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Abstract

In verifying concurrent systems, it is frequently convenient to assume that any
operations that might occur concurrently are actually executed in some serial
order. We show that for some systems this (sometimes unrealistic) assump-
tion is unnecessary and simultaneous actions can be allowed without affecting
correctness.

In 1974, Dijkstra [Comm. ACM, 17 (1974), pp. 643-644] presented the
problem of self-stabilization and gave three solutions. In the two solutions
using only a constant number of states per processor, Dijkstra only claimed
correctness under the condition that simultaneous actions were prohibited.
Several other authors have presented solutions that do not require this condi-
tion, but, until now, apparently no one has noticed that Dijkstra’s solutions
are correct even without the condition. The techniques developed in this pa-
per allow us easily to extend the correctness of Dijkstra’s solutions to the case
where simultaneous actions are allowed.
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1 Introduction

Whenever we design a solution to a problem, we prefer to make the weakest
assumptions possible about the environment in which it operates, so that the
correctness of our solution is as robust as possible. In concurrent systems, it is
common to assume that all computations can be described as a serial ordering
(interleaving) of elementary operations. This is a reasonable assumption in
many cases, but it is clearly not as weak as possible. In this paper we consider
concurrent systems in which elementary operations can take place simultane-
ously. By “simultaneous,” we mean the synchronous execution of two or more
actions, rather than an arbitrary overlapping of actions. The main question
of interest is whether computations of the “parallel” system are essentially
different from those of the serial system (which is presumed to be correct).
Our main results give conditions under which certain important properties of
concurrent systems hold for parallel systems if they hold for the corresponding
serial systems. This will often provide simpler proofs for parallel systems by
allowing us to reason about the simpler serial systems.

Almost all previous work on concurrent systems is based on models that
involve interleaving elementary operations. For example, in the theory of con-
current databases [Pap86], the concurrent execution of transactions is modeled
by considering each transaction as a sequence of elementary, atomic operations.
These elementary operations are then interleaved to represent overlapping

transactions. Note that the elementary operations themselves are assumed
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to be executed in some particular order and not to occur simultaneously (or,
equivalently, simultaneous operations have the same effect as executions of the
operations in some order). Similarly, in Petri net theory [Pet81], simultane-
ous actions (firings) are allowed only if their actions to not interfere, so that
simultaneous firings are equivalent to firing the actions in any order. (In fact,
prohibiting firings that interfere with one another is a major feature of Petri
nets.)

To illustrate how our definition differs from standard models based on
interleaving, consider the following example. Suppose a system has three pro-
cessors, Py, P, P;, and three variables, V5, V;,V,. Each processor P; has a

single atomic operation:

Vi « Vici(modaa) + Vi + Vig1(med 3)

We want to allow simultaneous execution of two such transitions. For example,
from a configuration (0,1,2) (representing (Vo, Vi, V2)), let both Py and P,
execute simultaneously. The resulting configuration should be (3,3,2). This
is impossible to achieve by executing transitions by P, and P; in either possible
interleaved order. We could achieve the effect by using more primitive atomic

operations, say by defining P; as follows, where L; is a local variable and loc;

'We use ‘mod’ as an operator giving remainder of the first operand when divided by the
second, rather than the mathematical meaning of modulo congruence.
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is a location counter (necessary for locally sequential operations):

if IOC,‘ =0 then L; « Vi4 (mod 3) + ‘/i+1 (mod 3); loc; — 1 fi

if loc;=1then V; « V4 L;; loc; 0 fi

The desired effect is then obtained by interleaving steps in the order Fy, P, Fo, Py
(where the location counters are initially zero). Unfortunately, we also get un-
desired effects (computations that could not occur in the original system). For
example, executing steps in the order: Fy, Py, Py, P, P, Py, gives a result of
(3,3,6) , which is not a reachable configuration in the original system.

One place where simultaneous actions have been explicitly considered
is the case of concurrent-read, concurrent-write parallel random access ma-
chines [FW78, FRW84]. However, the assumption normally made with this
model are usually equivalent to assuming that the simultaneous actions occur
in some interleaved order. We are interested in cases where this does not hold.

Lamport [Lam86] has considered systems where operations can overlap in
more complex ways than we consider here. In particular, operations effectively
take place over intervals, so that, for example, one operation could overlap
two others that do not overlap each other. This possibility is not allowed
in the model that we are considering, since we take operations to be atomic
(effectively instantaneous). We take advantage of this restriction to obtain
simple ways of showing that parallel computations in our model are equivalent
to serial ones.

Section 2 gives our definitions for serial and parallel semantics of con-
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current systems. Section 3 presents our main results regarding reachability.

Section 4 applies our results to Dijkstra’s self-stabilization protocols.

2 Serial and Parallel System Semantics

A concurrent system S = (P,V) consists of a finite set of processors
P = {P,P,...,P,} and a finite set of variables V = {V;,V4,...,V,}.
(Throughout the paper, S, P and V will be used as described here.) The
configurations of S constitute the set I' = V5 x V§ x -+- x V,,,, where V;
here is the set of values taken on by variable Vj. Let v = (v, v1,...,v) be a
configuration of S. Then for any V; € V, the value of V; at v is Vj(v) = v;.

Each system has an associated transition relation, —, which is a subset
of I' x I'. The particular form of — depends on the semantics of the system,
which we do not want to restrict except as follows. Every transition v —~'
(called a step of S) has an associated nonempty set of processors, o C P.
We denote this association by v = 4. It is possible that another processor set
o' # a could be associated with the same transition (so that v LA v') and that
a could also be associated with a step to some v” # 4/ (so that v = 4"). If o is
a singleton set, say o = {F;}, we write v i ~" and call this transition a serial
step of S. (A step by multiple processors could be called a parallel step, and
a step by all processors together could be called a synchronous step.)

A computation of S from 4y € I' is a finite or infinite sequence C' =

(Y0571, - --) of configurations in I' such that v;_; —4; for all integers 7, 0 <
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i < length(C).? A computation is serial if every step in the computation is
serial. A computation is maximal if it is infinite or it is finite and the final
configuration no possible step leading from it.

For some of our results, we require more structure on the form of a system.
A system S = (P,V) without multi-writer variables has the following

special characteristics:

1. Each processor P; € P has an associated set of irreflexive partial func-
tions A; called actions from I' to I". If ¥ =+’ is a step then (y,7') € a
for some a € A;. Since actions are functions, we can write P*(vy) = v’ in
this case.

2. V is partitioned into Qwng, Owny,...,Own, such that if 'y—’lvy’ and
Vi(y) # V;(¢') then V; € Own;. Let Own;[y] denote the projection of v
onto the variables in OQwn;.

3. Let o € P. Then v —=+" if and only if for every i € « there is a v; such
that v = v; and Qwn;[y'] = Own;[v;], and for every j € V — UjeoaOwn;,
Vi(v') = Vi().

(1) means that every serial step can be attributed to some particular action
by a processor. (2) requires that no variable can be changed by two distinct
processors. (3) defines the system transition relation so that if several proces-
sors move together in the same step, they all change their own variables as if

they had moved alone. This is unambiguous because there are no multi-writer

variables.

2If C is finite then length(C) is just the number of elements in C. If C is infinite then
length(C') stands for a value, often denoted by w, greater than all integers.
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The correctness of a concurrent system is determined by its behavior
over a set of computations. Usually, these computations are determined by
an initial configuration or set of configurations, by whether computations are
serial or not, and perhaps by some additional criteria (such as fairness). For
our purposes, we will say a system is serial-correct if it is correct for those
serial computations that are allowed by the problem specification. On the
other hand, a system that is correct when the computations are extended to
allow simultaneous actions is parallel-correct. The next section provides

some tools for showing when a serial-correct system is also parallel-correct.

3 Lemmas on Reachability and Eventuality

A computation from 7 to 7' is a finite computation with initial configuration
v and final configuration 4. A configuration 4’ is (serially) reachable from
configuration « if there is a (serial) computation from - to 4’. For any v € 7,
define parallel(~yy) to be the subset of I' that is reachable from v,. We define
sertal(vy) analogously for serial reachability.

Reachability is often called a safety property. Another kind of property of
interest is a progress (sometimes called liveness) property. Let A be a subset of
I and 7o € I'. We say S makes progress toward A from ~ if every maximal
computation from vy contains an element of A, in which case eventually(A,~o)
holds. The analogous predicate for serial progress is serial-eventually(A,~o).

In order to show that the desired condition (serial-eventually) is obtained,
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we need another property of the set A CTI'. We say A is (serially) closed if
whenever ¥ € A and v —~' is a (serial) step of S, then 4" € A.

Our first lemma is an easy consequence of the definitions.

LEMMA 3.1 Let S = (P,V) be a concurrent system, 7o € I', and A be a serially
closed subset of I'. If for every step v —~" of S there is a serial computation
of S from « to 7, then serial(vo) = parallel(yo) and serial-eventually (A, o) if
and only if eventually(A, o).

Proof: Since serial computations are also parallel computations, trivially serial(vyo) €
parallel (o) and eventually(A, o) implies serial-eventually(A,~o). It is easy to
see by induction on the number of steps that any configuration reachable from
o0 is also serially reachable, so parallel(o) C serial(7o).

Now suppose eventually(A,~,) does not hold, so there is a maximal com-
putation, C, from 7o that avoids A. We will construct a serial computation, C’,
that also avoids A. Since (not eventually(A,~o)) implies (not serial-eventually(A,~o))
is equivalent to serial-eventually (A, o) = eventually(A,~o), this completes the
proof. Let C’ be the corresponding serial computation, formed (inductively)
by chaining together the serial computations between the adjacent configura-
tions in C that exist by the assumption of the lemma. Suppose that C’ does
not avoid A, i.e., it contains a configuration in A. But A is serially closed, so
all the remaining configurations in C’ are in A. In particular, the next configu-

ration in C’ that is also an element of C is in A, contradicting the assumption

that C avoids A. a
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Note that the serial closure condition of the lemma is necessary. For
example, consider a system with processors Py and P;, and binary variables

Vo and V4. Define the transitions of Py and P; as follows:

Po! I/Oé—- notVo

Py Vi « not W

From an initial configuration with V5 = 0 and V; = 1, there is a parallel com-
putation that cycles forever through the configurations (0,1) and (1,0). Let
A be the subset of ' for which V5 = V4. Although the other conditions of the
lemma hold, A is not serially closed, and even though serial-eventually(A,~),
it is not true that eventually(A,~).

Unfortunately, Lemma 3.1 is difficult to apply, since it essentially requires
consideration of a possibly infinite set of serial computations. A slightly more
restricted version has simpler application. We say a transition y =+’ of S
has a linear connection if there is a serial computation in S from v to
~' consisting of exactly one step by each processor in a. In other words,
a linear connection exists if there is some interleaving exactly one step of
each processor involved in the transition that produces the same result. A
concurrent system S is linearly connected if for every transition of S has a
linear connection. In a linearly connected system, serial reachability between

a pair of configurations can be checked by considering only a finite number of

finite serial computations.
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COROLLARY 3.2 Let S = (P, V) be a linearly connected concurrent system,
Y €T, and A be a serially closed subset of T'. Then serial(yo) = parallel(~o)
and serial-eventually (A, ~o) if and only if eventually(A,~o).

Showing a system is linearly connected simplifies proving the properties
that we want, but it could require a lot of work. If the way that processors
can affect one another has a certain structure, then the desired properties are
easier to check. One processor can only be affected by others if they change
variables that alter the behavior of the processor. This notion is formalized
(for systems without multi-writer variables) by the following definitions.

Let S = (P,V) be a concurrent system without multi-writer variables.
We need some preliminary definition in order to define a dependency relation
between processors at a given configuration. Let «,4" be configurations and
P; be a processor. The action set of P; at v is the set of actions of P; that are
defined at v, which we denote by A;(v). P; is enabled at « if its action set at v
is not empty. The effect of P, is different at vy and +' if either A;(vy) # Ai(v')
or there is some a € A;(7y) such that Own;[P?(y)] # Own;[P?*(y')]. Thus the
effect of a processor is different if some actions have been added or subtracted
from its action set or if the same action produces different results.

Now let P;, P, € P be distinct processors. We say P; depends on F;
at v € T if there are sets o and o of processors and configurations 4" and ~"”

such that

e « contains Py but not F;.
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a0
o v~
o If v is a singleton set, then 4" = ~; otherwise, 7 L ~" where o' = a—{k}.

o The effect of P; is different at 4’ and +".

Thus, P; depends on P if the participation of P in a step can alter the effect
of a step by P;. Of course, we are really more interested in cases where one
processor cannot affect another.

For the next lemma, we introduce a digraph that corresponds to the de-
pendency relation on the processors at a configuration. Let « be a configura-
tion of a system S and « be a subset of P. The dependency digraph of
a at v, D,(7), is the directed graph with the processors of S as vertices and

edge set
{(P;,,P;) € a X a: P; # P;, P; is enabled at v, and P; depends on P; at 7}.

If Dp(7) is acyclic we say v is acyclic; otherwise, v is cyclic. If D,(y) is
acyclic, define a root of a at v to be a vertex with in-degree zero in D,(7).
(It is well-known that in any finite, acyclic graph there must be a vertex with
in-degree zero, so a root always exists.)

The following preliminary lemma shows that every configuration reachable
in one step from an acyclic configuration is also serially reachable if there are no
multi-writer variables. (Note that the restriction on multi-writer variables is

necessary. For example, consider a system with processors Py, P, and variables



On relaxing interleaving assumptions 11

Vo, Vi, and V,. Suppose Fy has transition V; « V5; Vo «— V5 and P, has
transition V5 « V. If the initial (acyclic) configuration is (0,1,2), a non-

serial step can reach (0,0, 1), but no serial computation can.)

LEMMA 3.3 Let S = (P,V) be a concurrent system without multi-writer vari-
ables and v be an acyclic configuration in I'. If y—~" is a transition of S,
then there is a linear connection from v to 7.

Proof: Let v =+’ be a transition of S with |o| = k, and for each 7 € a let a; be
the action of processor P; that occurs in the transition. Define 4,72, ..., Yk+1

and ay,@g,...,a4 as follows.
e 1 =7vand ;g = a.

o For 1 < j <k, aj;1 = a; —{P;} and 41 = P:il (7;), where F;; is a
root of a; at ;. (Note: we will show that v; is acyclic, so that there is
always a root of a; at ;.

The proof proceeds by induction on j in the range 1 to k+1 with the following

induction hypothesis:

1. The effect of P;,,..., P;;_, in reaching v; is the same as if the processors

had acted in parallel. That is, 'y—cirvyj, where o/ = {P,,,...,P;_,} and
the actions of the processors in o are a;,, ai,,...,a;;_,, respectively.

2. Dy;(n;) is acyclic, so P;; exists.

Condition (1) holds vacuously for j = 1 and condition (2) follows from

a premise of the lemma, so the basis of the induction holds. Suppose the
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hypothesis holds for 1,2,...,7 for some j, 1 < j < k. In particular, «; is
acyclic and P; is a root of «; at ;. Suppose the effect of F;; is different from
7; than from 5. Then there is an £, 1 < ¢ < j such that the effect of F;; is
different at v, and ~¢4;. But this would imply that P;; depends on F;, at v
and so P, is not a root of a; at 4;, contradicting the inductive assumption.
Therefore, the effect of P;; is the same from 5 and ~;. Since no variable is
multiple writer, this implies condition (1) holds for j + 1.

We still need to show that Dy, (7;4+1) is acyclic. Using a similar argument
to that in the previous paragraph, it can be seen that the effect of every
processor in «j41 is the same at ;41 as at 7. Thus, Dy, (7j41) is just the
digraph induced by the vertices in a;41 on Du(y). Since D, (v) is acyclic, so

s Dotj+1 (7J'+1)' O

LEMMA 3.4 Let S = (P,v) be a concurrent system without multi-writer vari-
ables, v € T, and A be a serially closed subset of I'. If every configuration v €
parallel(vo) is acyclic, then serial(vo) = parallel(vo) and serial-eventually(A, o)
if and only if eventually(A,~o).

Proof: Since every configuration is acyclic, Lemma 3.3 implies that every
transition of S has a linear connection. Thus, S is linearly connected and

Corollary 3.2 applies, giving the result. O

When the last lemma does not apply directly, it is sometimes possible to
show that the property of being acyclic eventually holds. Let Acycg be the

set of acyclic configurations of S. If eventually(Acycg,~o) holds and Acycg is
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serially closed, then we can still show that serial eventually and eventually are

equivalent for S.

LEMMA 3.5 Let S = (P, V) be a concurrent system without multi-writer vari-
ables, 7o € T, and A be a serially closed subset of T'. If eventually(Acycg, o)
and Acycg is closed, then serial-eventually (A, o) if and only if eventually (A, o).

Proof: Since eventually(Acycg,vo0), in any maximal computation from -, an
acyclic configuration, +, is eventually reached. Since Acycg is closed, all config-
urations reachable from « are acyclic. The result then follows from Lemma 3.3

and an argument similar to that in the proof of Lemma 3.1. a

4 Applications to Self-Stabilization

Some of the results of the previous section are illustrated here by application
to a well-known problem: self-stabilization. Self-stabilization was originally
defined by Dijkstra in 1974 [Dij74]. For the two solutions that use only a
constant number of states per processor, Dijkstra only claimed his solutions to
be serial-correct. Several other authors have given solutions that are parallel-
correct [BGW89, Bur87, Tch81], but apparently no one has noticed before
that Dijkstra’s solutions also happen to be parallel-correct, as we show in this

section®.

3Note that some problems do have serial-correct solutions but no parallel-correct solu-
tions; see for example [BP89].
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In the self-stabilization problem for rings, there are n + 1 processors,
Py, P,...,P,, connected in a ring. Each processor behaves as a finite state
machine with transitions that depend on its own state and those of its two
neighbors in the ring. In our model, variables Vg, V4,..., V), are used to hold the
states of the processors. There are no other variables, so, since each processor
can only change its own state, the system has no multi-writer variables, and
Lemma 3.4 applies.

A correct solution to the self-stabilization problem requires that a closed,
proper subset A of I', called the legitimate configurations, be given such
that there is only one enabled processor in any legitimate configuration. We
also require that the system cannot deadlock (some processor is enabled at
every configuration), and that a fairness condition holds: every processor
is enabled infinitely often in any infinite computation consisting of legiti-
mate configurations. The final required property, which is the essence of
self-stabilization, is that a legitimate configuration will be reached from any
starting configuration within a finite number of steps. Thus, a system satisfy-
ing the other conditions is serial-correct if for all ¥ € T, serial-eventually(A,~).
Parallel correctness requires that eventually(A,~) holds for all ¥ € T'. We want
to show that serial-eventually(A,~) implies eventually(A,~) for Dijkstra’s so-
lutions, so that serial correctness implies parallel correctness.

In the next subsections, we present Dijkstra’s solutions in our own nota-

tion. In describing the transition functions, the state of P; is designated by V;.
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The left neighbor of P; is Pi_j (mod n+1) and the right neighbor is Pt (mod nt1)-
In the following discussions, recall that the state of P; at configuration v is

denoted V(7).

4,1 The Three State Solution.

The three state solution is denoted by S3. Each processor can be in one of
three states: 0, 1, or 2. The transitions of S3 are given by the following
single actions for Fy and P, and by pairs of actions for P, 0 < ¢ < n. It
should be apparent that this is a system without multi-writer variables since
P; only changes V;. (Note: we have transliterated Dijkstra’s original algorithm,
replacing the local state he denoted by ‘S’ by V;, the state of the left processor

‘L’ by Vi_1, and the state of the right processor ‘R’ by Vi41.)

For processor Fy:
if (Vo+1) mod3 =1, then Vj « (V5 —1) mod 3 fi

For processor F;, 0 < i < n:
if (Vi+1)mod3 =V,_; thenV, « V,_; fi
if (V; -+ ].) mod 3 = 1/5.4_1 then I/; & V;'.+.1 fi

For processor FP,:

if V.1 =V and (V-1 + 1) mod 3 # V,, then V,, « (V,_1 + 1) mod 3 fi

The set of legitimate configurations, A C I, is the set of all configurations
such that exactly one processor is enabled.
Suppose that « is a cyclic configuration. Since F, can only depend on

P, and the other processors can only depend on their neighbors in the ring,
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the dependency graph of v either has an n + 1 cycle or a 2-cycle. But since if
P, depends on F it also depends on P,_;, we only need to consider 2-cycles.
Suppose P;_; and P; depend on one another for some ¢, 0 < ¢ < n. (We need
not consider : = 0 because P, cannot depend on P,.) Since P; depends on
P;_; at v, we have (Vi_1(v) + 1) mod 3 # Vi(«) (this follows directly if : = n
or indirectly from (V;(v)+ 1) mod 3 = V;_1() otherwise). But since P;_; also
depends on P; at v, we have (V;_1(y)+1) mod 3 = V(). These assertions are
mutually contradictory, so there cannot be a 2-cycle in the dependency graph
of v for any v € I.

Since every configuration is acyclic, by Lemma 3.4, if S& is serial-correct
then it is also parallel-correct. Therefore, a demon is not essential to the cor-
rectness of S3, and Dijkstra’s proof of S3 [Dij86] applies to parallel as well
as serial systems. (Dijkstra assumed the existance of a demon that would
arbitrate between two adjacent processors that were simultaneously enabled.
Thus, he did not have to reason about executions that could occur when
neighbors moved simultaneously. Our results show this assumption was un-

necessary. )

4.2 The Four State Solution.

The four state solution, 54, has a pair of Boolean variables for each processor
which together constitute its state. For P;, we denote these by V; and W,

which correspond to variables z and up, respectively, in Dijkstra’s original
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presentation. Wy and W, are not actually variables. Wy is never referred to
and W, is taken to be a constant with the value ‘false.” The actions of the
processors are given below. Again, this is clearly a system without multi-writer

variables.

For processor Fy:
if Vo = V; and not W, then V; «— not V; i

For processor F;, 0 <1 < n:
if V; # Vi_; then V; « not V;; W; « true fi
if V; = V;;; and V; and not W, then V; « false fi

For processor F,:

if V, #V,_; then V, « not V, fi

As in S3, the legitimate configurations are those containing exactly one
enabled processor.

Since Fy and P, cannot depend on one another, if there is any cycle, there
must be a 2-cycle. But, for 0 < i < n, if P; depends on Py, at v, then Vi(y) =
Viy1, while if P;y; depends on P; then Vy; # V;(«), which is impossible. (We
need not consider ¢ = n since P, cannot depend on Fy.) Therefore, there is
no 2-cycle in any configurations, so Lemma 3.4 applies. Once again, serial

correctness implies parallel correctness, so a demon is unnecessary.

4.3 The K State Solution.

The K state solution, SK, uses states 0, 1, ..., K — 1, and the following

transitions.
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For processor Fy:

if V, = V5 then V; « (V5 + 1) mod K fi

For processor P;, 0 <1 < n:
if Vi.y #V,then V, — V,_; fi

As for the other solutions, the legitimate configurations are those with exactly
one enabled processor.

The correctness of the solution depends on the value of K relative to n.
When K = n, the system is serial-correct, but not parallel-correct, because
there is a cycle of illegitimate configurations. It has long been known that the
system is parallel-correct when K > n. One of the difficulties in the proof
of this fact is showing that the system is parallel-correct if it is serial-correct.
Our techniques provide a simple way to do this.

To show that SK is parallel correct when K > n, we will apply Lemma 3.5.
To do this, we must show that the Acyc g is closed and eventually-parallel (Acyc gy, )
holds for all v € T'.

Since processor F; can only depend on Pi_j (mod n+1), the only possibility
that a configuration is cyclic is if there is a cycle of all n 4+ 1 processors. Let
v— ' be a transition of SK and assume that 4" is cyclic. If P, moves in the
transition, but £;_; (mod n4+1) does not, then F; is not enabled at 4, and so 4/
could not be cyclic. Thus, since some processor must move in the transition,
they all must move. This implies that all processors are enabled at v and

hence v is cyclic. Therefore an acyclic configuration cannot be transformed
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into a cyclic configuration, so Acyc g is closed.
Assume that eventually-parallel(Acycgp,vy) does not hold for SK and
some v € I['. Since there are only a finite number of configurations, there is a

cycle of configurations of SK

Yo—=N—= D T-1—=Te =0

such that for 0 < j < k, 7, is cyclic. We can assume without loss of generality
(by using multiple copies of the cycle if necessary) that £ > n. Let s = V5(%0).
Then by the actions of Py, Vo(11) = s+ 1 mod K, Vo(y2) = 8 + 2 mod K,
.oy Vo(vn) = 8 + nmod K. Also, by the actions of P, P,,...,P,, Vi(m) =
3, Va(y2) = 8, ..., Va(vm) = s. Since Fy is enabled at +,, we also have
Vo(n) = Vi(vn) so that s = s+n mod K. But this is impossible since K > n.
Therefore, Lemma 3.5 applies, so serial correctness implies parallel correctness,

and a demon is unnecessary in this case.

5 Concluding Remarks

We have derived several lemmas that can be used to show that the correctness
of a serial system will not be affected by allowing simultaneous execution of
atomic operations. The utility of these lemmas has been demonstrated by
applying them to Dijkstra’s self-stabilization protocols, showing that demons
are unnecessary for the three and four state solutions and (as was previously

known) that a demon is unnecessary for the K state solution if K > n. Our
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techniques should also be useful in other problems where the model of com-

putation developed here is applicable.
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