Acta Informatica 27, 697-724 (1990) M
[ %BE
[l i

lllflll'malil:a

© Springer-Verlag 1990

The Instability of Self-Stabilization*

Mohamed G. Gouda?!, Rodney R. Howell?, and Louis E. Rosier*

! Department of Computer Sciences, The University of Texas at Austin, Austin, TX 78712,
USA

2 Department of Computing and Information Sciences, Kansas State University,

Manhattan, KS 66506, USA

Received July 3, 1989 / April 9, 1990

Summary. We argue that the important property of self-stabilization is, in
principle, unstable across system classes. In particular, we first define a very
broad notion of simulation. We then define what it means for a simulation
to either preserve or force self-stabilization. Given these definitions, we then
show that, for a variety of system classes, there is no simulation that preserves
or forces self-stabilization.

1. Introduction

A system is said to be self-stabilizing if starting from any configuration the
system is guaranteed to reach a “legal”™ configuration. The motivation behind
this concept is that if, due to some unpredictable error, the system were to
reach an “illegal” configuration, it would eventually correct itself, returning
to some “legal” configuration. Thus, self-stabilizing systems are in some sense
more robust than those that are not self-stabilizing. The notion of self-stabiliza-
tion has been utilized in the fields of mathematics and control theory for many
years (see, e.g., [CK80, OWARg9]). Consider, for example, the Newton-Raphson
method for finding roots of functions. For many functions, the Newton-Raphson
method is self-stabilizing; i.e., no matter what initial estimate is made for the
root, eventually the iteration will converge to a root. The concept of self-stabiliza-
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tion was introduced to the field of computer science by Dijkstra in [Dij73],
and subsequently has gained much attention in computer science research, par-
ticularly in the area of distributed computing; see, e.g., [Dij74, Lam86, BPg9,
Gou90, BYC88, BGW§9, Mul89].

The main purpose of this paper is to demonstrate how the potential for
self-stabilization changes radically when one class of systems is simulated by
another. As an example, consider a result of Dijkstra’s given in [Dij73]. He
gave a problem that can be solved by a self-stabilizing asymmetric ring of pro-
cesses, and showed that no such solution exists if the ring is required to be
symmetric (see also [LR81]). In particular, he showed that there is no self-
stabilizing solution if all machines are required to the identical, though they
are allowed to start in different configurations. This result can be interpreted
in the following way: there is no simulation of an asymmetric ring by a symmetric
ring that preserves self-stabilization. On the other hand, if self-stabilization is
not required to be preserved, an asymmetric ring can be simulated by a symmet-
ric ring as follows: simply compose all machines of the asymmetric ring into
one new machine, and use copies of this new machine, each copy starting in
the component corresponding to the appropriate original machine, to form the
symmetric ring. The above interpretation suggests that the simulation paradigm,
which is often used in analyzing and designing systems, may not be very robust
when the issue of self-stabilization is involved. A simulation of a class A4 of
systems by a class B of systems — the paradigm in action — is simply a function
f: A— B such that for each system MeA, the computations of f(M) mimic
in some well-defined manner the computations of M. An example of a simulation
is the simulation of shared memory programs by CSP systems [Hoa78]. In
order to examine the effect of self-stabilization on the simulation paradigm,
we will demonstrate the presence or absence of various types of simulations
on a wide variety of system classes. To make our negative results as strong
as possible, our formal definition of simulation will be very weak. Thus, we
are able to show that even for a very liberal notion of simulation (in particular,
the simulations are not even required to be recursive) there are many cases
in which simulations preserving or enforcing self-stabilization cannot exist. Fur-
thermore, we do not even meed to consider the effect of inputs to a system
in order to achieve these negative results. On the other hand, ours is not the
only conceivable “liberal” notion of simulation. Several choices had to be made
in selecting a definition, and these choices may affect our results. We discuss
such possibilities in the conclusion. .

Compilers comprise perhaps the most important example of the simulation
paradigm in action. In particular, we can view a compiler as computing a simula-
tion of a source code program by an object code program on a specific architec-
ture. In order for the compiler to be useful, it is imperative that the designer
or programmer know what properties are preserved by the compiler. As an
example, suppose a system designer works very hard to produce a self-stabilizing
Ada program for some purpose. If the compiler were to generate object code
that is not self-stabilizing on the target architecture, all of the designer’s work
would then be for naught. Thus, it is desirable that the compiler preserve self-
stabilization, but if it does not, the users need to know. To go one step further,
it would be even better if a compiler option could be selected to enforce self-
stabilization. In such a case, the system designer would not need to worry
about self-stabilization — it would be automatically enforced.
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The simulation paradigm is also used in the analysis of systems to determine
whether a particular property, such as self-stabilization, is present in a given
system. A common scenario is that we have an algorithm or methodology for
deciding the presence of the property in one class of systems, say systems of
communicating finite-state machines (CFSMs), but do not yet have one for
some similar class, such as Boolean CSP systems. In order to achieve such
a methodology in a Boolean CSP system, we might simulate the CSP system
by a system of CFSMs, analyze the CFSMs, and finally, conclude properties
about the CSP system. More formally, let A and B be two system classes. The
simulation paradigm is then applied to the analysis of systems in the following
manner:

1. Find a simulation f: A — B.
2. Given a machine M e 4, analyze f(M).
3. Conclude properties about M.

In order for this procedure to work, the simulation clearly must preserve
(the existence or absence of) the property being studied. This is usually not
a problem because the standard simulations nearly always preserve most useful
properties (e.g., deadlock freedom, reachability, liveness, fair nontermination,
etc. [KM69, OL82, EL87, Car87, HRY88]). However, we will show that such
is often not the case with respect to self-stabilization.

Hence, we specifically examine two questions related to the design and analy-
sis of various classes of systems. Let A and B be two system classes. The two
questions we ask are:

1. Does there exist a simulation of A by B that preserves self-stabilization?
2. Does there exist a simulation of 4 by B that forces self-stabilization?

The classes of concurrent systems we consider include cellular arrays, com-
municating finite-state machines, CSP systems, and systems of Boolean programs
communicating via 1 reader/l" writer shared variables. In order to demonstrate
that the difficulties are not simply products of concurrency, we also consider
finite-state machines, Petri nets, Turing machines, and vector addition systems
with states.

The main message here is that self-stabilization, as important a property
as it is, is very sensitive to changes in the system classes under consideration.
Understanding this sensitivity is the first step for a system designer, who seeks
self-stabilization in systems. It is also important to keep the results of this paper
in perspective. In particular, the definition of simulation is intentionally chosen
to be very weak to support the proofs of very strong negative results. Thus,
even though a number of positive results are included for completeness, they
are not entirely satisfactory. In fact, by taking full advantage of the weakness
of our definition, one might show the existence of some type of simulation
by exhibiting a nonrecursive simulation. Such a simulation would obviously
be unusable in the simulation paradigm. Therefore, in any study focusing on
positive results, a stronger definition of simulation should be considered.

The remainder of the paper is organized as follows. In Sect. 2, we define
much of the terminology used throughout the paper. In Sect. 3, we give an
overview of the specific problems we examine and summarize the main factors
that tend to disrupt self-stabilization. In Sect. 4, we examine the role of halting
on self-stabilization. In Sects. 5 and 6, we examine two more subtle phenomena,
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isolation and look-alike configurations. In Sect. 7, we discuss the assumptions
made in this paper, and suggest directions for further research. Finally, in the
Appendix we give detailed proofs of several theorems omitted from the body
of the paper to improve readability.

2. Definitions

We include in this paper the examination of a wide variety of models of paralle]
computation. Although a particular model may have a more “natural” defini-
tion, for the sake of consistency, we define a system of n concurrent processes
as a triple (Q, qo, 4), where Q is a (possibly infinite) set of system configurations,
qo<Q is the initial configuration, and 4={d, ..., d,}, where each §; is a finite
set of transitions and all §;s are pairwise diSJomt For systems of only one
process, we also use the notation (Q, g, 8), where ¢ is a set of transitions. Intui-
tively, each ¢; represents the transitions of a process M,. Each transition te4,
isa partlal fun(:tlon1 t:Q—=0Q. Ift(g,))= qz, we also write g, —q, or 41— 4s.
If g, -—>q2—> . —q,., and o=t ...t,, n=0, then we also write g, /A
or q4 ﬂqnﬂ We define the reachabzhty set of (0, qq, 4) as the set R(Q, q,, 4)
={q|qo—" q}. The set R(Q, gy, 4) is distinguished from Q in that Q is the
set of possible configurations (i.e., those allowed by the syntactic definition of
the system), whereas R(Q, q,, 4) is that subset of Q consisting of those configura-
tions.that can actually be reached by the system. A halting configuration is

n

a configuration g€ Q such that t(q) is undefined for all te | | &;. A finite computa-
i=1

tion of (Q, go, 4) is a finite sequence o of transitions in & such that g, —Z>¢q

n

for some geQ, and f(g) is undefined for all te U 0;. An infinite computation

of (@, g, 4) is an infinite sequence ¢ of transitions in U d; such that for each
i=1

finite prefix ¢’ of o, there is a geQ for which g, —=>g. A computation of (Q, q,, 4)

1s either a finite computation or an infinite computation. (Note that according
to this definition, a proper prefix of a computation is not a computation, since
there must be some transition defined at the last configuration of the prefix.)
Let C(Q, go, 4) denote the set of all computations of (Q, qq, 4).

All of the classes of systems we discuss in this paper can be defined by
restricting the above definition of a concurrent system. (A sequential system
is just a concurrent system of 1 process.) Usually, it is a straightforward matter
to translate the standard definition of some particular system class to some
restriction of a general concurrent system. In such cases, we will not give the
translation, and we will use whichever characterization is more convenient.

We are now ready to formally define self-stabilization. In order to avoid
many unnecessary details, we give a somewhat stricter definition than is typically
done. In particular, we restrict the set of “legal” configurations to be exactly
the reachability set of the system, rather than some specified superset of the

! In order to allow multiple transitions to cause the same action, we should technically define
a transition as a symbol denoting a partial function. However, our definition allows us to
avoid introducing additional notation that may lead to confusion. In any case, we do allow
multiple transitions to cause the same action.
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reachability set. The impact of this restriction is to strengthen our results. More
precisely, for each of our negative results, we will be showing a number of
specific examples of systems on which self-stabilization cannot be forced, or
for which self-stabilization cannot be preserved by some other type of system.
If we were to use a more standard definition of self-stabilization, we would
need to provide, along with the specific system, some formal description of
the “legal” configurations; furthermore, this formal description would have to
make sense when applied to an arbitrary simulating system. As it turns out,
all of our.negative results can be shown by choosing the set of “legal” configura-
tions to be the reachability set. We therefore say that a system (Q, go, 4) is
self-stabilizing iff for every geQ, every computation ¢ of (0, ¢, 4) has a finite
prefix ¢’ such that ¢-Z» ¢’ for some ¢'€R(Q, qo, 4). It should be clear from

the proofs that follow that dropping this restriction does not affect any of our
results, either positive or negative.

Much of this paper involves the simulation of one system class by another.
In order to conclude that some type of simulation does not exist, we need
to formalize the concept of simulation. Before we do this, let us first consider
somewhat informally what we mean by a simulation of one system by another.
Consider the two finite-state machines M, and M, shown in Fig. 1. We claim
that it makes sense to say that M, simulates M. To see why, let T be the
set of all finite and infinite strings over {t,,...,t,}, and let S be the set of
all finite and infinite strings over {s,, ..., s,}. Consider the homomorphism
h: T— S defined by

@ h(c)=¢ (where & denotes the empty string);
® h(sy)=t,;

® h(sy)=t>;

® h(s3)=¢;

® h(s,)=t;t,;and

® h(to)=h(t) h(o).

2 Throughout this paper, we use the term homomorphism strictly in a language-theoretic sense,
. where the operation preserved is concatenation; i.e., h(¢)=¢ and h(ta)=h(t) h(a).
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It is easily seen that h(C(M,))=C(M,). Note that since h is a homomorphism,
we have for each transition s; of M,, a finite (possibly empty) sequence h(s s;)
of transitions of M that s; mimics. It is important that the two sets, C(M )
and h(C(M,)), are 1dentlca1 if there are computatlons in C(M,) that are not
in h(C(M,)), then M, may not capture the entire behavior of M, and if there
are computations in h(C(M,)) that are not in C(M,), then certain safety proper-
ties of M| may not hold for M,.

In order to extend the above ideas to general concurrent systems, we make
the following definitions. For a system (Q, q,, 4), 4={d,, ..., 8,}, let A® denote

n
the set of all finite and infinite sequences of transitions in U 8;. For a sequence
i=1
geA®, let the projection of ¢ onto process i, denoted =;(s), 1=<i<n, be the
homomorphism defined by

® 7;(¢)=¢ (where ¢ denotes the empty string);

e m(t)=¢cif t¢d;;

e 7;(f)=tif ted;; and

® 7;(to)=mn;(t) m;(o).
Let Ci(Q, q¢, 4)={n;(0)|c€C(Q, g0, 4)}, ] £i<n. We say that a concurrent sys-
tem (Q', gy, 4') of n processes simulates a concurrent system (Q, g,, 4) of n pro-
cesses iff

1. there is a homomorphism h: A'® — A* such that

2. h(C(Q', g0, 4))=C(Q, g0, 1),

3. h(Ci(Q, g5, AN =C;(Q, go, 4), | £i=Zn, and

4. for any computation o’ of (Q', g, 4'), m;(h(¢’)) is finite iff 7,(¢") is finite,
12ign.

We then call h the simulation homomorphism. Note that not only do we require
the behavior of the 'system as a whole to be preserved by a simulation, but
that by condition 3, we also require the behavior of each process to be preserved
by a corresponding process in the simulating system. This requirement forces
the distributed nature of certain systems to be preserved by the simulation.
Also, condition 4 prohibits infinite computations from simulating finite computa-
tions, and vice versa.

It is possible to weaken the above definition further without changing any
of our results. Rather than considering the set of computations of a system
as the specification of its behavior, we might wish to consider instead the projec-
tions of these computations onto certain “external”™ transitions. Modifying the
definition in this way clearly does not change any positive results, since any
simulation under our definition is also a simulation under this alternative defini-
tion. Furthermore, our negative results consist of exhibiting specific systems
and showing that there is no simulation by any system in some given class
that either preserves or forces self-stabilization. Since we are free to exhibit
a system in which all the transitions are “external”, none of these results are
changed.

If 4, and .#, are two system classes, and there is a function f: .#, — .,
such that for all Me.#,, f(M) simulates M, we say .#, simulates .#,. We
then call f"the simulation. If for all Me.#,, f(M) is self-stabilizing iff M is
self-stabilizing, we say f is a self-stabilization preserving simulation. If for all
Me.dy, f(M) is self-stabilizing, we say [ is a self-stabilization forcing simulation.
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Table 1. Results involving simulations of one class by itself

System class Forced
With halting Without halting

Cellular arrays no yes
Linear cellular arrays no yes
Turing machines no yes
Finite-state machines yes yes
CSP no no
| reader/1 writer shared memory programs no e
Communicating finite-state machine no ?
Bounded communicating finite-state machines no no
Petri nets no no
Petri nets with capacities no no

The reader should note two important points from the above definitions.
First, we make no requirements as to how easy it 1s to either find or compute
each f and h. In particular, even though f must be computable in order to
be used in the simulation paradigm, we do not make this requirement of a
simulation in general. This generality provides for a very weak definition of
simulation, yielding some very strong negative results. The second point is that
our systems have no input. If inputs were to be considered. we would need
to define self-stabilization so that for any input, from any configuration contain-
ing that input, all computations eventually reach a configuration reachable from
the initial configuration having that input; i.e., we would assume the input
to be incorruptible (a notion that suggests other issues that we will not discuss
here). However, simply ignoring inputs serves to make our negative results even
stronger (i.e., no simulation is possible even when inputs are not considered).

One of the factors that tends to disrupt self-stabilization concerns what we
call “isolation”. We say an isolation occurs at a configuration g of M if there
exist a computation ¢ from g and distinct computations ¢, and o, from distinct
configurations g, and- g,, respectively, such that for all 1<i=<n, either m;(o)
=m;(c,) or m;(c)=m;(c,), but ¢ is not enabled at either ¢, or g,. Intuitively,
the processes of M become partitioned into two nonempty sets §, and S, such
that each process in S; behaves as if it were executing o; from ¢;, and any
communication between the two sets is insufficient to correct this behavior.
Another factor we examine concerns what we call “look-alike configurations™.
We say that configurations ¢, and g, are look-alike configurations if there is
some computation ¢ enabled at both ¢, and g,. Intuitively, the system does
not have the power to differentiate between ¢, and g, because it may behave
in exactly the same way upon entering either configuration.

Throughout this paper, we will use the notation ¢" to indicate the sequence
o iterated n times. Likewise, ¢ will indicate ¢ iterated infinitely many times.
ITteration will take precedence over concatenation, so that, for example, o1’
=0TTT.

3. Summary of results

Throughout the remainder of the paper, we present our results concerning var-
ious classes of concurrent systems. These results are summarized in Tables 1
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Table 2. Results involving simulations of one class by another

Simulated class Simulating class With halting Without halting
Preserved Forced Preserved Forced

Cellular arrays Linear cellular arrays — - yes yes

Finite-state machines Turing machines no no yes yes

1 reader/1 writer shared  Boolean CSP no no no no

memory programs

Boolean CSP Infinite CSP yes no yes no

Boolean CSP Communicating no no ? 1
finite-state machines

1 reader/1 writer shared ~ Communicating no no ? ?

memaory programs finite-state machines

Vector addition systems  Petri nets no no no no

with states

Vector addition systems  Petri nets with yes no yes no

with states capacities

and 2. In these tables, the “yes” and “no” entries indicate whether the specified
simulation exists; a “?” indicates that we do not know whether the simulation
exists; and the two “— entries indicate that there is no simulation of cellular
arrays by linear cellular arrays — even disregarding self-stabilization — when
halting is allowed. The proofs of many of these results have the advantage
of being rather short and fairly easy to follow. Unfortunately, proofs of this
sort tend to give the (sometimes false) impression that the theorems are some-
what obvious. To the contrary, it has been our experience that problems involv-
ing self-stabilization are so different from other problems in distributed comput-
ing that the intuition developed by studying other problems is often misleading
in the study of self-stabilization. To lend support to this claim, we reproduce

the following comment of Dijkstra’s concerning one of his related proofs in
[Dij73]:

Again I beg my intrigued readers to stop reading here and to try to
solve the stated problem themselves, for only then will they (slowly!)
build up some sympathy with my difficulties: the problem has been with
me for many months, while I was oscillating between trying to find a
solution — and many an at first sight plausible construction turned out
to be wrong! — and trying to prove the non-existence of a solution.
And all the time I had no indication in which of the two directions
to aim, nor of the simplicity or complexity of the argument — if any!
— that would settle the question.

In order to focus on the meaning of our results, rather than on the technical
details of their proofs, we have omitted many of the proofs from the main
body of this paper. The omitted proofs appear in the Appendix.

We have uncovered three main factors that tend to disrupt self-stabilization:
halting, isolation, and look-alike configurations. Of these three, halting is the

g s et T

A,
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most familiar (as far as we know, isolation and look-alike configurations are
new concepts.) Furthermore, it is not hard to see that halting is very likely
to inhibit self-stabilization, since the “bad” configuration the system might enter
could conceivably be a halting configuration. The system would then have no
way of recovering, since it would have already halted. Thus, it follows immediate-
ly from the definition of self-stabilization that in a self-stabilizing system, all
halting configurations must be reachable.? For most system classes, this restric-
tion causes a loss of computational power (see Table 1). A more interesting
observation from Table 1, however, is that for some system classes, self-stabiliza-
tion cannot be forced even when halting is disallowed. Hence, there must be
other more subtle factors, such as isolation or look-alike configurations, interfer-
ing with self-stabilization. A look at Table 2 shows how halting can also interfere
with simulations of one system class by another. First of all, as is shown in
the first entry of Table 2, when individual processes are allowed to halt, there
can be no simulation of arbitrary cellular arrays by linear cellular arrays (regard-
less of whether self-stabilization is preserved). The reason for this is that the
communication connections in a linear cellular array form a linear chain, where-
as in an arbitrary cellular array, arbitrary connections are allowed. Thus, if
one process in a linear cellular array were to halt, it would split the system
into two isolated components. However, Table 2 again shows entries which
are unaffected by the presence of halting. Thus, it seems necessary to examine
the extent to which halting affects self-stabilization before studying the more
subtle issues of isolation and look-alike configurations.

4. Problems involving halting

Table 1 gives three system classes for which halting is the sole factor in preventing
the forcing of self-stabilization: cellular arrays, linear cellular arrays, and Turing
machines. (For standard definitions of cellular arrays and Turing machines,
see, ¢.g., [IKMS85, Kos74, Smi71] and [HU79], respectively.) Because cellular
arrays are synchronous systems with multiple transitions executing simulta-
neously, they are rather awkward to define formally in terms of our definition
of a system given in Sect. 2. For this reason, we omit in this section any formal
discussion of cellular arrays, leaving their discussion to the Appendix (Theorems
A.1, A2, and their corollaries). The Turing machines we consider here are nonde-
terministic with k= 1 tapes, each infinite to the right and having an unchangeable
marker at the left end. We will now show that any self-stabilizing Turing machine
must have an infinite computation; thus self-stabilization cannot be forced if
we allow halting.

Theorem 4.1. There is no self-stabilization forcing simulation of Turing machines
by Turing machines.

Proof. Consider a Turing machine M that starts in a halting configuration;
i.e., its only computation is the empty computation. Suppose some self-stabilizing
Turing machine M’ simulates M. From the definition of simulation, all computa-
tions of M’ must be finite; hence, M’ has a halting configuration. Since Turing

3 Under the more general notion of self-stabilization, all halting configurations must still be
“legal”.
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machines have infinitely long tapes, we can modify the tape contents or move
a tape head in any halting configuration of M’ to generate infinitely many
new halting configurations for M'. Because M’ is self-stabilizing, all of these
halting configurations must be reachable. From Kénig's Infinity Lemma
[Kon36], M’ must have an infinite computation — a contradiction. []

In order to demonstrate the full effect of halting on the possibility of forcing
self-stabilization on Turing machines, we now show that self-stabilization can
be forced if no halting configurations are present. We should keep this result
in its proper perspective. It is not a very strong result due to our weak definition
of simulation. In particular, for any infinite computation, there is no bound
on the maximum number of moves needed to simulate any transition in the
computation. Furthermore, there is no bound on the number of moves made
from an arbitrary configuration before a reachable configuration is reached,
Nonetheless, it does show the existence of a self-stabilization forcing simulation.

Theorem 4.2. There is a self-stabilization forcing simulation of Turing machines
with no halting configurations by Turing machines.

Proof. Let M be an arbitrary Turing machine with no halting configurations
and k worktapes. We construct a self-stabilizing Turing machine M’ that simu-
lates M. M’ contains 2k+ 1 worktapes and operates as follows. M’ simulates
M on k tapes in a straightforward manner. After each simulated move of M,
M’ scans from left to right a special tape containing a list of transitions simulated
so far. When M’ encounters a symbol other than a transition, it overwrites
that symbol with the last transition executed and overwrites the next symbol
with a blank. Let n be the number of transitions in the list. M’ then blanks
the first n cells of the remaining k tapes and simulates the listed transitions
on these k tapes. After the simulation of the list of transitions is completed,
M' compares the first n symbols on each of the two sets of k tapes, verifying
that the corresponding tapes match. Once this is verified, the next move of
M 1s simulated, and the process continues. If at any time an unexpected symbol
1s encountered, all tapes are erased to a length equal to the number of transitions
in the list, and the entire simulation is restarted (note that this restart is never
done in a computation from the initial configuration). It is not hard to see
that M" is self-stabilizing and simulates M. [

The only entry in Table I for which self-stabilization can be forced even
in the presence of halting is for finite-state machines; such a simulation simply
consists of removing all unreachable configurations. Concerning simulations
of one system class by another, Table 2 shows that the only simulation for
which we can show that halting interferes with the preservation or forcing of
self-stabilization is the simulation of finite-state machines by Turing machines.
In particular, we have the following theorem.

Theorem 4.3. There is no self-stabilization preserving (forcing ) simulation of finite-
state machines by Turing machines; however, there is a self-stabilization preserving
(forcing) simulation of finite-state machines with no halting states by Turing
machines.

Proof. If the tape is removed from machine M in the proof of Theorem 4.1,
then this proof shows that there is no self-stabilization preserving (or forcing)
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simulation of finite-state machines by Turing machines. On the other hand,
let M be an arbitrary finite-state machine with no halting configurations. By
adding a storage tape (that is always ignored) to M, we have a Turing machine
M’ with no halting configurations that simulates M. By Theorem 4.2, there
is a self-stabilizing Turing machine M" that simulates M’ (and hence M). To
show that there is a self-stabilization preserving simulation of M by a Turing
machine, note that if M is self-stabilizing, M" preserves self-stabilization; other-
wise, by adding a new state g to the finite-state control of M" so that g can
never be entered from the outside and can never be left, we have a Turing
machine that simulates M and preserves (the absence of) self-stabilization. (Note
that since it is decidable whether M is self-stabilizing, this construction is effec-
tive; in general, however, constructions need not be effective to show the
existence of a simulation, which is simply a function.) [

The fact that there is no self-stabilization preserving simulation of finite-state
machines by Turing machines may seem rather odd, since it is normally quite
natural to consider a finite-state machine as a special case of a Turing machine
in which the tapes are ignored. However, the fact that a Turing machine must
have an infinite tape prohibits a finite-state machine from actually being a Turing
machine. Self-stabilization makes this subtle distinction very important.

Besides Turing machines and finite-state machines, halting seems to affect
self-stabilization to some degree on Boolean programs in which communication
takes place exclusively via shared variables having exactly one reader and one
writer, on communicating finite-state machines, and on Boolean CSP, although
at this time we do not know the full extent of these effects. In particular, self-
stabilization cannot be forced on either 1 reader/l writer shared memory pro-
grams or communicating finite-state machines if halting is allowed. Furthermore,
there is no self-stabilization preserving (forcing) simulation of either Boolean
CSP or 1 reader/1 writer shared memory programs by communicating finite-state
machines if halting is allowed. However, we do not know whether any of these
results hold in the absence of halting. The proofs of all of these results involve
isolation, which we discuss in more detail in the next section.

It can be seen from the proofs in this section that when halting affects
self-stabilization, it tends to do so in a straightforward manner. In the next
two sections, we examine factors interfering with self-stabilization in more subtle
ways.

5. Problems involving isolation

In this section, we examine the effects of isolation of self-stabilization. The prima-
ry system class we discuss in this section is the class of CSP systems [Hoa78].
We first illustrate the effect of isolation by showing that self-stabilization cannot
be forced on CSP systems. By using a similar strategy, we can also show that
self-stabilization cannot be preserved by simulations of shared memory programs
by CSP systems. We also show that when Boolean CSP systems are simulated
by infinite-state CSP systems, self-stabilization can be preserved, but not forced.
All of these results hold regardless of whether halting is allowed. By using
halting, we can extend these techniques to obtain other results shown in Tables 1
and 2 concerning communicating finite-state machines [BZ83] and shared mem-
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ory programs; however, at this time we do not know whether these results
hold when halting is not allowed. It might also be noted that a special case
of one of Dijkstra’s proofs in [Dij73] may actually be viewed as a proof via
isolation. (In particular, consider the proof of the impossibility of forcing self-
stabilization on the token-passing system with identical machines, and restrict
the proof to consider an even number n of machines, n=6, starting with two
tokens; the details are left to the reader.)

We now present the class of CSP systems [Hoa78]. Since the formal defini-
tion of CSP is quite long, we will give only a short description of CSP processes;
for a detailed definition, see [Hoa78]. CSP processes communicate with each
other via message passing. The command “P!a” is the send command, interpret-
ed as “send to process P message a”. Likewise, the command “P?x” is the
receive command, interpreted as “receive from process P a message to be stored
in variable x”. The communication takes place in a synchronous fashion; ie,
if M, sends a message to M ,, neither process may continue until the communica-
tion is complete. In terms of our formal definition of a system of concurrent
processes, no transition t;€d; representing a send to M; may take place unless
it enables a transition t;€0; representing a receive from M;. After t; takes place,
t; cannot be disabled until it takes place, and no other transitions from d;uJ;
can occur until ¢; takes place. It is also possible to use receive commands 1n
the guards of gudrded commands. In this case, the value of the receive command
is true when input is received and false when the other process (i.e., the one
from which the message is to be received) has terminated. The guard remains
unevaluated until one of these two events occurs. An alternative command in
which none of the guards is evaluated is suspended until some guard is evaluated.
The syntax of CSP is similar to Dijkstra’s guarded command language [Dij75,
Dij76]; in particular, “ — " separates guards from commands, “*” denotes repeti-
tion of an alternative command until all guards are false, “;” separates sequenna]
statements, and “[]” separates nondeterministic choices. The variables in a CSP
system are potentially unbounded. A Boolean CSP system is a CSP system
in which Boolean variables are used instead of unbounded variables. We will
now show that self-stabilization cannot be forced on CSP systems.

Theorem 5.1. There is no self-stabilization forcing simulation of CSP systems by
CSP systems.

Proof. Let M be the following CSP system:

M, :: [true —[M,!0; s My [M?a; t,
*[true —skip]] s, [a=0— *[true — skip] ty
Otrue —[M, ! 1; S5 Oa=1— *[true —skip]]] t3

*[true —skip]]] s.

Suppose some CSP system M'=(M', M%) simulates M, and let h be the simula-
tion homomorphism. Since M’ can simulate each of the computations having
a prefix s, t,s%t,, from Konig’s Infinity Lemma [Kon36], M’ has an infinite
computation ¢’ such that h(¢’)=s, t, s§ in which M5 does not terminate. Since
7, (h(s"))=t, is finite, m,(c') must be finite (i.e., M’ executes only finitely many
transitions, but never reaches termination). Thus, along ¢', M reaches a local
configuration C,, after which M| progresses indefinitely (to simulate s5) without
any communication with M%. (Note that if M’ had terminated, M, would have

I SO NN VR J——— .
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been able to detect this via a receive command as a guard of a guarded com-
mand.) By similar reasoning, M, can reach a local configuration C, after which
M, progresses indefinitely (to simulate t§) without any communication with
M’,. Now consider the computation in M’ where M, and M} start at C, and
C,, respectively, and each of them progresses infinitely often. This computation
simulates a computation in M that has infinitely many s,’s and infinitely many
t,’s. Since such a computation can never be executed in M, M’ is not self-
stabilizing. [

This proof is valid for both infinite-state CSP systems and Boolean CSP
systems. Furthermore, the above proof shows that there is no self-stabilization
forcing simulation of Boolean CSP systems by infinite-state CSP systems. How-
ever, it is easily seen that there is a self-stabilization preserving simulation of
Boolean CSP systems by infinite-state CSP systems: given a Boolean CSP system
M, we construct a system M’ by interleaving the statements of M with statements
that force a restart if any variable has a value other than 0 or 1. M’ is clearly
self-stabilizing iff M is.

The key feature of the above proof technique is that either process may
execute arbitrarily many transitions while the other process is executing none.
Such a situation is quite common in shared-memory programs — particularly
if no wait statement is available. We can therefore extend this technique to
show that there is no self-stabilization preserving (or forcing) simulation of Boo-
lean programs communicating exclusively through shared variables by Boolean
CSP programs; in fact, this result holds even when the shared variables are
required to have at most one reader and one writer (see the Appendix, Theorem
Ad).

Other results involving isolation include the fact that self-stabilization cannot
be forced on 1 reader/1 writer shared memory programs. Also, there is no
self-stabilization preserving (forcing) simulation of either Boolean CSP systems
or 1 reader/1 writer shared memory programs by communicating finite-state
machines. However, we do not know at this time whether any of these results
hold in the absence of halting. See the Appendix, Theorems A.3, A.7, and A8,
for proofs of these results.

6. Problems involving look-alike configurations

A system class that illustrates very nicely the problems with look-alike configura-
tions is that of Petri nets [Pet81, Rei85]. The set of configurations Q for a
Petri net is the set of nonnegative integer vectors of a specified dimension k.
Each transition in a Petri net may be defined by a k-dimensional nonnegative
integer vector u and a k-dimensional integer vector v, u+v=0, in the following
manner: ¢, ,(w)=w+o for all w=u. This notation for a Petri net closely parallels
the vector replacement system notation; see, e.g, [Kel72]. In terms of more
conventional definitions of Petri nets (e.g., [Pet81, Rei85]) k is the number of
places, the configuration vectors give the number of tokens on each place, the
Vvector u above describes the number of incoming arcs from each place to the
transition t, ,, and the vector v above describes the net effect of firing ¢, ,.
Itiis easily seen that any infinite computation in the Petri net (N*, w, 9) is also
a. computation in (N*, w', §) if w<w'; hence, if there is an infinite computation
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)

Fig. 2

from w, w and w’ are look-alike configurations. The next lemma and its corollary
illustrate how look-alike configurations affect self-stabilization in Petri nets.

Lemma 6.1. If the self-stabilizing Petri net (N¥, v, d) has an infinite computation,
then for any we N¥, there is a w' = w such that w € R(N*, vy, 9).

Proof. Suppose (N¥, vy, ) has an infinite computation ¢ and that there is a
weN* such that for all w=w, w¢R(NX vg,8). Let w=vo+w, and consider
the computation ¢ in (N*, w', §). The set of vectors reached in the computation
from w' is simply the set of vectors reached in the computation from v, with
w added to each. Hence, each vector reached in the computation from w' is
>w, and is therefore not in R(N¥, vy, d). Therefore, (N¥, vy, 9) is not self-stabiliz-
ing — a contradictian. [

Corollary 6.1. If the self-stabilizing Petri net (N*, v, 0) has an infinite computation,
then there is a we R(N¥, vy, 8) such that for all t€d, t(w) is defined.

We can now show that self-stabilization cannot be forced in Petri nets.

Theorem 6.1. There is no self-stabilization forcing simulation of Petri nets by
Petri nets.

Proof. Consider the Petri net P shown in Fig. 2. Suppose the self-stabilizing
Petri net P'=(N*, v,, §) simulates P. Since all computations of P are infinite,
all computations of P’ are infinite. Thus, from Corollary 6.1, there is a we R(P')
such that for all ted, t(w) is defined. Since ¢¢ is a computation of P, there
must be some transition t;ed simulating a finite, nonempty sequence of t,’s.
Likewise, since £, (¢ is a computation of P, there must be some transition t3€0
simulating a finite, nonempty sequence of t3’s. Thus, 1} and t4 are both enabled
at we R(P’). However, there is no reachable configuration of P at which both
t, and t5 are enabled. Thus, P’ does not simulate P —a contradiction. Therefore,
no simulation forces self-stabilization. [

Under the above definition of Petri nets, self-stabilization cannot be forced
on the Petri net in Fig. 2. On the other hand, if we allow explicit capacities
to be given for the number of tokens on certain places, self-stabilization can
be forced on this particular Petri net using the construction given in the proof
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of Theorem A.11. However, by using more careful arguments, we can show
that Theorem 6.1 holds even for this more general definition. Theorem 6.1 can
also be extended in a very natural manner to show that there is no self-stabiliza-
tion preserving (or forcing) simulation of vector addition systems with states
(VASSs) [HP79] by Petri nets. This result is of particular interest because Petri
nets and VASSs are often considered equivalent formalisms (see, e.g., [HP79,
Pet81]). On the other hand, there is a self-stabilization preserving simulation
of VASSs by Petri nets with capacities. Another extension of the techniques
given in Theorem 6.1 yields the result that self-stabilization cannot be forced
upon either general systems of communicating finite-state machines [BZ83] or
systems of communicating finite-state machines whose channel contents never
exceed some maximum number of messages. These results are formally shown
in the Appendix, Theorem A.3, A.6, A9, A.10, and A.11.

7. Conclusions

We begin this section by critically examining our definitions, suggesting possible
alternatives, and exploring their ramifications on our results. We then consider
possible conclusions that could be derived from our results. Finally, we suggest
several areas for further research.

The concept of simulation is normally used in a very intuitive sense, its
precise meaning depending upon its context. However, in order to formally
state that there is no simulation of a class A4 by a class B satisfying certain
requirements, we need to have a formal definition of simulation. There is always
a danger associated with formally defining an “intuitive " concept: the definition
chosen may not satisfy every usage of the concept. We have tried to make
our definition of simulation as weak as possible, that it might capture most,
if not all, usages of the concept. Still, there remain some valid criticisms of
our definition.

The first criticism we consider concerns the requirement that a simulating
computation is infinite iff the simulated computation is infinite. The basis for
our decision here was simply a subjective opinion of what is “natural”: we
do not find it natural to consider that an infinite computation can simulate
a finite computation. To others, this type of simulation might seem quite natural.
Of course, whether or not this definition is considered natural may depend
upon the domain in which it is used. An example of an instance in which
dropping our restriction might be useful is in the simulation of cellular arrays
by linear cellular arrays. Under our definition, if we try to simulate an arbitrary
cellular array with halting states by a linear cellular array, it is not hard to
see that an isolation can occur; thus it is not possible to simulate cellular arrays
by linear cellular arrays, regardless of whether self-stabilization is to be preserved.
By allowing infinite computations to simulate finite computations, this difficulty
is avoided. It therefore seems worth considering what happens when we relax
our definition in this way. At the very least, this modification invalidates several
of our proofs (e.g., the proofs of Theorems 5.1, A.3, and A.4). Precisely how
our results are affected, we do not know at this time.

A second criticism is that we do not impose any notion of fairness on the
computations we consider. Indeed, it may not seem reasonable to allow the
possibility, as in the proof of Theorem 5.1, of a process being continuously
enabled, but never executing. Furthermore, a fairness assumption may provide



The Instability of Sell-Stabilization 711

of Theorem A.11. However, by using more careful arguments, we can show
that Theorem 6.1 holds even for this more general definition. Theorem 6.1 can
also be extended in a very natural manner to show that there is no self-stabiliza-
tion preserving (or forcing) simulation of vector addition systems with states
(VASSs) [HP79] by Petri nets. This result is of particular interest because Petri
nets and VASSs are often considered equivalent formalisms (see, e.g., [HP79,
Pet81]). On the other hand, there is a self-stabilization preserving simulation
of VASSs by Petri nets with capacities. Another extension of the techniques
given in Theorem 6.1 yields the result that self-stabilization cannot be forced
upon either general systems of communicating finite-state machines [BZ83] or
systems of communicating finite-state machines whose channel contents never
exceed some maximum number of messages. These results are formally shown
in the Appendix, Theorem A.5, A.6, A9, A.10, and A.11.

7. Conclusions

We begin this section by critically examining our definitions, suggesting possible
alternatives, and exploring their ramifications on our results. We then consider
possible conclusions that could be derived from our results. Finally, we suggest
several areas for further research.

The concept of simulation is normally used in a very intuitive sense, its
precise meaning depending upon its context. However, in order to formally
state that there is no simulation of a class 4 by a class B satisfying certain
requirements, we need to have a formal definition of simulation. There is always
a danger associated with formally defining an “intuitive » concept: the definition
chosen may not satisfy every usage of the concept. We have tried to make
our definition of simulation as weak as possible, that it might capture most,
if not all, usages of the concept. Still, there remain some valid criticisms of
our definition.

The first criticism we consider concerns the requirement that a simulating
computation is infinite iff the simulated computation is infinite. The basis for
our decision here was simply a subjective opinion of what is * natural”: we
do not find it natural to consider that an infinite computation can simulate
a finite computation. To others, this type of simulation might seem quite natural.
Of course, whether or not this definition is considered natural may depend
upon the domain in which it is used. An example of an instance in which
dropping our restriction might be useful is in the simulation of cellular arrays
by linear cellular arrays. Under our definition, if we try to simulate an arbitrary
cellular array with halting states by a linear cellular array, it is not hard to
see that an isolation can occur; thus it is not possible to simulate cellular arrays
by linear cellular arrays, regardless of whether self-stabilization is to be preserved.
By allowing infinite computations to simulate finite computations, this difficulty
is avoided. It therefore seems worth considering what happens when we relax
our definition in this way. At the very least, this modification invalidates several
of our proofs (e.g., the proofs of Theorems 5.1, A3, and A.4). Precisely how
our results are affected, we do not know at this time.

A second criticism is that we do not impose any notion of fairness on the
computations we consider. Indeed, it may not seem reasonable to allow the
possibility, as in the proof of Theorem 5.1, of a process being continuously
enabled, but never executing. Furthermore, a fairness assumption may provide
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a more satisfying answer to the problem involving finite computations discussed
above: by eliminating halting and assuming a strong enough fairness constraint,
it might be possible to eliminate finite computations altogether (this would
require eliminating all deadlocks). On the other hand, a consideration of fairness
raises a number of issues. First of all, there is no consensus on the proper
definition of fairness (see, e.g., [LPS81, QS83, Bes84, Fra86, Car87, HRY88]),
or even whether fairness should be assumed. Second, assuming a fairness con-
straint adds a new difficulty to simulations; ie., it may be difficult to use the
fairness constraint in the simulating system to enforce a simulation of exactly
the fair computations of the simulated system. Such a scenario occurs, for exam-
ple, when nondeterministic choices resulting from the interleaving of process
computations in the simulated system are simulated by nondeterministic choices
within a process in the simulating system (see, e.g., the simulation preceding
Theorem A.4). In such a case, ensuring that each enabled process eventually
executes may not guarantee that a fair computation is simulated. In view of
these difficulties, we felt it more appropriate to first consider what happens
in the absence of fairness. There appears to be a great potential for research
in this direction.

Perhaps the main conclusion to be derived from our results is that there
are many seemingly minor features of the various system classes that interfere
with self-stabilization. One might further conclude that self-stabilization is not
a robust property. Alternatively, one might conclude that the computational
models have oddities that lead to “unnatural” results. Whether either of these
last two conclusions is made, we certainly need to be aware of the instability
of self-stabilization in conjunction with the simulation paradigm.

As we have already mentioned, there is potential for further research concern-
ing alternative definitions of simulation. Another area of potential research is
in considering positive results in conjunction with stronger, more usable defini-
tions of simulation. Finally, there are many computational models that we have
not considered in this work that may yield some interesting results. For example,
we have not considered I/O automata [LT87]. It is not hard to see that the
technique used in the proof of Theorem 5.1 can also be used to show that
self-stabilization cannot be forced upon I/O automata (provided fairness is not
assumed). Although I/O automata communicate asynchronously in the sense
that inputs are always enabled, it is the case that, like CSP, both automata
involved in the communication must execute a transition in order for communi-
cation to take place. Thus, the same idea as used in Theorem 5.1 can be used
to force an isolation that prevents self-stabilization.

A. Appendix

In this Appendix, we present the proofs omitted in the main body of the paper.
The first proofs we give are those concerning cellular arrays. Since it is rather
awkward to define cellular arrays in the terminology of our formal definition
of a concurrent system, after first giving a standard formal definition, we will
explicitly show how this standard definition may be translated into our termi-
nology. A cellular array is a finite set {M,, ..., M,} of finite-state machines.
The machines operate in a synchronous fashion controlled by a clock; i.e., each
time the clock fires, all machines that have not yet halted change states nondeter-
ministically according to their respective next-move relations. The particular for-
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mat of the next-move relation of a given machine depends upon the topr)lom
associated with the system. The topology is a mapping g: {1, . ,np =24

such that ieg(i) for 1 ZiZn. Inforrnally, the topology spemﬁes wh1ch processes
the machine may reference in determining its next state. More formally, let
g(i)={i,, ..., i}, and let the state set of each M; be given by Q;. Then the
next-move relatlon 6; of M; is a subset of Q11 X Q% 0. The next-move
relation is 1nterpreted to mean that if M, is in the state q;, for 1=5j<k, M,
may move to state q; iff (g;,,...,q;, 9 )65 There are two types of states in
each machine: halting states and nonhalting states. If g;, is a halting state,
then ¢; contains no tuples having q;, as a component; otherwise, for all
Qigs -5 iy s - Digs there is at least one g, such that (g;,, ..., d;.» 4;)€0;. Thus,
in a nonhaltmCF state, there is always some move available, regardless of the
states of the other machines.

We will now show how the cellular array (M, ..., M,) defined above may
be defined as a concurrent system (Q’, gy, 4’). The main problem is that in
a cellular array, transitions from different machines execute simultaneously. Our
concurrent system (Q', gy, 4°) will mimic this behavior by executing a “simulta-
neous™ collection of transitions sequentially in the order of their machine sub-
scripts. Since each machine in a cellular array executes-a transition at each
clock cycle until it halts, such a serial representation will give an unambiguous
description of the actual computation. It will also be clear that (Q', ¢, 4') is
self-stabilizing iff (M, ..., M) is.

Let (g, ..., 4,) be a configuration of (M, ..., M,) (ie., each M, is in state

q). For 1=i=n, let P(q,, .-.. q,) be the set of machmes M ; such that;<1 and
g; is not a haltmg state; i.e., P(qy, ..., q,) will be the set of machines whose
moves will be simulated prior to the move of M;. Let &,(q,, ..., g,) be the set
of transitions in d; enabled at (q,, ..., gq,). Let Di(q1s .5 4)=0;,(q4. .. ,q,,) %o
X8 (q1s -oes @) I Bgy, s g)={M, ... J=6=Q) and Dy(q,, ..., 4,)={0} if
P(qy, ..., q,)=0. The set of conﬁﬂurdnons Q" will be composed of aset NHC
of nonhalting configurations and a set HC of halting configurations. We define
NHC={(qy, ..., qx T)|q;€Q; for 1=j<n, and for some i, ¢; is a nonhalting
state and TeD;(q;, ..:, q,)}. The components q,, ..., g, give the current states
of each of the machines, and T gives a prefix of some sequence of transitions
simulating one step of the cellular array. We define HC = 1@, -, ., D) g; is
a halting state of M; for 1<j<n}, and Q'=NHCU HC. Let t€4, for some 1 <i
=n. We define the transmon t'ed; by

I’(qlz'”?qan)=(QL’"':qnﬁTu{r}) lf f@%T and (ql:“':qn: T)a
4y, ---s g, TU{t}))eQ'; and

E’(ql’ siainig qnv T):(pla "‘sprwo) lf (Qlﬂ "'1qr|! T}EQ?’ (qv "'Jq"a TU {t})¢Q’,
t is enabled in (g4, ..., g,), and (M, ..., M,) reaches (p,, ..., p,) upon si-
multaneously executing the transitions in T {t}.

Thus, if from configuration (g,, ..., q,) of (M,, ..., M,) the set of transitions
s, t; } simultaneously fire to produce (pys ..., py), this action is simulated

{QI: LS ] qus mi“’(fh- Sy qnﬂ {I”}]LLP r_lk;i(qh Jleily qna {Iip SEL) rikm,})

_!;kd)(pla Rl ph, 9)'
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Fig. 3

We now define 4'={4!, ..., J,}, where each 6;={t'|ted;}. Finally, we let g
=(qy, ..., qu» 0), where g, is the initial state of M, for 1 £i<n. It is now a straight-
forward matter to verify that (Q, g, 4") exhibits the desired behavior.

A class of cellular arrays of particular interest is the class of linear cellular
arrays. A linear cellular array is a cellular array (M,, ..., M,) whose topology
g is defined by

o g(1)={1,2};
o g()={i—1,i,i+1}for2<i=n—1;and

® g(n)={n—1,n}.

We will first show that self-stabilization cannot, in general, be forced upon
either cellular arrays or'linear cellular arrays. In order to show the importance
of halting to the proof of this theorém, we will then show that self-stabilization
can be forced upon both eellular arrays with no halting states and linear cellular
arrays with no halting states.

Theorem A.l. There is no self-stabilization forcing simulation of cellular arrays
(linear cellular arrays) by cellular arrays (linear cellular arrays ).

Proof. Let M =(M,, M,) be the cellular array shown in Fig. 3. Two computations
of M are possible: 0, =5,1,551,5%, and o,=s,1t,t5t%. (Recall that the transi-
tions in each of the pairs s;¢; are executed simultancously in the actual cellular
array.) Let M'=(M". M%) be any cellular array that simulates M. Since M’
must be able to simulate both ¢, and ¢, both M, and M’ must have halting
states. Thus, M’ has a halting configuration, and is therefore not self-stabilizing.
Since any cellular array of two machines can be viewed as a linear cellular
array, the theorem follows. [

Theorem A2. There is a self-stabilization forcing simulation of cellular arrays
with no halting states by linear cellular arrays.

Proof. Let M=(M,,....M,) be an arbitrary cellular array. Since each M, is
a finite-state machine, we can construct one finite-state machine 4 describing
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the entire system M; ie., each state of A is a tuple (qy, ..., g,), where each
g; is a state of M;. We may then remove all unreachable states from 4. We
will now describe a self-stabilizing linear cellular array M'=(M", ..., M}) that
simulates M. All of the work will actually be done by the machine M. This
machine will select an infinite sequence of transitions from A representing a
computation of M. After each transition ¢ of A is selected, M’ will wait long
enough for all the other machines to determine that ¢ has been selected. At
this time, all the machines simulate t. M’ then selects the next transition, and
the simulation continues in the same manner. .

More formally, let Q, be the state set of A4, and let §, be the transition
relation of 4. The state set of M,, 1<i<n, will be {(q,))|qeQ.} v {(t,j,i)|t€d,
and i<j<n}. The next-move relation of M is defined solely in terms of the
current state of M. If M’ is in state (g, 1), it may move to any state (t, 1, 1)
such that t is enabled at g in A. If M’ is in any state (t,j—1,1), 25j=n,
it moves to state (¢, j, 1). If M’, is in any state (¢, n, 1), it moves to the state
(¢, 1) such that transition ¢ places A in state ¢'; moves of this last type will
simulate of M,. For 2<i<n, the next-move relation of M; is defined solely
in terms of the state of M,_,. If M,_, is in some state (g, i—1), M} moves
to state (g, i). If M:_, is in some state (¢, j—1,i—1), iSj=n, M; moves to state
(t,j, i) If M;_, is in some state (t, n, i—1), M; moves to the state (¢, i) such
that transition t places A in state ¢'; moves of this last type will simulate moves
of M,. The initial state of M’ has each M; in the state (g, i) such that g is
the initial state of A. It is not hard to see that in any computation from the
initial state, M’ simulates the next move of M every n+1 moves; thus, M’
simulates M. Furthermore, it is not too difficult to see that from any configura-
tion, after at most i—1 moves, M} is in some state consistent with M. Since
all states of M/, are clearly reachable from the initial configuration, M’ must
be self-stabilizing. [

The above simulation is not very satisfying because the entire computation
is actually being done by one machine, M';; the machines M5, ..., M, simply
execute the transitions that M’ tells them to execute.

The following corollaries follow immediately from Theorem A.2.

Corollary A.1. There is a self-stabilization forcing simulation of cellular arrays
without halting states by cellular arrays.

Corollary A.2. There is a self-stabilization forcing simulation of linear cellular
arrays without halting states by linear cellular arrays.

We now introduce another class of concurrent systems, the class of Boolean
programs in which each variable may be read by at most one process and
written by at most one process. All communication is therefore performed via
shared variables to which one process writes and from which another process
reads. The syntax we use to describe these systems is similar to CSP without
the communication commands (see [Hoa78]). We will now show that self-stabili-
zation cannot be forced on this type of system. The proof will use both halting
and isolation.

Theorem A.3. There is no self-stabilization forcing simulation of 1 reader/1 writer
shared memory programs by 1 reader/1- writer shared memory programs.
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Proof. Consider the following system M =(M,, M 5), where all variables are ini-
tially zero:*

M, [true —a:=1 s, M, [*[a=0Ab=0-skip]; 1,
Otrue — [b:=1; S5 a=1- *[true —»skip]] ¢,
*[true — skip]]] s

The only variables in M, a and b, are read by M, and written by M,. M,
first nondeterministically chooses either s, or s,. If it chooses s, it writes 1
to a and halts. If it chooses s,, it writes 1 to b and repeatedly executes s;.
Meanwhile, M, repeatedly executes ¢, until M, executes its first transition.
If M,’s first transition is s;, M, then repeatedly executes i,. Otherwise, M,
halts. Thus, all computations of M are infinite, but in any computation, one
of the processes executes only finitely many times. Therefore, in any system
M’ =(M}, M5) that simulates M, both M’ and M’ must have the ability to
halt. Since all variables can be read by at most one process, there must be
a configuration of M’ in which both M’ and M) have halted. Thus, M’ is
not self-stabilizing. []

We will now show that there is no self-stabilization preserving simulation
of shared memory programs by Boolean CSP systems. It is not immediately
clear, however, that there is any simulation between these system classes, whether
or not self-stabilization is preserved. Hence, we first sketch an example of a
simulation that does not preserve self-stabilization. Let M=(M,, ..., M,) be
an arbitrary system of 1 reader/l writer shared memory programs. M’
=(MY, ..., M) will be a Boolean CSP system that behaves as follows. M, first
creates a status vector containing the values of all shared variables of M and
all processes which have not halted. It then nondeterministically decides which
process M; will execute first. If i1, M sends the status vector to M;. From
this point on, there will be exactly one “active” process at any given time
when no communication is taking place; the other processes will be waiting
for messages from all other processes. The active process, say M, will nondeter-
ministically simulate a nonempty (but possibly infinite) sequence of transitions
from M,, updating the status vector accordingly. If it has chosen to simulate
a finite sequence of transitions, it then nondeterministically selects some process
from the list of processes which have not halted. It then sends the updated
status vector to that process, which then becomes active. If at any time a process
M, simulates the termination of M,, it removes its own name from the list
of processes which have not halted, sends the status vector to some process
that has not halted, then halts. If at any time the list of processes that have
not halted contains only one process, that process remains active until it simu-
lates a termination. The details of the simulation are left to the reader. The
following theorem, shown using isolation, now shows that neither this simulation
nor any other simulation can be guaranteed to either preserve or force self-
stabilization.

Theorem A.4. There is no self-stabilization preserving (forcing) simulation of 1
reader/1 writer shared memory programs by Boolean CSP systems.

* Throughout the remainder of the paper, we will always assume the variables to be initially
Zero.
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Proof. Let M =(M ,, M,) be the following shared memory system:

M,:: *la=0—-b:=1 5, M, *[b=0—-a=0 ¢,
Oa=1—-5b:=0] s, Ob=1-a=1] t,

M has no halting configurations, and M is clearly self-stabilizing, since all config-
urations are reachable. Suppose some CSP system M'=(M', M}) simulates M
with simulation homomorphism h. Let S={¢’| ¢’ is a finite prefix of some compu-
tation ¢’ ¢” of M’, M’ has not terminated in ¢', and h(c')esF}. Since M can
execute any computation beginning with (s,)"t, for any », S is infinite. Hence,
from Konig’s Infinity Lemma [Kon36], there is an infinite string ¢’ such that
any finite prefix of ¢’ is in S. Clearly, ¢’ must be a computation of M’ in which
M’, does not terminate. However, since h(¢’) contains no transitions from M,
¢’ must contain only finitely many transitions from M%. Thus, z, (¢') and h(m, (¢"))
are both infinite. It must therefore be the case that h(c')=s}. Hence, there is
some state of M from which there is an infinite computation simulating s¢
and containing no communication commands. By similar reasoning, there is
a state of M5, from which there is an infinite computation simulating ¢? and
containing no communication commands. There must therefore be a configura-
tion of M’ from which a computation containing infinitely many s,’s and infinite-
ly many ¢,’s, but no s,’s nor t,’s, can be simulated. Since such a computation
can never be executed in M, M’ is not self-stabilizing. []

Note that the above theorem holds even when halting states are disallowed.

The next class we examine is that of communicating finite-state machines
(CFSMs) [BZ83]. Informally, a system of CFSMs is a finite set of finite-state
machines that communicate via unbounded FIFO channels. No empty channel
detection is possible, and either a read or a write to some channel is performed
by each transition. (See, e.g., [BZ83] for a formal definition of CFSMs.) We
will first show that self-stabilization cannot be forced on systems of CFSMs.
The proof uses both halting and look-alike configurations.

Theorem A.5. There is no self-stabilization forcing simulation of CFSMs by
CFSMs.

Proof. Let M=(M,, M,) be the system of two CFSMs defined as follows. M,
contains only one state and no transitions. M, contains only one state and
one transition, which writes some symbol to the output channel of M,. Suppose
there is a self-stabilizing system M'=(M, M%) of CFSMs that simulates M.
Then for any computation ¢ of M, n,(¢") is {inite and m,(¢’) is finite. Since
M, is finite-state and may only read finitely many symbols from its input chan-
nel, in any computation ¢’, M, must enter the same state twice without executing
any reads in between. Thus, M has a state ¢ from which there is an infinite
computation containing no reads. It follows from Konig's Infinity Lemma
[Kon36] that the input channel to M’ is bounded, say, by m. If we therefore
start M, in some arbitrary state, M’ in g, and the input channel to M’ with
some string longer than m symbols, there is an infinite computation in which
the contents of the input channel to M’ are unchanged. Thus, M’ is not self-
stabilizing ~ a contradiction. []

Note that in the above proof both halting and isolation are involved. At
this time, we are unable to show whether the elimination of halting states might
allow self-stabilization to be forced.
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A system of CFSMs is said to be bounded if its reachability set is finite.
Consider any bounded system of CFSMs having an infinite computation .
Let g be some system configuration that is reached more than once by o, and
let o be the string written to some channel ¢ between the first two occurrences
of g. Let ¢’ be ¢ modified by appending « to the contents of channel ¢ enough
times so that g’ is not reachable. It is not hard to see that there is an infinite
computation ¢’ from ¢' in which ¢ is reached infinitely often. Therefore, no
bounded system of CFSMs having an infinite computation is self-stabilizing.
This fact implies the following theorem.

Theorem A.6. There is no self-stabilization forcing simulation of bounded CFSMs
by bounded CFSMs.

We now show that there is no self-stabilization preserving simulation of
Boolean CSP systems by CFSMs.

Theorem A.7. There is no self-stabilization preserving (forcing ) simulation of Boo-
lean CSP systems by CFSMs.

Proof. Consider the following CSP system M :
M :: [skip] M,:: *[true — skip]

M is clearly self-stabilizing. Furthermore, M simulates the system of CFSMs
given in the proof of Theorem A.5. Thus, if there were a simulation of M by
a system of CFSMs, we would have a simulation of the system of CFSMs
given in the proof of Theorem A.5 by CFSMs - a simulation we have already
shown does not exist. []

The same technique may be used to show the following theorem.

Theorem A.8. There is.no self-stabilization preserving (forcing) simulation of 1
reader/1 writer shared memory programs by CFSMs.

We now examine the class of vector addition systems with states (VASSs).
The set of configurations of a VASS is of the form Q x N*, where Q is a finite
set of machine states. The transitions are defined in terms of two machine states,
g and ¢/, and a vector veN* in the following manner: tygo(@ W)=(q, w+0)
for w+v=0. Thus, a VASS may be viewed as a Petri net augmented with
a finite-state control (see, e.g., [HP79]). There is therefore a straightforward
simulation of Petri nets by VASSs, and Hopcroft and Pansiot [HP79] have
shown how to simulate a k-dimensional VASS by a k-+ 3-dimensional Petri
net. However, we show in the next theorem that in general there is no simulation
ol a VASS by a Petri net that preserves self-stabilization. This proof uses look-
alike configurations.

Theorem A.9. There is no self-stabilization forcing (preserving) simulation of
VASSs by Petri nets.

Proof. Consider the VASS M shown in Fig. 4. Since every configuration of
M is reachable, M is self-stabilizing. Furthermore, M simulates the Petri net
in Fig. 2, which we have already shown in Theorem 6.1 cannot be simulated
by a self-stabilizing Petri net. []
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Finally, we examine a slightly more general class of Petri nets. We define
a Petri net with capacities in the same way as a Petri net with the exception
that the set of configurations may be restricted so that certain vector coordinates
(i.e., places) may not exceed specified bounds. In what follows, we first use
look-alike configurations to show that self-stabilization cannot be forced upon
Petri nets with capacities; we then give a self-stabilization-preserving simulation
of VASSs by Petri nets with capacities.

Theorem A.10. There is no self-stabilization forcing simulation of Petri nets with
capacities by Petri nets with capacities.

Proof. Let M be the Petri net shown in Fig. 5. M behaves as follows. First,
t, may fire arbitrarily many times (possibly infinitely many times). At any time
t, may fire once, permanently disabling ¢,. After t, fires, M executes an infinite
computation containing only t5’s and t,’s; however, t, may never have fired
more times than ¢,. Consider the marking v in which p,; =1, p,=0, and p;=1.
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(Note that v and v, are look-alike configurations). Clearly, v is not reachable.
However, the computation o=t from v enters v infinitely often; therefore, M
is not self-stabilizing. In the execution of ¢ from v, infinitely often some sequence
of transitions t, t% t7, k<m, is enabled. Since such a sequence is never enabled
in any computation of M from its initial marking vy, this fact is enough to
show that M is not self-stabilizing. We will now show that such a phenomenon
occurs in any Petri net with capacities that simulates M.

Let M'=(Q’, vy, d') be a Petri net with capacities that simulates M, and
let h be the simulation homomorphism. Let S be the following set of suffixes
of computations of M: S={t, t5 ¢}, t4|i>0}. For each i =0, there are only finitely
many sequences o of transitions from vf, such that h(s)=t}; otherwise, from
Koénig’s Infinity Lemma, M’ would have an infinite computation simulating
t for some j = 0. Hence, for each i=0, there is a ¢; such that

1. vh 25w, in M';

2. h(o)=t"; and

3. infinitely many computations in S can be simulated from w;.
From Konig’s Infinity Lemma, there is a computation o of M’ such that h(g)=17
and for any finite prefix o, of g, there exist o, and w such that vy 23 w and
infinitely many computations in S can be simulated from w. From [KM69],
o=0,0,0; where v =50, 250, g,%+¢ v; <05, and on all bounded coordi-
nates, v; and v, are equal (see Fig. 6).
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Let o, be such that v, ™% v} and infinitely many computations in S can
be simulated from v5. Let S’ be the infinite subset of S that can be simulated
from v. From Ko&nig's Infinity Lemma, there is a t such that h(t)et, (5 and
any finite prefix of t simulates a prefix of some computation in . From [KM69],
T=1,1, T such that vy v}, 05, T,4¢, v, <05, and in all bounded coordi-
nates, v, and v’s are equal. Let m be such that h(t, 7, ty)=t, 5315 for some
computation 7, from v’s. Clearly, h(t,)%¢ (otherwise h(a, g, 7, 7%) is finite) and
ty¢h(t,); thus, h(t,)ets.

Let o' = v+ 05— vy, 0’ =0, 0%, and T =047, 4. We claim that ¢’ is a compu-
tation from v’ and that infinitely often in ¢’, 7’ is enabled. To see this, first
note that since vs=vj, and v and v}, are equal on all bounded coordinates,
any infinite computation from v}, is also a computation from v’ (v and v" are
look-alike configurations). Clearly, o, 6% is a computation from vy, and hence
from . Let v 2% w,, and let x=vs—1v}, and y=v,—v}. (Note that both x and
y are nonnegative and are zero in all bounded coordinates of M") Since
W=+ X+iy, W= vy +Xx+iy— vy +x+iy=uv5+iy,and 7, is a computation
from vs+iy. But h(t)=t}t, %714 where k<m — a suffix that can never be
executed in M. Hence, w, is unreachable for all i>0, so from v/, o’ never reaches
a reachable configuration. Therefore, M’ is not self-stabilizing. [J

Since Petri nets with capacities can clearly be simulated by VASSs, we have
the following corollary.

Corollary A.3. There is no self-stabilization forcing simulation of VASSs by Petri
nets with capacities.

We conclude by showing that there is a self-stabilization preserving simula-
tion of VASSs by Petri nets with capacities. The obvious strategy to use in
trying to prove this theorem is to use I-bounded places to represent each of
the states in the VASS. The difficulty in this approach is dealing with the extra
configurations introduced while not allowing transitions to be enabled at the
wrong times. However, we are able to overcome this difficulty in the proof
that follows. )

Theorem A.11. There is a self-stabilization preserving simulation of VASSs by Petri
nets with capacities.

Proof. For ease of explanation, we will only give a self-stabilization preserving
simulation of a finite-state machine by a Petri net with capacities. It should
be clear how to extend this simulation to VASSs. Let M be an arbitrary finite-
state machine. Without loss of generality, assume that each transition of M
changes the state of M; otherwise, we can clearly add states as necessary to
enforce this condition without affecting self-stabilization. Let the state set of
Mbe Q=1{q, ---» 4.} We construct a Petri net M’ with n I-bounded coordinates
as follows. We represent each state ¢; of M by a vector v; in which coordinate
i is 0 and all other coordinates are 1. We simulate a transition ¢t from state
g; to state g; by transition t' shown in Fig. 7. (Note that ¢’ is not enabled in
any other configuration.) Clearly, the Petri net so constructed simulates M.
We must now deal with the configurations of M’ that do not correspond to
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any state of M: ie., those configurations in which the number of coordinates
having a value of 0 is not exactly one. The first of these configurations is the
vector of all 1s. We introduce a new transition, only enabled at this vector,
which brings M’ to the configuration representing ¢, (see Fig. 8). Finally, we
can bring all other vectors to the vector of all 1s as shown in Fig. 9 (note
again that each of these transitions is only enabled at one vector). It should
be clear that M’ is self-stabilizing iff M is self-stabilizing. [

The simulation given in the above proof is much better than most of the
other simulations we have given in this paper. First of all, it is a real-time
simulation. Also, if we have some bound on the number of moves needed for



the VASS to stabilize, the bound for the Petri net with capacities is only two
greater. Unfortunately, the size of the description is exponential in the size
of the description of the VASS due to the large number of transitions from
“bad” configurations.
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