()PAS > TN, (22)

*

there will exist an fe L satisfying | f* — ﬂ SVTA - AT with probability 0.99.

k .
Lemma 7.23. Let 2*(t) = Y v;e?™ it and R = O(k). We observe z(t) = x*(t) + g(t), where
j=1
lg@®) 1% < cllz*(@)||% for a sufficiently small constant ¢ and choose N? = ||g(t)||% + §|lz*(t)|%.
Then Algorithm MULTIPLESTAGES returns a set L of O(k) frequencies that approximates the heavy

frequencies of z*. In particular, with probability 1 — 2=K) for any f* such that

a0
/ T H()PAf > TNk, (23)

*__

there will exist an fe L satisfying | f* — ﬂ < VTAA.

Proof. Let A C [—F, F] denote the set of frequencies f* satisfying Equation (22). Let A’ C [—F, F
denote a net of A of distance 2A, so the intervals used in Equation (22) for each f* € A" are disjoint.
Then
|A'| <2k +k =3k

because each frequency in z* contributes to at most two of the intervals, and the total mass of g is
at most k times the threshold TN?2.

Let Ly,..., Lg be the results of R rounds of Algorithm ONESTAGE. We say that a frequency
feAis successfully recovered in round 7 if there exists an f € L, such that |f — f] < A,, where

A, = AVTA < VTAA.

By Lemma 7.22, each frequency is successfully recovered with 0.8 probability in each round. Then
by the Chernoff bound, with 1 — 27%*) probability, every f € A’ will be successfully recovered in
at least 0.6 R rounds.

Then, by Lemma 7.24, we output a set L of O(B) frequencies such that every f € A’ is within
A, of some fe L. Hence every f € A is within 2A, of some fe L. O

Lemma 7.24. Let Ly, ..., Ly by sets of frequencies and f* be any frequency. Then L = MERGEDSTAGES(Lq,
. S |Ly| . L
, L) is a set of 2=5" frequencies satisfying

min |f* — f| < medlanmm lf* = fl.
fer re[R] feL

Proof. The algorithm is to take the union, sort, and take every gth entry of the sorted list.

Let A = median,.¢g mingey, [f* — f|. We have that at least R/2 different f € {J, L, lie within
A of f*. This set forms a sequential subsequence of the sorted list of frequencies, so our output will
include one. O
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7.7 Time and sample complexity of frequency recovery of k-clustered signals

The goal of this section is to show that Procedure FREQUENCYRECOVERYKCLUSTER takes
poly(k,log(1/6))log(FT) samples, and runs in poly(k,log(1/6))log?(FT) time.

In order to analyze the running time and sample complexity. We need to extend the one-cluster
version Procedure GETLEGALISAMPLE and GETEMPIRICALIENERGY (in Algorithm 3) to k-cluster
version GETLEGALKSAMPLE and GETEMPIRICALKENERGY (in Algorithm 7)°,

Lemma 7.25. Procedure GETLEGALKSAMPLE in Algorithm 7 runs Procedure HASHTOBINS Riepeat =
O((TA)?) times to output two vectors v,v' € CP such that, for each j € [B],

[0; — 0557 < 0.08([5; + [31),
holds with probability at least 0.6.
Using the definition of z in Definition 7.18.

Claim 7.26. Procedure GETEMPIRICALKENERGY in Algorithm 7 runs Procedure HASHTOBINS
RestO((TA)?) times to output a vector Zemp € RB such that, for each j € [B],
Hrp € [0.8]129|7, 1.2]|29| 71,

emp

holds with probability at least 0.9.

Claim 7.27. Algorithm LOCATEKSIGNAL in Algorithm 6 uses O(poly(k,log(1/d))-log(FT)), and
runs in O(poly(k,log(1/5)) - log?(FT)).

Proof. We first calculate the number of samples. All the samples is basically all the Fourier samples,
each time needs Blog(k/d). In total it calls HASHTOBINS O(Rest + Rrepeat DmaxRioc) times where
DiaxRioc = O(log(F'T)) by similar analysis as one-cluster frequency recovery. Thus, the total
number of samples is

(Rest + RrepeatDmaleoc)B log<k/6) = pOIY(ku log(l/(s)) ) log(FT)'

Then, we analyze the running time.

The expected running time includes the following parts: the first part is running Procedure
HASHTOBINS O(Rest + Rrepeat DmaxRioc) times, each run takes O(Blog(k/d) + Blog B) samples.
For each such sample we need poly(k,log(1/d)) time to compute H(t) according to Lemma C.8 and
there are poly(k,log(1/9)) log(F'T)) many samples; the second part is updating the counter v,which
takes O(Dmax RioeBt) time. Thus, in total

poly(k,log(1/0)) - O(Rest + Rrepeat DmaxRioc) - O(Blog(k/6) + Blog B) + O(DmaxRiocBt)
where by similar analysis as one-cluster recovery, t = O(log(F'T")) and DpaxRioc = O(log(FT)). O

To boost the success probability, Procedure MULTIPLESTAGES reruns Procedure LOCATEKSIG-
NAL O(k) times. At the end, Procedure FREQUENCYRECOVERYKCLUSTER combining Procedure
MULTIPLESTAGES and MERGEDSTAGES directly, and the running time and sample complexity of
MULTIPLESTAGES are dominating MERGEDSTAGES. Thus we have

Lemma 7.28. Procedure FREQUENCYRECOVERYKCLUSTER in Algorithm 8 uses O(poly(k,log(1/0))-
log(FT)), and runs in O(poly(k,log(1/6)) - log*(FT)).

SWe omitted the proofs here, because the proofs are identical to the one-cluster situation.
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8 One-cluster Signal Recovery

8.1 Overview

In this section, we consider z* whose frequencies in Z* are in the range [fo — A/, fo + A'] for some
frequency fo and A’ > 0 and provide an algorithm to approximate it by a polynomial.
We fix 7' in this section and recall that (f(t), g(t))r := = fOT f(t)g(t)dt such that ||e?™it||p =

2mif;t

k
V/(e2mifit e2mifit) . = 1. For convenience, given 3 v e , we say the frequency gap of this signal

7j=1
is min|f; — fj].
For simplicity, we first consider frequencies clustered around 0. The main technical lemma in this
section is that any signal x* with bounded frequencies in T* can be approximated by a low-degree
polynomial on [0, 7.

Lemma 2.3. For any A > 0 and any § > 0, let 2*(t) = 3 cp v;e? it where |fj| < A for each
j € [k]. There exists a polynomial P(t) of degree at most

d=O(TA + K*logk + klog1/6)

such that
IP(t) — 2* ()17 < 6[|=*(|3-

One direct corollary is that when T* are in the range [fo + A’, fo + A'], we can approximate z*
by P(t) - e2™fot for some low degree polynomial P.

We give an overview of this section first. We first show some technical tools in Section 8.2, 8.3.
In Section 8.4, using those tools, we can show for any k-Fourier-sparse signal, there exists another
k-Fourier-sparse signal with bounded frequency gap close to the original signal. In Section 8.5,
we show that for any k-Fourier-sparse signal with bounded frequency gap, then there exists a low
degree polynomial close to it. In Section 8.6, we show how to transfer low degree polynomial back
to a Fourier-sparse signal. Combining all the above steps finishes the proof of Lemma 2.3.

We apply Theorem 7.5 of frequency estimation on z* to obtain an estimation fo of fo and use
Theorem 4.5 on the approximation Q(t)e2™/ot of 2* to recover the signal. We summarize this result
as follows.

k .
Theorem 8.1 (One-cluster Signal Recovery). Let z*(t) = > v;e*™/it where Vj € [k], |f; — fo| < A
i=1
and z(t) = z*(t) + g(t) be our observable signal. For any 6 > 0 and any T > 0, let N? :=

lgl|%+6|jz*||%. Procedure CFT1CULSTER in Algorithm 5 finds a polynomial P(t) of degree at most
d=0 ((TAh + TAY + K3 logk + klog 1/5) and a frequency fo such that

1P(#) - €20t — 2 (1)||2 < N2 (24)

The algorithm uses O(kd)+poly(k,log(1/68)) log(FT) samples, run in O(kd“)+poly(k,log(1/6))log?(FT)
—Q(k)

(
time, and succeeds with probability at least 1 — 2 .

Proof. We apply the algorithm in Theorem 7.5 to obtain an estimation ﬁ) with poly(k) log(FT)
samples and poly (k) log?(FT') running time such that |fo — fo| < (Ap+A)+/T(Ay, + A) holds with
probability at least 1 — 27 %*). Notice that | f; — fo| < |f; — fol + [fo — fol < (T(Ap 4+ A)M.
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- k .
We consider 2/(t) = e~ 2oty () = S v;e?mifi=fo)t | By Lemma 2.3, there exists a polynomial
j=1
P(t) of degree at most

d=0 ((TA, +TA)"" + k*logk + klog1/4)

such that it approximates z’ by
/ o 0 .
12@) =2’ @)llr < " @llr = Zll2” @)

which indicates ||Q(t) — =20t . 2 (1)1 < S||a*(£) | .
Because we can sample z(t), we can also sample e 2mifot . x(t) = Q(t) + ¢/(t) for ¢'(t) =
e 2mifot . g(t) + (e 2mifot . *(t) — Q(t)). Hence we apply the algorithm in Theorem 4.5 and choose

R = O(k) in that proof. Then Procedure ROBUSTPOLYNOMIALLEARNING™ takes O(kd) samples
and O(kd”) time to find a degree d polynomial P(t) approximating Q(t) such that

1Pt) = QWllr < Ilg'(H)llr,
holds with probability at least 1 — 27%®) It indicates
1P(t) = ™00 a*(t)||lr S 1P() = Q) + Q) — 2" ()] S dll=* ()7 + lg(®)llr =~ N
Therefore we know ||62’Tifot - P(t) — 2*(1)]|3 SN2 O

8.2 Bounding the Gram matrix determinant

We define Gram matrix for e2™/1t e2mif2t ... e27ifit and provide lower /upper bounds for its deter-
minant.

Definition 8.2 (Gram matrix). We define Gramy, ... ¢, to be

eQTriflt 627Tif1t>T eQﬂ'iflt’ 627Tif2t>T .. <€27Tif1t 627Tifkt>T
) )

<627r1f2t7 627r1f1t>T <627r1f2t’ 627r1f2t>T . <627r1f2t7 62mfkt>T

<€27rifkt’ 627rifl1t>T <627rifkt’ 627rif2t>T . <€27rifkt7 627rifkt>T

Note that the above matriz is a Hermitian matrix with complex entries, thus both its determinant
and all eigenvalues are in R.

We defer the proof of the following Theorem to Appendix A.1.

Theorem 8.3. For real numbers &1, ..., &, let G¢, . ¢, be the matriz whose (i, j)-entry is
1
/ 2T gy,
-1

Then

det(Gg,...¢,) = 2009 T min(lé; — &%, 1).
1<j

We use the following corollary in this section.
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Corollary 8.4. There exists a universal constant a > 0 such that, for any T > 0 and real numbers
fi,- s fr, the k x k Gram matriz of e> ™1t e2mif2t .. o2mifit yhose (i, j)-entry is

- it omifs L
Gramy, .. 5, (4, 7) = (et 2mity g = T/o P IDtqt,
satisfies
—ak? . 2 .
E- T min((1fi = £1T)%,1) < det (Gramy, .. p,) < k% [ min((|f; — £;]T)%,1).
i<j i<j
Based on Corollary 8.4, we show the coefficients of a k-Fourier-sparse signal can be upper

bounded by the energy ||z||%.

k .
Lemma 2.2. There exists a universal constant ¢ > 0 such that for any x(t) = > v;e?™ it with
j=1

frequency gap n = rin;]n!fi - il

k

Je @ > k= min ((7)%,1) 3 Jo; 2
j=1
Proof. Let v; denote the vector ¢*™/it and V = {1, --,v;}. Notice that ||v;||3 = (v;,v;) =
1. For each v;, we define ﬁy to be the projection of o; into the linear subspace span{V \ v;} =
span{vy, - -+ , Vi1, Uig1,* , Uk} and T+ = ¥ — Uy which is orthogonal to span{V \ ©;} by the
definition.
Therefore from the orthogonality,

k
. 1 .
lx()17 > ﬁ?ﬁ{\%lz AT IEY = 2 loil? - 1175 17
j=1

It is enough to estimate HEJJ-H% from Claim 3.12:

det(Gram(V)) 912 . o2 _
”Uj HT det(Gram(V\UZ)) - ‘gmln((f] fl) ) ) - (77 ) Y
where we use Corollary 8.4 to lower bound it in the last step. O

8.3 Perturbing the frequencies does not change the subspace much

We show that for a k-Fourier-sparse signal with unboundedly close frequency gap, there always
exists another k-Fourier-sparse signal with slightly separated gap.

Lemma 8.5 (Slightly Shifting one Frequency). There is a universal constant Cy > 0 such that for

k
any x(t) = vje%”fjt and any frequency fri1, there always exists
i=1
k—1
/ _ 1 2mift / 27if 41t
x'(t) = E Vi€ v et TR
J=1
with k coefficients vy, vy, - vy _q, vy, satisfying

|2/ (¢) — 2(t) ||z < kS - (| fx — fra|T) - l2(6) |7
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Proof. We abuse the notation €>™/i* to denote a vector in the linear subspace. We plan to shift f;,
to fra+1 and define

VvV = {627r1f1t’ . ’€2ﬂ1fk_1t, e?ﬂ'lfkt}
V/ — {627T1f1t’ . ’eZﬂ'Ifk_lt’ eQ?Tlfk+1t}
U = {627T1f1t’ . ’62771fk—1t}
W = {627T1f1t’ . ,627T1fk_1t, 627T1fkt’ 627I'1fk+1t}
where f1, fa, -, fr are original frequencies in x. The idea is to show that any vector in the linear

subspace span{V'} is close to some vector in the linear subspace span{V"'}.

For convenience, we use @l to denote the projection of vector e?™/s! to the linear subspace
span{U} = span{e®™i/1t ... ¢2mifi-1t} and @l denote the projection of vector e?™k+1t to this
linear subspace span{U}. Let @+ = e2™/st — gl and @' = e2™ifrs1t — @l be their orthogonal part
to span{U}.

From the definition e?™/+* = @l 4 @+ and @l € span{U} = span{e?™i/it ... 2mifi-1t} e
rewrite the linear combination

k k—1
z(t) = Z vjez’rifjt = Z aje2”ifjt + oo -t
Jj=1 Jj=1
for some scalars aq, -+, Qg_1.
We will substitute @ by @ in the above linear combination and find a set of new coefficients.
=1 =1
Let W' = W) + Wy where W = %ﬂi is the projection of @' to #. Therefore Wy is the
T
orthogonal part of the vector e?™i/x+1t to span{V} = span{e?™it ... e2mifk-1t 27ifitl We use
0= Hﬁ}i”T for convenience.
ol
: | A x _ (@t : :
Notice that the min'——=1—" = § and B* = =5 is the optimal choice. Therefore we set
gec  llutlr [l5--117
k—1
l',(t) _ Zﬁje%rlfjt + v - B* . u—)—L e span{e%lflt, . 7627F1fk—1t, 627r1fk+1t}
=1
where the coefficients 1, - , Bx_1 guarantee that the projection of 2’ onto span{U} is as same as

the projection of z onto span{U}. From the choice of 8* and the definition of z’,

lz(t) — 2" (@)|F = 8% - Jox* - @17 < 6% - [la(®)]|7-
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Eventually, we show an upper bound for 62 from Claim 3.12.

o _ lop
[+ 17
det(Gramyy)  det(Gramy-) )
= by Cl 3.12
det(Gramy) / det(Gramp) y e
det(Gramyy) det(Gramg)
= . by Corollary 8.4
det(Gramy) det(Gramy) v Lorotaty
klk4l k=1k=1
I L min(1f; = £I7.1) 1 TL min(1f; = £I7.1)
1=1)= 1=1y=
< k4ak2 . J#i J#i
< K k=1
[T TT minlf: = ;17 y [1 1] min(lf; = f5|7,1) - IT min(|fi = feaPT2, 1)
o i B
— k4ak2|fk o fk+1|2T2
O
Lemma 8.6. For any k frequencies fi < fa < --- < fy, there exists k frequencies fi,--- , f;. such

that zerfllcln] i1 — fi > and for all i € [K], |f{ — fi| < kn.

Proof. We define the new frequencies f; as follows: f{ = f1 and f/ = max{f/_, +n, fi} for i €
2,3, k). 0

8.4 Existence of nearby k-Fourier-sparse signal with frequency gap bounded
away from zero

We combine the results in the above section to finish the proof of Lemma 2.3. We first prove

k .
that for any 2*(t) = > v;e?™/i! there always exists another k-Fourier-sparse signal z’ close to
j=1
x*(t) Zv e2mfit such that the frequency gap in 2’ is at least n > 27 P°¥(#)  Then we show how

to find a low degree polynomial P(t) approximating z'(¢).

k .
Lemma 2.1. There is a universal constant C1 > 0 such that, for any x*(t) = Zvjeszjt and any

j=1
k o
0 >0, there always exist n > % kmOR gnd 2/(t) = Zlv;e%”fjt satisfying
]:
12" (t) — 2 (1)l < dljz*(t)|lr
with min| f! — f| > n and max{|f} — f;|} < kn.
Proof. Using Lemma 8.6 on frequencies fi, - - , fi, we obtain k new frequencies fi,--- , f}. such that

their gap is at least n and max; |f; — f/| < kn. Next we use the hybrid argument to find 2.
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Let (O (t) = *(t). Fori=1,--- ,t, we apply Lemma 8.5 to shift f; to f! and obtain

k i
x(i)(t) _ Z vj(l)eznifjt + Zvj(l)e%rif]ft‘
j=i+1 j=1

From Lemma 8.5, we know ||z (£) — 20=D(8)||p < k% (|f; — f/|T)||z V|| r. Thus we obtain
(1= K98 @) ) 2O @)1z < 2O @l < (1+ KO (D)) 2O @)l

which is between [(1 —i- k:COkQ(k:nT)> [EAGIE (1 +2i - k00k2(k777T)> Hx(o)(t)HT} for n < 2 -

5T
k~C1%* with some C1 > Cy.
At last, we set 2/(t) = (®)(¢) and bound the distance between z’(t) and z*(t) by

k
le® @) = @)l < 3 [20) D@l by triangle inequality
=1

k
< SRR (| — fIT) |20 (@)l by Lemma 8.5
=1

k
< 37 2k () | (1) by max|f; — fi| < kn
i=1 ’

< k- 2K (kT |2 (6) | 7
< dllz* (1) ||z

where the last inequality follows by the sufficiently small 7. O

8.5 Approximating k-Fourier-sparse signals by polynomials
For any k-Fourier-sparse signal with frequency gap bounded away from zero, we show that there

exists a low degree polynomial which is close to the original k-Fourier-sparse signal in || - |7 distance.

k .
Lemma 8.7 (Existence of low degree polynomial). Let z*(t) = > v;e*™ it where Vj € [k],|fj| < A
j=1
and Ir;éln]fl — fjl = n. There exists a polynomial Q(t) of degree
i#]
d= 0 (TA +klog1/(nT) + k*logk + klog(1/4))
such that,
Q) — ()17 < dll=* ()17 (25)
=1, .
Proof. For each frequency f;, let Q;(t) = 3 (%lk#t)k be the first d terms in the Taylor Expansion
k=0

of e2™/it. For any t € [0,7T], we know the difference between Q;(t) and e>™/it is at most

(2mif;T)4 2rTA - e

Qit) — it < || < (TR0
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We define i
Q) = v;Q;(t)
j=1

and bound the distance between ) and z* from the above estimation:
2 LT 2
Q) —x*()[l7 = T/o |Q(t) — =™ (¢)["dt

1T < 2mif;ty (2
=7 | I @i - emhpar
j=1

k T
1 .

<2k Z T/ w2 - |Q;(t) — 2™ it 2 dt by triangle inequality

j=1= 70

k

2nTA -
<k Z v |? - ( WTe)Qd by Taylor expansion
i=1

On the other hand, from Lemma 2.2, we know

* —ck?
lz* ()17 = (nT)** - k= Joy [,
J

Because d = 10-me(TA+klog 1/(nT)+k?log k+klog(1/5)) is large enough, we have k(2rLA-¢)2d <
§(nT)% - k=¥* which indicates that [|Q(t) — z* (t)||2 < §||z*||3 from all discussion above. O
8.6 Transferring degree-d polynomial to (d+1)-Fourier-sparse signal

In this section, we show how to transfer a degree-d polynomial to (d-+1)-Fourier-sparse signal.

d .
Lemma 8.8. For any degree-d polynomial Q(t) = > cjt!, any T > 0 and any € > 0, there always
j=0

exist v > 0 and
d+1

z* (t) _ Z ai€27ri('yi)t
i=1
with some coefficients ay, - - - , aq such that

Vit e [0,T],]|z*(t) — Q(t)| <e.
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Proof. We can rewrite z*(t),

d+1
.’E*(t) _ aie%ri’yit
i=1
d+1 9]
(2mivyit)?

=D o) g

i=1  j=0 J:

0 . d+1

2miyt)?

SO S

j=0 J: i=1

d +1 ) +1
B (2mivyt)? j (2minyt)? y
B i YRR ol S

7=0 =1 Jj=d+1 =1

d d+1 o0 d41
2rinyt)! (2mivyt)!
SRCRl PO SILECIC) B D DR S SV
§=0 J: i=1 j=d+1
Gy 52
Our goal is to show there exists some parameter v and coefficients {ag, a1, - , g} such that the

term C7 = 0 and |Cy] < e. Let’s consider CY,

To guarantee C; = 0, we need to solve a linear system with d + 1 unknown variables and d + 1
constraints,

Find 1,09, - Od4]

(2miyT)? Eas y
TZW —¢j=0,¥j €{0,1,---,d}
’ i=1

Define ¢ = cjj!/(2miv)?, let o and ¢ be the length-(d + 1) column vectors with «; and cj. Let
A € R¥HIxd+] denote the Vandermonde matrix where Aij=14,Yi,5 € [d+1]x{0,1,---,d}. Then

we need to guarantee Aa = ¢. Using the definition of determinant, det(A) = ] |i — j| < 20(@*logd),
1<j
Thus opax(A) < 90(d*logd) 4nd then

B R
[[izi o

We show how to upper bound |«;],

1 lejlg!
m | < = AJf Ny < AT Al < ———vV/d—+1 m S ' A
ie[d%} jeal < fledlz = 14Tz < ATz - fl]l2 < Omin(A4) + 0<ga<Xd (2myT)J
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Plugging the above equation into C5, we have

> (27iyt)’
|Ca| = Z Zaz i

T
J=d+1 J:
o0 ;d+1
(2mt)?
< Z y Z |a| - !
Jj=d+1 Jo i3
(2myt)! d+1
< Z i (d+1) max |y
j=d+1
o0
(2myt)? d+2 d!
< d+1)*F c
jzd;-l J! ( ) omin(A) (27yT)4 0<; <d‘ il
<e

where the last step follows by choosing sufficiently small

< T29(d log d)
TSl ( nax lojl ) -

9 k-cluster Signal Recovery

9.1 Overview

In this section, we prove Lemma 9.1 as the main technical lemma to finish the proof of main

Theorem 1.1, which shows how to learn x*(t) = Z?Zl v;e?™3t with noise.

Lemma 9.1. Let 2*(t) = Z?,l e?™it and x(t) = x*(t) + g(t) be our observation. For any § > 0

and T > 0, let N? := TfO lg(t))?dt + 6 - Tf() |z*(t)[2dt. For A = poly(k, log(l/é))/T Procedure

SIGNALRECOVERYKCLUSTER™ in Algorithm 8 takes | = O(k) frequencies fl, . ,fl as input and
finds 1 polynomials Q1,--- ,Q; of degree d = O((TA)'5 + k3logk + klog1/5) such that

= > Qi satisfies [[E(t) — 2 (D) < N (26)

JEl]
The procedure succeeds with probability at least 1 —2~%) uses poly(k,log(1/8)) -log(FT) samples,
and runs in poly(k,log(1/8)) - log?(FT) time.

For any set W = {t1,--- ,t,,} where each t; € [0,7], we use

for any v:10,T] — C
(W]

|1llw =

in this section. We first show that Procedure SIGNALRECOVERY KCLUSTER succeeds with constant
probability, then prove that Procedure SIGNALRECOVERYKCLUSTERT succeeds with probability
at least 1 — 2~SUk)
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9.2 Heavy clusters separation

Recall the definition of “heavy” clusters.

k ) N
Definition 2.4. Given z*(t) = Y v;e*™ it any N'> 0, and a filter function (H, H) with bounded
j=1
support in frequency domain. Let L; denote the interval of supp(e?™ifit . H) for each j € [k].
Define an equivalence relation ~ on the frequencies f; by the transitive closure of the relation
fi~fiif LinL; # 0. Let Si,...,Sy, be the equivalence classes under this relation.

Define C; = fUS L; for each i € [n]. We say C; is a “heavy” cluster iff va |ﬂ"(f)|2df >
€5; v
T-N?/k.

By reordering C;, we can assume {C1,Ca,---,C;} are heavy clusters, where [ < n < k.

Claim 2.5. Given z*(t) = Y v;e*™/it and any N' > 0, let H be the filter function defined in
7=1

Appendiz C.1 and Cq,--- ,C) ge the heavy clusters from Definition 2.4. For

k

S:{je[k]

ijCIU“‘Cl}a

we have 9 (t) = " v;e?™it approzimating x* within distance || x5 (t) — z* ()] < N2
JjES

Proof. Let z®&)(t) = 3 vje?™fit. Notice that ||2* — 2|2 = ||:U(§)H2T.
JERN\S ~
From the property VI of filter function (H, H) in Appendix C.1, we have

+o00 _ T < S
/ 25) (1) - Ht)dt > 0.9 / 2 (1)t = 0.9- Tl|a| 7.
0

—00

From Definition 2.4, we have

+o00 _ +oo
/ 2Oty B (1)t = / ) - H(f)Pdf

— 00 —0o0

/ T H(f) 2
[—00,+00]\C1U--UC}

k-TN?/k.

IN

Overall, we have ||z 2 < N2 O

From the guarantee of Theorem 2.6, for any j € S, mi[lr]1|fj — ﬁ| < AVAT. From now on, we
i€

focus on the recovery of ) which is enough to approximate z* from the above claim. Because
we are looking for # approximating (%) within distance O(N?), from Lemma 2.1, we can assume
there is a frequency gap n > IOLTI{:_O(W) among z(%).
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9.3 Approximating clusters by polynomials

In this section, we show how to approximate z(%) by /(t) = Zz’e[l} 27”f“fP( t) where P, .-, P are
low degree polynomials.

Claim 9.2. For any (%) (t) = Zjes vje%ifjt with a frequency gap n = H;éln|fz—fj| and | frequencies
i#]
fi, -+, fi with the property ¥j € S, miney | f; — fil < AVAT, let

d = 57 (TA)Y® + k3logk +log1/6) and V = {tjeQ’rifit\i ell],j €0, ,d}} .

There exists x'(t) € span{V'} that approzimates (%) (t) as follows:
vt € 0,7], |2/ (t) — 2D ()] < 8]V

Proof. From Lemma 2.2, we know
12
23 = (7)™ kR oy
JjeS

For each frequency f;, we use p; to denote the index in [[] such that |f; — f;,j| < AVAT. We rewrite

l ~ ~
2O(t) = Soemh | ST et hor
i=1

JES:pj=i

For d = 5n((TA)* + k3logk + log 1/5) and each ezﬂi(fff"j)t, let Q;(t) = Zf (}w be

the first d terms in the Taylor Expansion of 2mi=1oj)t For any t € [0, 7], we know the difference

between @;(t) and ™)t i5 at most

(27T1(f fpj) )
d! [=( d )"

Wt [0,T],|Q;(t) — ™Vt < |

Leta’ =3, o2mifit (Zjeszpj:i vaj(t)> . From all discussion above, we know for any ¢ € [0, T,

2
)1.5

8t(TA
) — 2O < | 3 oyl LRy
JES
S]{;(87T TA 2dz‘v ‘2
k(SW(TdA)”)Qd
— (nT)2k . kfck2

< 8%z

213

O

We provide a property of functions in span{V'} such that we can use the Chernoff bound and
the e-net argument on vectors in span{V'}.
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Claim 2.7. For any @ € span {e%ifit St
stants C1 < 4 and Cy < 3 such that

max {|7(t)]*} S (1) log™ (1d) - |[a][7
te[0,T]

j€{0,---,d},i€ [l]}, there exists some universal con-

Proof. From Lemma 8.8, we can approximate each polynomial in 4 by a linear combination of
{1,e2mt ... 2m( ) gych that we obtain u* € span {ezﬂi'("”')t . ezﬂifitli el],je{0,---,d+ 1}}
for some small 7 such that V¢ € [0, T, |@(t) — u*(¢)| < 0.01]|d||7.

From Lemma 5.1, we know

<0 ((d+ 1D logd(ld + 1)) [Ju*||3.
tg}%ﬂﬂﬂ <C-((ld+1)* - log*(ld + 1)) ||lu*||7

For some constant C’, we have

2 <O ((kd)“" 1og® d) [|]7-
tren[g),;]W()l < ' ((kd)“ 1og™ d) || @7

9.4 Main result, with constant success probability

In this section, we show that the output 7 is close to x’ with high probability using the e-net
argument, which is enough to prove |7 — z||7 < A? from all discussion above. Because we can
prove Lemma 9.6(which is the main goal of this section), then combining ||z’ —z*||7 < |2/ — 2|7+
129 — 2*||7 < §||z*||r and Lemma 9.6, we have ||z* — Z||7 < ||g|l7 + d||z*||7, which finishes the
proof of Procedure SIGNALRECOVERYKCLUSTER in Algorithm 8 achieving the Equation (26) with
constant success probability but not 1 — 272(*)  We will boost the success probability in Section
9.5.

We first provide an e-net P for the unit vectors Q = {@ € Span{V}}HﬁH% = 1} in the linear sub-

space span{V'} where V = {tj . e2rifit je{0,1,--- d},i€ [l]} from the above discussion. Notice
that the dimension of span{V'} is at most I(d + 1).

Claim 9.3. There exists an e-net P C span{V'} such that

1. Vi e Q,3 e P,||d—d|r <e
2. [P| < (51a0) "

Proof. Let P’ be an j-net in the unit circle of C with size at most (4=—= (dH) +1)2,

7|j2| >~

l(d+1

' € L. € N . 20(d + 1)
“N2d+1) YT Ry Z <27
P {2l(d+1)31+12l(d+1)32Jl,Jze g1l <

Observe that the dimension of span{V'} is at most I(d + 1). Then we take an orthogonal basis
Wy, -, Wy(g41) in span{V'} and set

I(d+1)
P={) omVie[l(d+1)],a €P'}.
i=1
2l(d+1)
Therefore P is an e-net for @ and |[P| < ( (dH)) . O

92



We first prove that W is a good estimation for all functions in the e-net P.

Claim 9.4. For any € > 0, there exists a universal constant C3 < 5 such that for a set S of i.i.d.

C C
‘S’ 2 3(kd) 36120g 3d/e

samples chosen uniformly at random over [0,T] of size ,then with probability at

least 1 — k=%, for all @ € P, we have
[@lw € [(1 = e)l|@lz, (1+ e)f|wlr].

Proof. From Claim 2.7 and Lemma 3.5, for each w € P,

|W |2

Pr [Hu_;(t)HW ¢ [(]_ — E)HU_)’”T’ (1 + E)HU_)’HTH < 273(kd)c'1 logC210.5 4 < 2—/€d10g1A5 g

From the union bound, ||@|w € [(1 — €)||@|7, (1 + €)||@|r] for any @ € P with probability at
least 1 — (g)_kdlogo'% Pl >1—d O

Then We prove that W is a good estimation for all functions in span{V'} using the property of
e-nets.

Claim 9.5. For any € > 0, there exists a universal constant Cs < 5 such that for a set W of i.i.d.
C C

samples chosen uniformly at random over [0,T) of size |[W| > M,than with probability

at least 1 — d=%, for all u € span{V'}, we have

[@llw € [(1 = 3e)l[dllr, (1 + 3e)[d|7]

Proof. We assume that the above claim is true for any @ € P. Without loss of generality, we
consider @ € Q such that ||a|r = 1.

Let @y be the vector in P that minimizes ||« — |7 for all & € P, i.e., Wy = arg min||w — @||p.
weP
Define @; = 4 — Wy and notice that ||@1|7 < € because P is a e-net. If |4y ||z = 0, then we skip the

rest of this procedure. Otherwise, we define oy = ||t1]|7 and normalize u; = @1 /o;.

Then we choose w; to be the vector in P that minimizes ||@ — uy||z for all W € P. Similarly,
we set o = u; — W and ag = ||udz||7. Next we repeat this process for uy = s/ and so on. The
recursive definition can be summarized in the following sense,

initial : 4o = @ and m = 10logy /. (Id) + 1,

Fori€{0,1,2,--- ,m} :  @; = arg min||@ — w;||p,
weP
U1 = U — W and ;1 = [[T@| T,

if a1 = 0, stop.
if i1 # 0,041 = U1 /i+1 and continue,
Eventually, we have @ = Wy + a1 + aqagy + -+ - + H;"Zl aj (W, + Um+1) where each |oy| < e

and each 1; is in the e-net P. Notice that ||@y,41]|7 < 1 and ||@me1]lw < (Id+ 1)3 - |[ims1 ]| from
Claim 2.7. We prove a lower bound for |||y,

m
”EHW = ||1170 + (111171 + 0410421172 +- H O{](wm + Uerl)”W
j=1
m m
> |[dollw — lerwh ||w — [Jaragtellw — -+ — | HajtﬁmHW — || Hozjﬁm+1||w
Jj=1 j=1
> (I-¢)—e(l+e)=(1+e) = ="(1+¢) = ||Tms|lw
1
> 1l—e— (L+e)e — €™ (ld+1)*>1 - 3e.

- 1—c¢
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Similarly, we have |||l < 1+ 3e. O

Lemma 9.6. With probability at least 0.99 over the m 1.i.d samples in W,
/() — F(0) 1 < 2200 (Jlg(0)r + [2(1) — 2/ (1))

Proof. Let ¢'(t) = g(t) + 2*(t) — 2/(t) such that z(t) = 2/(t) + ¢/(t). Then we choose € = 0.03 and
bound:

2 (£) — Z(t)ll

< (1+43e)||2'(t) — Z(t)|w with prob. 1 — 2718 1y Claim 9.5
= 1.09]]2'(t) — F(t)|w by € = 0.03
= 1.09]|lz(t) — g'(t) = () lw by '(t) = 2(t) — ¢'(t)
< 1.09)|z(t) — Z(t)|lw + 1.09]|¢g'(¢)||w by triangle inequality
< 1.09)|l(t) — 2"(t)[lw + 1.09]|g"(£) [lw by & = argmin [z —yl[w
yEspan{V'}
— 2.18)lg' ()l by a(t) — 2'(2) = g(0)
From the fact that Ew/[|¢'|lw] = [|¢'ll7, l¢'[lw < 1000]|¢'||r with probability at least .999. It

indicates ||2'(t) — Z(¢)||r < 2200]|¢’||r with probability at least 0.99 from all discussion above. [

9.5 Boosting the success probability

In order to achieve 1 — 2% for the main theorem, we cannot combine Procedure SIGNALRE-

COVERYKCLUSTER with FREQUENCYRECOVERYKCLUSTER directly. However, using the similar
proof technique in Theorem 4.5, we are able to boost the success probability by using Procedure
SIGNALRECOVERYKCLUSTER™ in Algorithm 8. It runs Procedure SIGNALRECOVERYKCLUSTER
R = O(k) times in parallel for independent fresh samples and report R different d-Fourier-sparse
signals 7;(t). Then, taking m = poly(k) new locations {t1,tg," -+ , %, }, and computing A as before
and b; by taking the median of {Z1(¢;), -+ ,Zr(t;)}. At the end, solving the linear regression for
matrix A and vector b. Thus, we complete the proof of Lemma 9.1.

Because we can transfer a degree-d polynomial to a d-Fourier-sparse signal by Lemma 8.8, the
output of Procedure CFTKCLUSTER in Algorithm 8 matches the main theorem,

Theorem 1.1. Let z(t) = x*(t) + g(t), where x* is k-Fourier-sparse signal with frequencies in

[—F,F]. Given samples of x over [0,T] we can output Z(t) such that with probability at least
1— 2 k)

17 =%l S llgllp + 612"l -

Our algorithm uses poly(k,log(1/6)) - log(FT) samples and poly(k,log(1/68)) - log*(FT) time. The
output T is poly(k,log(1/9))-Fourier-sparse signal.
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A Technical Proofs

A.1 Proof of Theorem 8.3

We prove the following Theorem

Theorem 8.3. For real numbers &1, ..., &, let G¢, . ¢, be the matriz whose (i, j)-entry is

1
/ 2Ty,
-1

det(Gg,...¢,) = 2009 T min(lé; — &%, 1).
1<j

Then

First, we note by the Cauchy-Binet formula that the determinant in question is equal to

1 1 1 ) 2
/ / . / ‘det([€2ﬂl£itj]i7j)‘ dtldtg c. dtk. (27)
-1J-1 -1

We next need to consider the integrand in the special case when ) [&] < 1/8.

Lemma A.1. If§ € R and t; € R, Y. |&](max; [t;]) < 1/8 then

(2m)(2) [Lic; lti — t5]l& — &
120 &l

| det([e*™*];,5)| = ©

Proof. Firstly, by adding a constant to all the ¢; we can make them non-negative. This multiplies
the determinant by a root of unity, and at most doubles ), |&;|(max; |t;]).

By continuity, it suffices to consider the ¢; to all be multiples of 1/N for some large integer N.
By multiplying all the t; by N and all & by 1/N, we may assume that all of the ¢; are non-negative
integers with ¢ <to < ... <{tp.

Let z; = exp(27i&;). Then our determinant is

aer([:],).

which is equal to the Vandermonde determinant times the Schur polynomial sy(z;) where X is the
partition A\; =t; — (j — 1).
Therefore, this determinant equals

H(Zi — zj)sx(21, 22, -+ -5 2k).
1<j

The absolute value of

[1Gi—2)

i<j

is approximately [];;(27i)(& — &;), which has absolute value (QW)(Z) [Tic; & — &|. We have left
to evaluate the size of the Schur polynomial.
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By standard results, s is a polynomial in the z; with non-negative coefficients, and all exponents
at most max; |¢;| in each variable. Therefore, the monomials with non-zero coefficients will all have
real part at least 1/2 and absolute value 1 when evaluated at the z;. Therefore,

lsx(z1, .-y 21)] = O(sa(1,1,...,1))).

On the other hand, by the Weyl character formula

_ tj —1; N Hi<j|ti _tj|
5,\(1,1,..-,1)—1_[ jg—i 120k
1<)

This completes the proof. O
Next we prove our Theorem when the £ have small total variation.
Lemma A.2. If there exists a § so that Y |& — &o| < 1/8, then
23k(k—1)/2ﬂ.k(k—1) Hi<j ’& _ €j|2>
k—1 :
(kD3 TIn=o(2n)!

Proof. By translating the & we can assume that & = 0.
By the above we have

(2m)k (= ”HKJ IEz &l
o( A ! / / [Tt - til%dt .

1<J

det(G,..6) = © <

We note that by the Cauchy-Binet formula the latter term is the determinant of the matrix M with
M;; = f_ll t"*tidt. This is the Graham matrix associated to the polynomials tifor0<i<k-—1.
Applying Graham-Schmidt (without the renormalization step) to this set yields the basis P,a,
% is the inverse of the leading term of P,,. This polynomial has norm a22/(2n+1).
Therefore, the integral over the t; yields

where o, =

k-1 2n+1(n!)2
- (n+1)(2n)!
This completes the proof. O
Next we extend this result to the case that all the £ are within poly(k) of each other.

Proposition A.3. If there exists a &y so that |§; — &| = poly(k) for all i, then

det(Ge,,...¢,) = 2009 T min(lé; — &%, 1).

i<j

Proof. We begin by proving the lower bound. We note that for 0 < z < 1,

2
det G& / / / ’det 27”61 iyj)’ dtidty ... dty, = xk det(Gfl/x,&/x,..-,&k/k)'

Taking x = 1/ poly(k), we may apply the above Lemma to compute the determinant on the right
hand side, yielding an appropriate lower bound.
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To prove the lower bound, we note that we can divide our §; into clusters, C;, where for any i, j
in the same cluster | — &;| < 1/k and for ¢ and j in different clusters |&; — &;| > 1/k%. We then
note as a property of Graham matrices that

S 2 A 2
det(Ge, ) < [[det(Greecy) =277 J[ & -gP=2""][l& - ¢
Ci 1<j, in same cluster 1<j
This completes the proof. O

Finally, we are ready to prove our Theorem.

Proof. Let I(t) be the indicator function of the interval [—1,1].

Recall that there is a function h(t) so that for any function f that is a linear combination of
at most k complex exponentials that |h(t)f(t)|2 = ©(|I(¢)f(t)|2) and so that h is supported on an
interval of length poly(k) < k¢ about the origin.

Note that we can divide our §; into clusters, Cy, so that for i and j in a cluster |§; — &;] < ECH
and for ¢ and j in different clusters |§; — &;| > EC.

Let G&@’m’g; be the matrix with (¢, j)-entry [p |h(t)|2eP &=t gt

We claim that for any k' < k that

------

This is because both are Graham determinants, one for the set of functions I(t)exp((27i)&;t) and
the other for h(t) exp((27i)¢;t). However since any linear combination of the former has L? norm a
constant multiple of that the same linear combination of the latter, we have that

G to, 6, = O(Ge g5, 61)

as self-adjoint matrices. This implies the appropriate bound.
Therefore, we have that B

However, note that by the Fourier support of A that
/ |h(t)[2em) &=t g =
R

if |& — &j| > kY, which happens if i and j are in different clusters. Therefore G is block diagonal
and hence its determinant equals

det(Ge, . .e,) = [ [ det(Gye,eciy) = 290 ] det(Ge ec,y)-
4 )

However the Proposition above shows that

[Tdet(G g ecy) = 200 [[ min(1, |&; — ).

o i<i

This completes the proof. O
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A.2 Proofs of Lemma 5.3 and Lemma 5.4

We fix 21, -,z to be complex numbers on the unit circle and use Q(z) to denote the degree-k

k
polynomial [](z — z;).
i=1

Lemma 5.3. Let Q(z) be a degree k polynomial, all of whose roots are complex numbers with

absolute value 1. For any integer n, let ry j(2) = f 01 r(l)k 2t denote the residual polynomial of

ri(z) = 2" (mod Q(2)).
Then, each coefficient of ry j is bounded: \r el < 2knk=1 for any L.
Proof. By definition, 7y, 1(z;) = 2. From the polynomial interpolation, we have
[[ (z—z)z

k j€ 7
rap(z) =3 “l“l[\ PR

= etk
Let Symg; be the symmetry polynomial of 21,---,2; with degree i among subset S C [k], i.e.,
Symg; = > I 2. Then
SE(3yes
(l)i kllzsym e)\ik—1—1 "%
n k Zz - Zj)
Je[k]\l

We omit (—1)¥~!=!in the rest of proof and use induction on n, k, and I to prove |1"(l)k\ < (kjl) (")

Base Case of n: For any n < k, from the definition, r(z) = 2" and ]r ol <L

Suppose it is true for any n < ng. We consider ’I“LO ;; from now on. When kE=1,r,0=2]1s
bounded by 1 because z is on the unit circle of C.
Given ng, suppose the induction hypothesis is true for any k& < kg and any [ < k. For k = ko,
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we first prove that |T (ko 1)\ < ( ) then prove that |Tn hol < (kofl)( o ) for | =ky—2,---,0.

(ko—1) _
"no,ko - Z H Z —Z])

=1 e lkol\
ko—1
- OZ i + oy
— 11 (zi—2) IT (2k — 2)
j€[kol\i J€lko]\ko
g,
— [ (zi—2) [T (zk — 25)
J€lko]\i J€ko\ko
Al I ST o PR BN
P IT (zi—z) 11 (z—2) IT (2h — %)
J€[ko—1]\é Jj€ko\i J€ko\ko
ko—1 no—1 ko no—1
Zi Zz
; [T (z—%) 0; I (zi—2)
[ko 1]\Z ]Gk)o\z
(ko— 2) (ko—1)

= rno 1,ko—1 + Zko 7a'rl()—l,ko

1 (ko—2) ko—1) _ _
Hence |r ko~ )| <|r noo 1 [ko—1] | + |7"£LO0 1ko| < (ngg) + (ngf) = (ZS 1) For | < kg — 1, we have
kO S no
MO YW kol\iko—1-1 "% 4 o
= et =kyg—1-—1
Trosko ; RINCEE
j€lko]\i

ko—1 (Sym[kg—l]\z‘,l’ + Symy -1 'Zko> 2;° Symp, 1 240

2 I Gi—2) T (o — )

j€lkol\i J<ko

ko—1 —1 -1
Oz: Symyg, 1y (20 = 2ho) 200+ SYMp i 2oz SYMk 1\ -1 ko %

i=1 IT (2 —z)

J€[ko]\i
Sym[ko 71] N -Z]Zg

H (zk’o - Zj)

Jj<ko

ko—1 -1 -1
Oz: Symg, 1)\, (2 — 210) 207+ Sym, 1 i 270 Sy, 1) zzg

2 NCEE) 1T (0 — )
J€[ko]\i j<ko

ko—1 —1 ko—1 —1
_ OZ Sym[k‘o—l]\i,l’ zino i Oz: Sym[ko_lw 'ZkOZ;LO Sym[ko_lw Z’?g

+
= I (-2 [T (zi—2) [T (zko — 25)
j€[ko—1]\1 Jj€[ko]\i Jj<ko

_ =1 (ko=1)
= Tno—1ko— 1+Sym[k0 U,ko—1—1 "%ko " Trg—1,ko

By induction hypothesis, [ri,) , | < (5%) (j73) + (/) (7)) < (%) ()

Now we finish the proof of Lemma 5.4.
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Lemma 5.4. For any k € Z and any z1,- - - , 2z on the unit circle of C, there always exists a degree
m

m = O(k*log k) polynomial P(z) = 3 c;z? with the following properties:
7=0

Property 1 P(z)=0,Vie {1, -k},
Property II co =1,
Property II1 lej| < 11,V5 € {1,--- ,m}.

Let m = 10k?logk and P denote a set of polynomials that has degree at most m, and all the
coefficients are integers chosen from {—5,---,—1,0,1,--- 5}, i.e.,

P = {P(Z) =Y 2! | Vie{0,1,-+ ,m}, |ay] < 2} :
=0

m .

Claim A.4. There exists P*(z) = Y ;2" with coefficient |a;| < 10 for any i € {0,1,--- ,m}, such
i=0

that every coefficient of P*(z) mod Q(z) is bounded by 2~™.

Proof. For P(z) = Y ;2" € P, P(z) mod Q(z) = Y. airp x(2) from the definition 7, x(2). Hence
=0 1=0

P(z) mod Q(z) = Zai rgl,z,zl = 2t Zair%.

m m
Each coefficient in P(z) mod Q(z) is bounded by \Zaw%[ < 53 2kl < 2k,
i=0 i=0

k

k
At the same time, |P| = 11™. From the pigeonhole principle and (%) < 11™, there exists

k-1

Py, P, € P such that for P*(2) = Pi(2) — Pa(2), P*(2) mod Q(z) = Y 7iz* where each coefficient
i=0
[yl <27 O
k=1
Let r(z) = > viz' = P*(z) mod Q(z) for convenience. If P*(0) (the constant term of P*) is
i=0

nonzero, then |P*(0) — r(0)| > 0.99 from the above lemma. Therefore the polynomial %

satisfies the three properties in Lemma 5.4.
Otherwise, we assume 2! is the first term in P*(z) with a non-zero coefficient. Let

po 1 4(2—23')2[1
r_k(z) = 27! mod Qz) = Z JElk\d

I (s — )
VISILIAY

1
For convenience, we use zg = [] z for any subset S C [k]. Notice that z; ' = % Hence r_; ;(z) =
€5 [k]
T k(z)/sz] where 7’ is the polynomial for k units roots Z[k\1> """ 5 Zk]\k- S0 each coefficients of r is
still bounded by 2¥*, which is less than 27™/2.
Eventually we choose P*(2)/z! —r(2)-7_; () and renormalize it to satisfy the three properties
in Lemma 5.4.
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A.3 Proof of Lemma 4.3

Lemma 4.3. For any degree d polynomial P(t) : R — C with derivative P'(t), we have,

1

1
/ (1 —tH)|P'(t)]2dt < 2d2/ |P(t)[dt. (28)

-1 -1

Given a degree d polynomial P(x), we rewrite P(x) as a linear combination of the Legendre
polynomials:

We use Fj(x) = (1 — 2?)L!(z) for convenience. From the definition of the Legendre polynomials in
the Equation (3), F/(z) = —i(i + 1) - Li(x) and F'(z) = —i(i + 1) - L(z).
Hence we have

—1 —1 o
/ (1 22)|P(2)2dz = / (1= 22)P' () - P(a)dz
1 1

i€[d] €ld]
_—Fl@)\|!
= ZO‘ZF%(QC)>'(Z p )
(ie[d] i€[d] +1) J,
B a; Fl(x) | - «; F’/(x) x
+ (% i >> (% Zi(m))d
! » _i(i+1)- Li(2)
= ;- i(i+1)- Li(z) | - a—————— | dw
[ g eo) ()
= Z|ai’2i(i+1)HLiH%
i€[d]

< dd+D)]PI7

A.4 Proof of Lemma 6.2
Lemma 6.2. P, ,,z(0(f —b)) = Le 2709/ 3(f) and By qpu(f) = Le=2mioall/ot03(f 1o 4 b)
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Proof. Let’s compute the Fourier Transform of (P, ,p2)(%),

—

Pa,a,bx(f)
+00 .
= [ (Praste e >
—00
+oo . .
:/ :C(J(t . a))e—Qmabte—metdt
—0o0
+
:6—27Ti(0'ab+f(l) / - x(a(t _ a))6—27riab(t—a)e—27rif(t—a)dt by shifting ¢ by a
—00
. +oo . .
—e—2ri(oab+ fa) / x(ot)e2miobtg=2mift gy by replacing ¢t — a by t
—00
_ ]. —27ri(aab+fa) /Jroo x(at)e—27‘rib0t€—27rif0't/0'dat
o —00
1 e i
— — ¢~ 2mi(oab+fa) / m(t)eﬁm(lﬂrf/a)tdt by replacing to by ¢
o —00
1
o~ 2miac(f/o+b) Z(f/o +b) by definition of FT
g

The first result follows immediately by replacing f/o + b by f’, which gives

— 1 P
Pa,a,bx(a(f/ _ b)) _ 76—27r1acrf i‘\(f/)
g

Thus, we complete the proof of this Lemma. O

A.5 Proof of Lemma 3.5
Lemma 3.5. Given any function x(t) : R — C with Hfg}iﬁ}|x(t)|2 <d||lz(t)||%. Let S denote a set of
telo,

points from 0 to T. If each point of S is chosen uniformly at random from [0,T], we have

[ &l DLzt — la(@)l17]

i€S
Proof. Let M denote I%LX |z(t)|?. Replacing X; by |x(t ) and n by |S| in Lemma B.2, we obtain
te
that

< US|/

> el|lz ()17

2
€
Pr{|X — p| > w] < 2exp(— )

|z (ti l= ()17 lz(®)117 ¢
AT | _
= Pr Z |S] i > €| S| i < 2exp( 3u)
LIieS
_ 2 2 ¢
= Pr Z\ﬂf = llz@)l17| = ellz(®)ll7 | < 2exp(=5p)
zGS
' @ g Izl
— Pr |5|Z\ 2~ fle(e) zeuxu)u%] < 2exp(~ 5 | 12T,
i€S
which is less than 26Xp(—%|5|/d), thus completes the proof. O
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A.6 Proof of Lemma 3.10
Lemma 3.10. For any polynomial P(t) of degree at most d from R to C, for any interval [S,T],

P(t d+1)? d
max [POP < @412 7 [ p@Par
Proof. Let t* = argmax|P(t)?. If t* € (S, T), then it is enough to prove that
te[S,T]
t* T
[P(t*)]* < (d+1)° / 2)Pdz and |P(£)2 < (d+ 1)2 / |P(z)]*da

on the two intervals [S,¢*] and [t*, T] separately.

Without loss of generality, we will prove the inequality for S = —1 and t* =T = 1. We find the
minimum || P(z)||% assuming |P(1)|?> = 1. Because the first (d + 1) Legendre polynomials provide a
basis of polynomials of degree at most d and their evaluation L, (1) = 1 for any n, we consider:

1
min / \P(2)|2dz

ag,at, - ,ag€C -1

s.t. P(:L’) = Z OziLi({L‘)

D =1> ail =1
=0

We simplify the integration of P(x)? over [—1,1] by the orthogonality of Legendre polynomials:

1 1 d d o
/_|P($)’2d3«" = / (Z%h(@) ZOTij(x) dz

1 -1

= Zy 11272 — by Fact 3.9

Using f_ll |P(z)|?dx = Z i |2 52—, we simplify the optimization problem to

21417
d
. 9 2
min E || =
Qp,a1,,ag€C 5 21+ 1
=0
d
s.t. E (67 =1
=0

From the Cauchy-Schwarz inequality, we have

ol < (Smrat) (525).

@y and [P < (d+ 12§ 1) |P()]de. 0

Therefore .Z‘O“’ 22+1 > (d+
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Algorithm 1 Linear regression algorithms

1: procedure LINEARREGRESSION(A, b,) — Fact B.3
2: x' « argmin|| Az — b||2.
x

3: return z’
4: end procedure
5: procedure LINEARREGRESSIONW (A, b, w) — Fact B.3

d
6: o' < argmin > w;|(Az); — b;|%
T i=1
7 return z’

8: end procedure

B Known Facts

This section provides a list of well-known facts existing in literature.

B.1 Inequalities

We state the Holder’s inequality for complex numbers. We will use the corresponding version
p = q = 2 of Cauchy-Schwarz inequality for complex numbers.

Lemma B.1 (Holder’s inequality). If S is a measurable subset of R™ with the Lebesque measure,
and f and g are measurable complex-valued functions on S, then

/S F(@)g(x)ld < ( /S (@) Pdz)s( /S lg()|7da)

Lemma B.2 (Chernoff Bound [Tar09],[Che52| ). Let X1, Xa,- -, X, be independent random vari-
ables. Assume that 0 < X; < 1 always, for each i € [n]. Let X = X1+ Xo+ -+ + X,, and

w=E[X]= > E[X;]. Then for any e >0,
i=1

2 2
PriX > (14 e€)u] < exp(—zj_ eu) and Pr[X > (1 —e)u] < exp(—%,u).

B.2 Linear regression

Given a linear subspace span{7y, - - - , ¥y} and n points, we always use fs-regression to find a vector
as the linear combination of ¥/, - - - , ¥y that minimizes the distance of this vector to those n points.

Fact B.3. Given an n x d matriz A and an n x 1 column vector b , it takes O(nd*~!) time to
output an x’ such that
z' = arg min|| Az — b||2.
T

where w is the exponent of matriz multiplication/Wil12].

Notice that weighted linear regression can be solved by linear regression solver as a black-box.
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Algorithm 2 Multipoint evaluation of a polynomial

1: procedure MULTIPOINTEVALUATION(P, {t1,t2, -+ ,ts}) — Fact B.4
2: return P(t1), P(t2), -+, P(tq)
3: end procedure

B.3 Multipoint evaluation of a polynomial

Given a degree-d polynomial, and n locations. The naive algorithm of computing the evaluations
at those n locations takes O(nd). However, the running time can be improved to O(n poly(logd))
by using this well-known result,

Fact B.4 ([BS12|). Given a degree-d polynomial P(t), and a set of d locations {t1,t2,--- ,tq}. There
exists an algorithm that takes O(dlog®d) time to output the evaluations {P(t1), P(t2),---, P(tq)},
for some constant c.

C Analysis of Hash Functions and Filter Functions

C.1 Analysis of filter function (H(t), H(f))

We construct the Filter function (H(t), H (f)) in this section.

We fix the interval to be supp(rect;) = [—1/2,1/2] instead of [0, 7] for convenience. We first de-
fine the filter function H;(t) which preserves the energy of a k-Fourier-sparse signal * on [—1/2,1/2]
to the signal Hy - x* on [—o00, +00].

Definition C.1. Let s; = O(k*log?k), £ = Q(klogk/d) be a even number, and so = Cos1V/?!
for some constant Cy that will normalize H1(0) = 1. Recall that rects(t) = 1 iff |t| < s/2 and

rec/t_s(\f) = sinc(fs) = %}FL{S)

We define the filter function Hy(t) and its Fourier transform ﬁl(f) as follows:

H(f) = 50-(rectsl(f))*e-sinc(fSQ),

1 1
_ S(]'( )*f‘
751/2 51/2 71/52 1/52
Hi(t) = sq-(sinc(sit))* * rects, ()
1 1
= 0 s
—1/s1 1/s1 —52/2 52/2

where sq is a fized parameter s.t. Hi(0) = 1.

We provide some basic properties about our filter function. Notice that sinc(t) = % ( sinc(0)
is defined to be 1 ) has the following properties (shown in Figure 4):

1Vt eR,1— T2 <sine(t) < 1.

. t2
2. V[t| < 1.2/m,sinc(t) <1 - 5.
3. V|t| > 1.2/7, |sinc(t)| < -4

[t
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Figure 4: The Property of sinc(¢).

2

Claim C.2. [™, (sinc(s1t))’dt =

TS

81\f

Proof. We use the above properties for the sinc function to prove the upper bound:

+a2 1 [tie/x
(sinc(sit))’dt = — (sinc(t))*dt
_ 1.2 Sl 71.2/71_

TS]
9 8/¢ 1.2/m
=— / (sinc t)‘dt +/ (sinc(t))*dt
S1 0 8/t

12/7r
9 Z—i—l)\/i ) '
<. V8/+ Z —z%/8)"dx
1.2/7r_1
< 2|8/ 8/0.27 %
<. Ny z; V/8/
< 1

s1vVEl

We prove the lower bound:

o= 2) 8/¢ 1.2/7
/ (sinc(sit))’dt = — / (sinct)‘dt + / (sinc(t))‘dt
—12 51 0 8/¢

2 8/ 2t2
> = / )edt
S1 0
2
s1Vl
We bound the integration outside [7;—821, ﬂ—sl] from the last property of the sinc function.

Claim C.3. [{5°(sinc(s1t))‘dt = O(1.27Y).

TS,

From these two claims, we have the existence of sg.

Claim C.4. There exists a universal constant Cy and sg = Cos1Vl such that Hy(0) =1.
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Figure 5: The light red area represents f((11//22:22//8311))7t
represents f 11//22: 22//5311 -

so - sinc (s1(7))" dr and the light green area

s - sinc (s1(7)) dr.

from all discussion above. [

Proof. Because / is a large even number, [

: Cqp — _1
recty e, sinc(s1t)dt =

s1Ve

We show several useful properties about the Filter functions (Hy(t), I/{\l( ).
Lemma C.5. Given sg, s1, S9, ¥, where 372 + i <1/2 and sy = Cos1Vl for some constant Cy. The
filter function (Hy(t), Hi(f))[s0, s1, $2,£] has the following properties,

. S9 1
1 < == —.
]7 Zf‘ ‘— 2 31

sg 2m ¢
Ht)ell-— —o
en-2 7

1
Property II:  Hy(t) € [0,1], zf% —— < <
51

Property I:
1
2

- 1
Property II1:  Hy(t) < sos2 ((s1]t| — s1+2)* +1) ¢ VIt > 5

~ s1f s1f
Property IV : supp(H;(f)) C [—%, %]

Proof of Property I.  First, H;(0) = 1 follows by definition of s, then we can prove the upper
bound for H;(t) by showing for any ¢t > 0, H1(0) — Hy(t) > 0 always holds ,
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By definition of sinc function, we know that sinc(s;t)* reaches 0 at all the points {i —H%\z € N}

By definition of s1, we know that - < % -1

S1 s1°

For any t > 0,
Hy(0) — Ha(t)

= /so -sinc (s1(1))" - rect;_g/s, (0 — 7)d7 — /so -sinc (s (7)) - rect;_g/s, (t — 7)d7

1/2-2/s1 1/2—2/s1+t ,
= / 50 - sinc (s1(7))" dr — / sg - sinc (s1(7))" dr
(1/2-2/s1) —(1/2—-2/s1)+t

—(1/2-2/s1)+t 1/2-2/s1+t
= / S0 - sinc (31(7))5 dr — / S0 - sinc (81(7'))z dr

—(1/2-2/s1) 1/2—2/s1
> 0,

shown in Figure 5

where the last inequality follows by choosing s1 to be an integer. Thus, we prove an upper bound

for Hy(t). Third, we show the lower bound for H(t),

+oo
Hy(t) = / s - sinc(s17)* rects, (t — 7)dT

—0oQ
S
t+3 . y
= Sq - sinc(s17) " dT
t—52
2
t— 2

+o0 5
= 1- / s - sinc(sy7)“dr —/ s0 - sinc(sy7)fdr
t

52 —
+3 00

A B

Thus, as long as we can upper bound the term A and B, then we will have a lower bound for the

Hi (#), for any [t < § —

s1°

+oo
/ s - sinc(sy7)fdr
t

52
+2

“+o00
< / s - sinc(sy7) “dr
1
s1
“+o00
< / 50-(817TT)_€dT
1
5
o 1 _
_ S0 e 1
N S1 (ﬂ-) -1

Similarly, we can bound the term B in the same way.

Proof of Property II.

In the proof of Property I, we already show that V¢, Hy(t) < 1. Thus, the

upper bound of Property IT is also holding. The lower bound follows by both sinc(s1t)* and rect, (t)
are always nonnegative, thus the convolution of these two functions has to be nonnegative. O
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Proof of Property III.  Let’s prove the case when ¢ > 1, since Hi(?) is symmetric, then the case
t < —1 will also hold. By definition of (Hi(t), Hi(f)), we have

Hi(#) = so- / " dine(sy(t — 7)) recty, ()dr

sinc(sq (t — 7)) *dr

[
—

= §g- /_ sinc(sq (7 — t))*dr

N‘&,”

We’d like to choose a middle point 79, and then separated the interval into two parts, one is [, o]
and the other is [rg, %]. To choose a reasonable 7y, we need to use the following simple facts,

GREe o > 10
T
(Sin x))f < $2)f if 2 < 1.2
- —)ifz .
T - 8
Thus, |7s1 (70 —1t)| = 1.2, Wthh implies that 7'0 =t+ Tsl or 7, =t — 12 By relationship between
s1 and s2, we know 7, > 5 — ;—821 > % — % > %. Thus, we can use the case r < 1.2 to upper bound
the Hl( )
Hi(t)
< s9-89- max sine(sy (1 — t))*
=70 2 TE[—82/2,82/2] ( 1( ))
—$))2
S S0 * 82 max (1 — M)e
Te[_52/2,52/2] 8
S2 2
8
(s1m(ZF-))?
< sp-s2-(e” 3 ) byl—xz<e™®
< 5089 - (681t$2/2) )~ by 1 < 7%/8
< 50 82 (1+(81(t—82/2))) by 1 +z <e”
SSo-(l—F(Sl(t—SQ/Q)) ) by s1 < 1.
Thus, we complete the proof. O
*{

Proof of Property IV.  Because of the support of rects, (f) is s1, then the support of (rects, (f))

s1l. Since Hy(f) is defined to be the (rects, (f))* multiplied by sinc(fss), thus supp(Hi(f)) C
[_%Zv %é] 0

Definition C.6. Given any 0 < s3 < 1, 0 < & < 1, we define (H(t), H(f)) to be the filter function
(H1(t), H1(f)) by doing the following operations

o Setting £ = O(klog(k/9d)),
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e Setting so =1 — Sl

17

o Shrinking by a factor ss in time domain,

H(t) = Hi(t/s3) (29)
H(f) = ssHi(ssf) (30)

We call the “heavy cluster” around a frequency fo to be the support of oz, (f) * fAI(f) i the frequency

domain and use p
o~ S .
An = supp(H ()] = =~ (31)

to denote the width of the cluster.
We show several useful properties about the Filter functions (H(t), H(f ).

Lemma 6.6. Given so,s1,0 < s3 <1,0>1,0 <6 <1, where £ = ©(klog(k/d)). The filter function
(H(t),H(f)) has the following properties,

1 2
Property I:  H(t) € [1 —4,1], when |t| < (5 — —)ss.
S1
1 2 1
Property II:  H(t) € [0, 1], when (5 — —)sg < |t < 353
51
t 1
Property III:  H(t) < s - (31(U - 5) +2)75 vt > 353
53
~ 0 syt
Property IV : supp(H(f)) C [— ;;3, ;;3

For any exact k-Fourier-sparse signal x*(t), we shift the interval from [0,T] to [-1/2,1/2] and
consider x*(t) fort € [-1/2,1/2] to be our observation, which is also x*(t) - recty (t).

+oo +o0o
Property V : / ’x*(t) ~H(t) - (1-— rectl(t))‘zdt < 5/ |2 (¢) - rectl(t)lzdt.

+oo
|2*(t) - H(t) - recty (t)]*dt € [1 —¢,1] - / |2* () - recty (¢)]?dt.

— 00

+oo
Property VI : /
—00

for arbitrarily small constant .

The Property I, II, IIT and IV follow by filter function H(t), ﬁ(f) inheriting H; (t), ﬁ[l(f)
Proof of Property V. Vt ¢ [—1/2,1/2], we have,

2" (1) - H(t)[?

< | @) - [H ()
< |lz* ()2 - (s1(]t] — 1/2) +2)* by Property 111 of Hy(t)
+00 1
< kT (2kt)2Ok . / |z*(t) - recty (¢)|*dt - (sl(f‘ - 5) +2)7* by Lemma 5.5
—00 3
otkiogk) . [ win 21, (o ltl 1 —/2
<t |z*(t) - recty (t)]°dt (31(8 2) +2)7 = (32)
—00 3
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Given signal (Frequency domain)

0-06 T T T T T T T
— ()
0.04 o fz\*(f)
0.03F —  f=+£54/(2s3) [
0.02t |
0.01r i
0.00 il Vﬁv
_0.01 1 1 1 1 1 1 1
=40  -30 -20  -10 0 _ 10 20 30 40
Fourier transform (Time domain)
— H()
1.0f R !
0.8 — Ha (1) '
0.6k — t==405 |
t=40.5s,
0.4 — t==4(0.5-2/s,)s; [
0.2r 8
0.0 LN
_0'2_4 -3 -2 -1 0 1 2 3 4
Figure 6: ﬂ‘(f) and H - z*(t).
Thus taking the integral finishes the proof because ¢ 2 klog(k/J). O

Proof of Property VI.  First, because of for any t, |H;(t)| < 1, thus we prove the upper bound for
LHS,

+00 +o0
/ ]:L“*(t)-H(t)-rectl(t)|2dt§/ |z*(t) - 1 - recty (¢)|%dt.

—0Q0 —0o0

Second, as mentioned early, we need to prove the general case when s3 = 1 — 1/ poly(k). Define
interval S = [—s3(3— 1) 83(*—*)] by definition, S C [~1/2,1/2]. Then define S = [-1/2,1/2]\ S,
which is [-1/2, —s3(3 — L)) U (s3(3 51) 1/2]. By Property I, we have

S1
/|x t)|2dt > (1 /|x )|2dt (33)
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Then we can show

/ww%
S

<[8]-  max [z*(t)
te[—1/2,1/2]
2 (1.4 % * 2
<(1—-s3(1l——))-O(k )/ |z*(t)|°dt by Lemma 5.1
S1 _1
) 2
2 w2 . 1 ~r
S [l by min(g——,s1) 2 O (34)
—= — 93
2
Combining Equations (33) and (34) gives a lower bound for LHS,
+oo
/ |z*(t) - H(t) - recty (t)>dt
N LR
S
> (1 —20) / |z*(¢)|?dt by Equation (33)
S
> (1_25)/ \x*(t)\2dt—(1—25)/]a:*(t)]zdt
SuS S
> (1—25)/ et ()2dt - (1—25)6/ et by Equation (34)
SuUS SuS
1
> (1-26— 6)/21 2 (1) 2t
+oo i
>(1- 26)/ |z*(t) - recty () |2dt by € > §

O

Remark C.7. To match (H(t), H(f)) on [—1/2,1/2] with signal z(t) on [0,T), we will scale the
time domain from [—1/2,1/2] to [-T/2,T/2] and shift it to [0,T]. For example, the rectangle
function in Property V and VI will be replaced by rectp(t — T'/2). For the parameters sg, S1, 3,0,
in the definition of H, we always treat them as numbers. We assume T has seconds as unit and Ay,
has Hz as unit . For example, in time domain, the Property I becomes that given T > 0,

T 1 1
H(t 1-61if[t—=|<(=——)s3-T
(0 el-81 i lt— 1< (G- )ss
In frequency domain, the Property IV becomes
~ Ay A L
supp(H (f)) € [~ '], where Ay = s% (35)

Lemma C.8. Let H(t) denote the function defined in Definition C.6. For anyt € [—%, 4], there

exists an algorithm that takes O(s1 + £1og(s1) + log(1/€)) time to output a value H(t) such that

(1—€)H(t) < H(t) < (1+e)H(t).
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Given signal (Frequency domain)

0.06 ‘

0.05} — Hp |
— z°(f)

0.04¢ — T

0.03f —  f=Es510/(2s5) [

0.02f E

0.01f L E

0.00 V \[/\

00 =30 20 ~ -10 0 10 20 30 40

Fourier transform (Time domain)

— H@)
0.15f — z*(t) ]
0.10b — t=+0.5
S ANA ANARS

SRRV Valva
-0.10 -3 -2 -1 0 1 2 3 4
Fourier transform (Time domain)
‘ ‘ ‘ ‘ ‘ —
0.15F — z*(t) A

— Hea*(t)

0.101 — =405 ]

4 -3 =2 -1 0 1 2 3 4

Fourier transform (Time domain)
T T T T T — H(t)
0.15f — z°(t) H
— H-a*(t)
0.10f — t=+05[]

i NANA! ARYAR
AU A sl aY

-0.10 -2 -1 0 1 2

4

Figure 7: Property VI of filter function H(t), the light green area represents RHS(without scalar)
of Property VI of filter H, the light red area represents LHS of Property VI of filter H, the light
yellow area represents the difference. Property VI says the light yellow area is only a small constant
fraction of the light green area.
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Proof. We will show that using a low degree polynomial with sufficiently large degree is able to
approximate the sinc function. By definition of filter function,

+oo
H(t) = sp- / sinc(s17) " rects, (t — 7)dr

—00
t+32
. / Snar) e,
t_%z TS1T
s (t+572)ﬂ—81(%)£d7
TS1 J(t—22)7s; T
(t+2)ws1 [ ) 2i ¢
_ S0 ? Z(_l)z.Ti' dr by Taylor expansion
w51 - 2yes \ S (2i4+1)!

(t+32)7s1
- %0 ’ (A+ B)'dr
TS (t—%)ﬂ'81
where the last step follows by setting A = Z?:o(_l)iﬁv and B = Zfidﬂ(—l)i(z;ifl)!.
Denote It = (t+%)mws; and I~ = (t—%)ms;. Because of t € [—1/2,1/2], then max(|IT],|I7|) =
O(s1). The goal is to show that

2i
1

It It It

(1—@/L(A+BV&1;/_A%¢§(L+d/‘(A+B%h

Let’s prove an upper first,
It

/m+33ﬂh

I+

:/ (A+ B)'dr 4—]'51/1+ <j> (A+ BY'I(—BYdr

It ¢ I+ / ' ‘
g/ (A+B)ldr+) / <>M+BVNHHT
‘ - \J
J=1

I+ ¢ I+ / ' ‘
S/ (A—i—B)EdT—i—Z/ <_>|A—|—B|£_]d7'- max |BJ’
- = - \J Te[l~,IT]
It )
<[ asnrarse x| |5 by [H()] <1 and |BJ < |B|
- TEL,
I+
S/ (A+ B)fdr +¢-(s1)7°® by Claim C.9
I+
§G+d/ (A+B)‘dr by Claim C.10

where all the steps by setting d 2 s1+/¢log(s1)+log(1/€). Similarly, we can prove a lower bound. [

2%

Claim C.9. Let B(1) = L°j+1(—1)m, ifd > T4€log(s1)+log(1/€) then |B(1)| < e(1/51)00.
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Proof. We first show, for any i > d + 1,

21

T
(2i+ 1)!
7.21'
< , n < pl
= (20 + 1) /e)2it by e(n/e)” < n
<27 byiz T
< €(1/s1)°0 by i 2 (log(s1) + log(1/e)

Second, we can show that

too 2 72(d+1)

2. Vg S Gae T =

i=d+1
Thus, we complete the proof. O
Claim C.10. minye| 1919 [H(t)| > (1),
Proof. By the property of H(t),

min  H(t) = min H(t)
3s3<[t|<3 ltI<3

Thus, it suffices to prove a lower bound on H(t) for any ¢ such that 3s3 < |t| < 3. Because of

symmetric property, we only need to prove a lower bound for one side. Let’s consider ¢ € [%53, 1/2],

(t+2)rsy
H(ty > 20 [T ey,
Ts1 J(t—2)msy T
s2yie
S S0 (45 ms1 smT))ng
TS (H—s%)ﬂsl T
S0 S9 1 52 .y
> 20 22 Rl 22
e O((t+ 5 )s1) 5T o((t+ 5 )s1)

C.2 Analysis of filter function (G(t),G(f))

We construct (G(t), G(f)) in a similar way of (Hy(t), }/I\l(f)) by switching the time domain and the
frequency domain of (Hy(t), Hi(f)) and modify the parameters for the permutation hashing Py , .

Definition C.11. Given B > 1, § > 0, a > 0, we construct G(t),é(f) by doing the following
operations,

5=
B
® S1= o
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poly log(1/6)—

log?(1/6) —
log'®(1/68) —
log!(1/6) —----------"""""'"(@ ***************** ;Ah
log™(1/3) |—
R T A T
| | | | |
1—1/k*  1-1/k° k et = kS

Figure 8: Parameters for s, s3 and /.

Then G(t), G(f) becomes

G(t) = by

= bo- recti(t))*l smc(t—)

(
R ( (am) 2B
G(f) = b (sinc(sif))?! * rects, (f)
(

= bo- sinc(%f))'l *rect z (f).

where the scalar by = O(s1V/1) = O(BV1/a) satisfying G(O) =
Lemma 6.7. Given B> 1,8 >0, a > 0, we setl = Q(log(6/k)). The filter function (G(t), G(f))[B, 6, o, ]
satisfies the following properties,

~ 2

Property I:  G(f) € [1 —4d/k,1], zf|f| <1 —a)2B.

Property I1:  G(f) € [0, ]zf(lfoz) |f|_2B.

Property IIT:  G(f) € [-d/k,d/k], zf|f\ > 55

| -B 1 B
Property IV : Supp(G(t))C[Q T 2 7TOé]

Property V : mta,x|G(t)| < poly(B,1).

Proof. The first five Properties follows from Lemma 6.6 directly.

C.3 Parameters setting for filters

One-cluster Recovery. In one-cluster, we donot need filter function (G(t), G(f)). R
In section C.1, by Equation (34) in the proof of Property VI of filter function (H(t), H(f)), we
need min(1- - ,51) > O(k%).
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In section C.1, by Equation (32) in the proof of Property V of filter function (H (t), lfl(f))7 we
set £ 2 klog(k/d). R

Ay, is determined by the parameters of filter (H(t), H(f)) in Equation (35): Ap, = % in section
C.1. Combining the setting of sy, s3 £, we should set A, > O(k®log(1/6))/T.

k-cluster Recovery. Note that in the k-cluster recovery, we need to use filter function (G(t), G(f)).
We choose [ = log(k/d), a <1, B=<k,and D =1/a.
By proof of Property II of z in Lemma 7. 20 from section 7.6, we need T'(1 — s3) > o BI. By the

same reason in one-cluster recovery, 1 —sg < O(k:4) Combining T'(1 —s3) > oBl and 1 —s3 < O(k:4)

we obtain

o) > 0Bl (36)

Because in our algorithm, we will sample o from | BlAh7 BQAh]' Thus, plugging o = @(B—Ah) in
Equation (36) we have

T >L
O(k%) ~ Ay

which implies another lower bound for Ay,

Ap > O(kH1T
Combining the above bound with previous lower bound in one-cluster recovery, we get
Ay, > O(k*10g(1/9))/T + O(k° log(1/5)) /T = O(k* log(1/3)) /T

For s1 and ¢, we still choose the same setting as before, s; ~ O(k%) and ¢ =~ O(klog(k/5)).

C.4 Analysis of HASHTOBINS

In this section, we explain the correctness of Procedure HASHTOBINS in Algorithm 6. Before giving
the proof of that algorithm, we show how to connect CFT, DTFT and DFT.

Lemma C.12. For any signal W : R — C, let A:Z — C and B : [n] — C be defined as follows:

Ali] = W(i),Vi € Z and Bi ZAz+jn]Vz€[]
JEZ

Then we consider the Fourier transform on W, A, and B:

CFT W:R—C,
DTFT  A:[0,1 —C,
DFT : [n] — C.

)

We have:

Vfelo,1), A(f) ZWf+j Vi € [n], BJi] ZW i/n+ 7).

JEZ JEZL
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Proof. Recall that Combs(t) = > 7 0;s(t).
D WI(f+7):

JEZ

Ay = T emIwlj

JEZ

—+o00 L
— / TSI () - Comby (j)dj

[e.e]

— W - Comby(f)
= (W % Comby)(f)
= Y W+

JEZ

)
)

Next, we prove that Vi € [n], B[i] = A(i/n),

2mi

Blil = Y Blle™

= Y (S Al + ke

j=1 kezZ

First, we show A\(f) = > .

= Z S Alj + ke i+

j=1keZ

= DA™V = Ai/n)

JET

jez e?™9f A[j] equals to

by Alj] = W (j)
(37)
by DFT
by Blj] =) Alj + kn]
keZ
by ezTﬂ'ik” =1
by DTFT. (38)

Combining Equation (38) and Equation (37), we obtain that B[j] = A(j/n) = Y iz /W(j/n—l—z) for

all j € [n].

O

Claim C.13. Let u € CB and V € CBP such that for any j € B, ulj] = . V[j+ (i —1)B]. Then

~

uljl = V[iD],vj € [B].

i€[D]

Proof. We prove it through the definition of the Fourier transform:

ViD= 3 V[i]-ero 0P
i=1

B D ot . '
= > > V]i+kBles (TFB)

i=1 k=1
B D

27i

= > €5 Vit (k—1)B]
=1 k=1

B
27i

= DB 7l =l

=1
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by replacing i by i + kB

by €2k — 1

by definition of DFT on
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Figure 9: @((T]l))(f) where the top one is j = 0 and the bottom one is j = 1, A;; = [2(2n(i + %) -
x g x g 2m(1— gy, 2r(1—
55) 22+ §) + ), By = [ 2n(i+ §) - 2550, 22n(i + §) + Z55)]

We use Definition 6.1 and Lemma 6.2 to generalize Lemma C.12,

Corollary C.14. If for all j € [n], B[j] = > W ((j + in)o — oa), then Vj € [n],
1EL

= =7 . L ori(d4i)a
Blj| = = - — n .
=W (L +ije) 1o
1EL
If for all j € [n], Blj] = S W ((j + in)o — ca)e™ 2™+ then Vj € [n],
1EZ
Dl = (. . 1 —27i(L +i)a—2wicab
Blj] = = b|-— n .
7] éW((n%—z)/ajL ) e

Remark C.15 (Samples of HASHTOBINS). Procedure HASHTOBINS in Algorithm 6 takes BD
samples in x(t):
z(o(l—a)),z(0(2 = a)), -, z(c(BD - a)).
To analyze our algorithm, we use filter function (G(t), é(f)) and Comby,(t) = " d5;(t) to define
JEZ
the discretization of G.
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Definition C.16. Define the discretization of G(t) and G(f),
Gdis(t)
G(f) =

i | i
_x (- G-or = o 1 o 1 2

where |supp(G(t))| = B, D = L s=|supp(G(t))|/(BD) =1/(raD) = 1.

o’ o’

Definition 6.8. Yo > 0,b and j € [B]. Define,
ng(t) — éG(t/o_)e%rit(j/B—ob)/o

A7) _ Adis i_ . — A i_ _
Gou(f) = G®(5—of —ab) %G(H—B of —ob)

Lemma 6.9. Let u € CB be the result of HASHTOBINS under permutation P, ., and let j € [B].
Define

2=z H-GY)
50 "
z= (m-H)*G(gb.
Let vector @ € CP denote the B-dimensional DFT of u, then Vj € [B],
ulj] = zoa-

Proof. Recall B is the number of hash bins. B - D is the number of samples in time signal. Let
W(t) =z - H(t), define vector y € CBP then Vj € [BD], define

yli) = W(o(j — a))e*™"

Recall G(t) denote the rectg/a(t) -sinc(t/B), then |supp(G(t))| = %. Let vector G’ € CBP is
the discretization of G(t), where G'[i] = G(i). Then, Vj € [B],

uljl =Y V[j +iB]
i€[D]

where V[j] = y[j] - G'[j] and G'[5] is the value at the jth nonzero point of G4s(t). Applying Claim
C.13 with the definition of u[j] and V[j +iB], gives u[j] = V[jD],Vj € [B].

Because of u is the result of HASHTOBINS(z - H, P, 44, G) and |supp(G(t))| = BD(choosing
D =1l/a), then

uljl = > W(o(j +iB — a))e > PUHBIG(j + iB)
1€EZL

Then we define G”(t) = G(t/o + a)e 2mbo(t/o+a) and Y (t) = W(t) - G"(t), then immediately,

we have

G"(f) = oG(a(f —b))e>™f and Y (f) = W(f) * G"(f)
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Thus, we can rewrite u[j] in the following sense,
ulj]
= Y W(o(j+iB —a))e *™7?UHPIG(j +iB)
€L
= Y W(o(j+iB—a)G"(c(j +iB — a)) by G"(t) = G(t/o + a)e~2mibot/o+a)
€L

= ) Y(o(j +iB - a)) by Y () = W(t)-G"(t)

€L

1 gL

— Z Y (( _|_ i))o)- = - e 2mi(F+i)a by Corollary C.14
o

1€EZL

= 2 / R BT ) 2 emomti/mrings by Y(f) = W(f) = &"(f)

g
€L

+w . ~ ~ .
= > / W(s)-G(j/B+i—os—ab)-e >™=0ds by G"(f) = 0G(o(f — b))e* e/
1€EZ
+<>o
= ZG j/B+1i) — os — ob)e*™7% (s
-0 €7
too__ PO | . o ~
= W(s) - GH (L — 55 — ob)e 2735 by GU(f) = _G(f +1)
oo B ,
1€EZ
By definition C.16,
(A?(j;) = @dis(% —os—ob) = Z @(z + % —o0s—ob)
1EZ
By definition of z, we have
2(s) =z H(s) - OD(s) = W(s) - GD(s)
Then [j] is the (ac)™ inverse Fourier coefficients of Z, basically,
ulj] = zao = z(ao)

Thus, we can conclude first computing vector u € CB. Getting vector 2 € CB by using the Discrete
Fourier transform @ = DFT(u). This procedure allows us to sample from time domain to implicitly
access the time signal’s Fourier transform z. If z is one-cluster in frequency domain, then apply
one-cluster recovery algorithm.

O

D Acknowledgments

The authors would to like thank Aaron Sidford and David Woodruff for useful discussions.

E Algorithm

This section lists the pseudocode of our algorithms.
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Algorithm 3

1: procedure GETEMPIRICALIENERGY (2, T, A) — Claim 7.11
2 Rest — (TA)2

3 for i =1 — Rt do

4 Choose «; € [0, T] uniformly at random

5: Zemp ¢ Zemp + |2(c)|?

6 end for

7 Zemp </ Zemp/Rest

8 return zemp

9: end procedure

10: procedure GETLEGALISAMPLE(2, A, T, 3, Zemp) — Lemma 7.2
11: Rrepeat < (TA)Sa Sheavy — @

12: for i =1 — Rrcpear dO

13: Choose «; € [0,7T] uniformly at random

14: if |2(a;)| > 0.5 - Zemp then

15: Sheavy A Sheavy Ui

16: end if

17: end for

18: for i € Sheavy do

19: w(i) « |2(as) 2 + [2(a; + B)?
20: end for

21: « < «; with probability w(i)/ ZjGSheavy w(j) for i € Sheavy
22: return o
23: end procedure
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Algorithm 4

1: procedure LOCATE1ISIGNAL(z, T, F, A, Zemp) — Lemma 7.15
2 Set t = log(FT), t' =t/4, Dimax ~ logy (F'T), Rioc ~ logy /.(tc), LM =2F
3 for i € [Dyax) do

4 1= 2F/(t) A, s~ ¢, B = £

5: if 3> T/(TA)3/? then

6 break

7 else

8 L% « LOCATEIINNER(z, A, T, B, Zemp, L)

9 end if

10: end for

11: return L)

12: end procedure N _
13: procedure LOCATELINNER(2, A, T, B, Zemp, L)
14: Let vg - 0 for g € [t]

15: while r=1— ka/\do

16: Choose 3 € [%ﬂ, B] uniformly at random

17: v <= GETLEGALISAMPLE(z, A, T, B, Zemp)

18: for i € [m] do N

19: 51 € [B(E — AlJ2), B(E + A2 N2, 0 = 55(0( (1) /2y + B) + 2751
20: Let 0; belong to region(q)

21: Then add a vote to region(q) and its two neighbors, i.e., region(¢—1) and region(g+1)
22: end for

23: end while

24: q; < {qlvg > %

25: return L « center of region(q;)

26: end procedure
27: procedure FREQUENCYRECOVERY1CLUSTER(z, T, F, A) — Theorem 7.5

28: Zemp < GETEMPIRICALIENERGY (2,7, A)
29: forr=1— O(k) do
30: L, < LOCATEISIGNAL(z, T, F, A, Zemp)
31: end for
32: return L* <+ median L,

re[O(k)]

33: end procedure
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Algorithm 5 Main algorithm for one-cluster recovery

1: procedure CFT1CULSTER(x, H, T, F') — Theorem 8.1
2 fo + FREQUENCYRECOVERY1CLUSTER(z, H, T, F)
3 T < SIGNALRECOVERY1CLUSTER(fo, poly(k)Ap)

4 return T

5: end procedure
6
7
8

: procedure GENERATEINTERVALS(d)
n < yo < i+ 0, m <+ O(d)
while y; <1 — % do

1—y?
9: Yir1 < Yi + Y0 Ly [Yis Yia)s Tnge < [=¥it1, — il
10: 11+ 1l,n—n+2
11: end while
12: InJr]_ — [yi,].],[n+2 — [—yi,—l], n<<n-+2
13: return n,

14: end procedure
15: procedure ROBUSTPOLYNOMIALLEARNING(z,d,T') — Theorem 1.2

16: (n,I) <~ GENERATEINTERVALS(d)

17: for j=1—>ndo

18: Wj ‘[j|/2

19: Choose t; from I; uniformly at random
20: zj (T - thH)

21: end for

22: EN — t;, for each (j,7) € [n] x {0,1,--- ,d}
23: o < LINEARREGRESSIONW (A, b = 2, w)

24: Q(t) — Z?:o Oziti

25: return Q(t) = Q(T - )

26: end procedure

27: procedure ROBUSTPOLYNOMIALLEARNING™ (z,d,T) — Theorem 4.5 — a.k.a. SIGNALRE-

COVERY1CLUSTER
28: R+ O(d)
29: (n,I) <~ GENERATEINTERVALS(d)

30: wj < |I;|/2, for each j € [n]
31: fort=1— Rdo

32: Qi < ROBUSTPOLYNOMIALLEARNING(z,d,T)

33: end for

34: Choose t; from I; uniformly at random, for each j € [n]

35: fori=1— R do

36: Qi(t1),Qi(t2), -+ ,Qi(tn) < MULTIPOINTEVALUATION(Q;, {t1,t2, - ,tn})
37: end for

38: éj — mieéc[l]i%z]m Qi(tj), for each j € [n]

39: ZN — té», for each (j,7) € [n] x {0,1,--- ,d}

40: 4+ LINEARREGRESSIONW(E,Z = @, w)

41: return Q(t) + Z?:o a;t!

42: end procedure
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Algorithm 6

1: procedure LOCATEKSIGNAL(z, H,G, T, A, 0,b, Zemp) — Clain 7.27
2. Set t ~log(FT), t' = t/4, Dimax ~ logu(FT), Rige = logy (tc), L) = 2F
3 for i € [Dpax) do

4 Al =2F/(t'y ! s~e¢, B = SN

5: if 08 > T/(TA)3? then

6 break

7 else

8 L « LocATEKINNER(z, H, G, T, A, 0, b, zemp3, U, L(~1)
9 end if

10: end for

11: return L)

12: end procedure N

13: procedure LOCATEKINNER(z, H,G, T, A, 0,b, Zemp3, U, E)
14: Let vjq + 0 for (j,q) € [B] x [t]

15: for r =1 — Rj,. do

16: Choose 3 € [%B, B] uniformly at random

17: u, 0 < GETLEGALKSAMPLE(z, H,G,T, A, 0,3, Zemp)

18: for j € [B] do

19: for i € [m] do R N N

20: 0ji = 2rep(@(@lj]/u[j]) + 2msi), si € [08(L; — Al/2),08(L; + Al/2)] N Z.

21: fj,i = 0]‘71‘ +b (mod F)

29: suppose f;; belongs to region(j, q),

23: add a vote to both region(j,q) and two neighbors nearby that region, e.g.
region(j,q — 1) and region(j,q + 1)

24: end for

25: end for

26: end for
27: for j € [B] do

ROC
28: qj < {alvjq > =% I
29: Lj + center of region(j,q;)
30: end for
31: return L

32: end procedure

33: procedure HASHTOBINS(z, H, G, Py q3) — Lemma 6.9
34: Compute ulj] = > ,cpv[j +iB]

35: u <+ FFT(u)

36: return u

37: end procedure
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Algorithm 7

1:
2
3
4
5:
6
7
8
9

10:

11:
12:
13:
14:

Rest +— (TA)Z
for i =1 — Rt do
Choose « € [0, 7T uniformly at random
u < HAsHTOBINS(z, H, G, Py o p)
for j=1— B do
Zémp — Z(jgmp + ’iL\JP
end for
end for
for j=1— B do
ngp ALY, Zémp/Rest
end for
return Zemp.

end procedure

procedure GETEMPIRICALKENERGY (2, H,G, T, A, 0,b) — Claim 7.26

15: procedure GETLEGALKSAMPLE(z, H, G, T, A, 3, zZemp) — Lemma 7.25

16:
17:
18:
19:
20:
21:
22:
23:

24:
25:
26:
27:
28:
29:

30:
31:
32:
33:
34:
35:

Ryepeat = (TA)3.
Sheavy © 0,Vj € [B]
for i =1 — Rrcpear dO
Choose « € [0, 7] uniformly at random
u' < HASHTOBINS(z, H, G, Py o p)
4" < HASHTOBINS(z, H, G, Py o1 5)
for j=1— Bdo
if |17;] > 0.5 2lmp then
Sheavy,j = Sﬂeavy Ui
end if
end for
end for
for j=1— B do

for i€ Sfleavy do

w(i)  [@5)? + [a)]?
end for
(vV7,}) « (uj,u;) with probability w(i)/ > . ¢
end for
return 0,0 € CB

end procedure

36: procedure ONESTAGE(z, H,G,0,b) — Lemma 7.22

37:
38:

Zemp < GETEMPIRICALKENERGY (2, H,G,T, A, 0,b)
L < LoCATEKSIGNAL(z, H, G, T, A, 0, b, Zemp)

39: end procedure

heavy

w(i') for i € S}{

eavy
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Algorithm 8 Main algorithm for k-cluster recovery

1: procedure CFTKCLUSTER(z, H, G, T, F')

2 {f1,---, fi} + FREQUENCYRECOVERYKCLUSTER(z, H,G, T, F)

3 T + SIGNALRECOVERYKCLUSTER™ (f1,- -+, fi, A = poly(k, log(1/4))/T,T)
4 return T as our hypothesis

5. end procedure

6: procedure FREQUENCYRECOVERYKCLUSTER(x, H, G) — Theorem 2.6

7 for r € [R] do

8 Choose 0 € [BAh’ BAr, | uniformly at random

9

: Choose b € |0, %] uniformly at random
10: L, < ONESTAGE(zx, H,G,0,b)

11: end for

12: L* < MERGEDSTAGES(L1, Lo, -+ ,LR)

13: end procedure

14: procedure SIGNALRECOVERYKCLUSTER(ﬁ, e ,fl,A,T)
15: d < 5n((AT)'S + k3 logk + klog1/6)

16: m  O((kd)®® -10g®? d) for a constant C3 =5

17: for j=1—mdo

18: Sample ¢; from [0, 7] uniformly at random

19: A],Zl Itiy t - e2mifials for each (i1,32) € {0,--- ,d} x [I]
20: bj « x(t)

21: end for .

22: « < LINEARREGRESSION(A, b)

23: return z(t) < Y. Zl: Qi gripth - e2mifist

i1=0iz=1
24: end procedure B _
25: procedure SIGNALRECOVERYKCLUSTER™ (f1,- -, fi, A, T) — Theorem 9.1
26: R+ O(k)
27: d < 5m((AT)'S + k3 log k + klog 1/6)
28: m  O((kd)®® -10g®? d) for a constant C3 =5
29: fori=1— Rdo

30: %i(t) + SIGNALRECOVERYKCLUSTER(f1, - , fi, A, T)
31: end for
32: for j=1—mdo
33: Sample ¢; from [0, 7] uniformly at random
34: A] il t“ - e2mifisti for each (i1,12) € {0,--- ,d} x [[]
35: b < medi i(t

mefion (1)

36: end for B
37: a < LINEARREGRESSION(A, b)

! 4 ~
38: return Z(t) « 3. 3 @i, pipt™ - €2 il

i1=0ig=1
39: end procedure
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