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Abstract

We provide finite sample guarantees for the classical Chow-Liu algorithm (IEEE Trans. Inform. The-
ory, 1968) to learn a tree-structured graphical model of a distribution. For a distribution P on ¥™ and a
tree T on n nodes, we say T is an e-approximate tree for P if there is a T-structured distribution @ such
that D(P || Q) is at most € more than the best possible tree-structured distribution for P. We show that
if P itself is tree-structured, then the Chow-Liu algorithm with the plug-in estimator for mutual informa-
tion with 6(|E|3ne_1) i.i.d. samples outputs an e-approximate tree for P with constant probability. In
contrast, for a general P (which may not be tree-structured), Q(n2572) samples are necessary to find an
e-approximate tree. Our upper bound is based on a new conditional independence tester that addresses
an open problem posed by Canonne, Diakonikolas, Kane, and Stewart (STOC, 2018): we prove that for
three random variables X,Y, Z each over ¥, testing if I(X;Y | Z) is 0 or > ¢ is possible with O(|S|?/e)
samples. Finally, we show that for a specific tree T', with 5(|E|2n571) samples from a distribution P
over X", one can efficiently learn the closest T-structured distribution in KL divergence by applying the
add-1 estimator at each node.



1 Introduction

Probabilistic graphical models form a highly effective framework for encoding high-dimensional distributions.
Graphical models yield human-interpretable representation of data as they explicitly describe the statistical
dependencies among different features. From a computational standpoint, the graphical representation
enables efficient algorithms for inference, e.g., message passing, loopy belief propagation, and other variational
inference methods [KFLO1]. Graphical models have found extensive applications in many domains, such as
image processing, natural language processing and computational biology; see [Lau96, KF09, WJ08] and the
references therein for examples.

A fundamental question in this area is to learn graphical models from independently drawn samples.
In this paper, we focus on the basic problem of learning tree-structured distributions. Given a tree T on n
nodes, fix an arbitrary root and orient it outwards. A distribution P over variables X1,..., X, is said to be
T-structured iff for every non-root vertex i:

Xi = fi(Xpa@), Us)

where pa(i) is the parent of ¢ in the oriented tree, U; is an independent random variable, and f; is a
(deterministic) function. A distribution is tree-structured if it is T-rooted for some tree T. Equivalently, a
tree-structured distribution is a Markov random field where the underlying undirected graph is a tree.

In a seminal work [CL68], Chow and Liu observed that the tree-structured distribution maximizing the
likelihood of the observed samples can be obtained by solving a maximum weight spanning tree problem.
In particular, their algorithm assigns a weight equal to the empirical mutual information between each pair
of variables and finds a maximum weight spanning tree in this weighted graph. The resulting tree can
be oriented from an arbitrary root, so as to assign a parent pa(i) for all non-root vertices i. Finally, the
conditional probability distributions X; | X.(;) can be learned from the data.

Chow and Wagner [CW73] showed that the Chow-Liu algorithm consistently recovers structure, meaning
that if the samples are generated by a T-structured distribution for a tree T', then it recovers T with
probability approaching 1 as the number of samples tends to infinity. More recent works [TATW11, TTZ20]
have used large-deviation theory to study the error exponent Kp of T-structured distributions P, where:

. 1 =
Kp = ngnoo—ﬁlogPr[T #T).

Here, T is the tree output by the Chow-Liu algorithm from N samples. The bounds they obtain depend on
the distribution structure, since it may be very hard to distinguish 7" from an alternative tree that is almost
as good, and this dependence is only explicit in the special case of homogenous binary distributions.

In this work, we take a different viewpoint that is in the spirit of distribution learning and probabilistically
approximately correct (PAC) analysis [Val84, KSS94, KS94]. Instead of trying to exactly recover the structure
of a tree-structured distribution P, we consider the objective of learning a tree-structured distribution QQ that
is close to P. For many downstream tasks, most notably statistical inference, it is fine to not recover the
exact structure as long as one can approximate probabilities of relevant events using the learned distribution.
Also, this viewpoint allows us to analyze Chow-Liu for non-tree structured distributions P, by comparing
how far P is from the output of Chow-Liu and how far from the closest tree-structured distribution.

More formally, for a distribution P over ¥™ and a tree T' on n vertices, let:

Pr:= argmin D(P | Q)
T-structured
distribution @

where D(- || -) denotes the KL-divergence. We say that a tree T is an e-approzimate tree for P if:
) < 1 .
D(P || Pg) < min D(P || Pr)+e

The KL divergence, although not a metric, is a useful notion of distance to consider in this setting. Firstly,
with infinite samples, Chow-Liu’s output maximizes the likelihood of generating samples from P and hence,
minimizes D(P || -). Secondly, via Pinsker’s inequality, bounding the KL divergence by ¢ implies a v/2¢
bound on total variation distance which may be more directly useful.



1.1 Owur Contributions

We study the number of samples required by Chow-Liu to output an e-approximate tree with a fixed error
probability. We first observe that for any distribution P, it can be guaranteed that the output of Chow-Liu
is e-approximate if each mutual information estimate is an additive &~ estimate. Known bounds for the
plug-in entropy estimator imply the following sample complexity.

~ 2
Lemma 1.1. The Chow-Liu algorithm when run on O (@ + Z—j log% samples from a distribution P on
3" outputs an e-approrimate tree T with probability at least 1 — 8. Moreover, the dependence of the sample

complezity on n and € are tight up to logarithmic factors.

We show that the quadratic dependence on n and ¢ is unfortunately necessary for general distributions P.
However, in the “realizable” setting where P is actually tree-structured, we show that the sample complexity
can be improved to near-linear:

~ 3
Theorem 1.2. The Chow-Liu algorithm when run on O(@ log%) samples from a tree-structured distri-
bution P on X™ outputs an e-approzimate tree T with probability at least 1 — 6. Moreover, the dependence

onn and € are tight up to logarithmic factors.

Hence, for example, for tree-structured Ising models (where ¥ = {£1}), there is a provable near-quadratic
gap in the sample complexity for realizable versus non-realizable input distributions. Note that with O(n/¢)
samples, we do not get accurate estimates of the mutual information edge weights. However, as we explain in
Section 2, the errors for the edge weights are not independent; in fact, the errors are correlated in such a way
that Chow-Liu still recovers an approximate tree! We note that our Q(n/e)-sample complexity lower bound
is specifically for recovering the structure of the unknown tree. Daskalakis, Dikkala, and Kamath [DDK19]
have shown the same lower bound for learning the distribution, but learning the tree might have been easier.

Our main tool for proving Theorem 1.2 is a result on testing conditional independence using the plug-in
conditional mutual information estimator. We show that O(|X|3/e) samples suffice to distinguish I(X;Y |
Z) =0 from I(X;Y | Z) > ¢ with constant probability. In more detail:

Theorem 1.3 (Conditional Mutual Information Tester). Let (X,Y,Z) be three random variables over ¥,
and (X,Y,Z) be the empirical distribution over a size N sample of (X,Y,Z). There exists a universal
constant 0 < C < 1 so that for any

|z 1z log IEllog(1/5)) ’
) €

3
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the following results hold with probability 1 — 6:
1 IfFI(X;Y | Z2) =0, then I(X;Y | Z) <.
2. IfI(X;Y | Z) > ¢, then (X;Y | 2) > C-I(X;Y | 2).

We also get a similar result for unconditional mutual information testing (testing if I(X;Y) = 0 or
I(X;Y) > ¢) with a |X| factor smaller N. Conditional independence testing has previously been studied
in [CDKS18], which gave optimal bounds for testing whether (X,Y, Z) is conditionally independent or e-far
from independent in total variation distance. Developing a (conditional) independence tester with respect to
mutual information with 0(6%) sample complexity was posed as an open problem in [CDKS18]; Theorem 1.3
resolves this with optimal ¢ dependence. Moreover, the test statistic used by Theorem 1.3 is simply the
empirical mutual information, which is key for our application to Chow-Liu.

Theorem 1.2 describes how Chow-Liu finds a good tree T. Our final result shows how to estimate the
nearest T-structured distribution for fixed T'. As above, the spirit of our approach is to make the algorithms as
simple as possible (moving possible complications to the analysis). For the fixed-structure learning problem,
the most natural approach is to empirically estimate X; | Xpa(i) = x for each non-root node i and for each
setting x of the parent of 7. However, for KL. divergence, the empirical estimator is known to not work; so,
we move to the next most natural estimator: Laplace’s add-1 estimator [Lap95].



Theorem 1.4. Let P be a discrete distribution over X™. Let T be a tree on n vertices, and @Q be a T-structured
distribution with conditional probabilities at each node estimated using the empirical add-1 estimator on

2
N=0 nl| log ni| log ni| log}
€ ) 0

3

samples from P. Then
D(P || Q)= D(P| Pr)<e

with probability 1 —§.

_ The result actually holds for arbitrary Bayes net models, not just trees. The sample complexity becomes
O(n|X|?*1 /e) for Bayes nets with in-degree at most d. To the best of our knowledge, this is the first efficient
algorithm with this guarantee. Combining Theorem 1.4 with Theorem 1.2 shows that, for any tree-structured
distribution P, after O(|X|?>n/e) samples, we can properly learn a tree-structured distribution @ satisfying
D(P || Q) < ¢ (and hence |P — Q||rv < v2¢).

1.2 Related Work

Learning a multivariate distribution from samples is an important problem in machine learning and statistics
with many applications. The problem is provably intractable for general high-dimensional multivariate distri-
butions (e.g., [KOPS15]). Thus, structural assumptions need to be made for designing efficient and practical
learning algorithms for high-dimensional distributions. Graphical models including Bayesian networks and
Markov Random Fields (MRFs) are widely popular natural classes of structured distributions. In this setup,
the learning problem naturally decomposes into two subproblems: structure learning and parameter learning.

For structure learning, the goal is to output the best structure (eg: a Bayes net that maximizes the
likelihood of the data), given independent samples. Unfortunately, in general for both Bayes nets and
MRFs, finding the best structure is known to be NP-hard [Chi95, DL97, KS01, Mee01]. In this context,
Chow-Liu algorithm remains one of the few efficient structure learning algorithms that does not require any
additional assumptions. Since its publication, researchers have continued to look into analyzing properties of
this algorithm [CW73, Mei99, TATW11, TTZ20] and generalizing it to other classes of graphs, e.g., polytrees
[Das13], bounded treewidth graphs [Sre03, NB04], and mixtures of trees [MJ00, AHHK12]. Most of these
works focus on establishing conditions guaranteeing that the algorithm recovers the ezact tree structure in
the limit that the number of samples tends to infinity. Also, for general graph-structured Ising and Markov
random fields, several algorithms [BMS13, WSN13, Brel5, KM17, WSD19, Goe20] have been proposed that
recover the graphical structure under various distributional assumptions.

As mentioned in the introduction, a common motivation for structure learning is to subsequently use
the structure for inference algorithms. For such applications, instead of recovering the exact structure, it
is more relevant to recover a model that approximates the original distribution statistically and on which
inference can be performed efficiently. For example, Wainwright [Wai06] discusses situations in which it
is computationally beneficial to use inconsistent learning algorithms (even in the infinite sample limit) to
feed into approximate inference algorithms. Trees play an important role for inference algorithms, since the
commonly used sum-product algorithm assumes tree structure, and other more general inference algorithms
(like the junction tree algorithm and various approximate inference techniques) rely on tree-like structure.
This is what motivates the notion of learning e-approximate trees considered in this paper.

The problem of learning e-approximate graphical models has a long history. Hoffgen [H6f93] proved*
Lemma 1.1 for distributions on {0,1}". There have been several other works which provide PAC-learning
guarantees for generalizations of trees: bounded tree-width junction trees [NB04, CGO8], factor graphs
[AKNOG6], and forest-structured MRF’s [LXGT11]. While we consider the KL divergence between the true
distribution and the output of Chow-Liu, Bresler and Karzand [BK20] recently studied the same question
with respect to maximum total variation distance between pairwise marginals. Their work is restricted to
Ising models, and their sample complexity depends on bounds on distributional parameters (edge weights)
while ours do not. In another recent work, Brustle, Cai and Daskalakis [BCD20] (generalizing the results in

*Hoffgen’s result is slightly different in that he doesn’t use the plug-in estimator for mutual information.



[DMR20]) get bounds on the sample complexity of learning e-approximate’ MRF’s with bounded hyper-edges
and Bayesian networks with bounded in-degree, but they do not get efficient algorithms for these problems.

The main technical component of our analysis of the Chow-Liu algorithm is a new conditional indepen-
dence tester which falls in the framework of distribution property testing [GR11, BEFT01]. We refer the
reader to the surveys [Canl5, Rub12] and the textbook [Goll7] and references therein for more details and
results in this rapidly progressing field. Testing independence of two or more random variables has received
some attention in distribution testing [BFF*01, ADK15, CDKS18]. The simplest formulation of the prob-
lem is the following: Given samples from an unknown joint distribution on variables (X,Y): decide with
probability > 2/3 whether X and Y are independent or they are e far (under some distance measure) from
the product distribution X x Y. Recently, [CDKS18] considered the problem of conditional independence
testing. In particular, given samples from an unknown discrete random variable (X,Y,Z), the [CDKS18]
tester can distinguish the case that X and Y are conditionally independent given Z from the case that
(X,Y,Z) is e-far in TV distance from every distribution that has this property. The key difference in our
setting is that our alternative case is that I(X;Y | Z) > &; Theorem A.1 of [CDKS18] gives an O(1/e2)
bound for our setting, but notes that O(%log 1) is plausible. This is precisely what we obtain (though our
dependence on the domain size is worse than [CDKS18] and presumably suboptimal).

The parameter learning problem (i.e., learning the distribution with given structure) is also well-studied.
Dasgupta [Das97] showed an O(n22%log(1/6)/e2) for learning an e-approximate Bayes net on n boolean
variables with in-degree at most d. We improve the dependence on n and e~! to linear. For the realizable
setting?, [BGMV20] also obtained the same improvement but for constant error probability 6. The key to
obtaining our log(1/4) dependence is a PAC analysis of the add-1 estimator, which is new to the best of our
knowledge. [KOPS15] analyze the expected risk, which does not directly imply a high-probability bound.

Finally, we note that while our work focuses on learning tree structured distributions, recent works
[DDK19, CDKS20, DP17, BGMV20] have investigated testing problems for more general classes of high-

dimensional distributions.

Concurrent Work. During preparation of this paper, a concurrent work by Daskalakis and Pan [DP20]
was posted online. The headline result—that Chow-Liu learns tree-structured distributions with near-linear
number of samples—is the same. The techniques employed there are quite different and more involved,
with [DP20] working in squared Hellinger distance rather than KL and not involving the connection to
conditional independence testing (Theorem 1.3). The details of the theorem are also somewhat different,
most notably in that our result uses a logn factor more samples while [DP20] only works for a binary
alphabet .

2 Proof Overview

For the purposes of this proof overview, we consider a constant size alphabet X.

2.1 Finding an Approximate Tree

For any distribution P and a tree T, it is known that Pr is simply the distribution that matches the marginals
of P on each edge of T. The Chow-Liu algorithm [CL68] is based on the following observation:

D(P | Pr)=Jp—wtp(T) (2.1)

where Jp =Y H(P,) — H(P) is independent of T' (P, is the marginal on variable v), and

wtp(T) = Y I(X;Y)

(X,Y)eT

is the weight of T" in the complete graph weighted by pairwise mutual information. Therefore D(P || Pr) is
minimized when 7' is the maximum weight spanning tree T of this weighted complete graph.

TIn total variation distance rather than KL
}[CDKS20] also claimed this result (for TV distance) in an appendix, but the analysis there appears to incomplete [Can20].



Px=y = % Py—z = % +0(e)
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Px=z = 3

(a) Hard instance for non-realizable setting. X,Y, and Z
are individually uniform on {0,1}, and pairwise match
with probability ~ 2. Any e-optimal tree will include
edge YZ if py—z = 240(e) and not if py =z = 3 —O(e);
determining which takes Q(1/e?) samples.

px=y =1—0(e) py—z =3+ O(e)

-3
Px=z =3

(b) A similar example in the realizable setting fails: if P
is actually X-Y-Z-structured, and py=z,px=z are as on
the left, then px—y must be 1 — O(e). This means that
I(Y; Z) is highly correlated with 1(X;Z), so I(Y; Z) —
I(X;Z) is e-accurate with only O(1/¢) samples.

Figure 1: The Q(1/£?) bound in the non-realizable setting, and its inapplicability to the realizable setting.

The main question is how many samples are necessary for the maximum-weight spanning tree of the
empirical distribution P to have nearly-optimal weight under the true distribution P. That is, for Chow-Liu
to recover a T' with D(P || P3) < D(P || Pr+) + ¢, it is necessary and sufficient that

T = arg max wt5(T)
satisfies

wip(T) > wtp(T*) — (2.2)

The non-realizable setting. The simplest approach to achieving (2.2) would be to ensure that [I(X;Y)—

I(X;Y)| < 5 for all vertex pairs (X,Y). This guarantees for every 7" that [wt5(T") —wtp(T)| < |T|5; < €/2,
which gives (2.2). Estimating mutual information to within 5 is possible with O(n2/<2) samples, with high
probability. A union bound over all vertex pairs then gives the Lemma 1.1 upper bound. We also show
that this bound is tight. Estimating I(X;Y) to 4e really does require 1/¢? samples (for example, if X
is uniform on {0,1} and Pr[Y = X] =p = %, then estimating I(X;Y) = 1 — h(p) requires estimating p
to within +0(g)). We can translate this hardness into a 2(1/£?) lower bound for a (non-tree-structured)
three-variable P [see Figure 1a]; and by concatenating 2(n) of these instances together, we get an Q(n?/e?)
lower bound.

The realizable setting. Fortunately, we can do much better in the realizable setting, where P is actually
T*-structured for some tree T*. We show that the errors in estimating mutual information are correlated, as
illustrated in Figure 1b, so that the difference between mutual informations will be estimated more accurately
than the mutual information itself.

As an example, consider the three variable case, where the true T* is X-Y-Z and we want to ensure the
algorithm does not pick edge X Z over YZ. We use the identity:

IYV:2) - I(X;:2)=1(Y;Z | X) - I(X;Z | Y).

In order for picking X Z over Y Z to be e-bad, the left hand side must be at least €. On the other hand,
because P is X-Y-Z-structured, I(X;Z |Y) =0, and hence I(Y;Z | X) > ¢.
Chow-Liu looks at the empirical mutual information, which has the same identity:
IY:2)-I(X;2)=1(Y;Z | X)-I(X; Z | Y). (2.3)
In order for Chow-Liu to return the wrong tree by picking XZ over YZ, this must be negative. For this
to happen, either I(X Z | Y) > ¢/10 or I(Y Z | X) < e/10. This is, effectlvely, a question about con-
ditional independence testing—after how many samples can we distinguish the conditionally independent
distribution (X, Z | Y) from the e-far from conditionally independent distribution (Y, Z | X)? Our Theo-
rem 1.3 (discussed in the next section) shows that O(1/¢) samples suffice for the empirical conditional mutual

information to distinguish these cases, so that (2.3) will be positive.



For the general n-variable case, consider the tree T returned by Chow-Liu. We can pair up the edges in
T \ T* with those from T™* \T such that each edge WZ in T \ T is matched to an edge XY € T* \T along
the W ~» Z path in T*. We then use the more complicated identity

I(X;Y)—IW; 2) = I(X;Y) = I(X; 2) + I(X; Z) — I(W; Z)
=I(X;Y | 2)—I(X;Z|YV)+1(Z; X |W) = I(Z; W | X).

As in the three-variable case, the negative terms in this RHS are zero, and (if picking WZ over XY is
g/n-bad) at least one of the positive terms is at least €/(2n). If this is the case, then again Theorem 1.3

means that the empirical estimates of these terms, after 6(11/5) samples, will be sufficiently accurate that
I(X;Y)—I(W;Z) > 0, and hence Chow-Liu will choose XY over WZ. As a result, with O(n/e) samples,
the tree T recovered by Chow-Liu will satisfy (2.2), giving Theorem 1.2.

2.2 Conditional Independence Testing

Independence Testing. To build up to conditional independence testing with respect to mutual informa-
tion, consider unconditional independence testing: given samples (X,Y) ~ Pxy, determine whether I(X;Y)
is 0 or > . We would like to show that, with O(% log %) samples, the empirical mutual information I()A(; }A/)
will distinguish between these two cases. [Note that Q(% log %) samples are necessary even in the binary
setting: if X =Y always, but Pr[X = 1] is either 0 or £/log(1/¢), the mutual information is either 0 or
O(e), but the first (1 log 1) samples will probably all be zero in either case.]

For intuition, consider the binary setting. Let p, = Pr[X =1|Y =y], and p = Pr[X = 1] = E,[p,], so

I(X:Y) = H(X) = H(X |Y) = h(p) = E [h(py)]

for the binary entropy function h. Now, estimating either h(p) or the h(p,) to e would require 1/£?
samples: if p ~ %, we would need |p — p| < € to estimate the individual entropies accurately. But if
we expand h(py) in a Taylor expansion around p = E,[p,], the constant and linear terms cancel leaving
I(X;Y) ~ $h(p)Eyl(py — p)?]. So distinguishing I(X;Y) = 0 from I(X;Y) > ¢ involves distinguishing
between E[(py — p)?] = 0 and E[(py — p)?] = &/h”(p). Up to a log factor coming from h”(p), at least if the
distribution of y is fairly balanced, this means it suffices to estimate each p, to within +4/¢/10, which takes
O(1/¢) samples.

More formally and more generally, by expressing mutual information as KL and removing each entry in
the sum’s linear dependence on A,y := P,y — P, P,, we can write

IX;Y) = D(Pxy | PxPr) = Y f(Auy, P.P) (2.4)

z,y€exn?

f(a,b) =0 (min (‘f la| log (2 + ‘Z'))) .

We then apply Chernoff bounds to show that every individual entry of the sum (2.4) concentrates: in
the completeness case (Lemma 4.5), for any z,y,

for some function f satisfying

log N log(1/0)

JBay, PaP)) 2 f(Day, PoPy) = ———

with probability 1 — 4, and in the soundness case (Lemma 4.7)

F(Bay. PP < 10gN1]C\)7g(1/5)

Taking a union bound over X and Y, and plugging this into the sum (2.4), gives the desired tester: as long as

N zlog(E/é)
log N Z %

, the empirical mutual information will distinguish between I(X;Y) > ¢ and I(X;Y) = 0.



The proofs of Lemma 4.5 and Lemma 4.7 are somewhat technical, but straightforward. We give intuition
for the soundness case and constant probability We use the two branches of f depending on whether
P,, = P, P, is large or small. If P,, < 1/N, then we will typically have ALy <P, S1/N, so

log N

f(ﬁzyvﬁrﬁy) S 3:JL’legN S N

On the other hand, if P,, > 1/N, then typically P, = O(P,), ﬁy = O(P,), and (we show) \£$y| <

/P, P,/N. Hence

S S |
f(A:ry7 Pwa) 5 [agEaN 5 N
-y
Conditional independence testing. By definition,
I(X;Y | Z) = ZPr I(X;Y | Z =2).

Given N samples of (X,Y, Z), we expect about N Pr[Z = z| samples from (X;Y | Z = z). This means
our unconditional mutual independence tester will distinguish I(X;Y | Z =2) =0 from I(X;Y | Z = z) >
[=]?

SINPrZ=]) If the distribution passes all these independence checks, then

(2 K
I(X;Y | 2) <Y Pr[Z = Z]Q(NPlr[|Z —2) %U'V)'

Thus N = O(|%[3/e) samples suffice to test conditional independence. A bit more care shows that the
empirical conditional mutual information works as a test statistic, achieving Theorem 1.3.

2.3 Distribution Learning with Known Structure

For Theorem 1.4, it is implicit in [CL68, Das97] that it suffices to learn the conditional distributions in KL.
While the empirical add-1 estimator of a discrete distribution was known to have small ezpected KL error
with O(]X]/e) samples [KOPS15], to our knowledge a high-probability bound was not known. We use a
similar analysis to our independence tester—including the same decomposition (2.4) of KL—to show that
the empirical add-1 estimator is accurate with high probability (Theorem 6.1). We then show that our
samples from P give enough samples from each individual conditional distribution to estimate P well.

2.4 Questions

A natural question is whether the |%|? dependence in our bounds can be improved. The || term is necessary
to achieve Theorem 1.3 as stated; with fewer measurements, in the soundness case of a perfectly uniform
distribution, the empirical conditional mutual information will exceed €. However, it is quite possible that
the empirical conditional mutual information—though > e—is still smaller than in the completeness case.
Just such behavior occurs when using the empirical total variation statistic in testing total variation from
uniformity [DGPP18].

Another natural question is whether one can reduce tree structure learning to conditional independence
testing as a black box. The Chow-Liu algorithm only considers pairwise mutual information, and never
looks at conditional mutual information at all. Our analysis introduces conditional mutual information
through (2.3), which relies on the test statistic being the empirical mutual information. If future work
develops better conditional independence testers based on different test statistics, does that imply more
sample-efficient (but possibly slower) algorithms for tree structure learning?

Recovering the structure of an unknown bounded degree Bayesian network remains an outstanding open
question. Recently, Brustle, Cai, and Daskalakis [BCD20] have settled the sample complexity of this problem.
But finding a polynomial time algorithm remains a challenge, even if we assume a correct topological ordering
of the variables.



2.5 Organization

The rest of the paper is organized as follows. Section 3 describes the background and fixes notation. Section 4
analyzes conditional independence testing via empirical mutual information (Theorem 1.3). Section 5 uses
this to show that Chow-Liu recovers an e-approximate tree (Theorem 1.2). Section 6 shows how to recover the
distribution given the tree (Theorem 1.4). Finally, Section 7 gives lower bounds for finding an e-approximate
tree T, showing that Lemma 1.1 and Theorem 1.2 are nearly optimal.

3 Notation and Preliminaries

For an undirected tree T, a rooted orientation of T fixes a root vertex and orients the edges outwards from
it. For a rooted orientation of T, if i is a vertex in T', pa(i) denotes its parent node if any, and nd(¢) denotes
the subset of vertices not reachable from i.

Definition 3.1 (Tree-structured distributions). Let T be a tree. Fix any rooted orientation of it. Label the
nodes of T in topological order (so, node 1 is the root). A probability distribution P over X = (Xy,...,X,) €
X" is said to be T-structured if: every variable X; is conditionally independent of {X; : j € nd(i)} given
Xpa(i)-Equivalently, P admits the following factorization:

Pr(X =z| =Pr[X; =] - HPI‘[XZ' = 2; | Xpai) = Zpa(i))

A tree-structured distribution is T'-structured for some tree T'.
The following classical result justifies why the rooted orientation does not matter in Definition 3.1.

Theorem 3.2 ([VP90]). Let T be a tree on n variables, and suppose P is a T-structured distribution on
(X1,...,Xpn). For any 3 nodes i,j,k € [n], if the unique path between i and k in T passes through j, then
X; and X, are independent conditioned on X;.

To compare distributions, we use the well-known notion of KL-divergence. Given two discrete probability
distributions P and Q over ¥, their KL-divergence is defined as$

DP( Q) =Y Plx)log 22

z€Y x)

Recall that we say a tree T is e-approzimate for a distribution P if there exists a T-structured distribution
Q) such that:
D(P || Q) <e+ min min  D(P| Q).
tree T" T’-structured
distribution Q'

The following lemma is implicit in [CL68, Das97]. We defer the proof to Appendix A.

Lemma 3.3. For a fized tree T, let pa(v) denote the parent of v in T (or L if v is the root). Let X ~ P
and X' ~ @ for some T-structured Q. Then, if D(P || Q) is bounded:

D(P| Q)= (—H(X) +y H(X») " I(Xy; Xpa)

veV veV

+ 3 D PrX ) = 2] DXy | Xpa) = || X] | Xpo(y = )
veEV zeX

Lemma 3.3 is a generalization of (2.1): since KL divergence is nonnegative, the @ = Pr minimizing
D(P || Q) has every entry in the final sum is zero, which happens if () matches the marginals of P on each
edge of T. In that case, D(P || Pr) drops the final sum and gives (2.1), which we write formally:

SAL logarithms in this paper are natural, so we measure information-theoretic quantities in nats not bits.



Algorithm 1: Learning the Skeleton of Tree-structured Distributions from Samples

input : Sample access to P over X1,..., X, € X
output: A tree T

P + the empirical distribution of m i.i.d. samples from P;
for every 1 <i< j<ndo
‘ I()/(:i, )A(J) < the mutual information between the variables X; and X; with respect to P;
end
G + the weighted complete undirected graph on [n] whose edge-weight (i, 5) is I ()?1, X i);
T + a maximum weight spanning tree of G;
return T

Figure 2: The Chow-Liu Algorithm

Corollary 3.4 ([CL68]). Let P be a distribution over ™ and T be an undirected tree over the vertex set
[n]. Let Pr be the most likely distribution of P for the tree T. Then,

D(P | Pr)=Jp —wtp(T) (3.1)
where Jp = Y, H(P,) — H(P) is independent of T (P, is the marginal on variable v), and wtp(T) :=
>xyyer [X5Y).

This suggests the Chow-Liu algorithm (see Figure 2) that we analyze.

4 Testing Independence and Conditional Independence

Setup. We assume all random variables are over a discrete domain X. Let X and Y be random variables
over ¥ distributed jointly according to P. For any pair z,y € X, let P, P,, P,, denote Pr[X = z], Pr[Y =

yl, Pr[(X,Y) = (x,y)], respectively. Let Ayy := Pyy— P, Py. Hence ), Agy = 0. Let (X,Y) be the random
variable distributed according to the empirical distribution P over (X,Y) over a finite set of independent
samples. Let Py, Py, Pyy, Ay, denote the same values for (X,Y).
Define
fla,b) ;== (a+b)log(l+a/b) —a
for all b € [0,1],a € [-b,1 — b] [with f(—b,b) = b, being the limiting value].
Claim 4.1. For two random variables X andY over X, I(X;Y) =3, f(Auy, PuPy).
Proof.
I(X; Y) = D(nyHP)(Py)

=Y (PuPy+ Ayy) log(1 + Ayy /(P2 Py))

- Z [(PePy + Agy)log(l+ Ayy/(PePy)) — Ayy]

= Zf Aay, PoPy) (4.1)

4.1 Analysis of f

Lemma 4.2. For any a > —b and b > 0,

2
f(a,b) = Cypmin (C;), la|log (2 + VZ'))

10



where the coefficient 1/3 < Cqp < 1.

Proof. Let h(z) = (1+2)log(1+2z)—z and g(2) = min(2?,|z|log(2+|2])). Then, g(z) = 22 for -1 < 2 < 1.314
and g(z) = zlog(2 + z) otherwise. We can show that

2?/3 <h(z) < 2* (for —1 <2< 1.5)
zlog(2+ 2)/3 <h(z) < zlog(2 + z) (for z > 1)

using calculus and Taylor expansion. Hence g(z)/3 < h(z) < g(z). We get the result upon choosing z = a/b.
O

Claim 4.3. For any x,y, the following holds:
1. f(Agy, PuP,) < 1.
2. min(Py, Py Ay ) 2 F(Days PoP,)/ 108(3/f (B Pu)).
Proof. Of (1): WLOG P, < P,. Note that —P,P, < A,, < P, — P, P, and f(z,a) is convex in z, so that:

f(Agy, PpPy) < max(f(-P,P,,P,P,), f(P, — P,Py, P,P,))
<max(P,P,, Pylog(1+1/P,) — P, + P, P,)
< max(1, P, log(1+1/P,))
<1

Of (2): We have

|Awy| 1 3
Ay, P.P,) <ALl 24— | <P,.1 24— ) <Pl —
f( wvay)w| wy|0g(+PP S Iy log +P S I log P

Py v '
and hence
min(Py, Py) 2, f(Azy, PuPy)/log(3/ f(Asy, PePy)).
But then
8] 2 1By Po,) 108 () 2 (B PP 083/ (B, PP,
finishing the result. O

4.2 Properties of the Empirical Distribution
By Chernoff bounds, the empirical distribution is close to the actual one:

Claim 4.4. Let ﬁm ﬁy, and ﬁmy be empirical distributions over N > 1 samples. Then with 1—39 probability,
all of the following bounds hold:

B, — Pl S Pw;)[gg +$

By - Py 5y o

Py — Puy| < szjl\?g% . 10]%5
PPy~ b 5 \[Pn B 1 (r s R B

~ log§ 1og% log%
|AmyAmy|§\/|Amy|N+ PxPyT+ N

11



Proof. By the multiplicative Chernoff bound,
Pr[|P, — P,| > ¢P,] < 2exp(—C min(e,e?) P, N).

Rearranging, with probability 1 — 9,

~ log2 [log2 P,log2 log2
Py =Pl 5 ‘ o) P <[t 2

Similarly for }Sy and ]Smy Then

~ log 2 log 2
PPy = PoPy| S| 252 (Por/Py 4 Py/Pa) + /PPy + (P + Py)

log % log %

log % log%

+2(P, + Py) N +2(y/ Py + Py) NS + N
log 2 log 2 log? 2

< 2\/P$Py% +3(P, + P,) O]“ff‘; ) Ojg\mé.

‘Awy—Awy‘S‘szy_ wy‘+|PxPy_PIPy|

2 2 2
< \/Pwylo]%[(; n \/ngpylo]gv(s n 10‘]%/.5.

The result follows because P,, < 2A,, whenever that term is largest. O

< 2(/ PP,

This implies:

4.3 Completeness

Lemma 4.5. Let P be the empirical distribution over N samples. Then for every § > 0 there exist constants
C,C" > 0 such that: if f(Auy, PuPy) > C*28 X log 2, then

Pr[f(Auy, P,P,) > C'f(Ayy, PuPy)] > 1 — 36,
Proof. By Claim 4.3 f(Agy, PxPy) < 1. Claim 4.3 also implies

Ay, PP, 2
F( Ay, Po Py) 2z glog -. (4.2)
log(2/f(Asy, PoPy)) ~ N 76
Suppose that the Claim 4.4 statements hold, as happens with 1 — 3 probability. We will show that this
implies the result.
We split into cases, based on whether A,, > 8P, P,.

min(|Awy|7Px7Py) 2

Large A;,. This case of Ay, > 8P, P, implies

A,
f(Agzy, PuPy) = Agylog Pwpyy.

In this regime, we have by Claim 4.4 holding that

Agy 2 log%
log — .
N %5 TN

|Awy - Aﬂﬂy| 5
Since N 2 C'log %/Azy by (4.2), this implies

‘ﬁxy - Awy‘ 5 Amy/c

12



and hence A, —

zy| < Agy/10 for a sufficiently large C.
We also have by Claim 4.4 holding that

~ o~ logg logg 10g22
|P.P, — P,P,| < \/PIPyTJjL(PIJrPy) 5 4 § <

N N2z ™

Agy 2 log %
1 —
N %®5T N

and hence (by (4.2)) |P,P, — P,P,| < A,,/10 for a sufficiently large C. This implies PP < 0.23A,,
Therefore:

AA””E > 0-984, 3.9,
PP, — 0.23A,
so that (in Lemma 4.2),

xly zly
Now,
~ o~ logg logz 10g22
|P,P, — P,P,| <\ PP, N5 + (P, + P,) N5 sz‘
</ PuPyA,y/C +2P,P,/C + P,P,/C? (Using (4.2))
1
< ﬁ(PzPy + /PrPyAgy).
For sufficiently large constant C' the constant factor is overcome, so that
[(Ruy BB > A Bay
TyY»s x ~ x 0)
ree YR 2P, Py + /PP Ay,
A
> A, min(l ,lo a
= Yy mln( Og 4P P g m)
Agy A,
~ Agymin(log

PP 21gPP)

~ f(Agy, PuPy)
as desired.

Small A,,. This case of —P, Py < A,y < 8P, P, implies

f(Day, PoP)) = A2 /(P P,) < 64P, P,

Now, the condition that f(Agy, PpPy) > Clojg\,N

log % implies

4.3
’ (43)
and hence N 2 Clog 5/ min(P,, P,;). Therefore, for a sufficiently large C', we have by Claim 4.4 that both

P, — P,| < P,/10

|P, — P.| < P,/10.
Furthermore, the condition (4.3) also implies

CP,P, 2
[Azyl 2 Tylog 3 (4.4)

13



Hence by Claim 4.4 and the conditions (4.3) and (4.4),

PP, 2 log
N logg

[Agy — Dgyl S <AL |/VC + A2 /(P P,C).

Using |Azy| < 8P, P,, we get |3xy — Agyl < |Agyl/10 for a sufficiently large constant C. Therefore:

S A2 A2
f(AxyvpxPy)Z — ZP;ZDJ ~ (AvavPP)
xly oy

O

Corollary 4.6. Let P be the empirical distribution over N > 1 samples. Then for every § > 0 there exist
universal constants C1,Co > 0 such that:

logN . |©
og Og\l

I(X;Y) > CI(X;Y) — Co| 2P 5

with probability at least 1 — §.

Proof. Lemma 4.5 has a condition on f being large. But in general, since f > 0 always, it shows that with
probability 1 — 34,

~ o~ 1 N 2
FBay PoPy) > €' f(Bay, PPy) = C'C=5~log 5.
Taking a union bound over the sum (4.1), and rescaling & by 3|3|%, we get the result. O

4.4 Soundness

Lemma 4.7. Let P be the empirical distribution over N samples. Then for every 6 > 0 there exists a
undversal constant C > 0 such that: if Ay =0, then

logN, 2
log —

Pr(f(Asy, PoP,)) < C—~log 7]

>1—36.
Proof. As in the completeness section, we suppose that the equations of Claim 4.4 all hold. In particular,
this implies that

PP, 2 log%
log — .
N 85t N

[Aay| S
We again split into cases depending on P, P, < C log § or not for a large enough constant C.

2
Small P,P,. Suppose P,P, < lngNg , SO that

~ 1 2
|Azy| S Nbg 5
First note that, if either of P, =0or ﬁy =0, then ﬁzy =0 and ﬁry =0, so f(A:,;y, PP ) = 0. Therefore,
in order for f(Aw, P P ) to be nonzero, we must sample = and y in our set, in which case Pwa >1/N2
Therefore

1 2
og = log N.

f(Bay, PoPy) 5 By log(1+ Aay/(PeF))) S |Aey|log(1 + N?) S Flog 5

14



Large P,P,. If P,P,> 52 then

log
CN

SN

min(Py, P,) >

and hence by Claim 4.4 holding we have

~ P, 2 log2
Px_Pa:|SO< le()gg"' ]%[5>SP$/23

for a large enough C' and similarly for 1/3; . Therefore:

PN A2 A2 1 2 1og2 . C 2
Auy, PoPy) S =% <44 < —1 —lo

Therefore the result holds regardless of the case, as long as Claim 4.4 holds. O

Corollary 4.8. Let P be the empirical distribution over N > 1 samples. If P is a product distribution, then
for every § > 0 there exist a universal constant Cs > 0 such that:

log N =]

I(X;Y) < ——C5/5* log
with probability at least 1 — 9.

Proof. Follows from taking the sum (4.1) and applying a union bound over the events in Lemma 4.7 for all
possible x, y. O

4.5 Conditional independence testing

Theorem 1.3 (Conditional Mutual Information Tester). Let (X,Y,Z) be three random variables over ¥,
and (X,Y,Z) be the empirical distribution over a size N sample of (X,Y,Z). There exists a universal
constant 0 < C < 1 so that for any

3
> 0 (128 g 211 Elos1/0)),

the following results hold with probability 1 — 0

1 IfFI(X;Y | Z2) =0, then I(X:Y | Z) <.

2. f I(X;Y | Z) > ¢, then (X;Y | Z) > C-I(X;Y | Z).
Proof. For any z € ¥ let N, be the number of samples with Z = z.

Proof of (1): If I(X;Y | Z) =0 then I(X;Y | Z = z) = 0 for each z. Then Corollary 4.8 gives us that, with
probability at least 1 — 9,

N)

22 %2
2R 2y, < [

~ ~ Y
I(X;Y|Z=%2< N, 5 N log%logN.

Let S C ¥ contain the set of z such that Pr[|P, — P,| > P, /2] < §. By a Chernoff bound, this consists of all
z with P, > O(%). With probability 1 — 2|X|4, then,

s o Dk > log N >
SPIXY|Z== Z | ‘ 10g| og NV < Og 213 log 2l
z€S 0

On the other hand, z ¢ S will have P, < w with probability 1 — §, so that with probability 1 — |2|0

SN PIXY|Z=2)5 |z|1°g(1/5)

z¢S

X[ log(1/9)

N <
log 2| ~

15



is even smaller. Rescaling §, we get with probability 1 — § that
P o 98 111
I(X;Y | Z) PI(X;Y | by —
S oy g BN s
which is at most ¢ for the desired N.

Proof of (2): Consider the set S of z € ¥ which satisfy P, x I(X;Y | Z = z*) > IXY1Z)  Note that this

2[=]
implies P, > We also have,

___£
2T log 5]

S PXIX;Y [ Z=2)=) P.xI(X;Y|Z=2)-> P.xI(X;Y|Z=z)
zE€S z z¢S
I(X,Y | Z)
> : — s 1
>I(X,Y | 2)/2.

Our N is large enough that for z € S, E[N,] = P,N > O(log(|X|/d)). Hence, with probability 1 — &, we
have N, > N, /2 for all z € S. Then Corollary 4.6 gives us, with probability 1 — 4,

log(0.5NP,) log 12!

IX:Y | Z=2)>CI(X;Y | Z=2)— 203 NP 5

for all z € S. Multiplying P, and summing over all z € S gives us:

B P, _ B 51og(0.5NP,) 1]
=5 (Clj(X,Y|Z—z) 20, |3 NP 10g7

log N |S
(XY | Z2) - ColmpP8 Og og%'.

For N as large as given, the term being subtracted is at most %, which is at most half the first term. [

5 Tree Structure Recovery

5.1 Non-realizable Case

Let P be an unknown distribution over £™ and P be the empirical distribution of P for a certain number
of samples to be fixed later. Our algorithm Chow-Liu returns a maximum spanning tree T of the complete
graph whose edge weights for every pair of variables are given by the estimated mutual informations with
respect to P.

Let T* be the tree minimizing D(P || Pr+). Recall that wtp(T) is defined as the sum of the pairwise
mutual informations across 7. By Corollary 3.4, the Chow-Liu algorithm will return a tree T satisfying

D(P || P3) < D(P || Pre) +¢

if wtp(T) > wtp(T*) —e. Since T maximizes Wtﬁ(f), it would suffice to ensure wt5(7") = wtp(T') £¢/2 for
all T'; and therefore it would suffice for

[X:Y) = I(XGY) % o

for all pairs of variables (X,Y’). The following result is standard, which analyzes the the plug-in estimator
H(X) for estimating a single discrete entropy H(X) to ¢ with probability 1 — .

16



Theorem 5.1 ([AKO1, Pan03]). For N > O(%—i—élog%log%@log %)), |H(X) — H(X)| < ¢ with
probability at least (1 —9).

Since I(X;Y)=H(X)+ H(Y) — H(X,Y), Theorem 5.1 tells us that once

IX2n n? . n. 5 n|Y n

N>0 — log =1 ——log —
> (E + g logslogi(——log <) ),
all the pairwise mutual informations of the variables of P will be estimated to within . In that case,
Chow-Liu would return a tree T, the best distribution on which would be close to the closest tree Bayes net

of P.

Lemma 5.2. Let P be any unknown distribution over X™. Let QQ be the tree Bayes net which is closest to
2
P in KL distance. Then Chow-Liu, when run with O (ml—” + Z—j log % log?(Z 2l

€

tree T such that there exists a T-structured R with D(P || R) < D(P || Q) +«.

log %)) samples, returns a

We conclude this section by noting that when P itself is a tree Bayes net (realizable case) D(P || Q) =0
and the best Bayes net R on the tree returned by Chow-Liu with the sample complexity of Lemma 5.2 would
satisfy D(P || R) < e with probability at least (1 —4). In the next section, we show how to bring the sample
complexity analysis down from O(n2/e2) to O(n/e) when P is actually tree-structured for some unknown
tree.

5.2 Realizable Case

We will need the following fact which follows from the chain rule of mutual information.

Fact 5.3. For three random variables X,Y, and Z
IXY)-I(X;2)=1I(X;Y | 2)-1(X;Z]|Y).
Proof. Follows from observing I(X;Y)+I(X;Z|Y)=I1(X;Y,2)=1(X;2)+ I[(X;Y | Z). O
We also use the following fact about spanning trees:

Fact 5.4. Let T1 and T5 be two spanning trees on n vertices such that their symmetric difference consists
of the edges E = {e1,ea...,eq} € T1\To and F = {f1,fo..., fe} € T \T1. Then E and F can be paired
up, without loss of generality say {(e;, f;), such that for all i, Ty U{f;} \ {e:} is a spanning tree.

Proof. We use induction on ¢. Base case of £ = 0 is trivial.

Assume it holds for any two trees Ty and T so that |71\ Tz| = |T2 \ T1| = (I —1). Now, pick an arbitrary
e = (u,v) € Ty \ To. T1 \ {e} has two connected components, L > v and R = (V \ L) 3> v. In Ty, there is
some path connecting w to v. This path starts in L and ends in R, so it must have some edge f connecting
L to R. But f ¢ T, since e ¢ T5 is the only edge connecting L and R in T;.

Because f connects L and R, which are otherwise unconnected in 77\ {e}, T U{f}\{e} is a spanning tree.
Thus it is valid to pair (e, f). Furthermore, because f lies on the path connecting e in Ty, T3 := ToU{e} \ {f}
is also a spanning tree, and it differs in only ¢ — 1 edges from T7. Therefore by induction, 75 can be paired
with T in the desired way. Adding (e, f) to this pairing means that T5 can be paired with 7. O

Theorem 5.5. Let N be such that the bound in Theorem 1.3 holds for a givene,§ > 0. Then in the realizable
case with n nodes, with probability 1 — 4nd Chow-Liu returns a tree T with D(P || Pr) < en.

Proof. Let P be the unknown distribution on the true tree T*. Let T be the tree returned by the Chow-Liu
algorithm with N samples. For any set of vertex pairs S, let wt(S) and gv\t(S ) denote the sum of mutual
information over all pairs in .S with respect to the true and empirical distributions respectively, so wt(7™)
and x;;c(f) are each maximal over spanning trees.

For our analysis, we make at most 4n invocations of Theorem 1.3. We will assume the conclusion holds
in all cases, as happens with at least 1 — 4nd probability.

17



Let {(e;, fi)}: be a pairing given by Fact 5.4 for T* and T. By (2.1),
D(P || Pp) = wt(T*) — wt(T) = Z(Wt({ei}) — wt({/fi}))-

For any i, let e; = (X;,Y;) € T* and f; = (W;, Z;) € T. Because T* U{f;} \ {e;} is a spanning tree, the
path connecting W; and Z; in T must go through e;. Without loss of generality let W ~» X — Y ~~ Z be
this path (it is possible that W = X or Y = Z). Hence, from Theorem 3.2, we have for the true distribution

I(X:Z; | ;) =1(Zi; Wi | X3) =0
and so
I(X;Ys) = I(Wis Zi) = I(X3; Ys) — 1(Xas Zi) + 1(Xa; Z) — T(Wis Z3)
(XY | Zi) = I(Xi; Zi | Ya) + 1(Xa; Zi | Wi) — I(Zi; Wi | X3)
(X3 Yi | Zi) + 1(Zi; X | W), (5.1)

On the other hand the empirical distribution will have

—

(X3 Ys) — I(Wis Z3) = 1(X;

—

| Zi) = I(X3; Z: | Vo) + 1(Z3; X; | Wa) = 1(Zi; Wi | X). (5-2)

)

<.

Because T' is maximal under wt,

0> wi(T*) = wh(T) = Y (I(X:;Y;) — I(Wi; Z3))
=3 (&Y Z) + 1Zs Xo | W) = Y- (IR Z0 | 1) + 1(Zs Wi | X)) - (5:3)

%

We invoke Theorem 1.3 with & := Ce/10 where C' < 1 is the constant given by the theorem. As a
consequence of Theorem 1.3 and the fact that each of I(X;; Z; | Y;) = I(Z;; W; | X;) = 0, the second sum is
at most Cen/5.

On the other hand, Theorem 1.3 implies that

I(X::Y; | Z;) > CI(X3;Y; | Z) — O’
and similarly for I(Z; X; | 171\/1) As a result, the first sum has

S (IKaVi 1 Z0) + 1725 X | Wh)) > O Y (X Vi | Z0) + (25 X | W) — 2€')
% i

> O (wt(T*) — wt(T)) — 2Ce'n

by (5.1). Combining these bounds into (5.3),

0> C(wt(T*) — wt(T)) — %(02 + C)en

or
~ 1
D(P | Pg) = wt(T") = wt(T) < - (C'+ L)en < en.

6 Distribution Recovery

This section shows how, for a fixed tree T, to find a T-structured distribution @ with D(P || Q) <
D(P || Pr) +e. We start by analyzing how to learn an arbitrary distribution over X.
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6.1 KL Learning of Discrete Distributions

Given N samples from a distribution P over ¥, the “add-1"” empirical estimator is based on Laplace’s rule
of succession. This distribution @ is defined by: for each item ¢ € 3, if ¢ appears T; times in the samples,
then Q; = Aj;jlé‘ Kamath, Orlitsky, Pichapati and Suresh [KOPS15] have analyzed the expected behavior
of the add-1 empirical estimator. In this section, we analyze its behavior in the high-probability regime.

Theorem 6.1. Let P be a distribution over 3 and N > 1. Let Q) be the empirical add-1 estimator from N
samples of P. There is an universal constant C' > 0 such that, with probability 1 — ¢,

C|x|log El1og N
p(p | ) < SHE SN

Proof. Let C' > 1 be a large constant to be determined later. If N < C’|X|, the result follows from
D(P || Q) <log g < log(N +[X]) < log|X], so we may assume N > C’|X|. Then

D(P | Q)) ZP log
- Z f(P = Qi Qi) (where f(z,a) = a[(1+ £)log(1 + %) — £])
< Zmin <( QIQZ) P, — Qi|log ( | "éf”)) (From Lemma 4.2)
<Y min <( Qle) P Q; |logN> . (Since Q: > sy

We also know from Claim 4.4 that with probability at least 1 — § for each 4,

P;log % log %
N N

| P;log 3 l T; + 1
0. < IS5 5
P;log % + + ||12|T;/N — 1]
N N N+ 3]
< Pilog%_i_log%_i_ X T
~ N N N+ |X| N
Pilogi: logi |2 Pjlogt logi
< 985 s P i985 s
S i G T S [
< Pilog%_’_log%_i_ || P
~V TN N "N+g

E5 then |P; — Qi log N < 52 logN

l
g3

T;
|Pz'*ﬁ\§

If p, < <

If P, >

C

then |P;— Q| S P(W +&+ C’+1) is at most £t for sufficiently large C’, so Q; > P;/2
and hence ’QQ ) log =+ + P (%ﬁzl
By a union bound, w1th probability at least 1 — |X|d we have that these equations hold for all 4. If true,

then
b D)
| logN—|—< B2l > ‘ |10g710gN

DPIQ) X R e 5 NTIS 5

Rescaling § gives the desired bound. O
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Algorithm 2: Learning closest T-structured distribution

input : Samples access to P over %"; Rooted tree T' on n nodes labeled in topological order.
output: n row-stochastic [X| x |X| matrices Q1, ..., Q, that define a T-structured distribution @ by

Q(z) =11 Qilrpaci), 5] (where (1) is arbitrary).
Draw N ii.d. samples XV, ..., X)) from P;
for i < 1 ton do

for x € ¥ do
k + E;V 1 [Xr(ja)() x}; // condition on parent satisfied vacuously if ¢ =1
for y € ¥ do

t Zjv 1 {X(]( H=T Xi(j) = y]; // condition on parent sat. vacuously if ¢ =1

Qilz, y] + (t+1)/(k + |Z]);
end

end
end

return (Q1,...,Qy)

Figure 3: Pseudocode for algorithm analyzed in Theorem 1.4.

6.2 Learning Trees
We are ready to prove the main result of this section. Figure 3 shows the algorithm we analyze below.

Theorem 1.4. Let P be a discrete distribution over ¥™. Let T be a tree on n vertices, and Q be a T-structured
distribution with conditional probabilities at each node estimated using the empirical add-1 estimator on

2
N=0 nlz| log niZ| log nlZ| log1
€ ) € )

D(P|Q)—D(P| Pr)<e

samples from P. Then

with probability 1 — §.
Proof. Note that D(P || @) is bounded, because Q(x) > 0 for all . By Lemma 3.3 and (2.1), the learned
T-structured distribution () satisfies
D(P | Q) —D(P | Pr)= ) Y PrlXp =a] - D(Xi| Xpay = | X[ | Xpuy=2)  (6.1)
icn) v€D

where X ~ P and X’ ~ Q. Now, the node-wise conditional probabilities of @ are the add-1 empirical
distribution of the conditional probabilities of P. Therefore by Theorem 6.1, if we have k samples of
(X | Xpas) = z), we will have with probability 1 — 0 that

|%[log(|X]/0) logk_ || log(|%|/6) log N

D(X; | X

! —
pa(i) = T || Xj | X d()—x) A < 2
If E[k] = N Pr[X,,;) = #] > 15log 3, then by a Chernoff bound, with probability 1 — ¢ we have k > £ E[k]
and
/ < [E[log(|X]/6) log N
Pr[Xpa(i) = x] ’ D(Xl ‘ Xpa( = || X | pa i) — JT) ~ N (62)

On the other hand, if E[k] < 15log §, then D(X; | Xpa@) = @ || X{ | X[, ;) = @) < log(k + |2 [because Q

is the add-1 estimator, so the minimum probability is and we have

k+|2\]

Elk log < log N
%log(lﬂ—i—m) < log5log N

Pr[Xpa(i) = JZ] . D(Xl ‘ Xpa( =T ” X/ | a(z = x) < N
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Regardless, each term in (6.1) is bounded by (6.2). Taking a union bound, with probability 1 — n|X|6 we

have
12| log(|%]/0) log N

N
Rescaling § and choosing N appropriately gives the result. O

D(P || @) = D(P || Pr) < n[¥]

The algorithm and analysis in Theorem 1.4 straightforwardly generalizes to Bayes nets. This shows
that if G is a directed acyclic graph with in-degree bounded by d, we can obtain a G-structured dis-
tribution @ using O(n|X|%*!/e) samples from P which satisfies D(P || Q) — D(P || Pg) < e, where
Pg = arg Ming.structured R D(P || R)

7 Lower Bounds for Structure Recovery

7.1 Non-Realizable Case

This section focuses on the non-realizable case, i.e., the input distribution is not necessarily a tree structured
distribution. We prove that Q(n?/e?) samples from a distribution P over {0,1}" are required to find an
e-approximate tree for P.

First, we prove the following lemma for n = 3.

Lemma 7.1. There exist two distributions R and R’ over {0,1}3 such that:
(i) Q(1/€2) samples are required to distinguish R from R’ with probability at least 2/3.
(i) Every tree T on 3 vertices is not e-approximate for either R or R’.

Observe that Lemma 7.1 implies that if the distribution that generates the samples is chosen uniformly
at random between R and R’, then any algorithm that outputs an e-approximate tree with error probability
< 1/3 must draw Q(e~2) samples.

Proof of Lemma 7.1. Let B ~ Ber(1/2) be a random bit. R is a distribution over {0,1}3 where indepen-
dently: Pr[R;y = B] = 0.75 4+ ¢, Pr[R2 = B] = 0.75 + ¢, and Pr[R; = B] = 0.75 — . Similarly, R’ is
a distribution over {0,1}3 where independently: Pr[R; = B] = 0.75 + ¢, Pr[R) = B] = 0.75 — ¢, and
Pr[R; = B] =0.75+«.

For part (i), a routine calculation (Claim 7.2) shows that D(R || R') = O(2). Hence, D(R* || R'*) =
O(ke?). By Pinsker’s inequality, if k& < ce=2 for a sufficiently small ¢, the total variation distance between k
i.i.d. samples of R and of R’ is at most 1/3, proving the claim.

For part (ii), consider graphical models on three nodes X,Y, Z, corresponding to the first, second and
third coordinates respectively of {0,1}3. Let G be the tree X—Y—Z7, and H the tree X—Z—Y. Let
R denote the closest G-structured distribution to R, and similarly define Ry, Ry, R};. Using Corollary
3.4, D(R || Rg) — D(R || Rg) = I(R1; R2) — I(R1; R3). A calculation (Claim 7.3) shows that I(Ri; Ra) —
I(R1; R3) = —1.17¢, which means D(R || Rg) = Q(¢). Similarly, D(R' | Ry;) — D(R' || RYy) = I(R}; Ry) —
I(Ry; R%) = 1.17¢, which means D(R' || Rf;) = Q(e). The situation is analogous for the other tree Y —X—
Z. O

Claim 7.2.
DR | R') = O(£?).
Proof. It is straightforward to check that Pr[R = 010] = Pr[R = 101] = £ — £ + O(¢?) and Pr[R =
001] = Pr[R = 110] = & + £ + O(e?) while Pr[R’ = 010] = Pr[R’ = 101] = & + § + O(£?) and
Pr[R' =001] = Pr[R' = 110] = % — £+ 0(e?). All other assignments have equal probability for R and R’.
The result then follows from the definition of relative entropy. O
Claim 7.3.
I(Rl, Rg) — I(Rl, R3) ~ —1.17¢.

Proof. In Appendix. O
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We can now prove the main result of this section.

Theorem 7.4. The sample complexity of computing an e-approximate tree on n variables with error proba-
bility less than 1/3 is Q(n%e~2).

Proof. Suppose n = 3m is a multiple of 3. We consider the n variables as being divided into m blocks, each
of size 3. Let P be a random distribution on {0,1}", defined by setting the distribution of the i’th block to
be R or R’ with probability 1/2 each independently, where R and R’ satisfy Lemma 7.1.

For the sake of contradiction, suppose we have an algorithm that draws cn?e~2 samples from P (for a
sufficiently small constant ¢) and outputs an e-approximate tree 7' with probability at least 2/3 (over the
choice of P as well as the algorithm’s randomness). Since each block is independent, without loss of generality,
T is a union of disjoint trees Ty, ...,T,, for each block. By Lemma 7.1, each T; is not 10¢/m-approximate
with probability at least 1/3. Hence, by a Chernoff bound, with probability > 2/3, for at least {f trees, T;
is not 10¢/m-approximate. Therefore, for any T-structured distribution @, D(P || Q) > {5 - e _ ¢, O

m

7.2 Realizable Case

We now show that if P is a tree-structured distribution on n variables, then Q(n/c) samples are required to
find an e-approximate tree. As with the non-realizable case, we first show the construction for n = 3.

Lemma 7.5. There exist two tree-structured distributions R and R' over {0,1}3 such that:
(1) Q(1/e) samples are required to distinguish R from R’ with probability at least 2/3.
(ii) Every tree T on 3 vertices is not e-approxzimate for either R or R'.

The same argument used for Theorem 7.4 implies:

Theorem 7.6. The sample complexity of computing an e-approzimate tree for a tree-structured distribution
on n variables with error probability less than 1/3 is Q(n/e).

Proof of Lemma 7.5. Let R be a distribution over {0,1}3, defined as: Pr[R; = 1] = §, Pr[Ry = Ry] = 1—¢,
and Pr[R; = Ry] = 3. Also, define R’ as: Pr[R) = 1] = 3, Pr[R] = R)] =1 —¢, and Pr[R; = R}] = 2.
Clearly, both R and R’ are tree-structured.

We can calculate (Claim 7.7) that D(R || R') = O(e). Hence, by the same argument as in the proof of
Lemma 7.1, the total variation distance between R¥ and R'* is less than 1/3 if k = O(1/¢), implying (i).

For part (ii), consider graphical models over nodes X,Y, and Z, representing the three coordinates of
{0,1}3. Let G be the tree Y—X—Z, and H be the tree X—Y—Z. Note that R is H-structured, and
R’ is G-structured. Hence, by Corollary 3.4, D(R || Rg) = I(R1; R3) — I(R2; R3) where R¢ is the closest
G-structured distribution to R. Applying Claim 7.8 below, D(R || Rg) = Q2(g). The same arguments apply
to D(R' || RY;). Finally, it is easy to check that the tree Y—Z—X is not O(g)-approximate for either R or
R

Claim 7.7.
D(R| R') = O(e).

Proof. Note that Pr[R = 010] = Pr[R = 101] = 3¢ and Pr[R = 011] = Pr[R = 100] = £, while Pr[R' =

8
010] = Pr[R’ = 101] = g and Pr[R’ = 011] = Pr[R’ = 100] = g. For all other assignments, R and R’ have
the same value. Hence, D(R || R') = 32 log3 + £ log & = §log 3. O

Claim 7.8.
I(Rl; Rg) — I(RQ; Rg) = Q(E)

Proof. Each of Ry, Ry, R3 is an unbiased bit. Also, Pr[R3 = Ra] = (1 —¢) - % +e- i = % — 5. Hence:

I(Ri; R3) — I(R2; Rs) = —H(Rs | 1) + H(R3 | R2)
(Zrogd f Lioga) 4 (2 - ) tog ot + (45 ) tog —
18371 172) %1 = \1"g) BT
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A Proofs of Background

Proof of Lemma 3.3. We have that

Z I(X’U;Xpa(v)) = Z (H(Xv) - H(Xv | Xpa(v)))

veV veV

= Z H(X,)+ Z Pr(X = z] Z log Pr[X, =y | Xpa(w) = Tpa(u)l-

veV TEX™ veV

Therefore

Pr(X = z]
D(P Pr] z]log =———
9= Z S T

1
Z Pr[X = z]log 5————
o=t Pr(X' = z]

1
+ > Pr[X=21]) log PrX, = o | XL,

TeEX™ veV

X) + Z H(XU) - Z I(Xv§Xpa(v))

veV veV

v X v) — v
I Z Pr[X Zlog = Ty | Xpa(w) = Tpa(w)]

X’ =1, | X/
reXn veV

pa(v) — xpa(”)]
X)+ZH( v _ZI(XU;Xpa(v))
veV veV

= Zpa(v)]

PI‘[X =Ty | Xp‘m(v) = mpa(“)]

+ PI‘ a(v)y ) - x] IOg
gac;? i PrX =z, | Xpa(v) xPa(U)]

which is the desired bound.

B Proof of Claim 7.3

Proof of Claim 7.3. The following tables show the marginal distribution on Ry, Rs.

R1 R2 B value

0 0 ifB=0 4[((0.75+¢)+(0.25—¢)3) ((0.75+¢)+ (0.25 —¢) 3)]

if B=1 11(0.25 — £)3(0.25 — )]

1 1 ifB=0 [(0.25 —£)1(0.25 — £)1]

=

ifB=1 1[((0.75+2)+(0.25—¢)3) ((0.75 + ¢) + (0.25 — &) 1)]

0 1 ifB=0 21((0.75+ ) + (0.25 — €)3) (0.25 — €) 1]
if B=1 31025 — )4 ((0.75+€) 4+ (0.25 — €)3)]
1 0 ifB=0 5025 — )5 ((0.75+ &) 4 (0.25 — £)3) |
if B=1 21((0.75+€) + (0.25 — €)3) (0.25 — ) 1]

Simplifying, we get:

27



Ry Rs value
2 2
0 0 3[G+5)+G-9)
82 62
Lo 3[E+8 (-9
0 1 3[2(5+5)(-35)]
Lo 3PG5G35
Now,
LI, e\ (L e\ | 25, & 3 25/ 2
2 (\8 "2 8 2/ | 64 4 8 64 25
TN (Lo T 2 e T (3
8 2)\8 2/ 64 4 27 64 7
Hence,
25 24e 64 7 32 64

Q

9 25 14 2 24¢e o 64 1 14 24¢e n 7 14 32¢ 1 64 log (1 + 32¢
22 S N 27 L 22° ) [ 1oe —= — il
64 25 )\ %25 ® 25 64 7 By TR 7
(using log(1l + =) ~ x)
H(Ry, Ry) = C12 (a constant term corresponding to & = 0) + 1.17¢ 4+ O(e?)

The following tables show the marginal distribution on Rj, Rs.

Ry Rs3 B value

0 0 ifB=0 3$[((0.75+¢)+(0.25—¢)3) ((0.75—¢) + (0.25 +¢)3)]

ifB=1 [(0.25 — €)1(0.25 + ) 3]

INIE

1 1 ifB=0 [(0.25 — £)5(0.25 + ) 3]

=

ifB=1 $[((0.754+¢)+(0.25—¢)3) ((0.75 —¢) + (0.25 + ) 3)]

1 0 ifB=0 31025 — )% ((0.75 —€) + (0.25 + ) 3) |
if B=1 2 [((0.75+ ) + (0.25 — )1) (0.25 + ) 5]
0 1 ifB=0 5 [((0.75 + &) + (0.25 — €)3) (0.25 + €) 3]

it B=1 11025 — )3 ((0.75 — ) + (0.25 + £) 3)]

Simplifying, we get:
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Ri Rs value

Hence,
H(Ry, R3) = C13 (a constant term corresponding to & = 0) + O(g?) (B.2)
Finally, we have from (B.1) and (B.2),

I(Ri; Re) — I(Ru; R3) = H(Ry1, Rs) — H(Ra, Ra)
(since the marginal entropies are 0 due to unbiasedness)

= —1.17e + O(?)
(using C12 = Ch3, since the three bits are identically distributed when € = 0)

O
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