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1. Introduction

Consider a network of two finite state machines that communicate exclusively
by exchanging messages via two one-directional, error-free, unbounded, FIFO chan-
nels. Each machine has a finite number of states and state transitions. Each state
transition in a machine is accompanied either by sending one message via the
machine’s output channel or by receiving one message from its input channel.

Networks of communicating finite state machines are useful in modeling[4],
analysis[3,7], and synthesis[6,8,15] of communication protocols and distributed sys-
tems. The analysis problem for these networks can be stated as follows.
*Characterize a class of these networks, and construct an efficient algorithm that
can decide for any network in the given class whether its communication satisfies
some desirable properties.® Most of the work to solve this problem has con-
centrated so far on properties such as boundedness[2,12,14], freedom of
deadlocks[2,12,13], and freedom from unspecified receptions[2,12]. These are all
safety properties[8]; i.e. they merely guarantee that nothing bad will happen during
the course of communication.

In this paper we solve the same problem for liveness properties of such net-
works. In particular, we characterize two classes of networks (Class 1-k networks
whose communication is known to be bounded by some constant k in one direction,
and Class 2 networks, where one machine sends one type of message), and construct
efficient algorithms to decide three liveness properties for any network in these
classes. Actually, each of the three liveness properties can be stated as requiring
that some node in a given machine in the network under consideration be reached
infinitely often during the course of communication under some fairness assumption.
We characterize three graduated fairness assumptions that lead to three degrees of
liveness: weak liveness, liveness, and strong liveness as defined in [6].

Following the introduction, the paper is organized as follows: Networks of
communicating finite state machines are defined in Section 2. The liveness
properties of these networks are presented in Section 3. Then, efficient algorithms
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in q where message g is the head message in x; (v;), and if u has an out-

going receiving edge, labelled +g, then edge e must occur infinitely often
in q.

A sequence q of a network (M,N) is called strongly fair iff the following condition is
satisfied: For any node u in M or N, if u occurs infinitely often in q, then each out-
going edge of u must occur infinitely often in q.

Let (M,N) be a network. A node u, in M or N, is said to be weakly live (live,
strongly live, respectively) in (M,N) iff it occurs infinitely often in every strongly
fair (fair, weakly fair, respectively) sequence of (M,N).

The following theorem states that node liveness for networks of communicat-
ing finite state machines are undecidable in general.

Theorem 1: It is undecidable whether a node u in an arbitrary network (M,N) is
weakly live (live or strongly live).

In the next two sections, we discuss procedures to decide for any Class 1-k or
Class 2 network whether a given node is weakly live (live or strongly live). But
first, we present a result that will prove useful later.

Let q be a sequence of (M,N). Then, qy (qy) is the sequence of moves (i.e.
edges) made by M (N) in q. Two sequences q and q of (M,N) are said to correspond
iff qyy=q’y and qy=0'y:

Let R’ be the set of all sequences q of (M,N) such that if a state [u,v,x,y] is in
q, then |y|=0 or 1. Also, let R* be the set of all sequences q of (M,N) such that if a
state [u,v,x,y] is in q where |y|>1, then no subsequent receive move is made by N in
q. The following lemma was essentially proved in [12].

Lemma 1: A sequence q is in R iff a correspending sequence is in R' U R".

It follows that a node u, in M or N, is weakly live (live, strongly li‘te,
respectively) iff it occurs infinitely often in every strongly fair (fair, weakly fair,
respectively) sequence in R’ UR".

4. Deciding Liveness for Class 1-k Networks

In this section, let (M,N) be an arbitrary Class 1-k network, and let R, R’ and
R® be defined with respect to (M,N) as in the previous section.

Lemma 2: There is no weakly fair, fair, or strongly fair sequence of (M,N) in R".
(The proof is by contradiction.)
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The following lemma follows immediately from Lemmas 1 and 2.

Lemma 3: A node in M or N is weakly live (live, strongly live, respectively) in
(M,N) iff it occurs infinitely often in every strongly fair (fair, weakly fair,
respectively) sequence in R’.

The proof of the following lemma is based on the fact that the number of dis-
tinct states in each sequence in R’ is bounded by a polynomial in 2¥, m and n,
where m (n) is the number of nodes in machine M (N).

Lemma 4: If there exists a weakly fair (fair, strongly fair) sequence in R’ in which
a node u occurs at most a finite number of times, then there exists another such se-
quence q such that the sequence of moves (i.e. edges) made by M and N in q is of
the form w,(w,)" where both |w,| and [wy| are bounded by a polynomial in 2k m
and n.

From Lemma 4, it is useful to distinguish between the two cases of whether
the constant k is a parameter of the problem or is a known fixed value. For ex-
ample, since all the algorithms to decide weak liveness, liveness and strong liveness
in this section run in time exponential in k, the next theorem indicates that this
probably cannot be improved in the case where k is a parameter rather than a
known fixed value.

Theorem 2: Deciding weak liveness, liveness, and strong liveness for Class 1-k net-
works is PSPACE-Complete provided that k is a parameter rather than a known
fixed value.

Proof: The hardness proof is a reduction from the recognition problem for linear
bounded automata and is similar in style to the PSPACE-hardness results given in
[12]. The fact that the problem is doable in PSPACE follows directly from Lemma
4.

If k is, however, considered to be a fixed value, the problem’s complexity
needs to be analyzed with respect to parameters m and n; this is somewhat more in-
volved. If a node u is not weakly live (live, strongly live, respectively) in (M,N),
then there must exist a strongly fair (fair, weakly fair, respectively) sequence (as
described in Lemma 4) in which u occurs only finitely often. Our approach is to
determine if such a sequence exists. In order to do this, we need to categorize, in
some sense, the possible sequences q mentioned in Lemma 4. This is done basically
by categorizing the possible choices for w, with respect to each type of fairness.
The categorization is as follows:



: _ b
weakly fair: If a sequence q whose sequence of moves Is of the form w(w,)" is
weakly fair, then wy must contain at least one edge from M and one edge from N;
i.e. W, can be categorized by this pair of edges. (Note that w, may belong to one or

more categories.)

fair or strongly fair: If a sequence q whose sequence of moves is of the form
. M L] L
wy(wg)" Is fair (strongly fair), then w, can be characterized by the ®"set" of nodes

and edges visited in M and N.

In other words, each of the possible sequences q in Lemma 4 is ?haracterizet_{ by a
set of nodes and edges in M and N, that satisfies some conditions dependrmg on
whether we are interested in weakly fair, fair, or strongly fair sequences. We thus
call these sets solution categories. Notice that for weakly fair sequences, there are
O(m*n) different solution categories, but for fair or strQngly fair sequences, there
are an exponential (in m and n) number of different solution categories.

Lemma 5: There is an algorithm, that runs in nondeterministic logspace, to .checl(
for any given solution category whether there is a sequence that belongs to this cat-

egory.

Thus, an algorithm to check whether a node is not weakly live (live. or
strongly live) would be to test each solution categior'y to see whether there is a
strongly fair (fair or weakly fair) sequence that satisfies Lemma 4. Consequently,
we have almost immediately:

Theorem 3: There is an algorithm, that runs in nondeterministic lqgspace, to
decide whether a node in a Class 1-k network is "not* strongly live, prov1dp:d that k
is a known fixed value. Moreover, the problem is complete for this complexity class.

The theorem immediately yields that strong liveness for Class 1-k r_1etw-orks s
co-complete for nondeterministic logspace, and so is decidable in polynomial time.

For the case of fair or strongly fair sequences the problem becomes somewhat
harder since there are an exponential number of solution categories to check. In 0_:
der to solve this problem, in polynomial time, we need to develop fast ways to avrm_
looking at large numbers of candidate categories. This can be done for strongly fair

sequences.

Theorem 4: There is a polynomial time algorithm to decide whether a node in 2
Class 1-k network is weakly live, provided that k is a known fixed value.

The proof involves showing that the nodes and edges in a solution category for

strongly fair sequences must constitute strongly connected components of M and
N. Since the strongly connected components of M and N can be found in O(m + n)
time[1], the result follows.

We do not know, at the present time, whether a corresponding result holds for
deciding whether a node is not live.

5. Deciding Liveness for Class 2 Networks

In this section, we describe algorithms that decide whether a node is not
weakly live (live or strongly live) in a Class 2 network. For the ensuing discussion,

let (M,N) be an arbitrary Class 2 network, and let u be an arbitrary node in M or
N.

The results in this section are derived from similar (although more involved)
arguments as those presented in the previous section. In particular, Lemmas 4 and 5

can be appropriately modified for Class 2 networks, but it is more difficult than it
was in Section 4.

Theorem 5: There is an algorithm, that runs in nondeterministic logspace, to
decide whether a node in a Class 2 network is "not* strongly live.

Theorem 6: There is a polynomial time algorithm to decide whether a node in a
Class 2 network is weakly live.

Once again we do not know, at the present time, whether a result correspond-
ing to Theorem 6 holds for deciding whether a node is live. We can, however, show
a direct correspondence between this problem for Class 2 and Class 1-k networks.
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