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Abstract

Uniformity testing is one of the most well-studied problems in property testing, with many known
test statistics, including ones based on counting collisions, singletons, and the empirical TV dis-
tance. It is known that the optimal sample complexity to distinguish the uniform distribution on

m elements from any e-far distribution with 1 — § probability is n = O(~Y mlzf(l/ ) + logg/ 3) ),
which is achieved by the empirical TV tester. Yet in simulation, these theoretical analyses are mis-
leading: in many cases, they do not correctly rank order the performance of existing testers, even
in an asymptotic regime of all parameters tending to 0 or oco.

We explain this discrepancy by studying the constant factors required by the algorithms. We
show that the collisions tester achieves a sharp maximal constant in the number of standard devia-
tions of separation between uniform and non-uniform inputs. We then introduce a new tester based

on the Huber loss, and show that it not only matches this separation, but also has tails corresponding

v/ mlog(1/6)

£2

to a Gaussian with this separation. This leads to a sample complexity of (1 + o(1)) in
the regime where this term is dominant, unlike all other existing testers.

Keywords: Property testing, Sublinear algorithms

1. Introduction

Property testing of distributions is an area of study initiated in (Goldreich and Ron, 2011) and (Batu
et al., 2000). The foundation of these works is a test for uniformity: given n samples from a
distribution g on [m], can we distinguish the case that ¢ is uniform from the case that ¢ is e-far from
uniform, with probability 1 — 6? The remarkable result is that this is often possible for n < m,
when we cannot learn the actual distribution. Over the years, several different tests and bounds
have been established for uniformity. In this paper we better understand and explain the relative
performance of these testers, then introduce a new uniformity tester that outperforms all of them.

The first uniformity tester introduced was the collisions tester (Goldreich and Ron, 2011; Batu
et al., 2000), which counts the number of collisions among the samples. It is equivalent to Pearson’s
x? test, or any other statistic quadratic in the histogram. It succeeds with constant probability for
n = O(y/m/<?) (Diakonikolas et al., 2019), which is optimal (Paninski, 2008).

What happens for high-probability bounds? Naive repetition gives a multiplicative O(log %)
loss, but this can be improved: Huang and Meyn (Huang and Meyn, 2013) showed that the sin-

gletons tester (Paninski, 2008) achieves y/m log /£%, but only in the setting of n = o(m) and

e = (1). The collisions tester, however, really does involve a log % loss (Peebles, 2015).
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Figure 1: Observed performance of TV vs collisions distinguishing uniform from Lm%

Achieving optimal dependence of the whole range is the empirical TV tester (Diakonikolas et al.,
2018), which measures the TV distance between the empirical distribution and uniform. It needs
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which is optimal in all settings of parameters.

To summarize 20 years of theory, the TV tester is asymptotically optimal while the collisions
tester has poor d dependence and the singletons tester is good for n < m but fails when n > m.
This suggests that, given an actual example of a uniformity testing problem, the TV tester is as good
as possible.

In Figure 4 we compare the TV tester to the collisions tester in simulation. We test the uniform
distribution against the distribution that puts 1%25 mass on half the bins, and 1_725 mass on the
remaining bins. This is the worst case e-far distribution for both these testers (Diakonikolas et al.,
2018). We find that, contrary to the theoretical prediction, the collisions tester outperforms the TV
tester on the parameters we consider. In our first experiment, with m = n = 10* and ¢ = 1/8, the
TV tester has twice the error rate as the collisions tester (3.3% vs 1.7%). In our second experiment,
with m = n = 10° and ¢ = 1/10, the gap widens to a factor 10 (10~* vs 10~?) despite the error
rate )—the parameter the collisions tester is suboptimal in—becoming much smaller. This means
that our theory is giving the wrong advice: a practitioner should prefer the collisions tester to the
TV tester here.

To better explain this, and to develop a new tester that outperforms all existing ones, we need to
start considering constant factors.

Designing a new tester. How should we design an efficient tester for uniformity? We consider
“separable” testers that take as input the histogram Y (so Y is the number of samples equal to j),
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’ Tester ‘ Optimal variance? ‘ Subgaussian tails? ‘
Collisions/x? | Yes (Theorem 1) | No (Theorem 52)
TV No (Theorem 5) Yes
Huber (new) Yes Yes (Theorem 2)

Figure 2: Our main contributions are (1) that the collisions statistic achieves optimal variance, and
(2) that the Huber statistic can get high-probability bounds matching this variance.

compute a statistic

m
s=) 1Y),

j=1
and output YES or NO based on whether S lies below some threshold 7. Existing testers are all
either of this form, or use this as the main subroutine (e.g., after Poissonization or taking the median
of multiple attempts). Differences lie in the choice of f. Quadratic functions f(k) = (k — n/m)?
or f(k) = (];) give the X2 or collisions tester (Goldreich and Ron, 2011; Batu et al., 2000), which
are equivalent because » j Y; = nis fixed, so the two statistics S are linearly related. The TV
tester (Diakonikolas et al., 2018) uses f(k) = |k — n/m/|, while the singletons tester (Paninski,
2008) uses f(k) = 1x—1. But how would one design f from first principles to work well?

In this paper we introduce a natural approach to designing a test statistic with good asymptotic
constants. First, we find the test statistic f that maximizes the number of standard deviations of
separation between YES and NO instances; then, we modify the tails of f so that S has Gaussian
tails. This approach is summarized in Figure 2.

Step 1: Optimize variance. Intuitively, S is a sum of m terms f(Y) that are nearly independent,
so we expect central limit-type behavior

S X N(E[S], Var[S]).

That is, we expect our separable statistic to behave like a Gaussian, with expectation and variance
that depend on the particular statistic. Because the hard alternative distributions ¢ are very close to
p, typically Vary[S] = (1 + o(1))Var,[S]. Then our ability to distinguish p and g depends on how
this variance compares to the separation in means: we want to minimize this normalized variance

Var, [S]
(Eq[S] — Ep[S])?

\75‘/1‘27711(5) =

We can set our threshold to lie halfway between E,[S] and E,[S], so that, under the Gaussian
approximation, the error probability will be given by

(RIS = Eyls]) /27 1
e (‘ 2Var, [5] )‘eXp (~se®) @

For any ¢, miny vary, 4(Sy) is a quadratic program in f, so we can compute the variance-minimizing
f for any setting of parameters. We can also approximate it analytically in the asymptotic limit. We
find that the quadratic statistics (like collisions or x?) are near-optimal:
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Theorem 1 Let c? <« < landn,m,1/e — oo withm 2, 1/€*. Any separable statistic S has

normalized variance
1 m

8 n2et
between the uniform distribution p and the balanced nonuniform distribution q with q;, =
Quadratic statistics (like collisions or x?) match this, getting

varp ¢(S) > (1 +o(1))

1+2e
-

1 m

varp,q(S) < (1+ 0(1))§n27€4

3)

for any e-far distribution q.

Theorem 1 shows that, if the Gaussian approximations hold, the collisions tester has optimal

constants. Per (2), for failure probability 6 we need var, 4(S) = @, or
o

1 1
n:(l—i—o(l))g—gwmlogg 4)

samples. This matches the optimal complexity (1) in the large-m regime, but with a sharp constant
of 1. (Sharp in the sense that no other separable statistic behaves better under its Gaussian approxi-
mation.) One could also trade off the false positive and false negative errors by choosing a different
threshold between the means, getting

log = + /log 5~
n = (1+ o(1)) 5/ - logd +Jlosa. . 5)
3 2

for false positive/negative probabilities 0 /d_.

By contrast, the TV tester has a constant factor worse normalized variance than the quadratic
tester (we shall state this constant precisely later). Therefore the Gaussian approximation loses a
constant factor relative to (4), and it would be very surprising if the actual statistic avoided this
inefficiency.! So the Gaussian approximations predict the actual Figure 4 behavior.

Unfortunately, the Gaussian approximation does not hold in general for the collisions statistic,
so it does not get (4) or (5). See Appendix E.1 for a detailed example, due to (Peebles, 2015),
showing that for exponentially small § the collisions tester does not achieve (1) for any constant
much less 1 + o(1).

Step 2: Massage the tails. The Gaussian tail bound implying (4) and (5) is given by its moment
generating function, so it would suffice to bound the MGF of S. The problem is that Y has roughly
exponential tails for every j, so the MGF of Yj2 does not have a good bound. To get a good MGF
for f(Y;), we need to look at an f with at most linear growth.

So this is our situation: the quadratic f(Y;) = Yj2 has near-optimal variance but a very large
MGEF, while the TV statistic f(Y;) = |Y; — n/m/| has suboptimal variance but a pretty good MGF.
Introducing the linear tail with f(Y;) = |Y; —n/m| is how (Diakonikolas et al., 2018) achieved the

+/log % dependence, but the worse variance means it inherently performs worse than the quadratic
for large & where the Gaussian approximation holds.

1. Unsurprisingly, as we show in Theorem 5, the inefficiency is real.
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(a) The Huber statistic achieves the best con- (b) The constant C in different (n, e, §) param-

stant over almost the entire region of ¢ < eter regimes. In region A, the collisions
1. The singletons statistic was previously tester performs better than the TV tester. In
known to achieve this for ¢ = (1) and region B, both the collisions and TV tester
m > n (Huang and Meyn, 2013). have C7 > 1.

Figure 3: Our results in different regimes.

To achieve both good variance and MGF, we should start with the good-variance quadratic
statistic, then attenuate the tail behavior to get good concentration. We do this with the Huber loss

f(¥;) = hs(Yj —n/m)
for
hp() = min(a?, 28| —62).
If we choose a tradeoff point 5 > 1+ y/n/m, most Y; will lie in the quadratic region and we

still get the variance bound (3). But now the MGF is bounded. We show that, for a large range of
parameters, this leads to the tester that matches a Gaussian with the optimal variance:

Theorem 2 (Huber) The Huber statistic for appropriate (3 achieves (4) for n/m < 1/e2, ¢,§ <
1, and m > C'log n for sufficiently large constant C'. It achieves (5) under the same conditions and
0_, 0 < 1.

Combined with Theorem 1, Theorem 2 shows that the Huber statistic gets the optimal variance
over separable statistics and matches the Gaussian concentration with this variance.

The parameter regime is illustrated in Figure 3(a). The first three asymptotic conditions for
Theorem 2 delineate the boundaries of the “sublinear” regime, where testing is possible, nontrivial,

and the asymptotic sample complexity (1) is dominated by the 6%1 /m log % term. The last condition,
that m > C'logn, is likely an artifact of our analysis but is pretty mild.

The rest of our results look at other regimes and other testers, and we summarize our results in
Figure 3. If we express the sample complexity (1) as

\/mlog i log L
n=(Cr+o(1)V—"2 1 (Cy+0(1)) Off )
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then we can express the constants Cy, Cs in different regimes of (n, m, €). In the “sublinear regime”
of n/m <« E%, where we cannot reliably estimate the distribution, what matters is C. For n = m,
when log n < log % < n!/13 50 that Q(n‘1/4) < e < n~3/13 thatis, in regime A of small ¢/large
0, collisions gets C'; = 1 and TV has C| > 1; in regime B of large e/small d, collisions gets C7 > 1
and TV has 1 < C; = O(1). The Huber statistic, by contrast, gets C; = 1 for almost the whole
regime. In the superlinear regime, where the empirical distribution is £ /2-accurate, a simple union
bound shows that the TV statistic (and hence Huber statistic for 5 = 0) gets the optimal Cy = 2:

Theorem 3 (Superlinear regime) For n/m > 1/¢? and ¢ < 1, the TV statistic achieves

log %
o2

n=(2+o0(1))
and no other tester can do better.

Analysis of collisions. While the y?/collisions tester does not match the Gaussian tails to achieve (4)
everywhere, it still is a sum of mostly-independent variables and so looks like a Gaussian outside the
extreme tails. Hence the Gaussian approximation (4) ought to hold when ¢ isn’t too small. Indeed,
we show this is true for n = ©(m) and intermediate J:

Theorem 4 (Collisions for large §) The quadratic statistic achieves (4) forn/m = ©(1), logn <
log% <nBande <« 1.

Analysis of TV. The TV tester, for n < m, is equivalent to the tester that counts empty bins. We
show that this has

— B (e"/™ —1—n/m) m
dllp—alr > warp(f) = (1 +o(L) 4(n/m)?  ein?

rather than (3). For n < m these are equivalent, but for n = m it is 44% larger, leading to about
20% more samples.

Theorem 5 (TV) The TV statistic uses

n/m _1 _n/m mlo 1
n:(1+0(1))\/2(€/ L—n/m) Y083

(n/m)? e?

forn<m,n>1 ande,d < 1.

Like Theorem 2, both Theorem 4 and Theorem 5 work by showing the Gaussian approximation
is accurate. Thus one could also trade off false positive/negative probabilities, with a %(, /log 5% +

\/log i) dependence.

Experimental performance. In Figure 4, we compare the empirical performance of the new Hu-
ber tester to the existing collisions and TV testers in a synthetic experiment. The experiment has
m=mn,e=.7/ n1/81 with alternative distribution q= &ni, and varies n from 200 to 600. This is
in region B of Figure 3(b), and as predicted we find that the Huber tester has lower failure probability
than the TV or collisions testers.
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Figure 4: Empirical failure probability of different testers when n = m = (.7/¢)%!, which is in
region B of Figure 3(b). The x axis is n?c* /m, which should be linear in log % per (6). The shaded
region shows two standard deviations of uncertainty.

1.1. Related work

The past twenty years have seen a large body of work in distribution testing; see (Goldreich, 2017;
Canonne, 2020) for surveys of the area. Uniformity testing has been either the basis for, or a
necessary subproblem in, many such results. Such extensions include testing identity (Batu et al.,
2001; Chan et al., 2014; Goldreich, 2017; Diakonikolas and Kane, 2016; Valiant and Valiant, 2017;
Diakonikolas et al., 2020), testing independence (Canonne et al., 2018), and testing uniformity over
unknown domains (Batu and Canonne, 2017; Diakonikolas et al., 2017). One particularly clean
relation is that you can black-box reduce testing identity to a fixed distribution p to uniformity
testing with only a constant factor loss in parameters (Goldreich, 2017).

Most of the above results do not focus on the dependence on d; exceptions include (Diakoniko-
las et al., 2018; Kim et al., 2020; Diakonikolas et al., 2020; Huang and Meyn, 2013) which give
algorithms within constant factors of optimal for testing uniformity, identity, and independence.

Lower bounds for uniformity testing started with an ©(y/m) bound in (Goldreich and Ron,
2011), followed by ©(1/m/<?) in (Paninski, 2008) and Q(EL2 mlogl/d+ logg%/(s) in (Diakonikolas
et al., 2018).

When it comes to constant factors in distribution testing, the classical regime of €, m constant
and n — oo was analyzed in (Hoeffding, 1965) and the likelihood ratio test was shown to be
optimal. Alternatively, for m,d constant and n,1/e — oo, Pearson’s x? tester—the quadratic
tester—is known to be asymptotically near optimal for identity testing (see (Lehmann et al., 2005),
Chapter 14).

The most closely related work to our paper is Huang and Meyn (Huang and Meyn, 2013), which
(unlike the classical results) studies constant factors in a regime where all of n,m, 1/§ — co. They
consider the singletons tester, and show that C; = 1 for constant € and » < m. They also show
that no algorithm can do better in this regime. However, for n = ©(m) the singletons tester loses
constant factors and for n > O(m log m) it fails with high probability.
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1.2. Future work

As discussed above, uniformity testing has been the building block for many other distribution
testing problems, such as identity and independence testing. Where there are direct reductions (as
in testing identity to a fixed distribution (Goldreich, 2017)), these reductions lose constant factors.
However, these tests still involve statistics that are the sum of mostly independent random variables.
We believe that our approach to constructing a test statistic—find a statistic to optimize performance
of the Gaussian approximation, then adjust it to match the Gaussian tails—could lead to higher
performance testers in these problems as well.

Second, there are some settings of parameters that we have not analyzed. Most interesting would
be to analyze the intermediate regime of > = @(6%) where both sample complexity terms in (1)
are significant.

Third, we could consider constant factors for high probability bounds in other settings. For
example, it is known by the Cramér-Rao bound (Cramer, 1946) that the maximum likelihood esti-
mator (MLE) in parametric statistics converges to a Gaussian with variance equal to the inverse of
the Fisher information under a broad set of assumptions; but the tails of this estimator are less well
understood, and could likely be improved by modifying the estimator to be less sensitive to outliers.
Other examples lie in streaming algorithms. There has been a line of work on understanding the
constants in the space complexity of cardinality estimation in streams (Flajolet et al., 2007; Ertl,
2017; Lang, 2017; Pettie and Wang, 2021), but these have focused on the constant § regime. We
believe our techniques could lead to optimal high probability bounds on the space complexity for
this problem. Alternatively, for problems like heavy hitters (Charikar et al., 2002; Minton and Price,
2014; Braverman et al., 2016), the analysis has focused on the high ¢ regime and ignored constant
factors; but the underlying algorithms involve sums of random variables that ought to converge to
Gaussians.

2. Proof Overview
2.1. Variance Optimality

To show Theorem 1, we write the optimization problem

m?vary 4(S) = min Vary,[S¥]
S.t.E[Sf] — E[Sf] =m
q P

as a quadratic program in the vector f = (fo, ..., fn). Forp, = Py[Y1 = k] and @}, = Ejcp) Py[Yi =
k], the constraint is that (7 — P) - f = 1, and the objective is 7 Qf for some matrix Q. The KKT
condition (Karush, 1939; Kuhn and Tucker, 1951; Boyd and Vandenberghe, 2004) shows that the
optimum is achieved when Q f = a(q — p) for some scalar a.

Solving this exactly requires the pseudoinverse Q*, which would be tricky. Instead, we show
that the quadratic statistic f;, = k? satisfies a slightly different condition

Qf = a(q' _T))a

for a different distribution ¢’ € R"™*! we can write explicitly. Therefore the quadratic statistic
minimizes the variance subject to an expectation gap in ¢’ relative to p. Moreover, this ¢’ turns out
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to be precisely the Taylor approximation in € to g, with order * error. All that remains is to show
that this O(e*) distinction between g and ¢’ gives 1 + o(1) loss in the program. That is,

E fi —E fel= (1 +0(1)[E fi — E fil,
q p q p
or equivalently
1
E fi — E fr|< —|E[S¢] — E[S]], 7
!q,fk E fil< - [E[Sy] - E[S/]] @)
for any statistic that we care about. We can bound this LHS in terms of the variance of f:
E fi. —E fil< ', [E[f2).
q q P
Then we can relate the variance of f to the variance of .S:
E[f7] < - Vany 5]
po Y m Y
using the fact that our statistic is indifferent to constant and linear terms, so we can assume WLOG

E[fx] = E[kfi] = 0.
Combining these results, we get that (7) holds whenever
Var,[S¢] 1

(B[S - E,[S))? < &m’

VAa/rp,q<S) -

Since the quadratic has vary, 4(S) = ©(Z), this holds for both the quadratic and the statistic of
maximal separation var, ,(.S). Therefore this maximum is within 1 4 o(1) of the quadratic.

2.2. Concentration of Tails

Setting. In this proof overview we will focus on the Huber statistic in the regime where 1 < * <

E%, aswellase,d < 1 (so %264 > 1).
Let X1,...,X,, be the n samples drawn from distribution v supported on [m], and let Y =
" 1¢x.—; be the number of balls that end up in bin j.
i=1 “{Xi=j} P

The Huber statistic. We consider the Huber statistic
i n
=550 (73
> he (Y- (®)
J=1
where

©)

hs(x) = { x? for |z|<

28|x|—-p%  otherwise

is the Huber loss function, which continuously interpolates between a quadratic center and linear
tails. Note that this is twice the standard definition, but the statistic’s performance is invariant under
affine transformations.
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We will set 5 large enough that most bins usually lie in the quadratic regime in the uniform case.
If we were to set 8 = oo (so S is an affine transformation of the collisions statistic), we would have
E,[S] = n — n/m = n for the uniform distribution p and E,[S] > n — n/m + 4n(n — 1)e?/m ~
n + 4n%e? /m for any e-far distribution ¢. This motivates us to consider the rescaled statistic:

§="[S—n] (10)
which (for § = o) has E[S] being o(1) or > 4 — o(1) in the uniform and far-from-uniform cases,
respectively.

Because Y ~ B(n,1/m) in the uniform case, Bernstein’s inequality shows that setting

B=uw (log (i) T % log <i>> (11)

gives that each bin lies in the quadratic regime with probability 1 — A?, for a parameter A < 1
that we will constrain later. Choosing this 3 leads to smaller E[S] than 5 = oo, but the difference
is only about 32A%m because each of the m bins has a A? chance of lying in the linear region, and
most of the differences happen at the boundary where the Huber statistic is ©(/32). This error is
O(nA%log? 1) < O(nA9), so

E[S] = o(1) + O(H%AL%) — o(1)

as long as we have

2
Ao <"5> (12)
m
which is o(1). Similarly, this implies
E[S] >4 — o(1)

q

for any e-far distribution q.
Finally, we will need some constraint that 5 is not too large/A too small. A third moment
condition suffices, as we shall see in a few pages:

(8%e%)% = 0 (A?) (13)

One can check that 5 and A can be chosen such that the constraints (11), (12), and (13) hold in the
regime we consider here.

Analyzing the Huber statistic. Our tester will pick a threshold 7, and “accept” the distribution
as uniform if S < 7. We therefore need to understand the false negative probability

5 :=P[S > 7]
P

and similarly, for any e-far distribution g, we need to bound the false positive probability

5, :=P[S < 7).
q

To bound the maximum error 6 = max(d_, d4 ), it suffices to pick 7 = 2, halfway between the
expectation bounds in the uniform and e-far cases.

10
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Completeness. We start by describing how to analyze §_. The bulk of our analysis here is devoted
to analyzing the moment generating function Mg, (¢) := E, [exp(tS)].

A careful analysis (see, e.g., (Diakonikolas et al., 2019) Lemma 3) shows that when v is the
uniform distribution, the number of collisions has variance (1 + 0(1))%. For large enough /3
per (11), this implies

var[§] = (1 +o(1))%.

Therefore we hope that S has MGF close to a Gaussian with this variance. In Lemma 34 we show
that this is in fact the case: for the uniform distribution p,

Mg, (fa) = (1+O(1/n))exp{:i54 (92+0(1))} (14)

n2et

Here, we pulled out ™= from the MGF parameter, so that we will set ¢ to be constant at the
end. Once we have this, then standard Chernoff-type arguments imply

Mo ("2549) >
. Sp\ m . N~ 4712
1) f ———7—-— f(1 1 —e* |0° — 10 1
< jnf JEEPERTEe < égo( + O( /n))exp{me [ 70 + o ( )]}
and hence
n2et

- <(1+0(1/n))exp(—J_(1+ 0(1))7)
for “error exponent”

m 2.4 2

n-e T
J_ = loe Mz | ——6 or b\ > Or — 0%} = — 15
2;‘8{ n2et 8 S,p<m )* T}—E‘éﬁ“ b= (>

The above is an upper bound on §_, but we can also get a lower bound. Because the MGF
bound (14) is tightly that of a Gaussian, with both upper and lower bounds, we can apply the
Girtner-Ellis theorem (see Appendix B.1) to show that the tail bound is tightly that of a Gaussian
as well: 6_ > exp(—(1 + o(1))Jn2%e*/m).

Soundness. Because the Huber statistic S is convex, we can apply existing tools from (Diakoniko-
las et al., 2018) to analyze the statistic for uniformity testing. In particular, it is sufficient to consider
alternate distributions of the form ¢ such that

1/m+ £, <l
g= e (16)

for some [ € [m]. Our discussion of this appears in Appendix B.2. For simplicity of this exposition,

suppose m is even and [ = m /2. Using a similar procedure as in the case of the uniform distribution,
we show in Lemma 34 that for this alternate distribution g,

m

Mg, ("254 ) = (1+0(1/n))exp {”;54 [0 + 40 + o(1)] } : (17)

11
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That is to say, except for a mean shift of 4 + o(1), S under ¢ concentrates as a Gaussian with the
same variance as it did under p. This gives us that

n2et
0+ <(1+0(1/n))exp (—J+(1 +o(1)) — >
for “error exponent”

m n2et (1 —4)?
T, = M e Me (=) —or b s supf—rh— 02 140 = T2

Setting 7 = 2 so that J_ = J, = 1 gives us that the error exponent achieved by the Huber
tester is 1 for the uniformity testing problem in this regime.

Alternatively, we could pick a different 7 € (0,4) to trade off J_ and J., always getting within
(14 o(1)) of the tradeoff given by the Gaussian approximation to S.

Analyzing the MGF. The key question, therefore, is how to analyze the MGF. For this, we follow
the structure of Huang and Meyn (2013), though with different approximations because of our
different regime.

We would like to analyze the MGF Mg, of our test statistic
Sn = ha (Y] = n/m]).

If the Y;* were independent over j, this would be easy: we would simply bound the MGF of each
individual term, and take the product. For the same reason, it is easy to bound the MGF A, (0) of
the poissonized test statistic Spoj(y), Where Poi(\) balls are drawn rather than . We can get a Taylor
approximation to Ay that is quite accurate in our regime.

Unfortunately, we cannot just use the Poissonized MGF A,, in place of the true MGF Mg, .
The problem is that Poissonization inherently increases the variance: the variance of the collisions
statistic is (1 + 0(1))% before Poissonization but (1 + 0(1))(% + T”n—?;) after Poissonization. For
n = O(m) this is a constant factor we cannot afford to lose, and for n > m it’s even worse. So we
need to “depoissonize” Ay into Mg, .

To depoissonize, we observe that the Poissonized MGF A) is a mixture of the non-Poissonized
MGFs Mg, for k& > 0, and in fact Mg, is just (up to scaling) the A" coefficient in the Taylor
expansion of Ay. We then use Cauchy’s theorem to evaluate this coefficient.

Comparison to Huang-Meyn Our proof structure is similar to (Huang and Meyn, 2013). Differ-
ences arise from two causes: first, (Huang and Meyn, 2013) consider the simpler singletons tester
f(k) = 1j=1, so the MGF of f(Y;) can be written in closed form. For the Huber statistic, we need
to bound the terms corresponding to the higher moments of the statistic, which is done in Lemma
23. Second, they use the asymptotic regime n/m < 1 rather than ¢ < 1 for their Taylor series
expansions to drop o(1) terms, leading to a number of differences.

Finally, our proof for the alternate distributions is much simpler than the proof in (Huang and
Meyn, 2013) since we make use of results from (Diakonikolas et al., 2018).

12
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2.3. Organization of the Appendix

Appendix A shows Theorem 1, that quadratic statistics have asymptotically optimal variance. The
next sections show Theorem 2, that the Huber statistic combines this variance with good concentra-
tion, in the main new regime of 1 < n/m < 1/¢2: some background is given in Appendix B, the
main argument in Appendix C, and some technical computations are deferred to Appendix D.

The rest of the appendix includes our analyses of other testers and other regimes. Proof of
the asymptotically poor performance of the collisions and singletons testers in some regimes is in
Appendix E. The “superlinear” regime of n/m > 1/¢? is covered in Appendix F. Analysis of the
collisions/quadratic statistic is in Appendix G, while the TV/empty bins statistic for n < m is in
Appendix H.
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Appendix A. Variance Optimality (Theorem 1)

Setting. Consider throwing n balls into m bins, for A = n/m = O(1). Suppose m > 1/&* (as is
needed for constant success probability when n < m). Let k, &’ be the number of balls landing in
bins 1 and 2, respectively. For any f, let 02 = Eg[f2].

A.1. Optimality under a different distribution ¢

We define
D := Bin(n,1/m, k)

to be the probability any given bin has £ balls in it under the uniform distribution.

Lemma 6 For any alternative distribution q, any statistic f minimizing the normalized variance

Var,|SF]
(Er~glfr] — Er~plfe])?

satisfies
(Qf )k = a(pr — @Q1)

for some o and all k.

Proof This is the KKT condition for minimizing the quadratic Var,[S¢] = % fTQFf subject to
> k(Dr — W) e = 1. u

Let g;, := 3Bin(n, (1 + 2¢)/m, k) + 3 Bin(n, (1 — 2¢)/m, k). We would like to show that a

quadratic is 1 — o(1)-close to maximizing the normalized separation between p and g.
We have that

p= () 1= 1/my

(”) L L 200k (1 = (14 20) fm)m + (1 — 2605 (1 — (1 — 2¢) /m)"¥)

= \)mk2
(14 29)F1 - (1 +28)/m)" R+ (1 —2e)F(1 — (1 — 2¢)/m)"*
— Pk 2(1 — 1/m)n—*
=Py (142081~ 2 4 (1 - 20)f (14 )

Now, for |a|< 2¢,
(14 a) = =P+ ha 0

9

and
a

)nfk _ ea)\+0(\k7)\\a/m+a2)\/m) _ ea)\+O(54)

1
( +m—1
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for k < 1/e and our setting of A = O(1),m > 1/¢*. Thus

1 25, 8.3 4 4 2, 8.3 4 4
(e2sk72€ k+3e’k+0(e k)672€)\+0(€ ) + e 2ck—2e"k—3e k4+O(e k)€2€/\+o(5 ))

2
ke*252k+0(54(’“+1)) cosh(2e(k — \) + ga%)
Pe(1+2e%((k—A)? — k) + O(* (k> + 1+ (k — \)"))

3
e

i =

]

as long as the final error term is o(1) We now define
ap:i=((k=N?—k+X\/m (18)
so that
T = Dr(1 + 2%, + O(* (k' + 1)) (19)

under k& < % and our assumptions. We make the following simple observations:

Lemma 7
E [kl =X\ (20)
k~p
kEﬁ[(k NI =x1-1/m) 1)
~p
E [ag] = 0. (22)
k~p

Proof The first two equations are just the mean and variance of a binomial random variable, and the
third follows trivially. n

Define
q, = Dp(1+ 252ak)

which is also a probability distribution, since Ep[cy;] = 0 and ag, > —O(\) so it is positive. For ¢/,
the quadratic statistics are exactly optimal:

Lemma 8 Quadratic statistics fi, = ak?® + bk + ¢ minimize

Vary[S]
(Exng [mfi] — Egplm fi])?

over all f, attaining value

(1+0(1)) (23)

8ei 2m’

Proof Value. We first measure the value obtained by the quadratic statistic. The quadratic statistic
f(k) = (k — X\)? has four times the variance of the collisions statistic (g), so Lemma 3 of (Di-
akonikolas et al., 2019) shows that

Var,[S] = 4(Z> (% _ #) — (1 + o(1))2\%m.

18
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We also have, using the moments of a binomial, that

[fk]— E [fr] = 226 kP fr

— 282 E[(h = N)! = (k= 2)° — (L= 1/m)A(k = M}
3n —6

=231 — 1/m)(M1 + (1—1/m)) — A1 —2/m)
=221+ o(1))(A + 332 = X — \?)
= 4e°X%(1 4 o(1))

Hence
Vary,[S]
(Egng [fk] — Ernplfi])?

Scaling by m? gives the result.

- (1+o(1))8€%2.

Optimality. We now show that it is optimal. For any statistic f, we have that
Var[S;] = mfTQF

for a matrix @) defined by
Qi =Py, + (m — 1)PyDrp — mP;,
and
Qrxr = (M — V)PP — MPrPpr
where Tjk‘"k = [YQ = k/ ‘ }/1 = k’]
For any statistic S = ) f(Y;), we have that
(Qf)r =P (E[S | Y1 = k] — E[S]).
We also have that
E il = Efil = 225 o fi-
Therefore we can express the optimization as
min rer
st 2e2 Zakfk = 1/m.
k

The KKT condition for optimality is then that Q) f = a« for some constant a.
Now, the quadratic function fj, = k? satisfies

n? 1
E[S] = — 1— ).
S1=" 41— )
Therefore ( )2
A _ 1 —
[S|Y1=k] =k + — + (n —k)( _1)

19

= X(1-1/m))

(24)
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SO

I (L= )+ (a(nm)

R[S | Yy = k] — E[S] = ——k% — k(

= m’ni 1Oék + hZ(nam)

for some functions k1, he of n and m but not k. But since the LHS is zero in expectation over k ~ p,
and so is ap, by Lemma 7, we have ho = 0. Thus:

m
—a.
m—1

Qf =
Hence the quadratic satisfies the KKT condition, so it optimizes (24) when scaled appropriately.

We also note that the error in approximating g by ¢’ has low moments:

Lemma 9 In our setting,

PR
4y — 4k

[(F—2)?] S &%
Py

S|

Proof
For k < 1/e, we have by (19) that

/_7 J—
e — Tk | rak—%’“\ss‘*(kul)
k

such that

-
B[ Lcyyc] S BSR4+ 1) £ ¢

p DPg
On the other hand, for k > 1/e,

Gy — Tre 2 Ak \2
El(==——)~1 < E[(Z£)“1 .
ﬁ[( Dr ) k>1/€] ~ 5[(ﬁk) k>1/€]

Now, for k > 1/e, the A(1 + ¢) part of g is more likely than the A(1 — ¢) part. Thus

()((1 +e)/m)F(L — (1 + ) /m)"*

R V7 T v
while
By, < (%)k _ Ok)—klogh
SO , B
%[(%)21@1/5] < Z 26k O (k) —klog k < £Q1/e) o 8
k>1/e
giving the result. u
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A.2. Relating the covariance of one bin to the whole

Recall that 02 = E[f2], for k ~ P.

Lemma 10 For any B > 2\, we have

Elfu filwsp] < o*/Plk' > BJ.

Proof For any ¢t > B, we have
Plk | k' =t] < P[K]
for all k. This is trivially true for small £ < O(1) because P[k] = (1), and for large k—since ¢ is
above average—P[k | k' = t] < P[k].
This implies
Ellfsl | ¥ =1 SE[lfsll <o

So
Elfw fulkspl = > pefoElfs | K]S 0 pelfel

k'>B k'>B
Of course, by Cauchy-Schwarz,

S el \/< S o)X v f2) < o/Pl > B

k'>B k'>B k'>B

and hence

Elfw frliw>p] S o*/P[K > B].

|
Lemma 11 Let f, satisfy E,[fi] = Ep[kfi] = 0. For sufficiently large n, m we have
1
2 < —VarSy).
oS ar(S¢|
Proof We can expand
Var[S;] = ma? + m(m — 1) kIE%/ [fr frr]-
The lemma statement would be implied by
| [ifell< o 05)
et RS 90 — 1)0 ’

where k is the number of balls in bin 1 and &’ is the number in bin 2. The probability that & > B is

at most . \ .
n e g
2 — < 2(— [
<B) mB — ( B )" < n?m?

‘ 7’{,‘/ [fkfk, k>BUkK'>B ’<— |k=7k;/ f fk/ k>B ‘N mii ’
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Therefore it would suffice to show

2
g

| E [fefw k<o <Bll< —. (26)
kK’ m

Let BB be the event that k < BNk’ < B.
Let X := (n — K')/(m — 1) = A1 + &) for & = —L-A(XA — k'), which under B satisfies
le|< m~2/3. Then (k | k') is b(n — k’,1/(m — 1)), which is well approximated by Poi()'). This
Poisson approximation gives
% ke—/\’ o
p;c — ( )k' :pk(1+€/)k6 Ae

= prelF=NEHO((E)?%)

= pr(L+ (k= Ne' + O((k + (k = X)) (£)?))

', which holds given B. Since E,[f] = E, [k fi] = 0, we have that

> o1+ (k= Ne) filkenl = 1Y pe(1+ (k= N)e') filps sl
B B

Zpk (L+ (k= Ne)2 SR

k>B

1
< VP[k > Blone' < —o0.
m
Therefore, for any k¥’ < B,

| E [felespll < —5 +[E[O(k + (k — N2EN? filk<s)]

k|k!
< "2 & —\)2)2| E[ £2
Nm2+<a> JEG+ k=222
_ 1 N2
< (= + (P
<o/m*3.
Therefore
B Ui filiwzsl= Elityss B eluesl] £ Bllellves—051 S -5
Ko K Jklk k' <B||= kLl < klk<B RIMW<B a7l S s
which gives (26) as needed. |

A.3. Putting it together

Theorem 1 Let c? < L < landn,m,1/e = oo withm 2, 1/&*. Any separable statistic S has

normalized variance
1 m

vary o(S) > (1 + 0(1))§W
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between the uniform distribution p and the balanced nonuniform distribution q with q;, =

14+2¢
e
Quadratic statistics (like collisions or x?) match this, getting

1 m

varp¢(S) < (1 + 0(1))§n2754

3)
for any e-far distribution q.

Proof Because the normalized separation is invariant to adding any linear function ak + b to f, we
can add use this degree of freedom to WLOG satisfy any two linear constraints. We require that

I%[fk] =0

and
E[kfi] = 0.
D

Let ﬁC = k? + ak + b be the quadratic test statistic with a and b set to satisfy these two
constraints.. By Lemma 8, f is optimal under ¢/, so we have that

1 Var(S7] L Var[S]

OPT := (1 + 0(1))854>\2m N Eg[mfi)? ~ Eolmfil®

27

We have that

k
QG — 7
= (E[Z=——1;])?
P Pk
QG — 7
< E[(“A ) E[f]]
p Pk p
< 58(7]20 (Lemma 9)
< 88%\]31‘[5 7l (Lemma 10)

The same holds for f, where we also have by (27) that

~

BRI = 1+ 0(1))%Var[5f]  get)?

SO
(BL7) ~ BRI S - VarlS7] = <! (1+ o(1) g5 IR < [y
and hence R R
EIfi? = (1+ o(1) (7
)
- Varp[SfA]
vary q(S) = W = (1+40(1))OPT.

For any alternative f, we split into two cases:
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Reasonably good f. When
Var[S
Lf]Q < 1000 PT,
qu [mfk]
we again have

1 -
e —Var[Ss] < E[f;]?
m q

SO
BIAI? = (1-+o(1) L2
and Var(s,|
Vatg(Sy) = (1+ O(”)M > (1+0(1))OPT.
Bad f. When
Var[Sy]
£ 2 1000PT,
we use (a + b)? < 2a? + 2b? to observe that
N ~ Var[Sy] 1 Var[S¢]
WS = 2 2 B T+ (B ]~ g ]
1 Var[Sf}
2Ey[mfi]? + O(e¥mVar[Sy])
> 1 1 1
2 tgoopr +E5m

> OPT

Thus, the quadratic tester achieves near-optimal separation for this g.
Finally, for arbitrary distributions g e-far from p in TV, we note that the collisions tester satisfies

Bis] = () lal

By convexity the e-far ¢ minimizing this has its values above and below 1/m all equal; if there are
k values above 1/m this gives

1 1 ¢ 1 €
< E[S] = k(— + —)? —k)(— — 2
(7 EIS) = b+ 2 = R = )
*i-i-EQ 1—1—71
T m k- m-—k
which is minimized at k = m — k = m/2, precisely the ¢ considered above. |
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Appendix B. Background for Tester Analysis
B.1. Girtner-Ellis Theorem

The statements in this section are taken from Dembo and Zeitouni (1998).
Consider a sequence of random variables Z,, ~ p, and let the logarithmic moment generating
function of Z,, be
An(6) := log E[e?%"]

Assumption 1 Suppose that for each 0 € R, the logarithmic moment generating function, defined
as the limit

A) = Tim SA,(n0)

n—oo n
exists as an extended real number, and that the origin lies in the interior of the set Dy := {6 €
R:A(f) < oo}

Let

A (1) = 21;18{97‘ — A0} (28)

be the Fenchel-Legendre transform of A.

Definition 12 7 € R is an exposed point of A* if for some \ € R, for every x # v,
AT — AN*(1) > Az — A*(x)
Then, X is called an exposing hyperplane.

Theorem 13 (Girtner-Ellis) Let Assumption 1 hold.

(a) For any closed set F,
1
lim sup — log p,,(F') < — inf A*(z)

n—oo N zeF

(b) For any open set G,

1
liminf —log p,(G) > — inf A"
ity loernl(G) = = Qg )

where F is the set of exposed points of A* whose exposing hyperplane belongs to DY, where
Dg is the interior of D.

B.2. Worst Case Distributions for Uniformity Testing

In this section, we study the worst-case e-far distributions for test statistics that are convex sym-
metric functions of the histogram (i.e., the number of times each domain element is sampled) of an
arbitrary random variable Y. This is an extension of the results in (Diakonikolas et al., 2018), which
we recap below.
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Prior work. We start with the following definition:

Definition 14 Letp = (p1,...,pn),q = (q1,- - ., qn) be probability distributions and p*, q* denote
the vectors with the same values as p and q respectively, but sorted in non-increasing order. We say
that p majorizes q (denoted by p = q) if

k
VE:Y pr>> g (29)

=1 =

[y

A proof of the following simple fact can be found in (Diakonikolas et al., 2018):

Fact 15 Let p be a probability distribution over [n| and S C [n]. Let q be the distribution which is
identical to p on [n] \ S, and for every i € S we have q; = Z%, where | S| denotes the cardinality

of S. Then, we have that p > q.

We also use the following standard terminology: we say that a real random variable A stochas-
tically dominates a real random variable B if for all € R it holds P[A > z] > P[B > z].

We say that a test statistic S is “convex symmetric” if it is a convex function of the histogram
(Y1,...,Y,,) and invariant under permutation of the Y;. A “test” is given by a test statistic S and
threshold 7, and outputs “uniform” if S < 7 and “non-uniform” otherwise.

It was shown in (Diakonikolas et al., 2018) that if p majorizes g, then a convex symmetric test
statistic of p stochastically dominates one from ¢:

Lemma 16 (Lemma 19 of (Diakonikolas et al., 2018)) Let f : R" — R be a symmetric convex
function and p be a distribution over [n]. Suppose that we draw m samples from p, and let X; denote
the number of times we sample element i. Let g(p) be the random variable f(X1, Xo,...,Xp).
Then, for any distribution q over [n] such that p = q, we have that g(p) stochastically dominates

9(q).

New claims. We will show that it suffices to consider distributions that are “flat”, meaning that p;
takes only two values:

Definition 17 We say a probability distribution p over [n] is an y-skewed flat distribution if it takes

the form:
_Ja 1eT
Pim b igrT

for some reals a,b and set T C [n] with |T|€ [yn, (1 —y)n].

We make the following generalization of Lemma 21 in (Diakonikolas et al., 2018) (which is the
~v = 1/2 case):

Lemma 18 Let p be a probability distribution. For any 0 < vy < 1/2, there exists an ~y-skewed flat
distribution p’ such that p = p' and

(L= llp = Unllov< 10" = Unllrv < |lp = Unllzv.
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Proof Let 7' = {i : p; > 1/n}, so

lp = Unllrv=">_(pi—1/n) = > (1/n—p). (30)

ieT i€ln\T

If |T|€ [yn, (1 — v)n], we can simply choose p’ to be p averaged over T, and p averaged over
[n] \ T—this is y-skewed and flat, has p > p’ by Lemma 15, and has ||p’ — U,||7v= ||p — Un|l7v.
The only remaining cases have |T'|¢ [yn, (1 — v)n/, since this approach would not be ~y-skewed.

Let T" C [n] contain the largest either yn or (1 — v)n coordinates of p, depending on whether
|T|< ynor |T|> (1 —~)n, and let p’ average p over 7" and over [n] \ T'. This is y-skewed and flat,
and has p > p’ by Lemma 15, so the only question is the TV bound.

We have that
' ~Unllrv=">_@0i=1/n) =Y (pi=1/n) = lp=Unllov— > (pi=1/n)— Y (1/n—p).
ieT’ ieT’ ieT\T" i€T\T

Every term in the right two sums is nonnegative, so ||p’ — U, ||7v < ||[p — Uy||l7v.
Now, if |T'|< ~n, then T \ T" is empty and, since 7" takes the largest coordinates in p, p; is
larger on average fori € 7"\ T than fori € [n] \ T

'\ 7] T
_ o _m—Tl, g B
ie%:\T(l/n P = [\ T| ZE[;]\T(l/n pi) n—|T| lp = Unllrv < ~llp — Unllrv

SO
Ip" = Unllrv= (1 = 9)lp = Unllzv
Similarly, if |T'|> (1 — ¥)n, then 77\ T is empty and

> =1/ < S - vy = FECE - vy < ol - Ol

& d

again giving
1P = Unllrv> (1 =5)|lp — Unllrv

as desired. ]

The above results mean that it suffices to prove that our algorithm can distinguish the uni-
form distribution from ~-skewed flat distributions. The inefficiency from not considering extremely
skewed distributions is only 1 + O(~):

Lemma 19 Suppose a convex symmetric test statistic S and threshold has the property that, when
applied to any e-far y-skewed flat distribution p, the false negative rate is at most d. Then the same
statistic and threshold, when applied to any
most 6.

1 -
1—v

Proof For any such p’, Lemma 18 states that there exists a p that is y-skewed, e-far from U,, in TV,
and with p’ = p. Lemma 16 then states that S on p’ stochastically dominates S on p, so the chance
of falling below the threshold is smaller for p’ than for p—and the latter is § by assumption. |
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Implication for Error Exponents. Lete = £(n), m = m(n), and 7 = 7(n) be functions of n.
Let p be uniform on [m]. The false positive error exponent ¢, = ¢4 (¢,m) of atest (5, 7) is

. m
Cy = nh—)nolo —W log %F)D[S > 7_].

(@ _

For a particular family of distributions g, the false negative error exponent ¢’ = c(_Q) (e,m) is
I L log P[S < 7].
n—oo et g

The false negative error exponent c_ is the worst such exponent over all e-far distributions ¢:
c_ = inf c(_q).
allp—allrv>e

Varying 7 allows for a tradeoff between false negatives and false positives. Balancing the two gives
us the error exponent ¢ = c¢(g, m) for a test statistic S:

¢ =supmin(cy,c_).
T

If a test statistic has error exponent ¢, it can distinguish the uniform distribution from any non-
uniform distribution with probability 1 — exp(—(1 4 o(1))ce*n?/m). Equivalently, it gets error

probability § where
_ 1+0(1) \/mlog%
= 5

We define ¢ = ¢(e, m, y) to denote an alternative to ¢ where we only consider e-far distributions
q that are vy-skewed and flat.

Lemma 20 For any functions €, m, ",
(1 - 4'7) ' E((l - 7)87 m7'7) < 6(87 m) < 6(57 m, 7)

Proof The upper bound on c is trivial: as an infimum over a larger setof ¢, c_. <¢_,soc <.
For the lower bound on ¢, we note by Lemma 19 that for any ¢ with ||p — ¢||7v> ¢ that there
exists a y-skewed flat distribution ¢’ with ||[p — ¢/||7v> (1 — ~v)e such that

B[S < 7] <B[S <] 31)
q

This implies that

et OB BIS < 7] < (1= 7)™y log Bl < 7]
SO
D (e,m) > (1= )1 (1 = y)e,m),
and hence ¢ > (1 — 4v)e((1 — v)e, m). [ |
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Lemma 21 Let S by a convex symmetric test statistic. Consider any family of parameters (n,e,m).
Suppose that there exists a constant ' such that, for any v = Q(1) > +' and &' that uniformly
satisfies (1 —~')e(n) < &'(n) < e(n),
c(e,m,y) ="
for a fixed value ¢* [that depends on the family (n, e, m) but not on the value of n or v,v'].
Then
cle,m) =c".

Proof By Lemma 20,

*

c(e,m) <e(e,m,v) = ¢

Moreover, for any C' we have
cle,m) > (1 —4y)c*.

where c is a limit as n — oo independent of C'. But this means that c¢(e, m) = c¢*, because it is
larger than any fixed value less than c*. |
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Appendix C. Huber Statistic in Sublinear Regime

C.1. Regime
The Huber statistic is given by
m
S=3h (v - 1) ®
i=1 m
where
x? for |z|< B
() = { 28|x|—-p%  otherwise ©)
is the Huber loss function. Here Y}" = Sy Iix,—; and X1,..., X, are the n samples drawn

from distribution v supported on [m)].

Assumption 2 n = Q(m),n/m < 5%, e < 1, %254 > 1, and m > C'logn for sufficiently large
constant C. In addition, we have the following constraints on 3, the Huber parameter, and A.

ﬁ=w<10g (i)*\/%) (1)

2
a=o(22) )
(8%e%)% = 0 (A?) (13)

We will assume that Assumption 2 holds throughout this section.
Note that since A = o(1), (13) implies that

B2e? = 0(1) (32)

Our goal is to compute an upper bound on the asymptotic expansion of the cumulant generating
function (also called the logarithmic moment generating function) of this statistic.
For ease, instead of analyzing S directly, we will analyze the statistic

9:%[5—71] 33)

Note that this has the same error probability as S since it simply applies a translation and scaling to
S.
Consider the moment generating function (MGF) of S with respect to distribution v, given by

Mg (0) = Ilii: [exp(ﬁg)}
The logarithmic moment generating function of S with respect to distribution v is given by

A (6) = log (Mg, (0)) (34)
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We will compute an asymptotic expansion of the limiting logarithmic moment generating function

of S, given by
} m n2et
Av(0) = lim 55 Anw (m9>
For ease of exposition, we define a centering function
n
o(k) = [k — | (35)
m

C.2. Poissonization
Define Sp,(y) to be the Poissonized statistic, that is the statistic S when the number of balls is

chosen according to the Poisson distribution with mean \
We begin by computing the MGF of Sp,;(y) with MGF parameter * *-6. That is, let

n2€4 ~ 2 2
Ax(0) :=E {GXP <m95Poz‘()\)>:| = exp(—e°0n) E |exp QZhg (Z — —) (36)
where Z; ~ Poi(Av;) and are independent. Due to this independence
_ 7 2 "
Ax(0) = exp(—&%0n) Jl:[l [exp (5 Ohg (ZJ m)”
192 37)

Define
(k) =1+ 00(k)* + ——o(k)"

We will first show the following

Lemma 22
S0 |hs (2 - %)} = 20E[$(Z;)Y] + o(A?)
S (2 - 2)] = 57 Blez) + o)
i (SZQ)Z E |:h5 (2 - ”)l] = o(A2)

where hg is defined in (9), and Z; ~ Poi(\v;), for A = n(1 4+ O(e?)) and v; = 1/m + O(g/m)

forall j.

Proof

0 {hﬂ (Zj - Eﬂ =% {E {ﬂ{qs(zj)gg}(ﬁ(zj)z} +E {1{¢(zj)>ﬁ}ﬂ(2¢(zj) - 5)”
= &20 E[¢(Z;)°] — 0 E[L{4(2,)>py0(Z:)°] + €20 E[Lg(z,)>8(20(Z;) — B)]
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By Lemma 45, the second term is o(A?). For the third term,
20 E[L{g(2,)>58(20(Z;) — B)] < ElL{4(z,)>p; exp(e210]8(26(Z;) — B))]

By Lemma 47, this is o(A)2. So, we have the first claim. The second claim can be proved in a
similar way. For the third claim,

& 82 l
+Z( “0) E [ﬂ{¢<zj>>ﬁ}(5(2¢(zj) —B))’}

=3

By Lemma 42, the first term is O(AQ). For the second term, in a similar fashion as before,

= (£26)! I 2
> E [ Le2-5(B(26(Z5) = B)'] < E [Lio(z,)5) exp(e2018(26(2;) - B))]

I
1=3

By Lemma 47, this is o(A2). |

Lemma 23 We have
n
E [exp (520h5 (Zj - E))] =E[f(Z)] + o0 (A% (38)
where hg is defined in (9), and Z; ~ Poi(Av;), for A = n(1+ O(g?)) and v; = 1/m+ O(g/m) for
all j.

Proof Follows from Lemma 22. [ |

C.3. Depoissonization
First, we will show that Ay (0) is analytic in \.
Lemma 24 A, (0) is analytic in \.

Proof We will show that E[exp (e26hs (Z; — 2))] can be written as a finite sum of analytic func-
tions in A. Since the sum and product of analytic functions also analytic, this will show that Ay ()
is analytic. Let

;)
A= Z |:( I:J') €—>\1/j exp (629¢(k,)2):|
k:p(k)<p

Bi=E |exp {208 (2(7; - %) -6)}]

o= X [ nlon (o0 a)ewlo (e ) -3}

k:k<%*,3
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Then, the expectations in B and C' can be expressed in terms of the moments and MGF of the
Poisson distribution, and so, are analytic. Each of A, B, C'is a finite sum of analytic functions, and
S0, is analytic. It is easy to verify that

E [exp (629h5 (Zj — %))] =A+B+C

is thus analytic.
|

Now, we want depoissonize Ay (6). For ease of exposition, we will prove a more general result.
First we assume the following.

Assumption 3 Suppose £ is a function such that
m
Ax(8) = exp(—<°0n) [ [ Elexp(?64(Z;))]
j=1

where Ay () is analytic in \, and Z; ~ Poi(A\v;).
We assume that, for A = n(1 + O(g%)) and v; = 1/m + O(e/m) for all j, we have

20 E[E(Z))] = 20 E[$(Z;)%] + o(A?) (39)

402 402

— ElE(2))"] = - E[6(Z))"] + o(A%) (40)
Z ;)" = o(A?) @1
=3

so that
Elexp(06(Z)))] = E[f(Z))] + 0 (A7)
where f is defined in (37).
[Le]t Y]” =3, Lix,=jy and Xy, ..., Xy be n samples drawn from distribution v supported
on [ml.

We will show the following:

Lemma 25 Suppose Assumption 3 holds. Then, if v is the uniform distribution such that v; = 1/m
for all j, we have

2.4
exp(—e20n) E |exp 2925 v || = (1+0(1/n))exp{“ c (02+0(1))}
m
If v is an alternate distribution such that v; = % + Wim forj <ym, and v; = % — W for
j>ym, fory=0(1),1 —~v = 0O(1), we have
“ n2e 1
exp(—£20n) E |exp 52025(}?‘) (1+O(1/n))exp{ - (02+9’Y(1—’Y) —|—0(1)>}
j=1
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First, we have that our expression stated can be written as an integral.

Lemma 26 Consider any function f : R — R. If we draw Z; ~ Poi(A\vj) for j € [m], and

is analytic in \, we have

m | AN m
B ([1709)] = o f o [LEUZ)IaN
j=1 j=1

where Y{*, ..., Y are n samples drawn according to v.

Proof Conditioning on Z;"Zl Zj = k, we have

[TEU@) =5 |[T1Z)| =S P[>z =k|E(T] 12| > 2 =k
7j=1 J=1 k=0 7j=1 7=1 7=1
-y X T
k=0 j=1

Now, for any analytic function ¢(\) with power series expansion given by

oo
-
k=0

we have by Cauchy’s theorem that

T o f oA )\"+1

By assumption, [, E[f(Z;)] is analytic in \. Therefore,

m A m

n! e
FO7)| = oo # s LLELZ)1aN
j=1 j=1
which is the desired bound.
|
Corollary 27 Under Assumption 3,
2 2 . n' A dA
exp(—e“0On)E |exp GZ§ Y| = o 7{6 AA(G))\HH (42)
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We will choose a contour passing through a particular \g, and this will make it easy to evaluate
the integral. We carry out the integration along the contour given by A = \ge'¥, where

Ao = n(1 — %)

We substitute Age’” into (42) to get that

*629 n'

exp(—e%0n) E |exp 52925(3/1.”) =e "ﬂ)\g”Re [/W g(q/))dw] (43)
=1 -

with
vk
= eIy | | { E )\O])exp(629§(kz))} (44)

We will split this integral into 3 parts. Let

w/3
I = Re /_ /3g<¢>dw]
—7/3
Re /_ gw)dw] 4s)
Iy = Re //3g<¢>d¢]

We will show that I; dominates. We show this by bounding ¢(¢)) in the region ¢ € [—7, —7/3]U
[7/3, 7] as follows.

Lemma 28 Under Assumption 3, and m > C'logn for sufficiently large constant C, for ¢ €

(=7, —7/3] U /3, 7], )
a0 (%)

Proof By definition of g from (44), and using the assumption on £ from Assumption 3, we have
that,

viet)k
lg(¥)] = [e™™ H {Z M exp(629€(k))}

k=0

m oo y-eiwk m o l/'eiwk & 52 l
{ZQO i) } . H{Z(Ao i) (Z( ) W)}

J=1

A
—

Now, for choice of \g = n(1 — £26), and ¢ € [—7, —7/3] U [r/3, 7],

H{Z““J”} H ] = fere

_ ‘en(1—529)ew’|§ 0(60.5n)
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For the second term, by Assumption 3, for our Ag = n(1 — £26), and v; = 1/m + O(e/m) for all

m, this is
H { l]} n(1-¢%) H { 20E[p(Z;)% + 52492E[¢(Zj)4] + O(AQ)}

By Lemma 38, and since n = o(m/c?), this is

n 2

n(1—e20) NETY ~ on(1-e20)—Q(m)
e H0<m>_e

j=1

Since m > C'log n for sufficiently large constant C, the claim follows.

Note that this implies that for the integrals defined in (45) that

IQ+13:O(€>
n

Now, we will compute I;. Define G(v) := log(g(¢)). Then, by definition of g in (44),

G(yp) = —int + ) _log {Z AOV] exp(829§ (k))}
j=1 k=0
Note that
Im(G(0)) =0

Then, applying Lemma 51,
Re(G'(0)) =0

Computing the asymptotic expansion of G” (1)) by Lemma 41, we have

n2e?

G"(¢) = —ne™ + O <m> +o(1)

Now, by Taylor’s theorem, for any ¢ € [—7/3, 7/3] there exists ) € (0, 1) such that

G(w) = ) + o+ Ty

But, by (50), Re[G"(¢))] < —0.4n for any ¢ € [—7/3,7/3]. So, for ¢ € [—7/3,7/3],

Re(G(1)) < G(0) - 0.2n?
Now, we have the following upper bound on I;.

Lemma 29

I, < GO VT
o 0.2n

:
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Proof
I 1= Re

w/3 /3 /3 2
/ W) qap g/ eRe(GW)) gy < 6G(o)/ e=0:2n92 gy (53)

—7/3 —7/3 —7/3
|

< £G(0) /OO —0.2mp2d _ ,G(0) ﬁ
_e _ooe w ¢ V 0.2’/1

The next lemma shows that I; is also lower bounded by the above quantity (up to constants).

Lemma 30

V1.ln

1126

(1+0(1))
where I is defined in (45)

Proof By (50), Im(G" (1)) = —nsin(¢) + O (%) So, for large enough n, since |sin()|< |v],

for any ¢ € [—7/3,7/3], Im(G"(¢))|< 1.1n|y|. So, by (51), (48) and (49), we have that for
constant ¢ > 0 and ¢ € [—7/3,7/3],

[ (G (¥))|< LAnjy[*+ene®y?
Also, Re(G”(¢)) > —1.1n by a similar argument. So, by (51) and (49), for ¢ € [—m/3,7/3],
Re(G(1)) > G(0) — 1.1ny?

Now, for t,, = 0.1 min{n~'/3, —1_1}, we have that for ¢ € [~t,, t,,], cos(Im(G(z/))) > 0.5 so

gy/CN

that Re(e®(¥)) > 0.5e¢Re(G(¥) We can split I; further into 3 parts:

—tn /3 tn
/ e“ W) dap / ! W dy | +Re [/ 6G(w)d¢}:|
tn —tn

—7/3

I = Re + Re

Now, by (52),

—tn
‘/ W) qap

—7/3

—1 _
< 1660 / 0282101 g — (GO) () <1> _ G0, <\1F>
—00 Nip n

—tp 1 .
S eG(O)/ 670'2nw2dw = tneG(O)/ e*O.Qnt%deTZJ

—0o0

In a similar way, we can bound the second term. For the third term, we have

tn tn tn
Re [/ eG(w)dw} 2/ 0-56RG(G(¢))d¢ > 0_56(1(0)/ 6_1‘1”w2d¢

—tn —tn

_tn

) —tn
> O.5€G(O) |:/ e_l'lnw2d¢ o 2/ e—l.lnw2d¢:|

—00
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> 0.5¢%0) <\/\1/% +0 <nltn)> = 0.5eG<0>\/%(1 +0(1))

Combining the bounds, we get that

Combining the upper bound on I; from Lemma 29 and the lower bound from Lemma 30, we

have

So, by (43) and (46),

exp(~<20m) B [6(Y}")] = = 22 2gme00 VT (1 4 o(1))

So, it remains to compute G(0).

Lemma 31 Under Assumption 3,

m 2
n n
G(O) = X0 + Zl {629 |:()\ol/j)2 + )\oljj — 2)\01@'% + ﬁ
J:
e16? 3 2 L n
+ — 4(Mov5)” 4+ 6(Xovj)” + (Aovj) — 8(Aovj) o %(AOVJ) +

Proof Using equation (47), we have
G(0) = X+ > _log {E [exp(e?0¢(Z;))] }
j=1

where Z; ~ Poi(Agv;). By Assumption 3, we have that this is
Mo+ Y log {E[f(Z))] + 0 (A%)}
j=1

Using the definition of f from (37), this is

Ui %62
Ao+ ) log {1 + 20 E[p(Z;)?] + 5 E[¢(Z;)"] + o (A?) }
j=1

38

(54)

n2
4@ (/\0Vj):|
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Since by Lemma 38, 20 E[¢(Z;)?] and £*% E[¢(Z;)*] are o(1), using the fact that log(1+) =
x —2%/2 + O(23) for z — 0, we have

402
ot Z {e20mioz, ) 55 (Rl0(2,) ] - Elo() o (8%
Now, using Lemma 48, we have that
G(O) =X+ Z e“0 ()\Ovj') + )\Oyj — 2)\0V]‘E + W

Jj=1

£16? o N 2

+ [4(/\07/3')3 +6(Movy)? + (Movj) — 8(Aov) . %()‘O’jj) + 4:,9()\0%)]

+0(A2)}

Lemma 32 For the uniform distribution so that v; = 1/m for all j, and Ao = n(1 — &%),

2 2.4
G(0) = Ao + £20n + £6? <—n+n> +0(n < >

2 m m

Proof Substituting v; = 1/m for all j, and Ao = n(1 — £26), we have

m 2 2_4
n o n n°e
Movj)? 4+ Aovj — 2 ovj— + — | =n — ne?0 + ——62
2 [( 0vj)° + Aovj oVt mQ] n—ne’d+ —
m 2
3 14(0015)? + 6(0r5)? + (ovj) — 8(Aovj)? = — 4 (Agwj) + 4 (o)
L j j j i m j m2 j
J =
n2 2.2
=n+ 2— +0 (n c )
m
So, by Lemma 31, we have
_ 2 2_4
mmzAvm%n+&¥<”+”>+o(”€>
2 m m
|
Lemma 33 For alternate distributions such that v; = —- + — forj < ym, and v; = 7}1 — (l—i/)m

forj >, fory=0(1),1—~v=0(1), and \g = n(1 — 62(9) we have

n(ym20 — v*m20 — mn) Yo n2et
Yy = m?

2
amzm+£%+&w<g+;>+&e
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Proof We have

m 2 2020 — ~m26)e2 2.2
Z |:(/\01/j)2 + /\OVj — 2)\01/j£ + 712] =n— n(mn tom ’Qym )5 +o (n c )
ot m m vy —1)m m

Zl 400v5)" + 6(0v;)* + (Aovs) = 8(ovs)*— = 4—(owy) +4—5 (Aov;)

‘7 =

2 2.2
:n+fl+o<"5>
m m

Thus, for this v, from Lemma 31,

2 20 _ 220 2.4
G0) = Ao+ 220m 1 22 (4 T2 4 stpnym0 =m0 —mn) (e
2 m v(y — 1)m? m

Finally, we prove the main lemma.
Proof [Proof of Lemma 25] By (54), substituting Ag = n(1 — €26) and G(0) from Lemma 32, we
have for uniform v,

e"n!

exp(—aQQn)l? €Y = ee0n (n(1 —£%0)) ™ exp {—n€29 + ne?f

2 2.4
+¢m(_"+")+ﬁ<”6)}
2 m m

! 492 2 2.4
—e e S exp{ —n | —20 — £ exp 4 *6? D) o[BS
n"\/2mn 2 2 m m

e™"n! {5492 <n2> N <n264>}
= ——— X i 0]
n"y/2mn P m m

n2€4
= (1+0(1/n)) exp {m (6° + 0<1>)}

2mn

By (54), substituting Ag = n(1 —£26) and G(0) from Lemma 33, for v such that v; = L + T

for j < ymand v; = % — ﬁ for j > (1 — v)m, withy = ©(1), (1 — ) = ©(1), we have
2 n net (o 1
exp(—e Hn)IE:[f(Y] )] = (14 0(1/n))exp o 0° + 9’7(17_7) +o(1)
|

Finally, this gives us the MGF of the Huber statistic.
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Lemma 34 We have that for uniform v such that v; = 1/m for all j,

n2 4 m n
E [GXP (95’” = exp(—€29n)E exp 5292 hg (an — E)
j=1

n2et
=(14+0(1/n))exp {m(GQ + 0(1))}
and for alternate v such that v; = ——i— — for j < ymandv; = 7}1 ﬁforj > (1—v)m

fory=0(1),1 -y =0(1),

n2 4 m n
E [GXP (9‘9” = exp(—529n)E exp eQGZhﬁ (an — E>

J=1

— +O(1/n))exp{njn4 <92 97(11_7)“(1))}

Proof Note that Assumption 3 holds for Ay () as defined in (36) due to Lemma 22. So, by Lemma
25, the claim holds. |

C.4. Application of the Gértner-Ellis Theorem
In this section, we apply the Gértner-Ellis Theorem to obtain the probability that our statistic crosses

a threshold, under the uniform distribution, and under one of the worst-case e-far distributions.

Lemma 35 Under the uniform distribution p, we have that for T > 0,

2
— > -
- tox (P[5 2 7)) =
Under an e-far distribution q of the form q; = — + —for Jj<landq; = E — u_%mfor

j>landy=0(1),1—~=0(),forr < ﬁ

o 521 - 5

Proof Note that by Lemma 34, the limiting logarithmic moment generating function with respect to
the uniform distribution p is given by

nle 4
0 = i (5 oo (*5505) ) =

Thus, Assumption 1 holds for Dy, = R. Furthermore, the Fenchel-Legendre Transform (de-
fined in equation 28) of A, is given by

lim —
n—oo n2et

* 2 T2
A(T) = sgp{GT —0°} = vy
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This is a strongly convex function of 7, so the set of exposed points of Aj whose exposing
hyperplane belongs to D?\p is all of R. Thus, by the Theorem 13 (Girtner-Ellis), for 7 > 0,

log (P[SETD — inf A%(x )—T:

r>T

lim —
n—00 n254

Similarly, the limiting logarithmic moment generating function with respect to an alternate dis-
tribution ¢ is given by

A(0) = i log ( E LAY N S S
ol0) = Jim 5 log (B |exp = AT

The Fenchel-Legendre transform is given by

1 9} _ (=1 +1)°

AX(T) = supl 01 — 0% —
o7 ep{ (1 =7) APy = 1)

Again, applying the Girtner-Ellis Theorem gives, for 7 < ﬁ,

i, o (1 [85 < 7]) =t e - R0

C.5. Setting the threshold

We need to set our threshold 7 so that the minimum of the error probability under the uniform
distribution p, and any e-far distribution q is maximized Note that by Lemma 335, it is sufficient to
consider a threshold 7 such that 0 < 7 < 7% since otherwise, the error probability in one of
the two cases is at least constant. To set our threshold, we will first observe that for any 7 in this
range, the “error exponent” under e-far distributions is minimized for a particular e-far distribution.
Then, we will set the threshold to maximize the minimum of the error exponent under the uniform
distribution, and under this e-far distribution.

Lemma 36 Setting the threshold T = 2, we have for the uniform distribution p,

and for any e-far distribution q such that q; =
j>vymandy =0(1),1 —~v=0(1),

H—Fvimforjgfymandqj:%—ﬁfor

with equality for q such that q; = % + fn—sforj <m/2and q; = % — %forj >m/2.
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1
Proof By Lemma 35, for 0 < 7 < A=)

. m : (ry(y = 1) + 1)°
< =
3o 26t 1% (IE [S - TD Ay2(y — 1)

Now, the numerator of the right hand side is minimized when v = 1/2, and the denominator is
maximized when vy = 1/2. Thus, the right hand side is minimized when vy = 1/2. So, we have that,

. m
hm ~ 54
n—oo n<e

log (Ig [S’ < TD > 3(7’ —4)?

with equality for distribution ¢ such that g; = 1/m + 2¢/m for j < m/2 and ¢; = 1/m — 2¢/m
for j > m/2.

Then, the claim follows by substituting in 7 = 2 in the expression for the uniform distribution
in Lemma 35 and in the above expression. |

Recall that our target sample complexity is

n=(14+o0(1))y/mlog %/62 4)

‘We have our result for the Huber tester.

Theorem 37 (Huber with n/m 2 1) The Huber statistic for appropriate [3 achieves (4) for 1 <
n/m < 1/e% &,6 < 1 and m > Clogn for sufficiently large constant C.

Proof First we need to show that for every (n, m, €) that satisfy our conditions, there is a 3, A that
satisfies (12), (11) and (13). We will set

nsQ

A=—
m

so that (12) is satisfied. Then, observe that (11) and (13) can be satisfied as long as

lo k= + 210 LR Al
t\a m e\a) "%\ ¢
Now, since n = Q(m),

1 m 1 1 n'/? Al?
10g<A>:log(w)zo@’g(e)):o(sm):o mifilfs ) 7O\ e
and since n = o (621@(7;;2)> ’
nl 1 nl m n!/3 Al
m0g<A>_ w18 () =0 e | =
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By Lemma 36, we have that ¢(¢,m, C') = 1 for every ¢ that satisfies our assumptions, and every
C > 2. In particular, any ¢’ such that (1 — Z;) (n) < &'(n) < e(n) has &', m, C') = 1 for every
C > 2. Thus, by Lemma 21, we have that ¢(e, m) = 1 for every ¢ that satisfies our assumptions.
The claim follows. |

Since the Huber statistic for 5 = 0 is equivalent to the TV statistic, Theorem 37 and Theorem 5
together give us the main result.

Theorem 2 (Huber) The Huber statistic for appropriate 3 achieves (4) for n/m < 1/€%, ¢,§ <
1, and m > C'logn for sufficiently large constant C. It achieves (5) under the same conditions and
0,04 < 1.
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Appendix D. MGF computation Lemmas
D.1. Huber Lemmas

Lemma 38 Suppose Assumption 2 holds. For Z; ~ Poi(\ovj) and g = n(1 — £20), v; =
L +0(£), and for n = Q(m)

£
m

e20E[p(Z; +¢)*] = O (”52>

m

"L Elo(Z, + 9" = 0 ((ﬁnﬁ

forany 0 < c <4

Proof
Note that A\g; = = + O("<). Then, using Lemma 48,

20E[6(2;)?] = 20 (:; Lo(%) 40 (”;f)) iy (nj)

since n = o(m/e?).

Similarly,
62 6% [n n? n3e? ntet ne?
4 4 4
S Blo(z) =% [ 20l + 025 02 5] —O<( =) )
Now,

since €2 = O (K)

m
Similarly,
162 492 3
“E[(Z+0)Y = - E [¢(Zj)4 + 4c (Zj - 2) +6c2p(Z;)* + 4c® (Zj _ ﬁ) + 04]
2 2 m m
Now,
n\3 3 oM n? nd
2lie(n-n) | =eel -z van -
By Lemma 50, this is
3 2 9 n n: 3
4 ()\Oyj) + 3()\()”]') + )\Oyj - 3((A0Vj) + Aol/j)a + 3)\0ij — ﬁ
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Now, since Agr; = 2 + O (%), this is

so that
il 2] -o((2)) ()
So, finally
s -o((2))
as required. ]

Lemma 39 Suppose Assumption 2 holds. For Z; ~ Poi(Av;), and g = n(1 — €20), v; =
L +0(£) forall j,

H ) +0(A%)} = exp{O(ne?)}
where f is defined in (37)

Proof

ﬁ +0(A2 —eXp Zlog +0(A2)]

Note that due to Lemma 38, A = O <@> and the fact that n = o(m/e?), the above is

m
= ne?
exp ;log [1 +0 <m>}
We can Taylor expand the log since it is of form log(1 + o(1)). The above is then

exp i {o <7;5;>] = exp{O(ne”)}

j=1

Setting > 2, this is
exp(O(ne?))
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Lemma 40 Suppose Assumption 2 holds. For Ao = n(1 — £0) and vj = = —|— O ( ) for all j,
and for & that satisfies Assumption 3, where Zj ~ Poi(\gv;), we have

—onor, | [N Pove®) 2 i
e o] Z 1 exp(e“0¢(k + 1))
k=0
2. (Agrjet?)k L (Aovjet)k ne?\?
_ <Z (Ao ljc' ) exp(s%ﬁ(k))) ( (o 2:' ) exp(e20¢(k + 2)))‘ =0(*) +0 ((m) )
k=0 ' k=0 '

and

672)\01/]'

00 V‘eid} k 00 I/‘eiw k .
(Z Do) exp(520§(k))> (Z Qo) exp(€29§(k+1))>‘—1+0<;2>

=3 ’\Oyﬁw)kf(k) Note that

§

Proof Notation: For simplicity, let E[f (W;

E[f(Wj) + g(

=

) = E[f(W))] +Elg(W;)]

Also, note that |e =" E[f ‘ = )] where Z; ~ Poi(\ov;). We have that,

< 9 , 172
L+ 206(W+ 1)+ ) (e eg(v;/'J +1)

=2

Elexp(e?0¢(W; +1)))* = E

R Z egw + 1))

=2

= (206(W; +1))
y e

= E[1+206(W; +1)]” + 2E [1 + 206(W; + 1)| E [
=2

Similarly,
Elexp(e20¢(W;))|Elexp(£20¢(W; + 2))] = E[L + €206 (W))]E[1 + £26¢(W; + 2))]
~ s 2 -
(") Z( WZJH))
=2
X (206(WNH = [ S (2206(W; + 2)!
3 (e m]E[;( £ +2)

)l

+E[1 + £%6¢

o0

29€
By X

=2

B[l +£0¢(W; +1)] + B

1=2
So, using the properties of £ from Assumption 3, this first expression is

e 20 [Blexp(206(W; + 1) — Elexp(c20¢ (W) Elexp(20(W; + 2))

E[1 + £206(W; + 1)) — E[1 + 206 (W;)]E[1 + €206 (W, + 2)]‘ + 0o(A?)

e20R[1] {2E[E(W; + 1)] - E[E(W))] - E[E(W; +2)] |

+et0? {BlE(W; + V]2 ~ BEW)IBIEW; + 2)1}| + o(4)

= 20 {2E[¢(Z; + 1)] - EIE(Z))] — E[6(Z; + )} + £*6% {EIE(Z; + VP — EIE(Z))| EIE(Z; + 2)]} + o(A?)

S e*2AOV]

— 6—2>\0V]'
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Using properties of &, this is
20 {2E[p(Z; +1)*] — E[¢(Z;)*] — E[¢(Z; + 2)°]}
+e'0° {E[6(Z; + 1)*)° — E[¢(Z))’| E[¢(Z; + 2)°]} + o(A?)

Simplifying using the definition of ¢, and applying Lemma 38, this is

O(e*) +0 <<Tf)2>

This gives us the first claim. For the second claim, we have the expression
e 20 |Efexp(?0¢(W;)|Elexp(*0¢(W; + 1))]|= Elexp(*0¢(Z;))) Elexp(e*0€(Z; + 1))

By properties of £ from Assumption 3, and using Lemma 38, this is

2
1+0<”€)
m

Lemma 41 Suppose Assumption 2 holds. For Ao = n(1 — €%0), v; = % +0 (%), and £ that
satisfies Assumption 3,
and

m o0 Z/'ew k
G(y) = —intp+ Y _log { (A‘”)ak)}

k!
j=1 k=0

we have
, n2e2
G" (1)) = —ne™ + 0O ()
m

Proof By Lemmas 38, 40 and 51 we have

By Lemma 38, this is,

{0 () o (120 (50))} (o ()

Jj=1

. 2 2.2 ' 2.2
= —(Moe™) (1 +0 (”5» +0 (“) = —ne" + 0 <”5)
m m m
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Lemma 42
Suppose Assumption 2 holds. For Ao = n(1 + O(g?) and v such that v; = 1/m + O(e/m) for
all j, and § = O(1), we have

0 2(9 . c 2\1
E [1{¢(Zj+c)35} {Z = qb(Zl]! ) }] ‘ =o(a%)

where Z; ~ Poi(Aov;)

Proof We have that
- (706(Z; + ¢)?)! o (€7605%)
E | Ligz;+0<8) {Z I <EY I
=3 =3
- (€7605%)
<D
1=3
0 QQﬁZ)Z
_ 2932)3 (e
O ((s 5% % i
Also,
0 52062 l
Z( l' ) —exp(529ﬁ2)
1=0 ’
But, by (32),
£2068% = o(1)
Thus, we have that
exp(e208?) = e°M = 0(1)
Putting the above together gives us the claim. |

Lemma 43  Suppose Assumption 2 holds. For A = n(1 + O(e?) + O(Ze?)) and v such that
vj = 1/m+ O(e/m) for all j, for any S,

Q(8?)
O()

m

BI8(Z; + ) > ] < 2Zexp {— } T 2exp {~Q(8))

for integer O < ¢ < 3 and any constant 1 > Q.
Proof Note that for the conditions given,
n ne

)\V]’ = — + 0(7)

m m
Now, since Z; ~ Poi(Av;) and A = n(1 + O(e?) + O(Ze?)),

E[lyz,40>8] = P[¢(Zj +¢) > B] =P HZJ +c— %) > 5}
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<P [|Z] — )\l/j| > ﬁ+ ‘)\Z/j +c— %H <P |:|Z] — )\I/j| > B+O(%€)}
Using Poisson concentration bounds (Canonne, 2017), this is at most

zexp{ (B+0<’:s>>2))} _Qexp{_ < +0<¢:>;:)}

i+ (Bro(E= o4+ B3+ 0(

Now, if 3 = O(;%), this is

o 525} -2 )

Similarly, if instead ;> = O(f3), the bound is

SELE D,

o 0(’;»} — 2exp {—0(8)}

The claim follows.
[ |

Lemma 44 Suppose Assumption 2 holds. For A = n(1 + O(e?) + O(ZLe?)) and v such that
vj = 1/m+ O(e/m) for all j, for B such that (11) is satisfied,
E[Ly(z,+0>5] = O (A™)
for integer O < ¢ < 3 and any constant 1 > Q.

Proof
By Lemma 43,

Bl oz, 1-1] < 260 { =) | + 2exp {-026)

But by (11), this is

Lemma 45 Suppose Assumption 2 holds. For A = n(1 + O(g?)), v; = 1/m + O(g/m) for all j,
we have

E (10607, 105%00(2; + 0] | = 0 (&2)
e16? 4 9
‘E [ﬂ{¢(zj+c)>ﬁ}2¢(zj +o) } =0 (4%

for integer 0 < ¢ < 3 and Z; ~ Poi(\v;)
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Proof
We have

‘E [ﬂ{¢(zj+c)>,3}€29¢(zj + 6)2} ‘ < i ‘IP’ [qb(Zj +c) > 2’5} 529(2”%)2‘
1=0

By Lemma 43, this is

(2 exp {—9(02(222)} +2exp {—ﬂ(?%)}) e%0(21 )2

m

o0

2

=0

By (11), this is N
Z ‘O (A21n> 629(2l+15)2‘

=0
Note that by (13), €232 = o(1). Thus, this is

o0
Z ‘O (A2ln) 0(1)22(1—&—1)‘
1=0
Setting n > 3, since 22(+1) < 0(221) we have that this is this is

0 (A% i lo(1)*] =0 (4%

=0

The first claim follows. The second claim can be proved in a similar way.
|

Lemma 46 Suppose Assumption 2 holds. For A = n(1 + O(e*) + O(ZL&?)) and v such that
vj =1/m+ O(e/m) for all j,

E [exp(:20826(2; + ¢) - B))] = O(1)
forinteger 0 < c < 3
Proof n

2 — 2 =
exp(e208(20(k) — 8)) = exp {208 (2 |k — | - 8) |
= exp {08 (Lpemy2 (- — k) + Lysmy2 (k= =) = 8) }
= Ljpenyoxp {5295 (2 (% - k) - 5)} + Ljpon exp{(ze/j (2 <k _ %) _ B)}

Since exp(x) > 0 for all z, this is at most

o {2208 (2 (5 —k) =) e itos (2 (k- 1) 7))
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Thus,
E [exp(c?05(26(Z; +¢) — )] <E |exp {2058 (2 (= — 2~ ) - 8) }

e fon {3240 ) 3))

Now,

E [exp{ 205 ( (* —Zj — c) - ﬁ) }] = exp {5296 (3: —2c— ﬁ) } E [exp {—2¢2087;}]
But, since Z; ~ Poi(\v;), we have (56)

Elexp{—2¢%037;}] = exp {)\yj (6_28296 - 1)}

Note that n ne
A\vi = — +0O(—=
vi= o + (m)

So,
Elexp{—2:2082;}] = exp {%(1 +0(e)) (6*25295 - 1)}

Using the fact that e* < 1 + x for all z, the above is at most
5.2 _ o293 n
exp{m( +O0(g))(—2¢ 05)} = exp{ 2e Hﬂm +O(m595)}
Since n = o(m/c?), and § = O(c?),
n
0 (Esﬂﬁ) = 0 (Be)

Using (32), this is o(1).
Thus,

Elexp{—2¢%037;}] = exp {—25295% + 0(1)}

Thus, using this in (56), we have that

E [exp{ 205 (2 ( (— - Z; — c) — B) H = exp {—520/32 — 2¢£%06 + 0(1)}
Equation (32) tells us that
£2068% = o(1)
Similarly,
€203 = o(e)
So,
U Efea208(2(2 2 ) - 8))] = el = 00)

Using a very similar argument, we can show that

E [exp {5295 (2 (Zj Yoo %) - 5) H —0(1)
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So, by the above and (D.1),
E [exp(208(2¢(Z; + ¢) - 8))] = O(1)
|

Lemma 47 Suppose Assumption 2 holds. For A = n(1 + O(¢?) + O(2&?)) and v such that
vj =1/m+ O(e/m) for all j,

E Loz, 105 0 {205(20(7; +¢) - §)}] = O (A7)
with integer 0 < ¢ < 3 and any constant n > (.
Proof By the Cauchy-Schwarz inequality,
E [1gg(z, 100551 ex0 {208(26(2; + ) — )}
< VEL(z, 10> m) E [exp {£20826(2; + ¢) - A)}

By Lemmas 44 and 46, this is O (A"). |

D.2. General Lemmas
Lemma 48 For Z; ~ Poi(\v;), and ¢ defined in (35)

n n2

E[¢(Zj)2] = ()\Vj)2 + )\I/j - 2)\ng + W

E[6(Z))"] = Qi)' +6(\vy)? + 7(Av;)? + dvj — 4% () +3(Aw;)? + Ay

+6 (%)2 [(Avj)? + vy — 4 (%)3 Avj + (%)4

Proof ,
n\ 2 n n
Bz = | (- 2)'| & |2 - 22,2 + 2]
2
n n

so)=2|(z - 1) | =5 |2 - ve () 21 (0) 20 ()]

= ()" +600) +T0w;)? + Ay — 4 () +30w;)” + W]

+6 (%)2 [(Aj)? + Ay — 4 (%)3 Avj + (%)4
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Lemma 49 For Z; ~ Poi(\v;), and ¢ defined in (35)

E[p(Z; +1)* — ¢(Z;)%] =2Xv; +1 — 2n

E [¢(Z; + 1)* — ¢(Z;)*] = 4(0\v))® + 18(\vj)? + 14(Avy) + 1

4n 6n? An3
- —(3(A\y)* 4+ 6Avj + 1) + W(Q)\Vj +1)— s

Proof

2n

E[p(Z; +1)* — ¢(Z;)*] = E [22]» +1-— iﬂ =2 +1-—

E[6(Z; +1)* — ¢(Z;)"]
3 9 an . 9 n? n?

4n 6n> 4n3
=4(\;)? +18(A\v;)? + 14(\wj) + 1 — H( (AWj)? +6vj + 1) + — 2w+ 1) - —

|

Lemma 50 The first four moments of the Poisson distribution are given by

E[X] = A
E[X%] = A2+ )
E[X% =M +3X% + A
E[X4 = X 4+ 60% + 7TA2 + A
for X ~ Poi(\)
Proof Computation of moments. |

Lemma 51 For any function f and

G() = —ing + ilog {i [ AO”JQ )" k)} }

j=1 k=0
we have
m )\OV]e L Bl
G'(¢) = —in +Z'Z(>\0Vj )Zk ° o, ew{( )
=1 e e A )
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so that Re(G'(0)) = 0, and

" S 1 ZOO: ()\OV'eiw)k ?
G"(¢) = [(AV )2 { b0 flk+1)
; (T Qo piy) L : ( 8 )
(Aove™)"
0

[l )
B ( )\()V e“ﬁ ) ( )\0V] f(k n 2)> }
k= =0

TV TV
~Oovie®) (Z W,;!)ﬂk)) ( Wf(kﬂ))

k=0 k=0

}

Proof Follows from taking derivatives.
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Appendix E. Lower bounds

E.1. The collisions tester is asymptotically bad when n = ©(m) and ¢ = w <1°g1//z ")
n

The following lower bound showing the collisions tester is asymptotically suboptimal is based on a
note of Peebles (Peebles, 2015).

Theorem 52 Whenn = ©(m) and e = w <l°g1/4"), the collisions tester has error probability

/8
exp <—0 (”7254 ) ), and so, takes w(r/mlog(1/68)/e?) samples to distinguish between the uniform

distribution and an e-far distribution with error probability §.

[Due to Peebles.] When n = O(m) and ¢ = w (loiign), the collisions tester has error prob-

ability exp (—0 (%541)), and so, takes w(y/mlog(1/8)/e?) samples to distinguish between the
uniform distribution and an e-far distribution with error probability §.

Proof First, let X1, ..., X,, be the elements sampled from our distribution. Let £; ; be the event
that X; = X;. Under the uniform distribution p, we have that the probability that X; = X is

Thus, the expected number of collisions under the uniform distribution is
n
1 Y Bl =) E[Ei;] = <2) /m
i<j i<j

Now, consider the e-far distribution ¢ such that ¢; = % + % forj <m/2and ¢; =
J > m/2. We have that the probability that X; = X under ¢ is

1 _ 2
- mfor

m

1 i 1\? 1+4e2
E E : 2 E . —
Ig’[ ”] 4 m <qJ m> m

j=1 j=1

Thus, the expected number of collisions under g is

n\ 1+ 4¢?
1 > Eij| =) ElE,]= <2> -

1<j 1<j

Now, under p, if we sample the first element at least 4n/ \/m times, then we will have at least
(4"/2\/a) > (’;) % collisions for large enough n, m. In this case, since the number of collisions
under p is more than the expected number of collisions under g, and our threshold will be less than
the expected number of collisions under ¢, we will output ¢, and make a mistake. This happens with
probability at least
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This is bigger than exp(—Q(%)), the error probability of the TV tester, as long as

4n 1 n2et
——logn =0
v/m & m

Since n = ©(m), this happens as long as

_ logl/4 n
EEwW\ s

Thus, for error probability &, we require w(+/mlog(1/8)/c?) samples in the regime stated. M

E.2. Paninski tester is asymptotically bad when n > ©(mlogm)

When n > 48m log m, the Paninski tester fails to distinguish between the uniform distribution on
m and an e-far distribution with error probability (1) fore < 1/3.

Proof Recall that the Paninski tester counts the number of bins that see exactly one sample. Let
Ej = 11y,=1} be the event that the bin j has exactly 1 sample. Now, for p the uniform distribution

on [m), the expected number of samples that land in the j* bin is

E[Yj] = — = 48logm
P m
Thus, by the Bernstein’s inequality,
47 —(41)?x121 -31 1
E[%Slogm}:]ﬁ’[%ﬁ(l—ﬁ)%[}?]}Se (55)7x ogm _ . 30gm§$

So, by union bound,

= 1
P[3),Y; <logm] < S P[Y; < logm] < —
P[3j,Y; <logm] <} P[V; <logm| < —

m
J=1

So, with probability 1 — 1/m?, every bin has at least log m balls, which means that the Paninski
statistic is 0 with probability 1 — 1/m?.

Now, under e-far distribution ¢ such that ¢; = % + %s for j < m/2and q; =
j > m/2, we have, for j < m/2

1 _ 2
o mfor

ElY;] = — = (1 + 2¢)48logm
q

n
m
and for j > m/2,

A (1 —2¢)48logm
m

Then, for j < m/2, since ¢ > 0,

47 4+ 96¢ 47 1
PlY; <1 =P|YV.<([1—-—|E[Y;]| <P|Y; < (1—-—= |E[Y]]| < —
q[J_Ogm] q[z-( 48+96€>q[]]:|—q|:J—< >q[1]}_ 3
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On the other hand, for j > m/2

47 — 96¢ —(32525) < (1-22)1210gm
PlY: <1 —PlY;<([1—- —"" E[Y.]] < 18(1—2¢)
q[J_ Ogm] q[]_< 48(1—26)(1[]]) e

Since € < 1/3, this is at most

Thus, we have that

1
m2

P[3;.Y; <1 [V; < logm] <
P[3;,Y; < logm] < Z:: ogm] <

So again, with probability 1 — 1/m?, every bin has at least logm balls under g, so that the
Paninski statistic is 0 with 1 — # Putting the above together gives us that we will fail with
probability Q(1).
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Appendix F. TV Tester in the Superlinear Regime

Lemma 53 The TV tester can distinguish between the uniform distribution on [m| and an e-far

1e2n(1+0(1)) when € = 0(1) andn = W(m/52)-

distribution with failure probability e~
Proof Let Y be the empirical distribution when n samples are drawn from the distribution. The TV
tester compares the empirical distribution Y to the uniform distribution and outputs uniform if and
only if
€
1Y =plrv<s
where p is the uniform distribution on [m)].

Since by the definition of TV distance,
Y — = Yg —
1Y = pllrv ax Ys — ps]
we have that under the uniform distribution p, the probability of failure is

* g
PllY —pllrv> 7] =P [max |Ys —ps|> =
P P | SC[m] 2

€
< Pl|Ys — ps|> =
<> P[IYs —psl> 5]

SC[m]

Note that the summand is the probability that the empirical mean of n samples from a coin with
probability of heads ‘mﬂ deviates from its expectation by at least 5. By the Chernoff bound, this is
at most

e_D<%+%H%>" < e—%e2n

since for any r, 7, D(r + 7||r) > 272.

Thus,

B[IlY = pllrv2 2] < 2mems='n = gmaento)
p
since n = w(m/e?).

Now, under e-far distribution g, since ||p — ¢||7v> €, the set S = {j|¢; > p;} has |gs —ps|> €

sothat } . gqj > % +&. Now, since ||Y — p[l7v > [Ys — ps|, we have

9 9
Py —pllrv< o] <P [IVs - psl< £
q 2 q 2

Now, the RHS of the above is at most the probability that the empirical mean of n samples from
a coin with probability of heads at least % + ¢ is less than % + 5. By the Chernoff bound, this is at

most
_D(iyed 1.2
(2+2||2+E)TL < 2”5

e <e
Thus, the TV tester fails with probability at most e~ 3ne*(1+o(1)) ag required. |
Lemma 54 Whenn = w (E%) and £ = o(1), any tester that distinguishes between the uniform

distribution on [m] and an e-far distribution fails with probability at least e=zne’(L+o(1),
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Proof Let p be the uniform distribution on [m/], and let ¢ be the e-far distribution such that ¢; =
% + % for j < m/2and ¢j = = — % for j > m/2. Let Y be the empirical distribution from the

m m

samples drawn, and let B = {ZTZ/IQ Y; > % + 5}. Under the uniform distribution, by Lemma 56,
IP’[B} > e—%ﬁn(l-ﬁ-o(l)) (57)
p

Now, the likelihood ratio of Y € B is given by

—)n

[SIE

Ly)y > (14 20)GTm(1 — 2¢)(
p

_ e(%—f—%) log(1+2€)n+(%—%) log(1—2¢)n

Now,

1 ¢ 1 e 1 e 1€ L e
— 4+~ |log (1 +2 —— —Jlog(1—2¢)=(=+-){log| 252 ] —log | 2—2
<2+2) og (1+ 5)—1—(2 2) og ( €) <2+2){0g< I ) og(é .

2

since D(3 + £[11) = 5 (1 +o(1)) and D(% + || +¢) = £ (1 + o(1)). Thus,

%<X ) > o) (58)

Now, suppose there is a test ¢ that uses n samples and distinguishes between the two cases with
failure probability e~ (3HE)ne? fior & > 0, so that ¢ = 0 denotes that the test outputs uniform, and
¢ = 1 denotes that the test outputs far from uniform.

By assumption,

Plo = 1] < ()
P

Now,

Plo =012 P[{¢ =0}y N B] = - ({¢ = 0} N B) P[{¢ = 0} N 5]

hSEES]

But by (57) and our assumption,

P[{¢ = 0} N B] = P[B] - P[p = 1] > e~ (1o(1)
P » v

so that, using (58)
Plp = 0] > e~ 2 n(1te(D)
q
Thus, ¢ has error probability at least 6_552”(““0(1)), and we have a contradiction, so that any

test fails with probability at least e~ 3ne (L+o(1), |
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Theorem 3 (Superlinear regime) Forn/m > 1/e? and e < 1, the TV statistic achieves

log %

n=(2+o0(1)) =

and no other tester can do better.

Proof By Lemmas 53 and 54, the claim follows. |

F.1. Anticoncentration of a Binomial Variable
In this section we show that the Chernoff bound has sharp constants for binomial random variables
B(n, 3).

We use the following lower bound on binomial coefficients, found in Lemma 4.7.1 of (Ash,
1990):

Lemma 55 Ifn and np are integers, then

<"> > suw
p V/8np(1 - p)

where h(p) := —plogy p — (1 — p) logy(1 — p) is the binary entropy function.

Lemma 56 Let X ~ B(n,1/2), and % < e L 1. Then

P[X > g + en] = exp(—2¢2n(1 + o(1)).

Proof The upper bound is the standard Chernoft bound, so we focus on the lower bound. For any
¢’ € [e,e + 3/y/n] with § + ¢'n integral we have by Lemma 55 that

n n
P[X = = +¢/n] =27"
[ 2 +en) ((1/2+6’)n>
> L oenaendte)
= /2n(1+o(1))

Now, the binary entropy function has Taylor series

h(% by —1- %(5)2 + 0>,

Since ¢’ = £(1 4 o(1)) by construction, this means

PIX = fon]> L -ame(lro(t))
2 2n(1 + o(1))

Summing over the 3\/ﬁ such EI, we have
2

as desired. ]
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Appendix G. Squared Statistic in Sublinear Regime
Define a centering function
n
o(k) = [k - | (35)
m
We will analyze the squared statistic S given by

m

§=2_ o0
j=1
where V" = Yoy 1x,—j and X1, ..., X, are the n samples drawn from distribution v supported

on [m]. Note that this is equivalent to the collisions statistic, since it simply applies a translation

and scaling. We will set

n2et

B i=Kr— (59)
m
for constant x > 0 to be set later. We also define a parameter A.

Assumption4 1 <n/m < E%, e K ﬁ, %284 > logm and m > C'logn for sufficiently large
constant C. In addition, we have the following constraints on 5 and A.

b=w <log <i> + %log <i>) (11

2
A=0 <T:fb> (12)
(8%e%)% = o0 (A?) (13)

We assume that Assumption 4 holds throughout this section. Observe that Assumption 4 implies
. . 2.4
Assumption 2. Note that since n = ©(m) and = = w(log m), we have that

logm
e:w<n1/4) (60)

For ease of exposition, we will analyze

1S 1) 61)

S
n2g?

We will study the log MGF of this statistic conditioned on all qﬁ(Yj")’s at most 3, given by

Aoy 1= log (E [exp(68)vj, 6(v}") < 8] ) (62)

We will compute an asymptotic expansion of the limiting log MGF conditioned on all gb(Y]”) at
most 5 given by

n—oo n2ed

2.4
Au(0) = lim — A, (”ﬂf@) 63)
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G.1. Poissonization

Let S Poi(n) be the Poissonized statistic. We compute the conditional MGF of S Poi(x) With MGF
parameter ”25 6 conditioned on it being the case that ¢(Z;) < 3 for all j. That is,

AX(0) = exp(—0n) E | Livj 4(z,)<p} €XD EHZd) (64)
j=1

where Z; ~ Poi(Av;) and are independent. Due to this independence,

Ax(0) = exp(—£26n) H E []1{¢ Z;)<B} exp (e 29¢(Zj)2)}
7j=1

Lemma 57 Suppose Assumption 4 holds. We have,

0 E[L1y(2,)<6)9(Z;)*] = 20E[$(Z;)*] + o(A?)

4 2 4 2

TGE[%(Z )<py (2 )} iE[¢(Zj>4]+O(A2)
0 (2

Z( l@) E [1{¢ <pO(Z i) } = 0(A?)

=3

when Zj ~ Poi(Av;) for \ = n(1+ O(e?)) and v; = 1/m + O(e/m) for all j.
Proof For the first claim,

0 E[Liy(z,)<p0(Z;)%] = 20 E[$(Z))*] — 20 E[L 42,55y 0(Z;)]

By Lemma 45, the second term is o(A2). Thus, we have the first claim. The second claim can be
proved in a similar way. The third claim follows by Lemma 42. |

G.2. Depoissonization

As before, we will first show that A)(#) is analytic in \.
Lemma 58 A, () is analytic in \.
Proof We will show that E[1 (4 (7,)<g) exp(e20¢(Z;)?)] is analytic. We have that it can be written
as
Avj)F
> [ expteoo?

k:p(k)<p
which is a finite sum of analytic functions, and is thus analytic. The claim follows. |

Note that for A () defined in (64), by Lemmas 57 and 58, Assumption 3 holds for
£(k) = Lig(ry<p) exp(e200(k)?)

Then, we have the following
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Lemma 59 We have that for uniform distribution p such that p; = 1/m for all j,

n2 4 . m
Ig[exp (es) \wm")w] = exp(—20)E [exp [ 03 1or2007)°

j=1
n2e
=(14+0(1/n))exp { - (0% 4 o(1 ))}
and for alternate distributions q such that q; = % + Wim forj <landv; = % — ﬁ for

ji>1,

n2ed _ . m "
Igj [exp <95> V5, p(Y;") < B] = exp(—529n)lg exp 5292 :[l{d)(y'jn)gﬁ}(b()/j )2

j=1
2 4

= (14 O(1/n)) exp {m [02 + 97(11_7) + o(U} }

Proof By Lemma 25, the claim holds. |

G.3. Application of the Girtner-Ellis Theorem
In this section, we apply the Gartner-Ellis Theorem to obtain the probability that our statistic crosses

a threshold, under the uniform distribution, and under one of the worst-case e-far distributions.

Lemma 60 Under the uniform distribution p, we have that for T > 0,

2
lim —

N o R
Jim. n254 log (15’ {S > 7|V, 0(Y}") < ﬁ]) =

Under an e-far distribution q of the form qj = % +

j>lLandy=0(1),1 —~v=0(), forT < (1 oL

——forj < landq; = % — 7(1_2)7” for

(ry(y = 1)+ 1)?
Ay2(y = 1)?

Proof Note that by Lemma 59, the limiting logarithmic moment generating function with respect to
the uniform distribution p is given by

lim —ﬂlog (Ig’ [5’ < 7|¥j, ¢(an) < 5}) =

n—o0 n254

Ay(0) = lim log <E [exp (”2495> IV, 6(Y]") < BD = 6?

Thus, Assumption 1 holds for Dy, = R. Furthermore, the Fenchel-Legendre Transform (de-
fined in equation 28) of A, is given by

* 2 T2
A(T) = sgp{GT —0°} = vy
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This is a strongly convex function of 7, so the set of exposed points of Aj whose exposing
hyperplane belongs to DXP is all of R. Thus, by the Theorem 13 (Gértner-Ellis), for 7 > 0,

N -2
lim — log (IP [S > 7|5, 9(Y") < ﬁ]) = inf Aj(z) = —
P

n—00 n264 x>T 4

Similarly, the limiting logarithmic moment generating function with respect to an alternate dis-
tribution ¢ is given by

Ay(0) = lim — log (E {exp <nQ49S> V4, ¢(Y;") < 5}) =60%+ #9

n—o00 n254 ’7(1 - 7)

The Fenchel-Legendre transform is given by

1 (=1 +1)
9}_ !

*(1) = su r—6%—
Aalr) = ep{e S Te (v —1)?

Again, applying the Girtner-Ellis Theorem gives, for 7 < ﬁ,

lim —
n—o0 n254

. 2
e 5= <) = = (LI D

G.4. Removing the conditioning

So far, we have analyzed the probability that S crosses a threshold 7 under the uniform distribution,
and under a family of e-far distributions conditioned on the event that qS(Yj") < Bforall j. We will
now remove this conditioning.

Lemma 61 Under the uniform distribution p, we have that for T > 0,

Under an e-far distribution q for the form q; = % + vimforj <landqj = % — mforj >

andy=0(1), 1 —vy=0(1), fort < ﬁ

n—y0o n254 log (]P’ [S < TD _ (TZ(VVQ(;l_) Ir)21)2

lim —

Proof For the uniform distribution we will upper and lower bound P,[S > 7] b

2. 4

e w1 (I+o(1))

»

The claim for the uniform distribution will follow.
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Under any distribution v,

B[S > 7] =P [3>7vj,6(v)) < 8| PI¥j, 6(¥}") <

v

+P[S =l 0(v]) > 8| BEj 0(¥]) > 4]

Now, by Bernstein’s inequality, since ne? = w(1) by (60) and 3 =
uniform distribution p, for every 7,

Plp(Y]") > f] < 2747

Thus, by union bound,

m

254 H’ﬂ E KH E
P34, ¢(Y}") > ] < Z O(Y]) > B] < 2me™ im =2 dm T8 = 3¢~ “im (1re(l))
p

. 4 .
since % = w(logm). For Pp[Vj, (V") < ] and P 1S > 713, ¢(Y]") > B, we apply the
trivial upper bound of 1. So, for x > 272, by Lemma 60,

2 2.4 2.2 4 2n2€4

IP’[S > 7] < e~ T T 4 27w (o)) — o— T (1+0(1))
P

For the lower bound, note that

. n n —&nE —En e (140(1
IE[VJ,¢(Y})§5]21_;I§[¢(3G)>5]21—2m6 1T = 1= 2em i (o)

For the second term, i.e., P, [5‘ > 7|35, 9(Y}") > ﬁ} P, (35, oY) > B], we apply the trivial

lower bound of 0. Again, setting x > 272, we get

15{527}26 n2<l 22 (1+o(1))

So, we have the claim for the uniform distribution. We will upper and lower bound the proba-
bility of crossing 7 for e-far distribution ¢ in the same way. For ease, let

_ (my-1)+1)°
T T 1y
By Bernstein’s inequality, we have that since 7y = ©(1) and 1 — ’y = 0(1 ) so that ¢; =

1/m + O(g/m) for every j, and since ne* = w(1) by (60) and 3 =
distribution ¢,

2

En 64
Plp(Y]") > B] < 273w (Hel)
q

Then, setting x > 8c., and repeating the same argument as in the uniform case, we obtain the
required upper and lower bounds on IP;[S < 7]. The claim follows. |
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G.5. Setting the threshold

We need to set our threshold 7 so that the minimum of the error probability under the uniform
distribution p, and any e-far distribution q is maximized. Note that, it is sufficient to consider a
threshold 7 such that 0 < 7 < ———, since otherwise, the error probability in one of the two cases
is at least constant. To set our threshold, we will first observe that for any 7 in this range, the “error
exponent” under e-far distributions is minimized for a particular e-far distribution. Then, we will
set the threshold to maximize the minimum of the error exponent under the uniform distribution,
and under this e-far distribution.

Lemma 62 Setting the threshold T = 2, we have for the uniform distribution p,

lim log [ P [S* > 7'] =
n—oo n2et p
and for any e-far distribution q such that q; = % + Vimforj <landq; = % — mforj > |

andy = 0O(1),1 — v =0O(1),

with equality for q such that ¢; = 1/m + 2e/m for j < m/2 and q; = 1/m — 2¢/m for j > m/2.

Proof By Lemma 61, for 0 < 7 < (1 ok

lim log< [s<TD:<m<v—1>+1>2

n—o0 n2et Ay (y — 1)

Now, the numerator of the right hand side is minimized when v = 1/2, and the denominator is
maximized when v = 1/2. Thus, the right hand side is minimized when v = 1/2. So, we have that,

lim — log< [S<7D2i(7—4)2

n—oo  nlet
with equality for distribution ¢ such that ¢; = 1/m + 2¢/m for j < m/2and ¢; = 1/m — 2¢/m
for j > m/2.
Then, the claim follows by substituting in 7 = 2 in the expression for the uniform distribution
in Lemma 35 and in the above expression. |

Recall that our target sample complexity is

= (1+o(1)) mlog%/e2 @)

We have our result for the squared/collisions tester.

Theorem 4 (Collisions for large ) The quadratic statistic achieves (4) forn/m = ©(1), logn <
log% <nBande <« 1.
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Proof We need to show that we can satisfy (12), (11) and (13) for the /3 that we chose in (59), and
some A. Set

so that (12) is satisfied. Now,

and since n = O(m),

525”2&4 =0 (\/771264> =w <Wlogm) :w< Elog <1>>
m m m m m A

Thus, (11) is satisfied. For (13), note that

e =o((5) ) =0 (") =00t = et <ot

mb

since € = o <n3—1/13> So, the conditions are satisfied.

By Lemma 62, we have that ¢(e, m, C') = 1 for every ¢ that satisfies our assumptions, and every
C > 2. In particular, any €’ such that (1 — 2;) £(n) < &(n) < &(n) has &(¢’, m, C) = 1 for every
C > 2. Thus, by Lemma 21, we have that c(¢, m) = 1 for every ¢ that satisfies our assumptions.
The claim follows. |
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Appendix H. Empty bins statistic in Sublinear Regime

Assumption5 n/m S 16,0 <1, n> 1

We will assume that Assumption 5 holds throughout this section. Let our statistic be

S = Z ]l{yjn:()}
j=1

where Y" = Yoy Iix,—j}, and X3,..., X,, are the n samples drawn from the distribution v
supported on [m]. In other words, it is the number of empty bins. Note that this has the same error
probability as the total variation statistic when n < m. For ease of exposition, we will analyze the
statistic m

S=—5l5- me "™ (65)
Note that this has the same error probability as .S. Consider the moment generating function (MGF)

of S with respect to distribution v, given by
Mg ,(0) = 11[11 [exp(ﬁg)}
Note that the logarithmic moment generating function of this statistic is given by
Apo(0) = log(IVE[eXp(QS)]) (66)

We wish to study the error exponent (Huang and Meyn, 2013) of this statistic with respect to nor-

o 2.4 . . . . o oy
malization *=-. To do this, we will compute the asymptotic expansion of the limiting logarithmic
moment generating function of the statistic, given by

n2et

Ay(6) == lim — Ao (=) 67)

n—oo n2et

H.1. Poissonization

Define S Poi(x) 0 be the Poissonized statistic, that is the statistic S when the number of samples
is chosen according to the Poisson distribution with mean A\. We begin by computing the MGF of
~ 2.4

Spoi(x) With MGF parameter *_=0. Let this be

n’et - —n/m .2 2 -
Ax(0) :=E |exp THSPOZ'()\) = exp (—me € 9) E |exp | e GZ Liz,=0}
j=1
where Z; ~ Poi(\v;) are independent. Due to this independence,
Ax(0) = exp (—me*"/m.eZH) H E [exp (5291{%:0})} (68)

J=1

Now, we have the following.
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Lemma 63
E [exp (5201{%:0})} = e Mieft _ e 4]

when Zj ~ Poi(\vj).

Proof

E [exp (62911{ ZFO})] = exp(e20) P[Z; = 0] + i P[Z; = k]
k=1

= exp(sQH) PZ; =01+1-P[Z; =0] = e Migf?0 _ o= 4]

H.2. Depoissonization

First, we will show that A (0) is analytic in \.
Lemma 64 A)(0) is analytic in \.

Proof By Lemma 63, E[exp(aQOIl{ ijo})] is analytic A since it is the finite sum of analytic func-
tions. Then, Ay () is the finite product of analytic functions, and is hence analytic. The claim

follows. |
Lemma 65
n2ed n! e
Mg | —0)=—¢ —A
- ( & 9) o § A O (69)
Proof Follows from Lemma 26 since Ay (#) is analytic in \. |

We will choose a contour passing through a particular \g, and this will make it easy to evaluate
the integral. We carry out the integration along the contour given by A = \ge’¥, where

Ao = n(1 4+ e ™e20) (70)

We substitute A = \ge™ and A, (6) from (68) into (69) to get that

n’e! —n/m n! —n "
Mg, (m0> = exp <fme / 520) %)‘0 Re [/_Wg(z/})chﬁ] 71)
with
g(¥) = e~ gHoe™ H {e_AOVjeW)eEQQ e rove 1} (72)
j=1

70



SHARP CONSTANTS IN UNIFORMITY TESTING

We will split this integral into 3 parts. Let

/3
I = Re /_ /3g(w>dw]

—7/3
I = Re / g(w)dw] (73)
Iy = Re //3g<w>dw]

We will show that 7; dominates. We show this by bounding ¢ (%)) in the region ¢ € [—7, —7/3]U
[r/3, 7] as follows.

Lemma 66 Fory € [—m,—x/3] U [n/3,7],
19(¥)|< exp{0.5n(1 + O(£2)) + 0.5me™™2(1 + O(£2))}
Proof By definition of ¢ from (72) and Lemma 77, we have that for Z; ~ Poi(Aov;),

m
lg(w)| = [e7 e T {B*Aowewes?o e hovett 1}
j=1

_ ‘e—m%koew exp {me—%e‘”geu +O(2) + O(n53)} \
Since A\g = n(1 + O(e?)), this is
‘e_im’b exp{ne’¥ + me_%ewe%(l + 0(e?)) + 0(7162)}‘
The claim follows since |e~™¥|= 1 and
lexp(e™)|= |exp(cos(y) + i sin(y))|= exp(cos(1))) < exp(0.5)

for v in the range stated. n

Note that this implies that for the integrals defined in (73) that

I+ I3 = 0(60.6n+0.6me_"/’”520) (74)

Now, we will compute I;. Define G(v) := log(g(¢)). Then, by definition of g in (72),

G(d}) — _an + )\Oei”L/J + Zlog {e—kol/jeiw€529 _ 6—>\ol/]'ei1/1 + 1} (75)
j=1
Note that
Im(G(0)) =0 (76)

Then, applying Lemma 51,
Re(G'(0)) =0 77
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Now, computing the asymptotic expansion of G” (1)) by Lemma 78, we have
G" (1) = —ne™ + O (n€2) (78)

Now, by Taylor’s theorem, for any ¢ € [—7/3, /3] there exists ¢ € (0, 1) such that

G"(¢)
2
But, by (78), Re[G"(¢))] < —0.4n for any ¢ € [—7/3,7/3]. So, for ¢ € [—7/3,7/3],

G(y) = G(0) + G'(0)y + P (79)

Re(G(1)) < G(0) — 0.2n2) (80)

Now, we have the following upper bound on I;.

Lemma 67 Jr
I, < GO _ VT
b= v0.2n
Proof
/3 /3 w/3 )
I, = Re / CWO | < / eRe(GW)) gy < G0) / e 020 o)y 81)
—71"/3 —71'/3 —7'1'/3

< ,G(0) /Oo ~0.2092 gy _ ,G(0) VT
c _ooe y=e v0.2n

The next lemma shows that I is also lower bounded by the above quantity (up to constants).

Lemma 68 057
I, > G0 22VT 1+ o(1
where I is defined in (73)

Proof By (78), Im(G" (¢)) = —nsin(¢)) + O (ne?). So, for large enough n, since [sin(y)|< [¢],
for any ¢ € [—7/3,7/3], Im(G"(¢)))|< 1.1n|y|. So, by (79), (76) and (77), we have that for
constant ¢ > 0 and ¢ € [—7/3,7/3],

Im(G(¥))|< L1nfyp|*+ene’yp?
Also, Re(G”(¢)) > —1.1n by a similar argument. So, by (79) and (77), for ¢ € [—m/3,7/3],
Re(G(1)) > G(0) — 1.1ny)?

Now, for t,, = 0.1 min{n /3, 8\}%}, we have that for ¢ € [—t,, t,], cos(Im(G(¢))) > 0.5 so

that Re(eC(¥)) > 0.5eRe(G(¥) We can split I; further into 3 parts:

*tn /3 tn
/ e“ W) dyp / ! “Wdy | + Re [ / eGW)dw}
771‘/3 tn 7tn
72

I; = Re + Re
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Now, by (80),
—tn —tn _ B
‘ / W dy| < 4O / e~ 02 dp = 1,50 / e~ 02 gy
—m/3 —00 —c0
-1 — 1 1
< tneG(O) / e—O.Qntn|dJ|d¢ — eG(O)O [ R BG(O)O 4
a —o0 ntn NG

In a similar way, we can bound the second term. For the third term, we have

tn tn .
Re |:/ 6G(¢)d¢:| > / 0_56R9(G(¢))d¢ > 0.56G(0)/ efl.lmﬁdq/}

—tn —tn —tn

) —tn
> 0.5¢) [/ e~ 1% gy — 2/ e_l'landlb]

—00 —00

> 0.5¢5) <\/‘1/i1n +0 <n;>> = 0'5€H(0)\/\{i1n(1 +0(1))

Combining the bounds, we get that

I 5 (G0 03VT

> SO (14 o(1)

Combining the upper bound on I; from Lemma 67 and the lower bound from Lemma 68, we
have

1
I, — GO _—_,00)
L= RS
So, by (71) and (74),
n2e n! NS
M~ _ _ —n/m_ 29\ """ y—n_G(0) 1 1 2
S,u( - 9) exp(—me € 9)27T)\0 e T.Qn( +0(1)) (82)

So, it remains to compute G(0).

Lemma 69 Under the uniform distribution given by v; = 1/m for all j, and \g = n(1 +
—n/m 26)
e e°0),

e—n/m e—2n/m

G(0) = Mo + me "/M29 1 5402[—716*2"/"‘ +m 5 M ] + O(me®)

Proof By definition of G(¢) in equation (75) and Lemma 63,

G(0) = Ao+ > log[l + e~ 0% (=0 —1)]
j=1
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Now, since ¢=*¢ — 1 = £20 + =& 4+ O(e5), this is

. —Xovj (.2 e'¢? e'6? —2Xov; 6
)\04—2[6 M0+ ) — e+ O(e°)
j:

Substituting in Ao from (70), and v; = 1/m for all j, this is

— o+ g[e;e;e‘”w”(&e +E) = SO 4 O
— g+ ;[6:;(1 w20 (20 + 64292) - 54202 Zm 4+ 0(e9)]
=X+ i[e me2h — ety 4 £ g2 ﬁe—zﬁ +0(e9)]
j=1 ? ?
= Ao + me me20 + e20*[—ne 2w + me_;; - me_;:;] +O0(me°)

3

Lemma 70 Under distribution v such that v; = % + 5 forj < ymandv; =

§ > 1, fory=0(1), (1 —~) =0(1), and \g = n(1 + e ""%0), we have

T for

n -n/m —2n/m —n/m,,2
G(O> == )\0 + meizé"ZH + 8402 —n672n/m + me 2 — me 2 + 546%
Proof By definition of G(¢) in equation (75) and Lemma 63,
m
2
G(0) = Xo+ > _log[l +e i (e — 1)
j=1
Now, since ¢=°% — 1 = £20 + # + O(€9), this is
m 4(92 492
Yo+ D leT (0 + ) — e + 0(ef)
7j=1
Substituting in Ag and v, this is
n —n/m —2n/m —n/m 2
= Ao + me " me20 + £10% | —ne /M 4 mS —mS + 549w
2 2 2my(1 — )
|

Finally, we compute the MGF.
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Lemma 71 Under the uniform distribution p over [m),

2.4

Mg, (”ﬂje) = (14 0(1/n)) exp {92

2n 2n
2 4 me " m m2 e—n/m m2 e~ m
n 2 nZ 2 n2 2

and over distribution q such that q; = % + ,yimforj <ymandv; = .- 7)m for 7 > ~vym, for
v=0(1)and 1 — v = O(1), we have
2_4 —2n 2 ,—n/m 2 —in
n“e me m m-e m e m e
0)=(1+0(1 —0* | —— S ———— | + &%
) a+ (/n))eXp{ m [ n 2 +n2 2 n? 2 te

7’L2€4
Mg, (—
?q m

Proof For the uniform distribution p, by (82), substituting Ay = n(1 4+ e~"/"&20) and G(0) from
Lemma 69, we have

n2et en!
Mz [ ——0 ) = exp(—me ™% 14+e/m £20))~
5o (M0) = ol )
_n —228
exp (ne‘”/m529 + me~"Me%g + 262 [ne_%i + m 5~ mS 5 + O(me )

e™"n! —n/m 2
= Nor exp(—n(logn +log(l +e 0)))
™m

efn/m 72n/m
exp [ ne ™20 4 2% | —ne 2™ 4 m 5 T M + O(me®
no| 72n/m 4(92
= & exp { n(e Mme2g — }
2mn
—n/m 672n/m
exp ne Mg 4 42 | _pe=2/m oy 5 m 5 +O( me
n2et m e_%n m? e*”/m
=(1+0(1 0% |- — we
<+<mmw{m e
by Stirling’s approximation.
Similarly, for ¢ as stated, we have the claim. |

H.3. Application of the Girtner-Ellis Theorem

In this section, we apply the Gartner-Ellis Theorem to obtain the probability that our statistic crosses
a threshold, under the uniform distribution, and under one of the worst-case e-far distributions.

Lemma 72 When n = O(m), let « = n/m. Then, under the uniform distribution p, we have that

forT >0,

2.2 2«
m ~ T Qe
nh—r}olo n25410g <IE[S_T]> 2 — 2 — 2«



GUPTA PRICE

Under an e-far distribution q of the form q; = % + fforj <ymand q¢; = - — ﬁfor
j>ym,andy=0(1), 1 —~v=0(1), fort < ﬁiy)
N 2(2rey(y — 1) + 1)2
b ™ o ]P’{SST} _a@2re*y(y 1) +1)
n=0o  n 54 g 8(—1 —a+ev)y?(y — 1)

Proof Note that by Lemma 71, the limiting logarithmic moment generating function with respect to
the uniform distribution p is given by

n2€4 5 e—2a e~ 6—2a
4(6) =l 57 o (Mévp (M)) =0 [‘ 20 t2a2 " 2a?
Thus, Assumption 1 holds for Dy, = R. Furthermore, the Fenchel-Legendre Transform (de-
fined in equation 28) of A, is given by

—2« — —2« 2.2 2«
e e e T afe
A*(7) = —92 |- - oz V==
»(7) S%p {07 o [ 2 + 202 2a2 ]} 2e* — 2 — 2«

This is a strongly convex function of 7, so the set of exposed points of A} whose exposing
hyperplane belongs to DXP is all of R. Thus, by the Theorem 13 (Gértner-Ellis), for 7 > 0,

2.2 20

lim ——— log< [S>T}):1an*()— T

n—oo N {54 x>T 2e® — 2 — 2«

Similarly, the limiting logarithmic moment generating function with respect to an alternate dis-
tribution ¢ is given by

TL2 4 ) 67204 e~ 672a e~
Aq(0) = nh—>ngoin2e4 log < [exp (GS>]> =0 [ %0 227 202 } + 927(1 -)

The Fenchel-Legendre transform is given by

—2a —a —2« —Q 2 a 2
o [ e R _ a?(@2rey(y - 1) +1)
Aq(T)_Sgp{eT ’ { %0 242 2a2] 927(1—7)}_8(—1—a+e“>72<7—1>2

Again, applying the Girtner-Ellis Theorem gives, for 7 <

Ha
m N a?(2rey(y — 1) +1)2
oo n2et 8 (q SnsT ) ;ISIT ( )= 8(—1 —a+e¥)y2(y —1)?

Lemma 73 When n = o(m), under the uniform distribution p, we have for T > 0,

lim —

N0 n2€4 log <]§ [5' > 7—]> — 72

and under an e-far distribution q such that q; =
Jj>m, fory=06(1),1-~v=0(1), and 7 < 5

% imforjgymandqj:%—mfor

(1 v)’

e 515 1) - 2
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Proof Since n = o(m), we have by Lemma 71, Taylor expanding,

g, (22 <o {7249 1 o)

and similarly,

n2et n2et 1 1
Mg (— ) = —0|-0+——+0
S’q( m > eXp{ m {4 THi-y (n/m)”
Then, by a similar argument as in 72, the claim follows. |

H.4. Setting the threshold

We need to set our threshold 7 so that the minimum of the error probability under the uniform
distribution p, and any e-far distribution ¢ is maximized. Note that by Lemmas 72 and 73, it is
sufficient to consider a threshold 7 such that 0 < 7 < #ﬁw whenn = O(m)and 0 < 7 <
m when n = o(m), since otherwise, the error probability in one of the two cases is at least
constant. To set our threshold, we will first observe that for any 7 in this range, the “error exponent”
under e-far distributions is minimized for a particular e-far distribution. Then, we will set the
threshold to maximize the minimum of the error exponent under the uniform distribution, and under

this e-far distribution.
Lemma 74 When n = ©(m) so that « = n/m, setting the threshold T = e~®, we have for the
uniform distribution p,

2

m ~ o
i 1 PS> =
oo nZed 08 <p [S - ﬂ) 2(-1—a+e%)

and for any e-far distribution q such that ¢; = 1/m + ,Yimforj <~ymandq; =1/m — mfor
j>vmandy=6(1),1 -~ =6(1),

2
m ~ a

lim — 1 P|S < >

oo n2ed 08 <q [S - T}> T 2(-l1-a+ev)

with equality for q such that ¢; = 1/m + 2e/m for j < m/2 and q; = 1/m — 2¢/m for j > m/2.

Proof By Lemma 72, for 0 < 7 < ﬁi'y)’

.m 5 a?(2rey(y — 1) +1)2
fim TIOg (ﬂqm [S = T}> ©8(—1 —a+e¥)y2(y — 1)2

Now, the numerator of the right hand side is minimized when v = 1/2, and the denominator is
maximized when v = 1/2. Thus, the right hand side is minimized when y = 1/2. So, we have that,

5 22171 a2
lim —ﬂlog P{SST} > o’( 27¢")
q (—1—a+e®)
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with equality for distribution ¢ such that ¢; = 1/m + 2¢/m for j < m/2and ¢; = 1/m — 2¢/m
for j > m/2.

Then, the claim follows by substituting in 7 = e~ in the expression for the uniform distribution
in Lemma 72 and in the above expression. |

Lemma 75 When n = o(m), setting the threshold T = 1, we have for the uniform distribution p,

. m &
i~ tos ([52 7] ) =1

and for any e-far distribution q such that g; = 1/m + Wimforj <~ymandq; =1/m — Wfor
j>qm, andy=0(1),1—~v=06(1),

lim —ilog (]P’ [5’37]) >1
q

n—oo n2et

with equality for distribution q such that g; = 1/m + 2e/m for j < m/2 and q; = 1/m — 2e/m
forj >m/2.

Proof Follows from Lemma 73 and using a similar argument as in Lemma 74. |
Finally, we have our results.

Theorem 5 (TV) The TV statistic uses

n/m _ 1 _n/m mlo 1
n:(1+o(1))\/2(e/ L—n/m) V083

(n/m)? g2

forn<m,n>1ande,§ < 1.

Proof Recall that our statistic is equivalent to the TV tester when n < m. When n = ©(m), by
Lemma 74, we have that é¢(e, m, C) = 1 for every ¢ that satisfies our assumptions, and every C' > 2.
In particular, any ¢’ such that (1 — &) e(n) < &'(n) < e(n) has &(e’, m, C) = 1 for every C' > 2.
Thus, by Lemma 21, we have that ¢(e,m) = 1 for every ¢ that satisfies our assumptions.
TL2E4
So, we have shown that our tester fails with probability e~ (Eto() for

a2

2(—1—a+e9)

&=

where o = n/m. This implies that the TV tester uses n = 7”771125(1/5) (c+o0(1)) samples for failure
probability 4, where
2(e* —1—a)
«

CcC =

as required. Now, ¢ > 1 for 0 < o < 1. The claim for the n = ©(m) case follows. By a similar
argument using Lemma 75, the claim for the n = o(m) case follows. |
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H.5. Empty bins lemmas
We assume that Assumption 5 holds throughout this section.

Lemma 76 Suppose Assumption 5 holds.

Z {((ﬂ/];)g—AO”je v exp(8291{k:0})} =1+0(?)

k=0
for \g =n(1+ 0O(¢)) and v; = 1/m + O(e/m) for all j,
Proof By Lemma 63,

- ‘
Aoviet)k i i i
> { ( OV/J; S e dovier GXP(€29]1{I<:_O})} = ol et g
k=0 ’

e i< (€20 + O(eh)) + 1
Substituting Ao and v, this is

14 e~ me (1H0E) (229 4 O(h)
=1+ 0(?)
|

Lemma 77 Suppose Assumption 5 holds. For \g = n(1 +e™™"e%0), v; = % + O (%) for all j,
m
3 2 7 n i
H {e*AOVﬂ’e Yestt _ gmhove 1} = exp {me*E6 %29(1 +0(e?)) + O(ns3)}
=1

Proof By Lemma 63,

ﬁ{ —Xovjet g20 _ ,—Aovse” +1} _ ﬁ {efxoujew (€20 + O(cY) + 1}

7j=1

{Zl —Xovje’ U’( 29+O(€4)) + 1]
Substituting A\g = n(1 + O(e”)) and v; = 1/m + O(e/m), since n = O(m), this is

= exp log ——ezw(1+0(s))(829+0(64))Jrl]

. _le’w (1+0(e ))(529 + 0(54))} }

{
= exp {me m"20(1+ 0(c) + O(ne)}
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Lemma 78 Suppose Assumption 5 holds. For \g = n(1 4+ e~"/™20), v; —|— O(%), and
f(k) = exp(e201—o})

and .
G() = —inth + Moe™” + 3 log {e 0™ — o 1]
j=1

we have

G"(1p) = —ne® + O(ne?)
Proof First, note that for ¢ > 0, since ]l{k+C:0} = Oforevery k > 0, f(k+c) =1, forevery k > 0.
So,
. .
Novie)E
> { ol e pie | =1

k=0
By Lemma 76, we have that

Z {()\()V;;w)ke—kowewf(k)} =1+ 0(52)

k=0
So, we have
2
o (Agvje)* i
e
k=0 ’
> (A w i . (Ao, e?)k i
(B ) (§ 1) v
0 k=0 ’
and
2. (Aovje Capiel = (Movje Capied
(Z( ke wf(k)) <Z( LR wf(k”))_l*()( )
k=0 k=0
and

0o . 2
()‘Oyjew})k —Aov;et? 2
ZTQ T f(k) ] =1+0()
k=0 ’

So, by Lemma 51, we have that

i (Aoujei¢)20(s2) — ()\oyjew)(l +0(e?))

G'(p) =

et 14+ 0(e?)
=3 {0E) - Qa1+ 0 1+ 0
7=1
—@w%u+ow»+o<ﬁf):—mw+om§)
since n = O(m) and \g = n(1 + O(?)). [ |
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