




Chapter 12
The Power Method and Related Methods

You may want to visit Linear Algebra: Foundations to Frontiers - Notes to LAFF With [27] (Chapter 12)
in which the Power Method and Inverse Power Methods are discussed at a more rudimentary level.

12.1 The Power Method

The Power Method is a simple method that under mild conditions yields a vector corresponding to the
eigenvalue that is largest in magnitude.

Throughout this section we will assume that a given matrix A ∈ Cm×m is nondeficient: there exists a
nonsingular matrix X and diagonal matrix Λ such that A = XΛX−1. (Sometimes this is called a diagonal-
izable matrix since there exists a matrix X so that

X−1AX = Λ or, equivalently, A = XΛX−1.

From “Notes on Eigenvalues and Eigenvectors” we know then that the columns of X equal eigenvectors
of A and the elements on the diagonal of Λ equal the eigenvalues::

X =
(

x0 x0 · · · xm−1

)
and Λ =


λ0 0 · · · 0

0 λ1 · · · 0
...

... . . . ...

0 0 · · · λm−1


so that

Axi = λixi for i = 0, . . . ,m−1.

For most of this section we will assume that

|λ0|> |λ1| ≥ · · · ≥ |λm−1|.

In particular, λ0 is the eigenvalue with maximal absolute value.
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12.1.1 First attempt

Now, let v(0) ∈ Cm×m be an “initial guess”. Our (first attempt at the) Power Method iterates as follows:

for k = 0, . . .
v(k+1) = Av(k)

endfor

Clearly v(k) = Akv(0). Let

v(0) = Xy = ψ0x0 +ψ1x1 + · · ·+ψm−1xm−1.

What does this mean? We view the columns of X as forming a basis for Cm and then the elements in
vector y = X−1v(0) equal the coefficients for describing v(0) in that basis. Then

v(1) = Av(0) = A(ψ0x0 +ψ1x1 + · · ·+ψm−1xm−1)

= ψ0λ0x0 +ψ1λ0x1 + · · ·+ψm−1λm−1xm−1,

v(2) = Av(1) = ψ0λ
2
0x0 +ψ1λ

2
1x1 + · · ·+ψm−1λ

2
m−1xm−1,

...
v(k) = Av(k−1) = ψ0λ

k
0x0 +ψ1λ

k
1x1 + · · ·+ψm−1λ

k
m−1xm−1.

Now, as long as ψ0 6= 0 clearly ψ0λk
0x0 will eventually dominate which means that v(k) will start pointing

in the direction of x0. In other words, it will start pointing in the direction of an eigenvector corresponding
to λ0. The problem is that it will become infinitely long if |λ0|> 1 or infinitessimily short if |λ0|< 1. All
is good if |λ0|= 1.

12.1.2 Second attempt

Again, let v(0) ∈ Cm×m be an “initial guess”. The second attempt at the Power Method iterates as follows:

for k = 0, . . .
v(k+1) = Av(k)/λ0

endfor

It is not hard to see that then

v(k) = Av(k−1)/λ0 = Akv(0)/λ
k
0

= ψ0

(
λ0

λ0

)k

x0 +ψ1

(
λ1

λ0

)k

x1 + · · ·+ψm−1

(
λm−1

λ0

)k

xm−1

= ψ0x0 +ψ1

(
λ1

λ0

)k

x1 + · · ·+ψm−1

(
λm−1

λ0

)k

xm−1.

Clearly limk→∞ v(0) = ψ0x0, as long as ψ0 6= 0, since
∣∣∣λk

λ0

∣∣∣< 1 for k > 0.
Another way of stating this is to notice that

Ak = (AA · · ·A)︸ ︷︷ ︸
k times

= (XΛX−1)(XΛX−1) · · ·(XΛX−1)︸ ︷︷ ︸
Λk

= XΛ
kX−1.
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so that

v(k) = Akv(0)/λ
k
0

= AkXy/λ
k
0

= XΛ
kX−1Xy/λ

k
0

= XΛ
ky/λ

k
0

= X
(

Λ
k/λ

k
0

)
y = X



1 0 · · · 0

0
(

λ1
λ0

)k
· · · 0

... . . . . . . ...

0 0 · · ·
(

λm−1
λ0

)k


y.

Now, since
∣∣∣λk

λ0

∣∣∣< 1 for k > 1 we can argue that

lim
k→∞

v(k) = lim
k→∞

X



1 0 · · · 0

0
(

λ1
λ0

)k
· · · 0

... . . . . . . ...

0 0 · · ·
(

λm−1
λ0

)k


y = X


1 0 · · · 0

0 0 · · · 0
... . . . . . . ...

0 0 · · · 0

y

= Xψ0e0 = ψ0Xe0 = ψ0x0.

Thus, as long as ψ0 6= 0 (which means v must have a component in the direction of x0) this method will
eventually yield a vector in the direction of x0. However, this time the problem is that we don’t know λ0
when we start.

12.1.3 Convergence

Before we make the algorithm practical, let us examine how fast the iteration converges. This requires a
few definitions regarding rates of convergence.

Definition 12.1 Let α0,α1,α2, . . . ∈ C be an infinite sequence of scalars. Then αk is said to converge to
α if

lim
k→∞
|αk−α|= 0.

Let x0,x1,x2, . . . ∈ Cm be an infinite sequence of vectors. Then xk is said to converge to x in the ‖ · ‖
norm if

lim
k→∞
‖αk−α‖= 0.

Notice that because of the equivalence of norms, if the sequence converges in one norm, it converges in
all norms.

Definition 12.2 Let α0,α1,α2, . . . ∈ C be an infinite sequence of scalars that converges to α. Then
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• αk is said to converge linearly to α if for large enough k

|αk+1−α| ≤C|αk−α|

for some constant C < 1.

• αk is said to converge super-linearly to α if

|αk+1−α| ≤Ck|αk−α|

with Ck→ 0.

• αk is said to converge quadratically to α if for large enough k

|αk+1−α| ≤C|αk−α|2

for some constant C.

• αk is said to converge super-quadratically to α if

|αk+1−α| ≤Ck|αk−α|2

with Ck→ 0.

• αk is said to converge cubically to α if for large enough k

|αk+1−α| ≤C|αk−α|3

for some constant C.

Linear convergence can be slow. Let’s say that for k ≥ K we observe that

|αk+1−α| ≤C|αk−α|.

Then, clearly, |αk+n−α| ≤Cn|αk−α|. If C = 0.99, progress may be very, very slow. If |αk−α|= 1, then

|αk+1−α| ≤ 0.99000
|αk+2−α| ≤ 0.98010
|αk+3−α| ≤ 0.97030
|αk+4−α| ≤ 0.96060
|αk+5−α| ≤ 0.95099
|αk+6−α| ≤ 0.94148
|αk+7−α| ≤ 0.93206
|αk+8−α| ≤ 0.92274
|αk+9−α| ≤ 0.91351

Quadratic convergence is fast. Now

|αk+1−α| ≤ C|αk−α|2

|αk+2−α| ≤ C|αk+1−α|2 ≤C(C|αk−α|2)2 =C3|αk−α|4

|αk+3−α| ≤ C|αk+2−α|2 ≤C(C3|αk−α|4)2 =C7|αk−α|8
...

|αk+n−α| ≤ C2n−1|αk−α|2
n
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Even C = 0.99 and |αk−α|= 1, then

|αk+1−α| ≤ 0.99000
|αk+2−α| ≤ 0.970299
|αk+3−α| ≤ 0.932065
|αk+4−α| ≤ 0.860058
|αk+5−α| ≤ 0.732303
|αk+6−α| ≤ 0.530905
|αk+7−α| ≤ 0.279042
|αk+8−α| ≤ 0.077085
|αk+9−α| ≤ 0.005882
|αk+10−α| ≤ 0.000034

If we consider α the correct result then, eventually, the number of correct digits roughly doubles in each
iteration. This can be explained as follows: If |αk−α| < 1, then the number of correct decimal digits is
given by

− log10 |αk−α|.

Since log10 is a monotonically increasing function,

log10 |αk+1−α| ≤ log10C|αk−α|2 = log10(C)+2log10 |αk−α| ≤ 2log10(|αk−α|

and hence
− log10 |αk+1−α|︸ ︷︷ ︸
number of correct

digits in αk+1

≥ 2( − log10(|αk−α|︸ ︷︷ ︸
number of correct

digits in αk

).

Cubic convergence is dizzyingly fast: Eventually the number of correct digits triples from one iteration
to the next.

We now define a convenient norm.

Lemma 12.3 Let X ∈Cm×m be nonsingular. Define ‖·‖X : Cm→R by ‖y‖X = ‖Xy‖ for some given norm
‖ · ‖ : Cm→ R. Then ‖ · ‖X is a norm.

Homework 12.4 Prove Lemma 12.3.

With this new norm, we can do our convergence analysis:

v(k)−ψ0x0 = Akv(0)/λ
k
0−ψ0x0 = X



1 0 · · · 0

0
(

λ1
λ0

)k
· · · 0

... . . . . . . ...

0 0 · · ·
(

λm−1
λ0

)k


X−1v(0)−ψ0x0
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= X



1 0 · · · 0

0
(

λ1
λ0

)k
· · · 0

... . . . . . . ...

0 0 · · ·
(

λm−1
λ0

)k


y−ψ0x0 = X



0 0 · · · 0

0
(

λ1
λ0

)k
· · · 0

... . . . . . . ...

0 0 · · ·
(

λm−1
λ0

)k


y

Hence

X−1(v(k)−ψ0x0) =



0 0 · · · 0

0
(

λ1
λ0

)k
· · · 0

... . . . . . . ...

0 0 · · ·
(

λm−1
λ0

)k


y

and

X−1(v(k+1)−ψ0x0) =


0 0 · · · 0

0 λ1
λ0
· · · 0

... . . . . . . ...

0 0 · · · λm−1
λ0

X−1(v(k)−ψ0x0).

Now, let ‖ · ‖ be a p-norm1and its induced matrix norm and ‖ · ‖X−1 as defined in Lemma 12.3. Then

‖v(k+1)−ψ0x0‖X−1 = ‖X−1(v(k+1)−ψ0x0)‖

=

∥∥∥∥∥∥∥∥∥∥∥


0 0 · · · 0

0 λ1
λ0
· · · 0

... . . . . . . ...

0 0 · · · λm−1
λ0

X−1(v(k)−ψ0x0)

∥∥∥∥∥∥∥∥∥∥∥
≤

∣∣∣∣λ1

λ0

∣∣∣∣‖X−1(v(k)−ψ0x0)‖=
∣∣∣∣λ1

λ0

∣∣∣∣‖v(k)−ψ0x0‖X−1 .

This shows that, in this norm, the convergence of v(k) to ψ0x0 is linear: The difference between current
approximation, v(k), and the solution, ψx0, is reduced by at least a constant factor in each iteration.

12.1.4 Practical Power Method

The following algorithm, known as the Power Method, avoids the problem of v(k) growing or shrinking in
length, without requiring λ0 to be known, by scaling it to be of unit length at each step:

for k = 0, . . .
v(k+1) = Av(k)

v(k+1) = v(k+1)/‖v(k+1)‖
endfor

1We choose a p-norm to make sure that the norm of a diagonal matrix equals the absolute value of the largest element (in
magnitude) on its diagonal.
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12.1.5 The Rayleigh quotient

A question is how to extract an approximation of λ0 given an approximation of x0. The following theorem
provides the answer:

Theorem 12.5 If x is an eigenvector of A then λ = xHAx/(xHx) is the associated eigenvalue of A. This
ratio is known as the Rayleigh quotient.

Proof: Let x be an eigenvalue of A and λ the associated eigenvalue. Then Ax = λx. Multiplying on the left
by xH yields xHAx = λxHx which, since x 6= 0 means that λ = xHAx/(xHx).

Clearly this ratio as a function of x is continuous and hence an approximation to x0 when plugged into this
formula would yield an approximation to λ0.

12.1.6 What if |λ0| ≥ |λ1|?
Now, what if

|λ0|= · · ·= |λk−1|> |λk| ≥ . . .≥ |λm−1|?
By extending the above analysis one can easily show that v(k) will converge to a vector in the subspace
spanned by the eigenvectors associated with λ0, . . . ,λk−1.

An important special case is when k = 2: if A is real valued then λ0 still may be complex valued in
which case λ̄0 is also an eigenvalue and it has the same magnitude as λ0. We deduce that v(k) will always
be in the space spanned by the eigenvectors corresponding to λ0 and λ̄0.

12.2 The Inverse Power Method

The Power Method homes in on an eigenvector associated with the largest (in magnitude) eigenvalue. The
Inverse Power Method homes in on an eigenvector associated with the smallest eigenvalue (in magnitude).

Throughout this section we will assume that a given matrix A ∈Cm×m is nondeficient and nonsingular
so that there exist matrix X and diagonal matrix Λ such that A = XΛX−1. We further assume that Λ =
diag(λ0, · · · ,λm−1) and

|λ0| ≥ |λ1| ≥ · · · ≥ |λm−2|> |λm−1|.

Theorem 12.6 Let A ∈Cm×m be nonsingular. Then λ and x are an eigenvalue and associated eigenvector
of A if and only if 1/λ and x are an eigenvalue and associated eigenvector of A−1.

Homework 12.7 Assume that

|λ0| ≥ |λ1| ≥ · · · ≥ |λm−2|> |λm−1|> 0.

Show that ∣∣∣∣ 1
λm−1

∣∣∣∣> ∣∣∣∣ 1
λm−2

∣∣∣∣≥ ∣∣∣∣ 1
λm−3

∣∣∣∣≥ ·· · ≥ ∣∣∣∣ 1
λ0

∣∣∣∣ .
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Thus, an eigenvector associated with the smallest (in magnitude) eigenvalue of A is an eigenvector associ-
ated with the largest (in magnitude) eigenvalue of A−1. This suggest the following naive iteration:

for k = 0, . . .
v(k+1) = A−1v(k)

v(k+1) = λm−1v(k+1)

endfor

Of course, we would want to factor A = LU once and solve L(Uv(k+1)) = v(k) rather than multiplying
with A−1. From the analysis of the convergence of the “second attempt” for a Power Method algorithm
we conclude that now

‖v(k+1)−ψm−1xm−1‖X−1 ≤
∣∣∣∣λm−1

λm−2

∣∣∣∣‖v(k)−ψm−1xm−1‖X−1.

A practical Inverse Power Method algorithm is given by

for k = 0, . . .
v(k+1) = A−1v(k)

v(k+1) = v(k+1)/‖v(k+1)‖
endfor

Often, we would expect the Invert Power Method to converge faster than the Power Method. For
example, take the case where |λk| are equally spaced between 0 and m: |λk|= (k+1). Then∣∣∣∣λ1

λ0

∣∣∣∣= m−1
m

and
∣∣∣∣λm−1

λm−2

∣∣∣∣= 1
2
.

which means that the Power Method converges much more slowly than the Inverse Power Method.

12.3 Rayleigh-quotient Iteration

The next observation is captured in the following lemma:

Lemma 12.8 Let A ∈ Cm×m and µ ∈ C. Then (λ,x) is an eigenpair of A if and only if (λ− µ,x) is an
eigenpair of (A−µI).

Homework 12.9 Prove Lemma 12.8.

The matrix A−µI is referred to as the matrix A that has been “shifted” by µ. What the lemma says is that
shifting A by µ shifts the spectrum of A by µ:

Lemma 12.10 Let A ∈ Cm×m, A = XΛX−1 and µ ∈ C. Then A−µI = X(Λ−µI)X−1.

Homework 12.11 Prove Lemma 12.10.

This suggests the following (naive) iteration: Pick a value µ close to λm−1. Iterate
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for k = 0, . . .
v(k+1) = (A−µI)−1v(k)

v(k+1) = (λm−1−µ)v(k+1)

endfor

Of course one would solve (A−µI)v(k+1) = v(k) rather than computing and applying the inverse of A.
If we index the eigenvalues so that |λ0−µ| ≤ · · · ≤ |λm−2−µ|< |λm−1−µ| then

‖v(k+1)−ψm−1xm−1‖X−1 ≤
∣∣∣∣λm−1−µ
λm−2−µ

∣∣∣∣‖v(k)−ψm−1xm−1‖X−1.

The closer to λm−1 the “shift” (so named because it shifts the spectrum of A) is chosen, the more favorable
the ratio that dictates convergence.

A more practical algorithm is given by

for k = 0, . . .
v(k+1) = (A−µI)−1v(k)

v(k+1) = v(k+1)/‖v(k+1)‖
endfor

The question now becomes how to chose µ so that it is a good guess for λm−1. Often an application
inherently supplies a reasonable approximation for the smallest eigenvalue or an eigenvalue of particular
interest. However, we know that eventually v(k) becomes a good approximation for xm−1 and therefore
the Rayleigh quotient gives us a way to find a good approximation for λm−1. This suggests the (naive)
Rayleigh-quotient iteration:

for k = 0, . . .
µk = v(k)HAv(k)/(v(k)Hv(k))
v(k+1) = (A−µkI)−1v(k)

v(k+1) = (λm−1−µk)v(k+1)

endfor

Now2

‖v(k+1)−ψm−1xm−1‖X−1 ≤
∣∣∣∣λm−1−µk

λm−2−µk

∣∣∣∣‖v(k)−ψm−1xm−1‖X−1

with
lim
k→∞

(λm−1−µk) = 0

which means super linear convergence is observed. In fact, it can be shown that once k is large enough

‖v(k+1)−ψm−1xm−1‖X−1 ≤C‖v(k)−ψm−1xm−1‖2
X−1,

which is known as quadratic convergence. Roughly speaking this means that every iteration doubles
the number of correct digits in the current approximation. To prove this, one shows that |λm−1− µk| ≤
C‖v(k)−ψm−1xm−1‖X−1 .

2 I think... I have not checked this thoroughly. But the general idea holds. λm−1 has to be defined as the eigenvalue to which
the method eventually converges.
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Better yet, it can be shown that if A is Hermitian, then, once k is large enough,

‖v(k+1)−ψm−1xm−1‖X−1 ≤C‖v(k)−ψm−1xm−1‖3
X−1,

which is known as cubic convergence. Roughly speaking this means that every iteration triples the number
of correct digits in the current approximation. This is mind-boggling fast convergence!

A practical Rayleigh quotient iteration is given by

v(0) = v(0)/‖v(0)‖2
for k = 0, . . .

µk = v(k)HAv(k) (Now ‖v(k)‖2 = 1)
v(k+1) = (A−µkI)−1v(k)

v(k+1) = v(k+1)/‖v(k+1)‖
endfor
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