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The problem

01

Given two views of the scene

recover the unknown camera

displacement and 3D scene
structure

02

https://www.tripadvisor.com/Attraction_Review-g187147-d188679-Reviews-Notre_Dame_Cathedral-Paris_lle_de_France.html
https://commons.wikimedia.org/wiki/File:Notre_Dame_de_Paris_Cathédrale_Notre-Dame_de_Paris_(6094168584).jpg



Pinhole camera model-review

e 3Dpoints X =[X,Y, Z, W]T e R4, (W =1)
« Image points x = [z,v,2]T e R3, (2 =1)
* Perspective projection \x = X

)\:Z:czg yz%

* Rigid body motion M = [R, 7] € R3*4
* Rigid body motion + Projective projection

Ax =MNX = [R,T]X



Two views




Think about how you would solve this problem



Epipolar geometry
)\2X2 — R)\le —|— 1

correspondences

(R,T)
e Multiply both sides by the cross product of T [Longuet-Higgins '81]:

Xg@xl =0
E

o~

e Essential matrix FEF=TR



Epipolar geometry

e Epipolar lines l1, l2

X%EXl =0

* Epipoles €1,€9
Inyage
correspondences

E=1TR

AN
01 Y
€2 02
Properties (pay attention to geometric interpretations):
l1 ~ E'xo l;-rxi — lo ~ ExXq
Ee; =0 Ife; = exEL =0



Characterization of the Essential Matrix

X%TRXl =0

e Essential matrix £ = TR

- e1
Xg €4
| €7

€2
€5
€8

€2
€6
€9

Special 3x3 matrix

x1 =20

Theorem 5.1 (Characterization of the essential matrix). A non-
zero matriz E € R3*3 is an essential matriz if and only if E has a singular

value decomposition (SVD): E = UXVT with

Y. = diag{o, 0,0}

for some o € Ry and U,V € SO(3).



Characterization of the Essential Matrix

* Space of all Essential Matrices is 5 dimensional
— 3 Degrees of Freedom - Rotation
— 2 Degrees of Freedom — Translation (up to scale!)

 Decompose essential matrixintoR, T
X%TRXl =0

* Given feature correspondences, a straightforward approach is
to find such Rotation and Translation that the epipolar error is
minimized — nonlinear optimization

ming Z] 1 X2 Exl



Pose recovery from the Essential Matrix

Essential matrix F = TR

Theorem 5.2 (Pose recovery from the essential matrix). There exist

exactly two relative poses (R, T) with R € SO(3) and T € R? corresponding
to a non-zero essential matriz ; = UXV 1




Estimating essential matrix

* The eight-point linear constraint
— Essential vector

€1 €2 €3

. T Rﬁ)
€4 €5 €5 | =P €= |eq,eo,Es,€4,eEs,C6 €7,€8,69| €
€7 €8 €g

E —

— Vectorized correspondence

x1 = [x1,y1,21]7 € R? and x2 = [z, y2, 22]T € R3
V

T 9
a = [x2x1, Tay1, T221, Y2T1, Y2Y1, Y221, 22%1, 22Y1, 2221]° € R

— Linear constraint



Estimating essential matrix

* The eight-point linear constraint
— Multiple correspondences

Ae =0

— More than 8 ideal correspondences

— Due to noise, choose the eigenvector of ATA that
correspondences to the smallest eigenvalue:

| Ae]|®
min >
e el




Projection to the space of essential matrices

Theorem 5.3 (Projection onto the essential space). Given a real
matriz F € R3*3 with a SVD: F = Udiag{\1, Ao, \3}V1 with U,V €
SO(3), \i > A2 > Ag, then the essential matriz E € & which minimizes the
error ||E — F||?c is given by E = Udiag{o,o,0}VT with o = (A1 + X2)/2.

The subscript f indicates the Frobenius norm. Ia

A

There is a general theorem that is (
widely used in low-rank matrix recovery

min A—X]|?
X, rank(X)=r | ||9L—

X =03, v!

A 4



The eight-point method

Algorithm 5.1 (The eight-point algorithm). For a given set of im-
age correspondences (x7,x3),j = 1,...,n (n > 8), this algorithm finds
(R, T) € SE(3) which solves

xX'TRx] =0, j=1,...,n

1. Compute a first approximation of the essential matrix
Construct the A € R"*? from correspondences x| and x3 as in (6.21),
namely.

al = [37%55]173”2?/1’37%31 y2$17yzy1a92317Z%lev%ylvzzzl] e R’.
Find the vector e € RY of unit length such that ||Ae|| is minimized
as follows: compute the SVD A = UAEAVAT and define e to be the
9th column of V4. Rearrange the 9 elements of e into a square 3 x 3
matriz E as in (5.8). Note that this matriz will in general not be an
essential matrix.



The eight-point method

2. Project onto the essential space
Compute the Singular Value Decomposition of the matriz E recovered

from data to be

E = Udiag{o, 02, 03}VT

where 01 > 09 > o3 > 0 and U,V € SO(3). In general, since E
may not be an essential matriz, o1 # oo and o3 > 0. Compute its
projection onto the essential space as ULV, where ¥ = diag{1,1,0}.

3. Recover displacement from the essential matrix
Define the diagonal matrix 32 to be Extract R and T from the essential

matriz as follows:

R=URY (ig) vl T—=UR, (ig) U7



3D structure recovery

AoXo = RA1xX1 + T
¢ Eliminate one of the scale’s

—

)\{X‘%RX{—F’}/X%T: O, yp=12,....n

e Solve LLSE problem

MIN = [X‘;ijl, XJQT] { A1 } =0
Y

If the configuration is non-critical, the Euclidean structure of then points
and motion of the camera can be reconstructed up to a universal scale.




Issues to take care of

Infinitesimal viewpoint change

Enough parallax
E=0&1T =0

Positive depth constraint

— Four potential solutions, i.e., E and —E, and each of leads to
two solutions

General position requirement



Camera Calibration



Uncalibrated Camera — Intrinsic

Parameters are unknown

fsz fsg oux
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Linear transformation
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Overview

Calibration with a rig (Checkborad for example)

Uncalibrated epipolar geometry

Ambiguities in image formation

Stratified reconstruction



Uncalibrated Camera Using
Homogeneous Coordinates

X =[X,Y,Z W]l eR*, (W=1) X
Last Lecture:
e Image plane coordinates X = [.ZU, Y, 1]T :
X
Yy
e Camera extrinsic parameters ¢ = (R, T") [ , I'A
e Perspective projection Ax = [R,T]X ‘ fj
0]
. (R, T)
This Lecture: l K

. . ;)
e Pixel coordinates X — KX

° x/ @
e Projection matrix Ax' = MNX =[KR, KT]X // . /




Calibration with a Rig

Use the fact that both 3-D and 2-D coordinates of feature
points on a pre-fabricated object (e.g., a cube) are known.




Calibration with a Rig

e Given 3-D coordinates on known object X
M = [KR,KT]X mmp \x' =NX

o - | xt]
.GBZ T Vi
Aoyt | = | 7d :
Y 2 A
1 T
_ i 5 7TE’, i 1

e Eliminate unknown scales

' (71 X)
y' (73 X)

W{X,
W%X



Calibration with a Rig

e Recover projection matrix M= [KR,KT] = [R/,T']
N® = [r11, 721,731, T12, ™22, 732, T13, T23, T33, T14, 724, T34] L
min [[MN3||2 subject to ||N%||2 =1

Again singular value decomposition

e Factor the KR into R€ SO(3)and K
using QR decomposition

e Solve for translation 7 = K117



Uncalibrated Epipolar Geometry
(not required)



Uncalibrated Epipolar Geometry

. X
Ao Kxp = KRA X1 + KTA Aoxh = KRK—IMx) + 1"

(R, T)
» Epipolar constraint x5 K" TTRK 1x'1 = 0
Y '

» Fundamental matrix F=K TTRK 1

» Equivalent forms of F=K TTRK 1 =T'KRK1



Properties of the Fundamental Matrix

x'LFx'; =0
e Epipolar lines 11,05

o Epipoles e€1,€>

Image
correspondences




Properties of the Fundamental Matrix

Remark 6.1. Characterization of the fundamental matriz. A non-zero
matriz € R**® is a fundamental matriz if ' has a singular value

decomposition (SVD): E = UXVT with

2= diag{o—la 02, O}

for some 01,00 € R .

There is little structure in the matrix I except that

det(F) =0



Estimating Fundamental Matrix

e Find such F that the epipolar error is minimized

n
. T
min g (5 ; F.’L"l?j)2 sit. ||F||5 =1
j=1

e Fundamental matrix can be estimated up to scale
e Denote a = x}] ® x5

a = [21T2, T1Y2, 122, Y1T2, Y12, Y122, 21T2, 21Y2, 2122
F° = [f17f47f77f27f57f87f37f67f9]T

e Rewrite alF$=0

min | AF*|2 st P =1



Two view linear algorithm — 8-point
algorithm

e Solve the LLSE problem:

min Z JFx ) st ||F)E=1
e Solution elgenvector associated with

smallest eigenvalue of ATA

e Compute SVD of F recovered from data
F=Uxv! ¥ =diag(oy1,02,03)

e Project onto the essential manifold:
> = diag(c1,00,0) F=UX'vT

e [’ cannot be unambiguously decomposed into pose

and calibration T 1
F=K *TRK ™



What Does F Tell Us?

F can be inferred from point matches (eight-point
algorithm)

« Cannot extract motion, structure and calibration from
one fundamental matrix (two views)

 Fallows reconstruction up to a projective transformation
(as we will see soon)

* Fencodes all the geometric information among two
views when no additional information is available



Comments

* Without prior knowledge about the
underlying 3D environment, one can only
obtain Projective reconstruction rather than
Euclidean reconstruction

* With prior knowledge about the underlying
3D environment (planar structures in
particular), we can still perform Euclidean
reconstruction



Next Lecture: Two-View Stereo



