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1 Introduction

Iteration systems are a useful abstraction for computa-
tional, physical and biological systems that involve “truly
concurrent” events. In computing science, special cases
of iteration systems are frequent; for instance, self-sta-
bilizing programs, term-rewriting systems, bottom-up
logic program interpreters, compiler attribute-grammars,
constraint-satisfaction solvers, and array processors can
be represented as iteration systems. This wide applica-
bility derives from the simplicity and generality of the
formalism.

Informally, an iteration system is defined by a finite
set of variables, V. Associated with each variable is a
function called its update function. The computation of
the system proceeds in steps. At each step, the variables
in an arbitrary subset of " are updated by assigning each
variable the value obtained from applying its update func-
tion to the current system state. The set of variables thus
updated may differ at each step; however, it is required
that each variable in 7" be updated infinitely often.

In allowing an arbitrary subset of variables to be up-
dated at each step. our formalism admits a large number
of widely varying computations. These range from the
sequential computations in which exactly one variable is
updated at every step to the parallel computation in which
each variable is updated at every step. By comparison,
traditional semantics admit computations of lesser vari-
ety. For example, interleaving requires one enabled event
to be executed at each step (see, for instance, the work
on CSP [12]. UNITY [5] and I/O Automata [15]),
whereas maximal parallelism requires that all enabled
events are executed at every step (see, for instance, the
work on systolic arrays [14] and cellular automata [17]).

The variety in the computations admitted by our for-
malism complicates the task of verifying iteration sys-
tems. This fact and the fact that iteration systems have
wide applicability suggest that it is useful to develop tech-
niques which simplify the verification of properties of
iteration systems.

A property of interest in iteration systems is conver-
gence. This property is useful in studying the self-stabi-
lization of distributed programs (cf. [2, 3, 6. 7, 9]), con-
vergence of chaotic relaxation methods in numerical anal-
ysis (cf. [4, 16]), and self-organization in neural networks
(cf. [1, 13]). Informally, an iteration system is called con-
vergent if on starting in an arbitrary state the system is
guaranteed to reach a fixed point; that is, a state in which
no update can cause a state change. The standard method
for verifying that an iteration system is convergent is to
exhibit a variant function (cf. [8]) whose value is bounded
from below and is decreased by at least some constant at
each step that causes a state change. Since any subset of
the variables can be updated in a step, the number of
cases that need to be considered are 2" — 1, where # is the
number of variables in the system. In this paper, we dis-
cuss new methods for verifying the convergence of iter-
ation systems. Nearly all these methods require upto n
cases to be considered.

The rest of this paper is organized as follows. In Sect. 2,
we formally define iteration systems and their dependency

graphs. (The dependency graph of an iteration system
captures the “depends on” relation between the variables
in the system.) In Sect. 3, we identify two classes of it-
eration systems, namely those that have acyclic depen-
dency graphs and those that have self-looping depen-
dency graphs. We then present a theorem that establishes
efficient proof obligations for verifying the convergence
of these two classes. This theorem is extended to general
iteration systems in Sect. 4. In Sect. 5, we redefine itera-
tion systems to allow nondeterministic updates of vari-
ables and we show that, with minor modifications, our
previous results continue to hold in nondeterministic it-
eration systems. In Sect. 6, we exhibit efficient proof ob-
ligations for verifying convergence that are based on a
finer grain notion of dependency graphs. Concluding re-
marks are in Sect. 7.

2 Iteration systems

An iteration system, I, is defined by the pair (V, F), where

- Vis a finite, nonempty set of variables. Each variable
vin V has a predefined domain Q,. Let Q denote the
cartesian product of the domains of all variables in V.
- Fis a set of “update” functions with exactly one func-
tion f, associated with each variable v in V, where f, is
a mapping from Q to Q,.

A state g of I is an element of Q. We adopt the notation
q, to denote the value of variable v in state g. A state ¢
is called a fixed point of I iff for each variable v in V,
Sl —d,

A step of I'is defined to be a subset of V; informally,
a step identifies those variables that are updated when
the step is executed. A round of I is a minimal, finite
sequence of steps with the property that each variable in
V'is an element of at least one step in the round. Mini-
mality of a sequence denoting a round implies that no
prefix of the sequence is itself a round. A computation of
I'is an infinite sequence of rounds. Notice that since each
variable is updated at least once in every round. each
variable is updated infinitely often in every computation.

The application of a finite sequence of steps S to a
state g, denoted Seg, is the state ¢’ defined inductively
as follows:

- if § is the empty, sequence, then ¢’ =g
- if §'is a single step, then for every variable v in ¥,

, {j; (9), ifveS
b, = :
q,. otherwise

- if §is the sequence S” appended to sequence S’ (de-
noted S=57: §”), then g’ = 5" o(S§’ oq).

A computation C is called convergent iff for every state
q, there exists a finite prefix, S, of C such that Sogis a
fixed point of /. An iteration system is called convergent
iff all of its computations are convergent.

As shown in the following examples of iteration sys-
tems, it is convenient to represent an iteration system by
a set of assignment statements, one for each variable.
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Each statement has the form {variabley : = {corresponding
update function’y. We will later prove each of these iter-
ation systems to be convergent.

Example 1 (Greatest Common Divisor). Let x, y and z
be variables that range over the natural numbers. Then,
the three assignment statements

x:=if x > y then x — y else x
y:=if x < y then y—x else y
z:=if x=y then 0 else z+ 1

define a convergent iteration system. At fixed point, the
value of x is the greatest common divisor of the initial
values of x and y, and y=x and z=0.

Example 2 (Minimum of a Bag). Let x be an integer array
of size n. Then, the following assignment statements:

x[1]:=x[1]
x[2]:=min (x[2], x[1])

x[n]:=min (x [}, x[n—1])

define a convergent iteration system. At fixed point, the
value of each x[i] is the minimum of the initial values in
the sub-array x[1], x[2],....x[i].

Example 3 (Shortest Path). Consider the directed graph

1

It has four nodes 0-3, and four edges. Each edge is labeled
with a non-negative integer constant denoting its length.
Associated with each node i is a variable v[i], of type
record, that has an integer component first[i] and a com-
ponent second([i] that ranges over the nodes that are ad-
jacent from i. The assignment statements

v[0]:=(0,0)
v[1]:=(a,0)
v[2]:=(b,0)

v[3]:=if first[1]+c < first[2] +d
then (first[1]+c, 1) else (first[2]+d, 2)

define a convergent iteration system. At fixed point, each
first[i] is the length of the shortest path from node i to
node 0, and second[i] is the nearest neighbor to node i
along this path. Extending the above system for an ar-
bitrary directed graph is straightforward.
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The objective of this paper is to identify proof obli-
gations that are sufficient to establish the convergence of
iteration systems. Towards this end, the following two
definitions will prove useful shortly.

Let v and w be variables in V. We say v depends on w
iff there exist two states ¢ and ¢’ of 7 such that ¢ and
g’ differ only in their value of w and f,(q)# f,(q")-
Informally, v depends on w iff a change in the value of w
can cause a change in the value assigned to v by its update
function f,.

The dependency graph of I is a directed graph whose
nodes correspond to the variables in 7 and whose di-
rected edges correspond to the depends on relation; that
is, the set of nodes of the dependency graph is {n,|v e ¥}
and its set of directed edges is {(n,,n,)|ve V,we V, and
v depends on wi.

The dependency graphs of the iteration systems in
Examples I, 2 and 3 are as follows:

n,
ny n,
M) M2 Ny|n]
Ny
Ny|0] nv(3|
e
Ny|2]

Henceforth, we shall use ‘variable’ and ‘node’ inter-
changeably when referring to the dependency graph of
an iteration system.

3 Convergence of non-cyclic systems

An iteration system is called acyclic iff its dependency
graph is acyclic. It is called self-looping iff its dependency
graph has one or more cycles, and all its cycles are self-
loops.

In this section we state a fundamental theorem con-
cerning the convergence of acyclic and self-looping iter-
ation systems. The implications of this theorem are dis-
cussed subsequently.
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Theorem 1. If an iteration system is

(a) acyclic, then it is convergent, and if it is
(b) self-looping and has one convergent computation, then
it is convergent.

To prove the theorem we need to introduce the following
new concepts: “rank”, “stable”, “ #steps”, “17, and “]”.

Consider an iteration system /. For an acyclic or self-
looping /, define rank to be the function that assigns to
each variable v in I a positive integer as follows:

rank (v) =1+ max {rank (w)
|[(we V A v#EW A v depends on w)}

By convention, the value of “max” applied to the empty
set is 0; thus, the rank of a variable that does not depend
on any other variable is 1. Notice that this definition is
recursive and requires, in order to be well-defined, that
the dependency graph of 1 has no cycle of length two or
greater. Therefore, this definition applies only to acyclic
and self-looping systems.

A variable v in V is stable at state g iff for every finite
sequence of steps, .S, the value of v in ¢ is the same as its
value in state Sog.

Let #steps(C,q,k) denote the partial function that
returns the number of steps in the minimal prefix S of
computation C such that every variable of rank at most
k is stable at the state Sog. The value of #steps(C, g, k)
1s undefined when no such prefix exists.

Let k be any positive integer, then CTk denotes the
unique prefix of computation C that consists of exactly
k rounds, and Clk denotes the computation that results
after removing the prefix Ctk from computation C.

Proof of part (a). The proof is by a straightforward in-
duction on the rank of variables. We argue that after the
application of the first k rounds (k < | V| ) of an arbitrary
computation C to an arbitrary state g, all variables with
rank at most & are stable at the resulting state (C Tk)ogq.
Since the rank of any variable in ¥ is at most |V, it
follows that after | ¥| rounds the system is at a fixed
point. For the base case, note that the update functions
of variables with rank =1 are constant functions.

Proof of part (b). We need to prove that if some com-
putation C’ is convergent then for an arbitrary compu-
tation C and an arbitrary state g there exists a positive
integer 7 such that all variables in V are stable at state
(CTi)og; that is, (Cti)og is a fixed point.

The proof proceeds by induction on the rank k& of
variables. Let the induction hypothesis be:

3iVv (rank (v)<k—1 = v is stable at (C*1i)ogq)

Note that as C’ is convergent, #sieps(C’,q.k) is well
defined for every rank k.

Base Case. k=1.

A variable whose rank is 1 depends on no other variable.
Therefore, in computation C, the sequence of values that
a rank | variable takes starting from its value in state g,
is a function only of the number of updates to it. Hence,

it is necessarily stable after #steps(C’,q.1) updates to
it in any computation starting in state g. Since each round
contains at least one update to every variable, each var-
iable whose rank is 1 is stable at (C1 #steps (C’, ¢, 1))og.

Induction Step. & > 1.
Let g” =(C 1i)oq, where i is the least integer that satisfies
the induction hypothesis. Hence,

Vo (rank (v)<k—1 = v is stable at g’) (1)

Applying C’ to ¢’, we know that every variable with
rank <k will be stable within #steps (C’, ¢’, k) updates
to that variable

Vo (rank (v)<k
= v is stable at (C" 1 #steps(C’,q",k))ogq’)

From (1), all variables of rank < k— 1 are stable at state
g’. Thus, all computations starting in state g’ will pro-
duce the same sequence of values (as a function of the
number of updates) for each variable of rank k. As each
round contains at least one update per variable, every
variable of rank & will be stable after #steps(C’,q’,k)
rounds of any computation. In particular, for the com-
putation Cli (that is, C with (C7i) removed),

Yo (rank (v) <k
= v is stable at ((Cli)T #steps (C’,q".k))og’)

Letj = #steps (C', q", k). Now((Cli)tj)og’ =((Cli)t))
o((Cti)eq)=(C1i);((CLi)1j)eq=(C1(i+j))eq and

S0,
Vv (rank (v)<k = v is stable at (C1(i+j))ogq)

and the inductive hypothesis is established for rank k&. O

The examples in Sect. 2 illustrate Theorem 1. For in-
stance, the iteration system of Example 3 is acyclic; thus,
each of its computations is convergent by Theorem 1(a).
The iteration system of Example 2 is self-looping, and
any computation where the first step updates x[1], the
second updates x[2], and so on is convergent; thus, each
computation of the system is convergent by Theorem 1(b).

As mentioned in the introduction, verifying the con-
vergence of an iteration system is generally accomplished
by exhibiting a variant function whose value is bounded
from below and is decreased by each step that causes a
state change. Such a proof requires 2”—1 cases to be
considered, where » is the number of variables in the
system. In contrast, Theorem 1 shows that verifying the
convergence of acyclic systems requires no such case
analysis.

The theorem also states that the convergence of all
computations of a self-looping iteration system can be
established from the convergence of a computation of
choice. One possibility is to choose this computation to
be the one in which each variable is updated at every step.
The convergence of this computation can then be proved
by the variant function method which, in this instance,
needs only one case to be considered. Another possibility



is to choose computations in which exactly one variable
is updated at each step; in this instance, the variant func-
tion method requires 7 cases.

Theorem 1 cannot be made to apply to all iteration
systems. Consider, for example, the iteration system de-
fined by the two assignment statements

yi=x

Although this system has many computations that are
convergent (for example, all computations where exactly
one variable is updated at the first step), it also has a
computation that is not convergent (for example, the
computation where both x and y are updated at each
step). Thus, unlike Theorem 1, one cannot establish that
this system is convergent by exhibiting one convergent
computation. Similar examples have been presented in
[6] and [16].

In fact, it is straightforward to show that neither con-
clusion of Theorem 1 applies to any class of iteration
systems that properly contains the acyclic and self-loop-
ing systems. The proof for this follows from a construc-
tion that exhibits, for each directed graph G that has a
cycle of two or more nodes, an iteration system I such
that the dependency graph of I is G, and [ has both
convergent and non-convergent computations.

The following lemma states that for any cyclic itera-
tion system / there is a self-looping system which captures
a subset of the computations of I and, thereby, is a pos-
sible implementation for /. This shows that the class of
self-looping systems is rich.

Lemma 1. For each iteration system I that is neither acyclic
nor self-looping, there exists a self-looping iteration system
I’ that satisfies the following two conditions:

— There is a one-to-one correspondence between the states
of I and the states of 1'.

— Every step of I’ is equivalent to some step of I under
state correspondence. That is, if gl and q' €I’ denote
an arbitrary pair of corresponding states then, for an ar-
bitrary step S’ of I’, there exists a step S of I such that
Sog corresponds to S’ oq’.

Proof. We construct I’ from I by the following operation
on each maximally strongly connected component M, in
the dependency graph of 7, that has two or more nodes.
Replace all variables in M with a new variable of type
record ; the fields of this record correspond, in a one-to-
one manner, to the replaced variables. Further, define the
update function of the new variable such that each field
is updated using the update function of its corresponding
variable in M. The net effect of this construction is that
each M in the dependency graph of I collapses into a
single node with a self-loop in the dependency graph of
I’, thereby yielding a self-looping system. O

System I in Lemma 1 is self-looping; hence, its con-
vergence can be determined by Theorem 1(b). (The con-
vergence of I, however, does not necessarily imply the
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convergence of the original system I.) Consider, for in-
stance, the iteration system in Example 1. This system is
neither acyclic nor self-looping because its dependency
graph has a maximally strongly connected component
consisting of variables x and y. By replacing these two
variables by one variable with two components, also called
x and y for convenience, we obtain the following imple-
mentation of the system:

(x,y):=(if x > y then x— y else x, if x <y
then y —x else y)

z:=if x=y then O else z+ 1.

As this system is self-looping, its convergence can be es-
tablished by Theorem 1(b).

4 Convergence of cyclic iteration systems

In this section, we generalize our analysis for the con-
vergence of acyclic and self-looping systems to the con-
vergence of general iteration systems. Our starting point
is to note the basic characteristic of an iteration system
that is neither acyclic nor self-looping, namely the exis-
tence of at least one maximally strongly connected com-
ponent in its dependency graph that consists of two or
more nodes. For convenience, we call a maximally
strongly connected component that has two or more nodes
a district.

Let D be a district in the dependency graph of an
iteration system, I. The iteration system associated with
D is the iteration system (V},, F,) that satisfies the fol-
lowing two conditions:

—The set of variables, ¥, is the set of all variables in D
together with each variable that some variable in D de-
pends on.

— The set of update functions, F,,, is defined as follows.
The update function for a variable in D is the same as
its update function in I, whereas the update function for
a variable in ¥, but not in D is the identity function for
that variable.

For instance, the iteration system in Example 1 has
one district whose associated iteration system can be de-
fined by the two assignment statements

x:=if x > y then x — y else x

y:=if x < y then y — x else .

An iteration system is called district-convergent iff the
iteration system associated with each district in the de-
pendency graph of the system is convergent. Since acyclic
and self-looping systems do not have any districts in their
dependency graphs, they are trivially district-convergent.

An iteration system is called O-cyclic iff its dependency
graph has no maximally strongly connected component
that consists of a single node with a self-loop; otherwise,
the iteration system is called I-cyclic. Note that each
iteration system is either 0-cyclic or 1-cyclic; in particular,
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acyclic systems are 0-cyclic whereas self-looping ones are
I-cyclic.
The following theorem generalizes Theorem 1.

Theorem 2. [f a district-convergent iteration system is

(a) O-cyclic, it is convergent, and if it is
(b) l-cyclic and has one convergent computation, then it
is convergent.

Proof. We extend the definition of rank in the proof of
Theorem 1 to an arbitrary iteration system, 7, as follows.
Consider the “condensation” of its dependency graph
(i.e., collapse each district into a single node; see [11]).
It is straightforward to see that each cycle in the con-
densation is a self-loop. Assign ranks to the nodes in the
condensation using the previous definition of rank. Now,
the rank of a variable v in [ is defined to be the rank of
its corresponding node in the condensation.

The proof proceeds by induction on the rank k of
variables, and is similar to the proof of Theorem 1. The
induction hypothesis is: for an arbitrary computation C
and an arbitrary state ¢ there exists a prefix S of C such
that all variables of rank less than k will be stable at Sogq.
For both the base case and the induction step, the fol-
lowing arguments suffice:

- if variable v does not depend on any variable or de-
pends only on variables of lower rank (which are stable
as Sogq), then v is clearly stable after the first round that
follows S in C.

- if v depends on itself but on no other variable of the
same rank, then the counting argument in the proof of
Theorem 1(b) ensures that v will eventually be stable.

- finally, it may be the case that v is in some district D.
We argue that, once all the variables of lower rank on
which v depends are stable, the convergence of the iter-
ation system associated with D guarantees that v will
eventually be stable. O

In the remainder of this section we identify two proof
obligations which are sufficient to establish the conver-
gence of an iteration system that is associated with a
district. These obligations consists of exhibiting either a
variant function for each node in a selected set of nodes
in the district (Lemma 2), or a single variant function for
the whole district (Lemma 3).

The intuition underlying Lemma 2 is to “break” each
cycle in the district by ensuring that some distinguished
variable on the cycle will eventually reach a stable value.
This is achieved by exhibiting a variant function for the
distinguished variable whose value decreases each time
the value of the variable is changed by an update. Once
every distinguished variable in the district becomes stable
(i.e. has a fixed value), the iteration system associated
with the district starts to behave like an acyclic system
and, so, eventually reaches a fixed point.

A more general approach to solving the same problem
is to exhibit a variant function for all the variables in the
district. The value of this function is decreased by each
step that causes a state change. See Lemma 3 below.

In what follows, let

D be a district in some iteration system 7,

(Vy, Fp) be the iteration system associated with D,

O, be the set of states of (V,, Fj,),

[, be the update function of a variable v in (V}, Fp,),
Var,, be the set of variables in D', a subgraph of D, and

N be an arbitrary set that is well-founded under some
relation < .

Lemma 2 (Local Variant). If each directed cycle in D has
a variable v and a variant function # : Q,— N such that
Jfor each state g in Q,,,

# (/,(q) < #(q,) v (£,(@)=4q,)

then the iteration system (V,,, F))) is convergent.

Lemma 3 (Global Variant). If there is a variant function
# :0p— N such that for each state g in Q. and for
each strongly connected component D' in D,

#(Varp.oq) < #(q) v (Varp oq=q)
then the iteration system (V,,, F,)) is convergent.

To prove these lemmas, we augment the set of concepts
introduced in the previous proofs by the following: For
a variable v in V" and subset W< V, define allpaths (v, W)
to be the subgraph in the dependency graph of I con-
taining (exactly) those paths that begin at v, do not con-
tain any variable in 1 as an intermediate node and end
at some variable in .

A variable v is unaffected by variable w in state g iff
for an arbitrary state ¢’ that differs from ¢ only in its
value of w, and an arbitrary finite sequence of steps S,

(S$0q),=(S°gq’),.

Intuitively, this implies that the value assigned to v in the
application of any sequence to the state ¢ is independent
of the value of w.

Proof of Lemma 2. The proof obligation is to show that
for an arbitrary computation, C, of (¥, F,,) and an ar-
bitrary state, ¢ € Q,, there exists a positive integer 7 such
that (C1i)egq is a fixed point of (V},, Fj,).

By the antecedent of the lemma, we can distinguish
on each cycle in D some variable that satisfies the prop-
erty stated in the lemma. Let W be the set of variables
thus distinguished, and let U/ abbreviate the set of vari-
ables in I/, but not in D.

We show that for an arbitrary variable v in D there
exists a positive integer j such that v is stable at (C 1/)og.
The maximum ; for the variables in D is then the appro-
priate positive integer 7 for which (C 1i)og¢ is a fixed point.
There are 3 cases to be considered.

- ve U: v is already stable at ¢ as it is updated by the
identity function; that is, j =0.
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- ve W, by the property stated in the lemma and the
fact that N is well-founded under <, we are guaranteed
that v will be stable after a finite number of steps in any
computation. Let & be the least positive integer such that
all variables in W are stable at ¢’ = ((C1Tk)ogq).

- visin V), but not in W: let x denote any variable not
in allpaths (v, W U). We claim that v is unaffected by x
in ¢’. To prove this, we first note that the construction
of allpaths (v, WU U) ensures that every path from v to
x must pass through some variable in Wy U. Since all
variables in Wy U are stable at ¢’, it follows that v is
unaffected by x in ¢’

Next, we show that allpaths (v, WU U) is acyclic. The
only variables in allpaths (v, Wi U) that are not in D are
in U, but these have, by construction, no successors in
allpaths (v, W U). Tt follows that all cycles in afl-
paths (v, W U) must be contained in D and, therefore,
must pass through some distinguished node in W, How-
ever, this is impossible in allpaths (v, W U) as no dis-
tinguished node has a successor. Thus, allpaths (v, W U)
is acyclic.

Hence, the value of v is affected only by the variables
in allpaths (v, Wu U), and since the latter is an acyclic
graph with variables of rank 0 (that is, Wy U) stable at
state ¢”, we conclude from Theorem 1(a) that on the ap-
plication of /= rank (v) rounds to ¢, v will be stable; that
is, v is stable at (C'1j)og where j=k+/ O

Proof of Lemma 3. To prove that the iteration system
(Vp, F'p) is convergent, we show that for an arbitrary step
W<V, and an arbitrary state ge Q,,,

#(Woq) < #(q) v (Wogq=gq).

Since NV is well-founded under <, there is no infinitely
descending chain of values returned by # and, hence,
after a finite number of steps the iteration system is
guaranteed to be at a fixed point.

The proof is organized as follows: first, we show that
Wogq is the same as the state that results from the appli-
cation of a finite sequence of mutually disjoint steps to
g, each step of which updates the variables in some
strongly connected component of the dependency
graph of (¥, Fp,). Then, we argue that by the property
stated in the lemma, it must be the case that
#(Weq) < #(q) v (Weq=gq).

Consider the “subgraph induced by” W, G, in the
dependency graph of (V,,, F,,)) (i.e., its maximal subgraph
with node set W; see [11]). Take the condensation of G ..
As observed in the proof of Theorem 2, the rank of the
variables in W can be consistently computed via the con-
densation of G . Let k be the maximum rank thus as-
signed.

Next, we make the observation that if two variables
corresponding to different nodes in the condensation are
updated simultanecously, then

- if they are of different rank, the resulting state is the
same as the one obtained by updating the higher rank
variable first, and then updating the other variable, and
- if they are of the same rank, the resulting state is the
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same as the one obtained by updating them in any se-
quential order.

To complete the proof, consider all the variables in W of
rank =1, (1 <i<k). These variables can be uniquely par-
titioned into sets, each of which corresponds to some
node in the condensation of G . Let W, be an arbitrary
sequence of the sets in this partition such that each set
appears exactly once. By the observation made in the
previous paragraph (W W, _,;.... W,)og= Wogq. How-
ever, by the property stated in the lemma, we know
that the application of a step containing exactly the var-
iables in some strongly connected component can only
lower the value returned by the variant function if
there is a change of state. Hence, if (Wogsg) then
#(Woq) < # (¢). O

As an example, both Lemma 2 and Lemma 3 can be
used to show that the iteration system associated with
the district in Example | is convergent. In using Lemma 2,
let the variant functions for both x and y be their re-
spective identity functions. In using Lemma 3, let the
global variant function be the sum of x and y. In either
case, the convergence of the entire system in Example |
can now be established by Theorem 2.

As compared to the standard method for verifying
convergence, which requires 2" — 1 cases to be considered
(where n is the number of variables in the system),
Theorem 2 requires fewer cases. In particular,
Theorem 2(a) shows that verifying the convergence of
0-cyclic district-convergent systems requires no case anal-
ysis, whereas Theorem 2(b) shows that verifying the con-
vergence of l-cyclic district-convergent systems requires
exhibiting one computation of choice that is convergent.
A saving in case analysis is also obtained in establishing
district-convergence using Lemma 2: in the worst situa-
tion, one case is needed for each district variable v show-
ing that some variant function is decreased by executing
the assignment statement of v in an arbitrary state. Thus,
upto a linear number of cases (in the number of district
variables) are considered. In contrast, each strongly con-
nected component of a district is considered in Lemma 3
and, hence, upto an exponential number of cases may be
needed in establishing district-convergence.

5 Convergence of nondeterministic systems

So far, the definition of an iteration system associates
exactly one (deterministic) update function with each
variable. We now extend this definition to allow each
variable to be updated by more than one update function.
More specifically, we associate with each variable v a
finite, non-empty set of update functions F,. At each step
in which v is updated, one of the functions in F, is chosen
to update v. The only requirement we impose on the
choice method is that each update function in F, is chosen
infinitely often in every computation. (Note that this is
possible because each variable is updated infinitely often
in every computation.)

In the next example, we represent a nondeterministic
iteration system by a set of assignment statements (with
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choice), one for each variable. If F,={f,g,...,h} then
the assignment statement that updates v has the form:

vi=f|g|...|h

Example 4 (Nondeterministic Shortest Path). We exhibit
a nondeterministic iteration system for the directed graph
in Example 3. The nondeterminism makes it possible to
reduce the ‘atomicity’ of the update functions. In fact,
every update function refers uniquely to one edge in the
graph, as follows:

v[0]:=(0,0)
v[1]:=(a,0)
v[2]:=(b,0)
v[3]:=if first[1]+c <first[3] v second[3]=1

then (first[1]+ ¢, 1) else v[3]
|if first[2]+d < first[3] v second[3]=2
then (first[2]+d, 1) else v[3]

This system is convergent to some fixed point, and when
it is at a fixed point, each first[i] is the length of the
shortest path from node i to node 0, and each second[i]
is the node immediately following node i along this path.

We now redefine five concepts that were introduced
earlier in order to accommodate the extension to non-
determinism.

— A state g of an iteration system is a fixed point iff
for each variable v and each update function f, in F,,
folg)=aq,.

— The application of a finite sequence of steps S to a state
g, denoted Sog, is the state g’ defined inductively as
follows:

- if S is the empty sequence, then ¢’ =g
- if §'is a single step, then for every variable v in ¥,

o Ef,..(q),
g

s otherwise

if ve Sand f, in F, is chosen

- if §=8;8”, then ¢ =5" (S’ oq).
- A computation is said to be convergent iff for each
state ¢ and for each choice of update functions in the
computation there exists a finite prefix S of the compu-
tation such that Scgq is a fixed point.
- The depends on relation is redefined as follows: variable
v depends on variable w iff there exist two states ¢ and
¢’ such that ¢ and ¢’ differ only in their value of w and
fulg)#1,(q") for some f, in F,.
- We augment the notion of the iteration system (Vj,
F,) associated with a district D in the dependency graph
of an iteration system 7. With each variable v in V/, that
is also in D, we now associate its set of update functions
in I, i.e. F,. The set of update functions for every variable
in ¥, but not in D is defined to be the set that contains
only the identity function for that variable.

Next, we extend the previous results to nondeterministic
iteration systems.

Theorem 3. If a nondeterministic iteration system is
s

il
W
[

(a) acyclic and has a fixed point, then it is convergent, and
if it is
(b) self-looping and has one convergent compultation, then

it s convergent.
va

Proof Sketch. The assumption that a fixed point exists P
can be used to show that the induction argument for the va
deterministic case continues to hold. In particular, theth
assumption is needed to assert that once all the variables of
of rank lower than that of variable v are stable then allth
the update functions of f, compute the same value. 0O

Theorem 4. If a district-convergent nondeterministic itera- P
tion system is b
(a) O-cyclic and has a fixed point, it is convergent, and if th

it is ff
(b) l-cyclic and has one convergent computation, then it‘P

is convergent. ?';

Proof Sketch. To prove the convergence of an arbitrary ¥
computation with an arbitrary choice of functions at each

step (that respects the selection restriction outlined ¢
above), we consider the convergent computation with the §
same choice of functions. Now a counting argument sim- &4
ilar to the one in the proof of Theorem 1(b) can be used

to exhibit the required convergence. O :'l
&
Lemma 4 (Local Variant). If each directed cycle in D has
a variable v and a variant function # :Q,— N such that

for each state q in Q,, and each update function f,in F, lp

3

#(f(@) < #(q,) v (L,(9)=q,) ;?:
¢
then the iteration system (V. F,) is convergent provided
it has a fixed point.

Lemma 5 (Global Variant). If there is a variant function
#:0,—> N such that for all states q in Q,,, for all’
strongly connected components D’ in D, and for every

choice of update functions for the variables in V., P

#(Vpoq) < #(q) v (Vp.oq=gq) nc

then the iteration system (V,,Fp,) is convergent. th

6 Finer Dependencies P

As defined so far, the dependency graph of an iteration E:
system requires considering the entire state space of the |
system. This requirement can result in a dependency graph €
that is “coarser” than desirable. For instance, the de- of
pendency graph of an iteration system may contain If
cycles, but if we were to consider only some states of the &
system then a definition of the dependency graph re-
stricted to that set of states may result in a acyclic or self-
looping graph, thereby enabling a simpler analysis of con- B
vergence.

In this section, we define a restricted notion of de- L
pendency graphs, based on which we discuss methods for _
establishing the convergence of iteration systems.



Let I be an iteration system (V, ) whose state space
is O, ie., O is the cartesian product of the domains of
all variables in V. Let v and w variables in ¥, and P= Q.
We say that v depends on w at P iff there exist two states
ge P and ¢’ € Q sich that ¢ and ¢’ differ only in their
value of w and f,(¢)# f,(q"). The dependency graph for
P is a directed graph whose nodes correspond to the
variables in F and whose directed edges correspond to
the depends-on-at-P relation. Note that our earlier notion
of the dependency graph of I can now be referred to as
the dependency graph for Q.

We say that P is serially closed iff for all variables v
in / and all states ¢ in P, {v}oge P.

Let O be partitioned into disjoint sets P,,..., Pr. The
partitioning graph of I for { P Py} is a directed graph
that has a node corresponding to each partition in
{Py,.... P} and that has a directed edge from partition
P, to partition P, iff i#j and there exist two states
ge P, and g’ eP such that for some step W, WcV,
qu g

A computation C of I reaches a state ¢’ from a state
q iff there exists a finite prefix S of C such that
Sog=gq’. A computation C of I is said to be serial iff
each step in C contains exactly one variable.

Theorem 5. Let I be an iteration system and {P,,..., Py}
be a partitioning of the state space of I such that the par-
titioning graph of I for { P,,..., Py} is acyclic.

I is convergent if, for each P,, at least one of the fol-
lowing three conditions hold.

(a) The dependency graph for P, is acyclic.

(b) The dependency graph for P, is self-looping, P, is se-
rially closed, and there exists a computation that upon
starting from an arbitrary state in P, reaches a fixed
point in P;.

(c) Every computation, upon starting from an arbitrary
state in P, reaches a state not in P;.

Proof. We need to show that an arbitrary computation
C reaches a fixed point from an arbitrary state g. First,
note that the partitioning {P,,..., P¢} is acyclic. Hence,
there exists a partition P, and a natural number m such
that the computation Clm, upon starting from state
(C1m)o g, reaches states in P, only. From this, it follows
that condition (c¢) does not hold for P;. We consider
separately the cases that conditions (a) or (b) hold for
P, next. For the rest of the proof, let G be the dependency
graph for P,, ST be an arbitrary step, and r be an ar-
bitrary state m P, such that the state STor is in P,;.

Condition (a) holds for P, . Let v be an arbitrary variable
of rank k in G. We claim:

If G is acyclic and, for each variable x of rank less than
k, r.=(STor), holds, then f,(r)=f,(STor) (1).

We prove Claim 1 by induction on the size of §T.
Base case: |ST|=1.
Let ST={w}. We consider two cases.

— rank(w) < k: Since r,=({w}or), by assumption,
r={w}or; hence, f,(r)=f,(STor).
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- rank (w)=k: Since G is acyclic, v does not depend on
w at P;; hence, f,(r)=f,(STor) holds by definition
of the depends -on-at-P; relation.

Induction Step: |ST| > 1.

Let ST={w}uST", where w is a variable of rank
> the rank of each variable in S7. Hence, for each vari-
able w e ST, [, (r)=/F, {w}er) and, consequently,
STor=ST’o({w}or). Assume that for each variable x
of rank less than k, (r_=(STor),) holds. We appeal to
the induction hypothesis twice:

1) Note that since r,.=(STor)_,r,=({w}or), holds. We

can, therefore, instantiate S7 and r to {w} and r, re-
spectively, in the induction hypothesis to assert

- =1 (w}on).

2) Note that since STor=ST"o({w}or), r,=(ST’c
({w}or)), holds. Recall from 1) that r, = ({w}© r)x, hence,
({w}hor),=(ST" o{w}or),). We can, therefore, instan-
tiate ST and r to ST’ and {w}or, respectively, in the
induction hypothesis to assert

So@wlor)=f(ST o({w}er)).
From 1) and 2), by transitivity of equality, f,(r)=
£, (ST" o({w}or). Since STor=S8ST"o({w}eor), it fol-
lows that f,(r)=f,(STor) (end proof of Claim 1).

From Claim [, we can conclude that upon the appli-
cation of one round of Clm to the state (C1m)egq, the
value of the rank 1 variables is the same in all states
reached by the computation C|l(m+1) from the state
(Ct(m+1))cq. By induction on k, the value of the vari-
ables of rank <k is the same in all states reached by
computation Cl(m+k) from the state (CT(m—+k))ogq.
Thus, all states reached by the computation Cl(m+ | V])
from the state (Ct(m+|V|))eq are identical to
(Ct(m+ |V|))eog; thatis, (CT(m+ |V]))oq is a fixed
point.

Condition (b) holds for P;. We claim:

There exists a sequence S of distinct steps such that each
step contains exactly one variable which is in ST, and
Sor=8Tor (2).

We prove Claim 2 by induction on the size of ST.

Base case: |ST|=1.

The sequence S, where S= ST, satisfies the observation.
Induction step: |ST| > 1.

Let w be a variable in ST of highest rank among
the variables in ST. For each variable ve (ST—{w}),
therefore, » does not depend on w at P,. It fol-
lows that, f,(r)=f,({w}or) and, hence, STor=
(ST—{w}o({w}or). Also, since re P;, (STor)e P,
T e {who ({w}or) and the partitioning
{Pl, .., P} is acyclic, it follows that the state ({w}or) is
inP;. We can, therefore, instantiate ST and r to ST —{w}
and { }or, respectively, in the induction hypothesis to
assert that there exists a sequence S’ of distinct steps
such that each step contains exactly one variable which
is in (ST—{w}), and S’o({w}or)=(ST—{w})
o({w}eor). Now, the sequence S, where S={w}; S’,
satisfies the observation (end proof of Claim 2).
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By Claim 2, the states reached by the computation
Clm from the state (C'Tm)o g are a subset of the states
reached by some serial computation C’ from the state
(C1Tm)eq. Also, since the computation C lm, upon start-
ing from the state (CTm)o g, reaches states in P, only,
and the partitioning { P,...., P} is acyclic, it follows that
C’, upon starting from (C Tm)o ¢, reaches states in P,
only.

Let n be a natural number and S be an arbitrary prefix
of C’. Define n={v} to be the sequence of # steps, each
of which in {v}; and #occ(S,v) to be the number of
steps in S that contain v. We claim:

If G is self-looping and each variable x of rank less than
k remains unchanged in all states that computation C’
reaches from r, then ((n#{v})or),=(((n— # occ(S,v))
x{v})o(Sor)), forall n> #oce(S,v) (3).-

We prove Claim 3 by induction on the length of S.
Base case: S=1{ }.
#occ(S,v)=0and (Sor)=r, hence the claim is trivially
true.
Induction case: S=S8"; {w} where S’ is a sequence of
steps and we V.
The induction hypothesis is:

(n={vP)or),=((n— #occ(S",v))*{v})o (S’ or)),.
If w=uv, then 1+ # occ(S",v)= #occ(S,v). It follows
that ((n— #occ(S’,v))x{v})o(S" or)), =
((n— #occ(S,v))={v})o(Seor)),.
From the induction hypothesis, therefore,
((n#{v})or), = (((n— # 0cc (S, v))x{v}) o (Sor)),.
Else w#v, and therefore # occ(S’,v)= #occ(S,v)
holds. If the rank of wis < the rank of v then, by the
antecedent of Claim 3, §” or=Sor and, hence,
(((n—# 0cc(S",v)*{v}) o (S" or)), =
((n— #oce(S,v)x{v})o(Sor)),. If the rank of wis >
the rank of v, then v does not depend on w, since G is
self-looping. Since P, is serially closed, it follows by in-
duction on » that
(((n— # oce(S”,v) v} o (S 1), =
(((n— #occ(S,0){p)) o (Sor),.
From the induction hypothesis, therefore,
(1)) or), = (((n— # oce(S.v)={v}) o (Sor),

(end proof of Claim 3).

From Claim 3, we can conclude that once all variables
of rank < k remain unchanged in the states reached by
the computation, the sequence of values that a rank &
variable takes is a function only of the number of updates
to it. From condition (b), there exist a computation C”
such that C” or reaches a fixed point. The counting ar-
gument over C, ¢, and C’ in the proof of Theorem 1(b)
can now be repeated using C’, (CTm)eogq, and C” re-
spectively. Hence, the computation C Lm reaches a fixed
point from the state (Ctm)og. O

Example 5. Let y and z be boolean variables, and let x
be a variable that ranges over {left, right }. Then, the three
assignment statements

x:=right
v:=Iif x=right then — z else false
z:=if x=left then y v z else false

ﬂ—ﬁ

define a convergent iteration system. At fixed point,
(x=right), (y=true) and (z =false) hold.

The dependency graph for this system (shown below)
has cycles. One possibility for establishing the conver-
gence of this system is to first establish district-conver-
gence and then apply Theorem 2. Note that there is only
one district in the dependency graph - between nodes )
and z - and establishing the convergence of the iteration
system associated with this district

X:i=x
yi=if x=right then 7z else false

|
z:=1if x =/left then y v z else false ‘
:
|

is not easier than establishing the convergence of the
original system.

On the other hand, we can partition the state space
of the system into an acyclic partition {P,, P,}, where
P,=(x=left) and P,=(x=right). Every computation,
upon starting from an arbitrary state in P,, is guaranteed
to reach a state in P, when it first updates x. Moreover,
the dependency graph for P, (shown below) is acyclic.
Thus, by Theorem 5(b), the system is easily shown to be
convergent.

Another method for establishing convergence based
on finer dependencies has been presented by Burns,
Gouda and Miller (cf. [2]). Their method uses a different
notion of dependency which is defined for each state in
the state space of the system. It is observed that, if the
dependency graph of every state is acyclic or self-looping,
then the effect of executing an arbitrary step is identical
to the effect of executing some sequence of serial steps,
1.e., steps that update exactly one variable. Consequently,
a computation is convergent if a serial version of that
computation is convergent., Establishing convergence is
thus reduced to checking the convergence of all serial
computations.

7 Conclusions
We have defined a very general model of computation

that exhibits true concurrency, and have considered con-
vergence as a typical property of systems expressed in this




model. We established several results that reduce the proof
burden involved in establishing convergence.

When analyzing concurrent systems, convergence can
be used to model termination. Since some progress (that
is, eventuality) properties of a concurrent system can be
reduced to the termination of a derived system, our tech-
niques are applicable in verifying progress properties.
(See, for example, [10], where the eventual enabledness
of an action is reduced to termination.)

There are several issues to be investigated in extending
this work. First, more general sufficiency conditions need
to be identified. Second, useful extensions of the notion
of convergence need to be considered. For in-
stance, the requirement that each system computation
necessarily reaches a fixed point can be weakened to the
requirement that each system computation necessarily
reaches some state in a set that is closed under system
computation. Or, the requirement that the system start
from an arbitrary state can be altered to requiring that
the system start at any state in some distinguished set.
For these extensions, methods similar to those discussed
in Sect. 6 can be found.

Finally, problems for further research include com-
paring the ‘rate’ of convergence of various types of com-
putations. Methods regarding other properties, such as
closure, also deserve study.
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