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Figure 1: Our method computes the relative rotation between two normalized shapes by aligning spherical harmonic coeffecients

Abstract

This paper studies the classical problem of 3D shape alignment, namely computing the relative rotation between two shapes
(centered at the origin and normalized by scale) by aligning spherical harmonic coefficients of their spherical function
representations. Unlike most prior work, which focuses on the regime in which the inputs have approximately the same shape,
we focus on the more general and challenging setting in which the shapes may differ. Central to our approach is a stability
analysis of spherical harmonic coefficients, which sheds light on how to align them for robust rotation estimation. We observe
that due to symmetries, certain spherical harmonic coefficients may vanish. As a result, using a robust norm for alignment that
automatically discards such coefficients offers more accurate rotation estimates than the widely used L2 norm. To enable efficient
continuous optimization, we show how to analytically compute the Jacobian of spherical harmonic coefficients with respect to
rotations. We also introduce an efficient approach for rotation initialization that requires only a sparse set of rotation samples.
Experimental results show that our approach achieves better accuracy and efficiency compared to baseline approaches.

CCS Concepts
» Computing methodologies — Shape analysis; Volumetric models;

1. Introduction normalizing the rotation component (e.g., using principal directions
of the second-order shape moment) is extremely difficult. It turns out
that the most reliable approach is to optimize a matching loss in the
rotation space SO(3), cf. [Kaz07]. This problem is quite challenging,
as the optimization problem is usually non-convex and has many
local minima.

Estimating the relative pose between two 3D shapes is a fundamental
problem in many applications. A relative pose consists of a scaling
component, a translation component, and a rotation component. The
scaling and translation components can be computed using standard
normalization procedures, e.g., the barycenter of each shape is at the

origin, and the trace norm of each shape moment is 1. In contrast, To this end, remarkable progress has been achieved by converting

3D shapes into spherical functions and aligning coefficients of spher-
ical harmonics (i.e., Fourier bases on spheres) for relative rotation

T zhhe @utexas.edu estimation [MPD06, MD06, FRB08, HSZ* 05, Kaz07]. In particular,
1 congyue@stanford.edu under the Euler angle representation, the Wigner-D matrix [HMRO09]
§ huanggx @utexas.edu allows us to compute the L? distance between the coefficients of
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spherical harmonics with time complexity 0(174) on a grid of res-
olution 5>, where b is the number of samples in each Euler angle.
However, for real-time performance, even with this fast algorithm,
we can only use a small b (b < 40), leading to an angular error from
10° to 20°. This error is significant for many downstream applica-
tions. Although there are more efficient approaches, e.g., [Kaz07],
these are typically approximate and there are performance gaps from
the original formulation. In addition to efficiency, another issue is
that the L? norm does not offer good performance between two
shapes with large shape variations (see Figure 1).

In addition to aligning 3D shapes, developing a principled
approach for rotation alignment of spherical harmonics has far-
reaching implications in many other areas. One example is to con-
struct equivariant/invariant neural networks using spherical har-
monics. An accurate and efficient relative rotation estimation ap-
proach allows us to align spherical harmonics in a shared coordinate
system for representation learning, in which representations and
rotations are jointly optimized. Otherwise, we have to use the expen-
sive Wigner-D matrix representation [TSK* 18, PRPO19, EAMD?20,
PG21] to model invariance/equivariance, introducing redundancies
across different layers.

In this paper, we study the problem of relative rotation estimation
using spherical harmonics from the lens of numerical optimization.
We present three key contributions. First, we develop a simple,
analytical, and sparse expression of the derivatives of spherical
harmonic coefficients with respect to rotations. We show that this
Jacobian allows efficient continuous optimizations, e.g., using the
Gauss-Newton method.

Second, we present a stability analysis of the spherical harmonic
coefficients under perturbed spherical functions. One key insight
is that some coefficients vanish and aligning these coefficients is
essentially aligning noise, which does not offer useful constraints.
Therefore, when two input shapes are less similar, using a robust
norm to align spherical harmonic coefficients can automatically
discard the alignments of those vanishing coefficients, leading to
improved alignment results.

Third, we introduce an approach to compute a candidate set of
initial rotations for local refinement. Our approach only requires
computing the alignment scores using a low-resolution Wigner-D
matrix. We show how to extract potential local minima from a sparse
set of samples, using both the alignment scores and the derivatives of
the alignment scores computed from the Jacobian described above.
Together, these three contributions lead to an efficient and robust
relative rotation estimation pipeline.

We have evaluated our approach on the ShapeNetPart
dataset [YKC*16]. Experimental results show that our approach
outperforms baseline approaches both quantitatively and qualita-
tively. An ablation study justifies the effectiveness of the three key
contributions of our approach, i.e., a local optimization procedure
that uses the Gauss-Newton method, a robust norm to align spherical
harmonic coefficients, and an efficient approach to detect candidate
local minima.

2. Related Work
2.1. Rotation Estimation

Early approaches in rotation estimation are based on principal com-
ponent analysis (PCA) and aligning principal directions with the
axes. As pointed out in the seminar paper [KFRO3], this approach
does not work well when the principal values are close to each other.
In addition, it is difficult to determine orientations such as up-and-
down and left-and-right. Additional efforts are needed to address
such ambiguities, cf. [RL18].

Another approach to relative rotation estimation or relative rigid
pose estimation is to detect and match features that satisfy the
rigidity constraints. These include RANSAC [SWKO07], general
Hough transform [MGPO6, PMW™*08, MAM14], and their vari-
ants [AMCO8, BTP13]. We refer to [TCL"13] for a survey on this
topic. These approaches are designed to match different scans of the
same object. Their advantages are in matching partially overlapped
and incomplete scans. However, they do not apply well when two
objects have different geometric shapes, where it is very difficult to
compute invariant feature points and feature descriptors.

A more robust way is to optimize a matching function in the space
of SO(3). Usually, the function is non-convex, requiring an initial
solution to begin with. This requires efficient methods to sample
SO(3), and many methods [Kar07, Mar72, Mit08, YILM10, Ale22]
have been introduced in the literature. However, these methods have
focused on generating samples that are evenly distributed in SO(3).
Although they can be applied to any matching function, they are
inefficient as evaluations at different samples are independent. This
issue is partially addressed using spherical harmonics to define the
matching function, which we will discuss in Section 2.3.

Learning-based approaches have also been introduced for relative
rotation estimation. A common paradigm [KGC15, CHSA21] is to
extract features from input objects, which are fed into a correlation
module for the estimation of poses. Several methods have shown
impressive results in the setting of matching 3D scans of an ob-
ject or a 3D scene, including DCP [LWZ*19], PNetLK [AGSL19],
FCGF [CPK19], Predator [HGU*21], RoReg [WLH*23], and
GeoTF [QYW™23]. Although it is possible to extend these ap-
proaches to estimate the relative rotation between similar but dif-
ferent objects, a fundamental issue of learning-based approaches is
the generalization issue and the challenge in handling uncertainties
in the output, e.g., due to symmetries. Another issue is the need to
have a larger perturbed dataset, larger networks, which results in
larger learning and processing time.

2.2. Spherical Harmonics

Spherical harmonics form a frequency-space basis for representing
functions defined over the sphere. They are the spherical analogue of
the 1D Fourier series. Spherical harmonics have been used in a wide
range of scientific domains [MS67,Tin03]. Spherical harmonics also
have direct applicability in rendering [CMS87, SAWG91, Ram02,
Gre03, Wym04, S1008]. An important property of spherical harmon-
ics is that a rotated spherical basis can be expressed as the linear
combination of spherical bases of the same frequency, cf. [Gre03].
In addition, the L norm of the coefficients of the same frequency re-
mains constant under rotation. In the literature, people have explored
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Figure 2: Our approach has three stages. (a) The first stage converts the input shapes into a series of paired spherical functions. (b) The
second stage predicts a candidate set of relative rotations using a weighted L2-norm between SH coefficients evaluated on a sparse set of
rotation samples. (c) The third stage performs robust local refinement from each candidate rotation and returns the global minimum.

these properties to develop rotation-invariant shape descriptors for
shape retrieval purposes [KFR03]. [MZA* 18] introduced invariant
descriptors based on radial Hahn moments, which extend spherical
harmonics. In contrast, this paper studies how to align the spherical
harmonic coefficients for relative rotation estimation.

Symmetry detection using spherical harmonics has been stud-
ied in [KCD*04, Rus07, KKP13, LJYL16]. In the seminal pa-
per [MSHSO06], the authors introduced an approach to derive global
rotational symmetries using polynomial moments that can be com-
puted efficiently using spherical harmonics. The stability analysis
results in this paper are based on the foundation work in [AB63],
which is systematically introduced in [BC10]. In this paper, we focus
on how to use these results to develop a robust objective function
for the estimation of relative rotation.

2.3. Rotation Estimation Using Spherical Harmonics

A fundamental challenge of using spherical harmonic coefficients
for rotation estimation is that the coefficients are polynomials of
the rotation matrix, in which the order of the polynomial is the
frequency order of the associated basis function. This makes it diffi-
cult to derive closed-form solutions that align spherical harmonics,
cf. [HTB18]. In fact, the most efficient algorithms for computing
these polynomials are based on recursion [IR98, CIGR99].

An important development in spherical harmonics is that, un-
der the Euler angle representation, the coefficients under a ro-
tation are decoupled into transformations under different Euler
angles [BH95, RK99]. This leads to an algorithm (similar to
the fast Fourier transform) that computes the correlations be-
tween the rotated coefficients of one function and the coefficients
of another function under a uniform sampling of Euclidean an-
gles [MPD06, MD06, FRB08, HSZ*05]. This algorithm, which in-
volves the representation of the Wigner-D matrix [HMRO9], has
stimulated a wave of development of equivariant / invariant 3D
neural networks [TSK* 18, PRPO19, EAMD?20, PG21].

However, this algorithm is still expensive, prohibiting one from

obtaining accurate solutions that require a very dense sampling grid.
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[Kaz07] introduced an approach that first predicts the rotation axis,
followed by a prediction of the rotation angle. Yet, this approach
comes with an approximation, and there is a gap between the more
expensive but accurate approach.

Our approach advances this line of work by introducing a novel
objective function for rotation optimization and a local optimization
approach that can refine an initial rotation. This local optimiza-
tion approach is extremely fast, allowing us to test multiple initial
rotations. Compared to prior work [SKS09,SFM09] that performs al-
ternating optimization of Euler angles, our approach enables Gauss-
Newton optimization of rotations and is much faster. The efficiency
of our approach enables us to apply the Wigner-D matrix on a coarse
grid and extract a candidate set of initial rotations for refinement.

3. Overview

The input of our approach consists of a source shape P and a target
shape Q. We assume that they are normalized so that for each shape

xe{p0}
tr(Cyx) = 1.

Cx:07

where ¢x € R? and G, € R**3 are the barycenter and the moment
matrix of x, which are computed from uniform point samples on x.

As shown in Figure 2, the key idea of our approach is to pre-
process each input shape into a sequence of spherical functions,
ie., fRi,l <i<n, for P and fQ’i,l <i < ny for Q, which are
signed distance functions of P and Q on spheres with increas-
ing radii. We will encode these spherlcal functions using spheri-
cal harmonic coefficients. With f’ | (R) € Ry“,l <1 < Imax and

Vi ( )€ R2H! , 1 <1 <Imax we denote coefficient vectors of /-th

order of fP’i and fQ’i under rotation R in their own coordinate sys-
tem. The definitions of spherical harmonics and their properties are
introduced in Section 4. The construction of fP’i and f Q1 will be
described in Section 7.1.

We formulate relative optimization as finding the global optimum
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of the following optimization problem:

7y Iax

ZZWdHf —fPE
i=1l=

Note that, unlike prior work [HSZ*05, SFM09] that uses uniform
weights w;; = 1, our analysis in Section 6 shows that it is impor-
tant to use weights that are tailored for different frequencies. In
Section 7.2 and Section 7.3, we will introduce a global-2-local
optimization strategy to solve Eq. (1).

argmin e(R),
R

In the following, we will first review the basics of spherical har-
monics in Section 4. We then introduce two technical contributions
of this paper, that is, the Jacobian of rotating spherical harmon-
ics (Section 5) and the stability of spherical harmonic coefficients
(Section 6).

4. Technical Background

This section introduces relevant technical background material of
spherical harmonics, which we will use in this paper.

4.1. Spherical Harmonics

A function f on a sphere is typically expressed using the spheri-
cal coordinates (8,9) or the corresponding Cartesian coordinates
(x,»,2) = (sinBcosd,sinOsind,cosB). The norm of a function f
and the inner product between two functions f and g are given by

= [, [ s

= / / £(6,0)(6,0)sindd0de.
8=0J0=0

0)sin0dddo,

The Fourier bases for spherical functions are the so-called spheri-
cal harmonics

V2K]" cos(md)P"(cos®)  m >0
Y"(0,0) = KPPP(cos(8)) m=0 (2
V2K]" sin(—m@)P; " (cos®)  m <0

where K] and the associated Legendre polynomials P;"(z) are given
by

241 (1—|m)!

Km
! 4 (14 |m|)!

P(z)=

2 oltmy

P (z) can be efficiently computed using recursion [PTVF92].

Y/"(6,¢) form an orthonormal basis for spherical functions.
Specifically, for any function £(8,), in which || f||* < co, we have

o0

f(6,0) = ZZszz ©.9), fi"=

I=0m=—1

rYy". 3

The sum Z Z fleZ (6,0) offers an approximation of f that
1=0m=—1

preserves its low-frequency components up to /max. Aligning the

coefficients f;" and g/" for a reasonable /max becomes a natural

objective to estimate the underlying rotation between f and g. To

this end, we need to understand how to describe rotated spherical

functions using spherical harmonics, which we will describe next.

(_1)m (] _Z2 n al-‘rm( l)l

4.2. Rotating Spherical Harmonics and the Wigner-D Matrix

Denote the Cartesian coordinates as p = T We define the

rotated function of f under R as

fr(p) = f(R p).

fr is also a spherical function. Consider its Fourier series:

Z Z A (R)Y["(6,9),

=0m=—1

(x,3,2)

where f7"(I3) = f{". A very important property regarding spherical
harmonics is that f;"(R) is a weighted combination of fl’", ,—1 <

m’ <1 where the weight of each flm/ is a function of R. Moreover,
! 2 ! 2
m o
Y R= Y fi
m=—I m=—I

On the other hand, each weight is a polynomial of R of order /. For
an arbitrary rotation R, the most effective way to compute f;"(R) is
through recursion [IR98].

Analytically, the simplest expression f;"(R) comes from the Euler
angle (o, B,y) expression of a rotation R(a, 3,Y) =

cosow  —sinoe 0 cosp 0 —sinf

sinat  cosa. O 0 1 0
0 0 1 sinf 0 cosP

cosy —siny O

siny cosy 0O |. “4)
0 0 1

Under Eq. (4), f;"(R) admits the following expression using the
Wigner-D representation D, (ct, B, y), cf. [SFM09, BH95, RK99],

1" (o, By) = ZDmnoch) Q)

n=—I

where
Dl (0, B,7) = Re(e ™™ al, (B)e ") ©)

and

min(/+n,l—m)

)= Y (=1

t=max (0,n—m)

(COSZ(B) )21+nfm72t ( SIH(B) )21+m7n.

V)T =) +m) (1 —m)!
(I+n—0)!—m—1)!(t+m—n)lt!

Let
E=o0—m/2,

We can rewrite

n=n-p, 0=y—7/2.

D!’l’ln(aa B/'Y) = ZDl]nh(gvn/27O)Dém(nvn/2v (0)
h

=Y dyydiexp(—i(mE+m+nw)) ()
h

where d',, = db,(1/2).

Consider the correlation function between a spherical function f

© 2025 The Author(s).
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under rotation R(a., B,) and another spherical function g:

Imax

c(oB.y): Z Z S"(a,By)g
=0m=—1
The Wigner-D matrix leverages the decomposition in Eq. (7) and
computes c¢(a., f,y) at even samples of o, 3, Y using an approach
that is similar to fast Fourier transform:

c(oLBy) =Y dppdhnfi'gl"exp(i(mk+mm +no))
l.m,h,n
= Z T (m,h n)exp( (m&—}—hn-‘rn(o))
m,h,n

where T (m,h,n) =¥, d’ ,d" fI'g". It can be accelerated by an in-
verse fast Fourier transform.

However, this Wigner-D matrix representation is still expensive to
compute when the sampling density is high. One way to address the
issue of running time is to leverage GPU, e.g., using the rotated zonal
harmonic basis (RZHB) [NSF12]. This paper looks at this problem
from the perspective of numerical optimization. In particular, when
having a good initial rotation, which we will see how to predict
using a low-resolution Wigner-D, we only need derivatives of f;"(R)
with respect to R to refine the rotation. The next section presents
a result that shows that these derivatives have highly simple and
sparse expressions.

5. Jacobian of Rotating Spherical Harmonics

In continuous optimization, for example, using the Gauss-Newton
method, we only need the Jacobian of f;"(R) with respect to R in
the 3 x 3 identity matrix /3. This section shows that this Jacobian
can be described using a constant sparse matrix, greatly facilitating
local optimization of R. Relevant developments include [KKP* 06,
MMBP22], which compute the derivatives of f;"(R) under the Euler
angle representation in Eq. (4). However, their methods are rather
recursive. In contrast, we present the explicit formulation under the
angle-axis representation, which is simple.

Our main result of this section is an expression of ¥;" (6 +d6, ¢ +
d) as linear combinations of ¥ (0, ¢) where d8 and d¢ are incurred
by a rotation R = I3. To this end, we need a parametrization of R in
this neighborhood of 73, which is given by

0 —v; v
R~1;+ vz 0 - . 8)
—Vy  Vx 0

Next, we describe the relation between d6 and d¢ with (vx,vy,vz).
Locally, the spherical point (x,y,z) = (sin®cos0,sin0sin,cos6)
will be transformed to (x',y’,7") = (sin(@ 4 d8) cos(¢ +dd),sin(8 +
dB)sin(¢p + d¢),cos(0+d6)) where

X =X+Vvyz—Vz), y/ =Y+ VX —VxZ, 7= Z+Vxy — VyX.
This leads to the following proposition.

Proposition 1 We have
d6 = vycosO — vysind, do=v;— % (vxcos O+ vysing).

© 2025 The Author(s).
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Proof See Appendix A. [

Now we are ready to present our result on the expression of
Y/ (64 d6,0 +dd) as linear combinations of ¥;"(6,¢).

Theorem 1 Introduce
m=0 m=1 m>1
m 1+1)] I+m+1)(l—m I+m+1)(l—m
ar = \/H;) \/<+ +)=m) VI H)(=m)
m I)(I1+1 l—m+1)(l4+m
b = 0 \/<>(2+> VU ) Em)

Then,
V" (0+d8,0+do) —Y/"(8,0) = vo(—m¥; "(6,9))
vy <aJm|Yl—m—sign(m)(e7¢) i bl\m|YI—m+sign(m) (97({)))

vy ( _ a;m\ ),Zm+sign(m) (97 ¢) + b;m\ Ylm—sign(m) (974))) )

where sign(0) = 0; sign(m) = 1 when m > 0; sign(m) = —1 when

m < 0;Y/(6,0) =0 where |j| > i.

Proof See Appendix B. [

Theorem 1 suggests the following simple expression of coeffi-
cients of spherical harmonics when rotating a spherical function.
Denote f;(R) = ( fl_I(R); -+, f1(R)) as the I-th coefficient vector
of a spherical function under rotation R. When R is approximated
according to Eq. (8), we have

F1(R) = (I +vxA] 4+ vA] +vA}) f (10)

where A7, A?' ,and Af are constant sparse matrices whose elements

are given by a;m‘ and b;m‘.

6. Stability Analysis

This section studies the magnitudes of the spherical harmonic coef-
ficients of spherical functions that have self-symmetries. We show
that in the presence of certain discrete symmetry groups in 3D, the
coefficients of certain frequencies are zero. An important implica-
tion is that when aligning shapes perturbed from the same shape that
has such symmetry groups, we should avoid aligning coefficients of
these frequencies that correspond to noise. An analysis supporting
this claim is presented in Appendix E.

To gain some intuition about the connections between symmetries
and Fourier coefficients, let us first look at circular functions in 2D.
Suppose a circular function f : [0,21) — R is k-way symmetric,
ie. £(0+H%) = £(6),¥0 € [0, 2%),1 < j < k. Consider its Fourier
coefficients

1 [2¢
P =5 / £(@)<os(i0)(9)do.

1 .
fu= o [ p(@)siniof@do.

T Jo
Proposition 2 if f is k-way symmetric, then Vi,mod(i,k) # 0,

fric1=1f2i=0.

Proof See Appendix C. [
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Figure 3: We show deviations of spherical harmonics coefficients of signed-distance functions on a sphere around a collection of shapes. We
show the spherical function of the largest radius defined in Figure 7.1. Two collections are shown here, each of which has 20 shapes and
1 <20. (a) Samples of each collection. (b) Magnitudes of 1og(| f;||) among the entire shape collection. Mean is bold-faced. (c) Magnitudes of

10g10.1145/2602161.2602167(|| f; — g ||) among all pairs of shapes. Mean is bold-faced (d) Ratios H2Hf

The cases in 3D are more complicated. Let vector f; =

( fl_l, o, fHT e R collect all Fourier coefficients in order .

Our main result is described below.

Theorem 2 Let G be a discrete 3D symmetry group, namely, a finite
subgroup of SO(3). A spherical function f is invariant under its
group action if Vg € G, f(g-x) = f(x). For a function f invariant
under one of the five types of finite subgroups of SO(3), its spherical
harmonic coefficients f; can only be non-zero in the following cases

Group type Non-zero coefficients f; # 0
Cp, Cyclic group AllleN
D,  Dihedral group /=0 mod?2
T  Tetrahedral group [ € {0,3,4,6,7,9,10,---}
O  Octahedral group [ €{0,4,6,8,10,12,---}
I Icosahedral group [ €{0,6,10,12,15,16,18,20,---}

All other spherical harmonic coefficients not listed in this table
vanish under the respective symmetries.

Proof See Appendix D. []

Define the ratio

Ifi—&ll

Vs = 7 Tl e v
where € = 107! This offset € is introduced to ensure that the
denominator does not incur numerical errors under exact symmetries
under the conditions of Table 2. In practice, the objects we encounter
do not have perfect rotational symmetries, and their SH coefficients
do not vanish. However, we still observe certain vanishing effects in
SH coefficients among many categories (see Figure 3(a)).

m\'f_ﬁz)h' Mean is bold-faced.
Specifically, Figure 3(b) shows that the norms of the SH coeffi-
cients do vibrate (small-large-small) among the first few frequencies,
as the underlying shapes in Car and Airplane have approximate Dy
symmetries. Moreover, although || f; — g;|| decreases when increas-
ing [ (see Figure 3(c)), s(f},g;) exhibits exhibits desired properties.
As shown in Figure 3(d), for both Airplane and Car, / = 2 has the
smallest ratio, and the next smallest ratio is at [ = 4. Their behaviors
at [ = 1 are different. We will use these patterns to design weighting
functions that are used in aligning spherical harmonic coefficients.

In Section 7.1 and Section 7.3, we show how to weight SH coeffi-
cients for global initialization and local refinement, respectively.

7. Approach

This section presents details of our three-stage relative rotation
estimation approach. In Section 7.1, we discuss how to pre-process
the input shapes P and Q into a sequence of spherical functions
fP  and fQ’i. In Section 7.2, we describe the second stage, which
extracts a candidate set of rotations of Eq. (1) evaluated at a sparse
set of rotation samples. They are calculated from a low-resolution
Wigner-D matrix. With R;, C SO(3) we denote the set of candidate
rotations obtained from stage two. In Section 7.3, we introduce the
final stage that performs the local optimization of Eq. (1), starting
from each candidate rotation R € R;,. Our algorithm returns the
best solution to the global objective function in the final stage.

7.1. Pre-processing

We define fP’i and f’ Qi using signed distance functions of P and Q.
Denote dp(x,y,z) : R? — R as the signed distance from P at (x,y, 7).

© 2025 The Author(s).
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Under spherical coordinates, fP i
pi
17(8,9)

f Qi is defined similarly. We choose 7;,1 <i < n, = 5 uniformly
from rpyjp = 0.5 to rmax = 2

at radius r; is given by

=dp(risinBcos ¢, risin@cos,ricosB).  (12)

c(f

s g cf P vs €

c(f ,S'i ,f,T’i) VS ¢, 0.8
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Figure 4: We show correlations between s( f'lp“'l, fi") and € for
different I. We can see that they are correlated when 1 =2 and | = 4,
i.e., when H || and || f7 lH are large. The correlations reduce when
these two narms are small.

We proceed to determine w;; in Eq. (1) for the global rotation
initialization phase. As we do not know the underlying rotation
between 1 and f2*, we find that we can use Hff’” and || f; 1,
which are invariant when rotating flD  and fQ’i, to approximate
s(ffy’i,fl ’i), Introduce

A a1
LA )+ 172

Figure 4 plots e(ff‘i,flG’i) and s(ff’i,fl ') for different i and [ in
the Airplane and Car datasets shown in Figure 3. We can see that
when the norms of ||ff’i|| and || f; “|| are large (i.e., when they
provide effective constraints on the underlying rotation), the value
of e(ff’i,f]G"i) offers a good approximation of s(ff’i,fl ’i). In light

(ff o =

of this observation, we use €( ff’i, fIG’i) to define
Pi G,i\2
e(fl 7f1 )
202

where we set ¢ = 0.5 in all of our experiments. In other words, we
assign a very small weight when ¢;; is large.

Wiy = exp(—

) 13)

7.2. Initial Rotation Estimation
Our goal is to compute a candidate set of initial rotations R;, that

approximate strong local minima of e(R) in Eq. (1), where w;; is

© 2025 The Author(s).
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given by Eq. (13) and is independent of the target rotation. Note that

7y lmax

R = 3, Yo (IS G+ IFP17) ~2e®) ()

i=1l=
where

7y Imax

Z Z wirf f i L

i=1l=
Using the Wigner-D matrix representation described in Section 4.2,
we can compute c(R(a,B,Y)) on uniform samples of o, 3, and .
This leads to values of e(R) in the corresponding rotation samples.
In our implementation, we place ng = 24 samples in o, ny = 24
samples in v, and ng = 12 samples in B. In other words, the angle
between adjacent samples is 15° in o, B, and .

To detect strong local minima of e(R), we find (o, B;,7y;) where
e(R(0y,B;,vi)) is a local minimum among the 27 neighbors of
(o, Bi,7i). In the remainder of this paper, we will call them discrete
local minima. These discrete local minima, which are computed at
a coarse resolution, essentially remove weak local minima. On the
other hand, they are inaccurate as they are on the grid.

We present a rectification step to improve the initial rotation
estimations. For each discrete local minimum (o, B;,Y;), we pa-
rameterize R locally as exp(vx )R(o;, B;, ;) and approximate e(R)
locally using a quadratic function

1
é(V,A) = e(R((Xl'a Biv’Yi)) + va+ EVTAV7

where b is given by % and can be computed by substituting
Eq. (10) into Eq. (1). Given b, we compute the symmetric matrix A

by solving the following optimization problem

min y (e(vij,A)—e(R(0tj, B,1}))°, st A=0,

(0j.Bj.Y;) EN (04.Bivi)

where N(ay,B;,Y;) collects six neighboring samples of (o, B;, ;)
(two in each axis of @, B, and ), and v;; is defined as

R(oj,Bj,/)R(0u, Biyi) -

With this setup, we compute the correction

exp(vijx) =

v=—A"D, (15)

and augment Riy;; with exp(vx)R(oy, Bi,Yi)-

7.3. Rotation Refinement

Starting from each R; € Ry, the final stage of our approach per-
forms local optimization to solve Eq. (1). In this local phase, we
alternate between fixing w;; to optimize e(R) and updating w;; from
the current optimal solution R. When w;; are fixed, we employ the
Gauss-Newton method with Levenberg—Marquardt iterative regular-
ization to minimize ¢(R). Denote R as the current rotation. Each
Gauss-Newton step optimizes v by substituting (10) into (1)

v lmax

mlnz Z ([(1 -+ veAT +vyA) +v:A) 1 (RE) — 2712
i=1l=

2
+ulvll
(16)
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Chair Table Plane Bag Cap Earph. Guitar Knife Lamp Laptop Motor. Mug Pistol Rocket Skateb. Car | Mean|Timing

MICCAIOS | 6.40 166 164 10.5 245 949 843 192 242 755 483 899 633 183 8.63 4.12|12.15| 0.67
TIP13 6.82 159 17.1 9.72 236 9.69 872 193 241 7.58 493 891 625 184 843 3.92|12.08| 0.83
PAMIO7 |7.06 163 16.8 10.9 238 959 8.83 19.6 244 775 493 9.03 647 185 879 4.21|1231| 0.46
JVCIR16 |6.73 19.6 11.49 11.03 18.1 9.89 7.73 21.6 26.7 108 6.68 693 8.16 23.6 10.5 7.36/12.93| 0.81
IROS18 243 245 253 258 472 149 153 314 421 154 146 312 141 299 282 19.5|25.23| 0.11
4PCS+ICP | 143 435 223 27.8 532 129 13.6 332 463 141 124 292 11.1 339 292 17.5(2591| 2.12
Ours 575 114 507 745 140 500 373 150 187 745 490 430 6.13 132 497 1.93|8.06| 0.81
No-Weighting| 6.50 16.4 16.8 109 242 959 8.12 21.2 232 7.83 498 891 6.16 18.6 8.59 3.97|12.25| 0.80
No-LocalOpt | 155 152 135 119 182 121 799 172 267 105 854 175 992 172 857 7.54|13.63| 0.35
ng =6 6.65 11.7 574 797 153 6.12 427 161 193 7.88 511 6.72 652 136 523 2.15|8.77| 0.76
ng =24 593 114 524 746 142 587 382 151 189 745 494 441 6.16 133 504 202|820 1.16
No-Refine | 6.23 124 591 8.13 147 6.12 394 167 20.1 793 498 487 6.65 13.7 525 2.32|8.74| 0.96
Top-1 123 41.2 20.8 258 462 6.86 646 352 403 801 541 202 7.12 369 262 13.5/22.03] 048
Top-2 623 146 6.62 793 163 549 407 165 225 754 499 523 620 192 8.65 4.01|9.35]| 0.66
DGrid 541 162 139 129 204 972 10.1 162 213 745 423 921 749 151 857 436|114 | 4.07

Table 1: This table presents quantitative results on ShapeNetPart, including rotation error for each category and the average running time
for each shape pair. The top block shows results of five baselines. These include [HSZ*05] and [AMV13] that align the original spherical
harmonics, and [Kaz07], [BHACB16], and [HTB18] that perform various approximations. The second block shows the result of our method.
The third block shows an ablation study. (No-Weighting): Dropping the weights wj; in each term in Eq. (1). (No-Refine): Merely using the
discrete local minima from the rotation samples. (ng = 6): Using a coarse grid for rotation samples. (ng = 24): Using a fine grid for rotation
samples. (No-LocalOpt): Without local refinement. (Top-1): Using the best discrete local minimum for local refinement. (Top-2): Using the top
two discrete local minima for local refinement. (DGrid): Using a dense grid to search the best rotation with weights in Eq. (13).

where u is the Levenberg—Marquardt regularization coefficient. The
optimal v in (16) is given by

1y lmax 7; Lmax

(ZZ‘IIL JzHrMI%) szzz fl’i*ff’i(Rc)) (17)

== i=1l=
where
Tt = (ATFT (R) AL (RO, AT (RE)):
We then update R¢ as exp(v*)R‘. We dynamically adjust the value
of u to ensure that the objective function in Eq. (1) decreases during
the optimization procedure. In our experiments, we find that in most

cases u = 0 is sufficient. We only have a positive u in cases where
there are large shape variations between P and Q.

Given the current R, we compute
Pi i
- I1£ (R — £
inw - Pi i’
£ @)+ 17

c2
and set wy; = exp( - 2?‘(’5 > ) In Section F, we present a local conver-
gence analysis of the proposed alternating scheme.

8. Experimental Results

This section presents experimental evaluations of our approach. We
begin with the experimental setup in Section 8.1. We then present
an analysis of the experimental results in Section 8.2. Section 8.3
describes an ablation study.

8.1. Experimental Setup

We tested our algorithm in 16 popular categories of ShapeNet-
Part [YKC*16]. For each category, we randomly sample 20 shapes

and evaluate the mean rotation error of each approach among all
pairs of shapes. Most of these categories have global rotation symme-
tries. When evaluating rotation errors on them, we manually annotate
the underlying symmetries and factor them out before calculating the
rotation error. Let Rsym collect the rotations in a symmetry group,
i.e., |Rsym| > 1iff there is a global rotation symmetry. Denote Rpg
and Rf,tQ as the predicted and ground-truth relative rotation from a
shape P to a shape Q, respectively. We compute the rotation error
Opp between them as

. . tr (RhoRRf ) — 1
= mn acos| ———777- |,
Pe ™ ReRym 2

which is the minimal rotation angle between the predicted relative
rotation and the ground-truth relative rotations defined by the sym-
metry group. We report the mean of 6pp between all pairs of shapes
in each category.

Baseline comparisons employ five non-learning based ap-
proaches introduced in the literature, i.e., MICCAIO5 [HSZ*05],
TIP13 [AMV13], PAMIO7 [Kaz07], JVCIR16 [BHACBI16], and
IROS18 [HTB18]. In particular, MICCAIO5 and TIP13 seek to
solve the global optimization problem Eq. (1) with uniform weights
wj;. PAMIO7, JVCIR, and IROS18 involve various approximations
of Eq. (1). For fair comparisons, our approach and all baseline
approaches share the same spherical harmonics encodings. In ad-
dition, we also include a registration-based baseline, which com-
bines Super4PCS [MAMI14] to predict global rotation, followed by
ICP [BM92,SK21] for local refinement.

All experiments were conducted on a Desktop with 20-Core
2.4HZ GPU and 128G main memory. All implementations used
MATLAB 2024B. No GPUs were used. For all of our experiments,

© 2025 The Author(s).
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Figure 5: This figure shows qualitative results of baseline approaches and our approach. We show two challenging shape pairs. (a) Input
source shape. (b) Target shape. (c) MICCAIOS. (d) TIP13. (e) PAMIO7. (f) JVRIRI6. (g) IROS18. (h) 4PCS+ICP. (i) Ours. (j) Source shape

with GT alignment.

we used Imax = 20 for all approaches except IROS18, which uses
the leading SH coefficients.

8.2. Analysis of Results

Table 1 and Figure 5 show quantitative and qualitative results, respec-
tively. In general, our approach outperforms all existing approaches
in accuracy. The computational cost is on-par with efficient algo-
rithms that use solve approximations of Eq. (1).

Compared to MICCAIOS and TIP13 which align SH coefficients
directly, our approach improves from the best of them by 33.28%
in mean rotation error. The main improvements come from the
reweighting scheme that discards frequencies that contain a lot
of noise due to rotation symmetries. We can see these effects on
Table, Plane, Guitar, Knife, Motocycle, Rocket, Skateboard, and
Car, which possess an approximate D, point group symmetry. The
improvements in those are larger than those in other categories.
Moreover, in the more challenging categories, such as Lamp and
Pistol, the relative improvements are also salient. This shows the
importance of aligning specific SH frequencies rather than all fre-
quencies. Computationally, our approach has a running time similar
to that of MICCAIOS and TIP13. The major improvements come
from the efficient local refinement step, although we perform local
optimization from multiple initial rotations. Figure 5 shows that our
approach is more accurate than MICCAIOS and TIP13 both glob-
ally and locally, in which the reweighted objective function offers
improved global and local minima.

Compared to PAMIO7, JVCIR16, and IROS18 that align SH
coefficients approximately, our approach shows significant improve-
ments in rotation errors. Our approach is eight times slower than
IROS18, which uses only the first three frequencies of the spherical
harmonics. However, in terms of rotation errors, our approach is
three times smaller, showing a significant improvement in accu-
racy. Our approach is about 80% times slower than PAMIO7, but
we improve from PAMIO7 by 34.52% in terms of rotation errors.

© 2025 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.

These results show that it is important to utilize all SH coefficients
for rotation estimation and doing so directly, e.g., unlike the se-
quential approach of estimating rotation axis and rotation angle in
order. Such improvements can be seen visually in Figure 5, in which
PAMIO7, JVCR16, and IROS18 exhibit various global errors.

The approach of matching feature points and then applying ICP
refinement does not perform well. This approach is most suited
for shapes that are very similar to each other and does not offer
accurate results when the input shapes are very different from each
other. Quantitatively, the accuracy is similar to the weakest baseline
that aligns SH coefficients for relative rotation estimation. In terms
of computational cost, feature matching is also more costly. On
the other hand, feature matching is applicable for partial shape
matching.

8.3. Ablation Study
This section presents an ablation study of our approach.

No-Weighting. In this setting, we eliminate weighting schemes in
both the global optimization phase and the local refinement phase,
i.e., wy = 1 in Eq. (1). As shown in Table 1, the mean rotation
error increases by 51.99% when using identical weights wy; = 1.
The performance is still slightly better than that of MICCAIOS and
TIP13 because we perform local refinement from multiple initial
rotations. These results show that applying suitable weights to dif-
ferent frequencies is critical to improving the accuracy of rotation
estimation.

No-LocalOpt. In this setting, we drop the local refinement step.
This means that the final result is given solely by the rectification
described in Eq. (15). Without local refinement, the mean ratio error
increases by 69.35%. In addition to the fact that local refinement
improves the local accuracy, we also find that it affects the final
output. This is because the scores of the optimized rotations may be
different from the initial rotations. An example of this is shown in
the second column of Figure 5.
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Figure 6: This figure shows qualitative results of the ablation study. We show two representative shape pairs. (a) Input Source shape. (b)
Target shape. (c) Without the reweighing scheme. (d) No local optimization. (e) ng = 6 in the global rotation initialization phase. (f) ng = 24 in
the global rotation initialization phase. (g) No rectification when doing the initialization. (h) Using the top local minimum. (i) Using the top
two local minima. (j) Our approach with default hyper-parameters. (k) Source shape with GT alignment. Source shapes with GT alignment are
colored in red and overlaid with other results for better comparison.

Grid resolution for initial rotation estimation. The default grid
resolution is ng = 12 for a grid of 24 x 12 X 24 on which we compute
the alignment scores. We have tested when setting ng = 6 and ng =
24. As shown in Table 1 and Figure 5, the mean rotation error
increases by 8.81% when using ng = 6. This can be understood
as the fact that discrete local minima from a very coarse grid can
be inaccurate, and this cannot be recovered from the rectification
step in Eq. (15). Visually, using a coarse grid can lead to both local
and global errors due to competing local minima. In contrast, using
ng = 24 leads to 67% increase in running time. In terms of precision,
the mean rotation error also increases by 1.74%. An explanation is
that there are many local minima when ng = 24, and we may miss
important ones by choosing the top-3 local minima.

No-Refinement. In this setting, we drop the local rectification step
in Eq. (15) and start the local optimization from the discrete local
minima directly. In this case, the running time increases by 20.5%
as the local optimization step needs more iterations to converge. On
the other hand, we also see that the mean rotation error increases
slightly by 8.44%. This is caused by the fact that for challenging
shape pairs, there are a lot of weak local minima near the global
optimum. The rectification step can avoid such weak local minima
using values of the objective function on neighboring samples. With-
out the rectification step, local optimization can get stuck in a weak
local minimum near a discrete local minimum.

Varying the number of discrete local minima. Another hyper-
parameter is how many discrete local minima (sorted in the increas-
ing order of their objective values) to test for local optimization.
When ng = 12, the default value is 3. We tested using the top-1 and
top-2 discrete local minima for local optimization. As shown in Ta-
ble 1, only using the best discrete local minimum increases the mean
rotation error by 273.3%. Using top-2 discrete local minima only
increases the mean rotation error by 15.71%, a significant improve-
ment over using the best. Visually, using a few local minima can
miss the underlying global minimum, which cannot be recovered
from local optimization. We also tested using top-4 discrete local
minima, and the difference in mean ration error is about 0.3%, while
the running time increases by 15%. This means that using the top-3
discrete local minima maintains a good balance between accuracy
and efficiency.

Dense grid search. Another strategy is to apply the FFT step of
our approach on a dense grid with ng = 96 and return the optimal

A
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solution among the dense set of samples of SO(3) specified by
grid vertices. This strategy is equivalent to applying the baseline
MICCAIO5 [HSZ*05] (top row of Table 1 on a dense grid with
non-uniform weights. Denoted as DGrid in Table 1), this variant
increases the computational cost by 400%. However, the accuracy
also drops by noticeable margins. The reason is that the global phase
does not have access to a better prediction of the term weights as
we do not know the underlying relative pose.

9. Conclusions, Discussions, and Future Work

In this paper, we have introduced an approach to compute the rela-
tive rotation between two normalized shapes by converting them into
spherical functions and solving an optimization problem that mini-
mizes the differences between their rotated coefficients of spherical
harmonics. The objective function is based on a stability analysis
showing that, due to symmetries, the coefficients of some frequen-
cies are more useful than others. This leads to a robust objective
function whose global minimums are more meaningful than the
widely used squared sum of L2 distances between coefficients of all
frequencies. We introduce a numerical optimization scheme to solve
the induced optimization problem. Experimental results show that
our approach outperforms baseline approaches both qualitatively
and quantitatively.

From an optimization perspective, the search space is only three-
dimensional. Even with such a low-dimensional optimization prob-
lem, our experiments show that the loss surface can be very compli-
cated. The problems are two-fold. The first is that there are many
local minima. The second issue is that the local minima may be
inaccurate. What we find in our experiments is that these two issues
are competing, meaning a smooth loss surface tends to have fewer
local minima, while the global minimum of a sharp loss surface
(e.g., when using a robust norm) is more accurate, but it may have
many local minima. The way we address this issue is to use discrete
local minima at a coarse resolution and a rectification step that does
implicit smoothing.

Besides serving as a relation rotation estimation approach, the
research results in this paper open the door to developing a 3D neu-
ral representation using spherical harmonics. In particular, we can
use the pose estimation approach in this paper to learn a spherical
harmonic neural representation in a canonical coordinate system,

© 2025 The Author(s).
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e.g., a generative model that maps latent codes to spherical har-
monic coefficients. During training/testing, we can optimize the
rotation of each instance together with this generative model, in
which the local optimization step plays a very important role. The
advantage of aligning spherical harmonics in a canonical coordinate
system is to avoid constructing an equivariant/invariant network
using the expensive Wigner-D representation. Intuitively, this avoids
the Wigner-D representation being applied repeatedly to factor out
the same rotation that is shared by all the layers.
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Appendix A: Proof of Prop. 1

Proof First,
—dBsin(0) = cos(8+dB) —cos(8) = cxy — cyx = ¢y sin(0) sin(d) — ¢y sin(0) cos(9).
This means
d® = cycos(9) — cxsin(Q).
Moreover,

CX — yz(exy — ¢yx)

\/l—z V(1—22)3

cos(9)do =sin(¢p+ do) —sin(¢) =

_ sin(0) cos(¢) — cxcos(0) . sin(0) sin() cos(0) (cx sm(e) sin(¢) — ¢y sin(0) cos(9)
sin(0) sin’(0)
B cos(0)(1 —sin>(9)) cos(0) sin(0) cos(9)
=Cz00s(0) — ¢ sin(0) o sin(0)
cos(0)

=cos(¢)(c; — Sin() (cxcos(9) + cysin(9))).
This means d§ = ¢; — % (cxcos(9) + cysin(9)), which ends the proof. [
Appendix B: Proof of Theorem 1

Applying Prop. 1, we have
Oap, (cos(0)) .

Y2 (04d0,0+do) — Y (0,0) = =g sin(6)do
0 0
= — K} (cycos(9) 9P (cos(8)) sin(@) — cxsin(¢) 9P (cos(8)) sin(@)).
0z 0z
Note that
) _ (- IE@-1)
oz 2 ditlz
More over
| 7(_])1 ) LalJrl(Zz—])l
&= =)
This means

0
Pll (cos(B)) = sin(0) 81)1(3725(9)) .

It follows that

WD) (K7 (0.0) — vk} (6.0)).

Y (8+d6,¢+do) =Y (8,0) + (e, (8,0) — cy¥' (8,0)) = ¥,(6,0) +

K}
V2K]

Define form > 1,

m oF"
0'(:) = %(\/ﬂzz P+ V-2 2L E), (1)
aPln
RI'z >f§<ﬂ’"j7am<z>—v1—zzg—z@>. (19)
The first lemma expresses ;" (8 +d8,¢ + d¢) using ¥;"(0,0), P;" (cos(8)), and Q] (cos(8))

Lemma 1 For m > 0, we have
Y/"(0+d6,0+do) —Y;" (8,0) =cz(—m¥; "(8,0)) + cxV2K]" (sin((m + 1)0) Q] (cos(8)) + sin((m — 1)9)R]" (cos(6)))
+¢yV2K]" (= cos((m+1)9) Q] (cos(8)) + cos((m — 1)9)R]" (cos(6))) (20)
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and

Y, " (8+dB,0 +d0) — Y, " (8,0) =c:(mY¥[" (,0)) +cxV2K]" (—cos((m +1)9) 01" (cos(6)) — cos((m — 1)9)R;" (cos(6)))

+eyV2K]" (= sin((m+1)0) Q] (cos(8)) + sin((m — 1)9)R]" (cos(8))). 1)
Proof See Section B. [
The following lemma characterizes Q7" (z).
Lemma 2 We have
1
o' (@)= 5H"(@). (22)
Proof See Section B. [
The following lemma characterizes R} (z).
Lemma 3 We have
R'(2) = (I—m+1)(l+m)P" "' (2). (23)

Proof See Section B. [
Substituting Eq. (22) and Eq. (23) into Eq. (20, we have that when m > 1
K"(I—m+1)(I+m)

Ylm(e+d9,¢+d¢) _ Y]’”(e7¢) =Cz(—mY17’”(67¢)) +Cx(21f7rf1+lyl*(m+l) (97(1)) + Yl*(mfl) (9,(])))
!

k!
K" . K'(l—m+1)(+m)_,—
+or( = gt 00)+ S 0)
When m =1,
_ Kl _ KH(I+1)
' (6-+d0,0+d9) —¥/'(8,0) =z~ '(e,¢)>+cx(ﬁn 2(97¢)+’\[27KPY10(97¢))

K K(1+1)
+c (_7)/ 0,0) + ————=Y, (0, )
Proofs of Key Lemmas

Proof of Lemma 1

We first consider ¥" (8 +d6, ¢ + d¢) for m > 0. Applying Prop. 1, we have

Y/ (6 +d8,0+d9) — ¥/"(8,) = — VK" (sin<m¢>P;"<cos<e>>md¢+cos<m¢>af”m(§i‘j(e” sin(6)d)
— — V2K}" (mezsin(m0) " (cos(8)) — m(cxcos(9) + cy sin(9)) sin(mo) gg; P/"(cos(8))
ey eos(8) — cxsin(p)) cos(m) sinfo) T OV %)
Note that

cos(@)sinme) = S E D) sin(m =)o) 05)
in(8)sinm) = S22 =1Q) eos((m+ )0) 06)
in(8) costmp) = S+ 1)0) —sin(im—10) o
cos(§)cos(ng) = (= 10) Heos((m 1) o8
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Substituting Eq. (25)-(28) into Eq. (24), we have

HO-+40,0-46) ~ 17'0.0) 4 mect0.0) =2 (ccosm+1)0) (oS it cos(0) —singe) 15O
+eycos((m—1)0)) (m gg)) P (cos(8)) —sin(e) 220
+cxsin((m+1)0) ( c9§((g)) P"(cos(8)) + sin(e)%‘;“e)))
+exsin((m—1)9) ( Z’;((g)) P{"(cos(e))—sin(e)%;)s(e))n

Note that
o7 (c05(0) = s ey sin(0) L5 T2
‘We have

Y;"(8+d6,0+d¢) —;"(8,0) +mc.¥;"(6,0)

= V2K con((m -+ 1)0)0f (cos(8)) + cycos{(m — 1)0)RY (cos(8)) + cysin((m-+ )0) (cos(6))

+epsin((m—1 )¢)R;”(cos(e))).

We then consider Y, (6 4 d6, + d¢) for m > 0. Applying Prop. 1, we have

Y, "(0+d0,0+do) — Y, "(6,0) =V2K]" (cos(m(]))Pfq(cos(e))mdq) — sin(mo) %ZS(G)) sin(e)de)
=V2K" (mcz cos(mo)P" (cos(0)) — m(cxcos() + cy sin(9)) cos(md) cos((g)) P" (cos(8))
— (cycos(9) — cxsin(9)) sin(md) sin(0) %ZS(G))) . (29)
Substituting Eq. (25)-(28) into Eq. (29), we have
" - m i m . oP"(cos

H0 40,0 00) ~1;70.0) et (0.0) =L (cccon((n+ 1)6)(~ m S0 cos(@) — sine) (L)
+cvcos((m—1)0)) (- gg)) Pl (cox(@)) + sin(e) 22O
+eysin((m+1)0) (~ C"S(("))P, (cos(0) —sin(e) 21 O
+eysin((m — 1)) (m Z?r?((G)) P/"(cos(8)) —sin(e) %‘;S(e))))

=V2K]"cx(—cos((m+1)0)Q
+V2K]" cy(—sin((m+1

)0/ (cos(8)) —cos((m—1)0)R;" (cos(8)))
)0)Q} (cos(8)) +sin((m — 1)0)R;" (cos(8))),
Proof of Lemma 2

Proof First, we have

mz oom (-1 2 mmt (2 1))
iz T mz(1—27) pYE (30)
Moreover,
oP(z) (-1)' 9 w2
o270\ ) 9 MM -1)
Vi-22 P —V1-2 ST 3 ((1 22 — )
(*l)l 5 m=1 2 7al+m(z271)l (71)1 2 al+m+1(22 1)[
— gy ma(l=27) (1) 2 S T (1-z g 31)
© 2025 The Author(s).
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Combing Eq. (30) and Eq. (31), we have

1 (_1)1 o\ ml al+m+l(z2 _ l)l 1

1 _ _ 41
Qr(2) =55 (1-2) 2 g, 2l ().
U
Proof of Lemma 3
Again combing Eq. (30) and Eq. (31), we have
m 1 (=1 5 =t altm(2 1) ) gml(2 )
Rl (Z):E 21” (I—Z) 2 (2m281+7mz+(2 —l)w> (32)
i
As (@ - 1) = ¥ GG 272 i follows that
Pyl !
I—m
i R T /S R o)
olt+mz = k(I —k)(l—2k—m)! ’
I—m
(2 —1) :L - J(_l)k 11(21 — 2k)! J—2kem—1 (34)
ol+m+ly = K=kl —-2k—m—1)! '
Substituting (33) and (34) into (32), we have
(=1 N ey k_1—2k—m+1 11(21 —2k)!
R'(z) =~ 1-z7) = —1)fg . . -2k
TR k:ZO( )’z k!(l—k)!(l—2k—m)!< o
2k(21 —2k+1)
(l—2k—m—|—1)) (33)
Moreover,
(1) 2 Cofn r—2n):
Pm—l _\= 1— 2 % _ . - .
1 @)= (=) & K=k (= 2k—m+1)!
Note that

(1— 2k — m—+1)(I — 2k +m) +2k(2] — 2k +1)
(= m+ 1)1 +m)+ 4k — 4k —2k(2 — 1)+ 2k(20 — 1) = (I —m + 1) (I +m).
This means R (z) = (I —m+1)(! er)P]”“1 (z). which ends the proof.

Appendix C: Proof of Propositions in Section 6
Proof of Prop 2
Suppose f(8+ 2’%) = f(8), ¥0 € [0, 277‘) We have

o= /0 ” £(8)sin(i6)d6

2ijm

:j;)/o f(e)sm(tG—O—Tj)dG

_ /Oznf(e) (%kf sin(LJrZijn))dB

=) k
2n .0 i0
= £(8)(sin(—")ajjx + cos(—)b;j)d®
0 k k
where
= 2ijn 1kl 2ijn

1 .
aijk = 7 ZE)COS( . ) bijk= 2 zbsm( )
= J=

© 2025 The Author(s).
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Note that

. I 1K) 2ije, . iW
a,‘jksm(?):%;)COS(T)SIH(?)

ke @it Din, o (2j—1)in
=% g (sm( A ) — sin( ? ))

J
1y (2k—1)in . —Im\
= ﬂ(sm(ik )fsm(T)) =0.

When mod(i, k) # 0, sin(F) # 0. This means a; % = 0. If mod(i,k) = 0, then a;; = 1. Through similar calculations, when mod(i,k) # 0
bijk =0.If mod(z,k) = O’ then bijk =0.

Appendix D: Patterns of /: Zero Spherical Harmonic Coefficients
Let G be a finite subgroup of SO(3). A spherical harmonic ¥;" is invariant under G if Vg € G, ¥]"' (g - x) = ¥;""(x). This means that ¥;" lies in

the trivial representation of G within the degree-/ representation. Consider the invariant projection operator for group G

Pof(x Y r(e (36)

|G| ¢

which projects any function f onto the subspace of functions invariant under G. Let V; = Span{¥" : —I <m <} be the (2/ + 1)-dimensional
irreducible representation of SO(3). The invariant projection operator of G at degree [ is

P, D 37

where D/ (g) is the Wigner-D matrix. If rank(PGM) > 0, then there is at least one linear combination of ¥} that is invariant under all g € G.
Otherwise, all spherical harmonic coefficients at degree / must be zero and thus f; =

An easy way to compute the rank is by taking the matrix trace, or in other words, computing the character function of the representations.
This also gives the multiplicity mIG of the trivial representation in V;

my’ \G| Y wule (38)

g€eC

where |G| is the order of the group, ¥, is the character function of the degree-/ representation of SO(3). For any 3D rotation g € SO(3), the
character y;(g) only depends on its rotation angle 6,

_ sin((21+1)8/2)

The character functions are constant on each conjugation class, and 3D rotations with the same angle are from the same conjugation class.
Therefore, we can also calculate the trivial-representation multiplicity in V; with

G 1
m’ = 1= 3 X (8k), (40)
Gl %
where n;, is the number of elements in the k-th conjugation class and 6, is the corresponding rotation angle.
Cyclic group C, The rotations in the cyclic group Cy are of angles 6, = 2ntk/n, k=0, --- ,n— 1. The trivial-representation multiplicity is
—1 n—1 1 ]
C, 17 2ntk 1 —im 2k 1 —im 2k
"= — | == "= " 41
= u(M) =1L L Ly 'y m
Observe that

Y e

k=0

= —imBE {n iftm=0 modn “2)

0 otherwise

Thus, m;" =#{m € [-[,l]:m=0 modn} = [2//n] + 1. There is no [ that makes m,c" vanish.
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Dihedral group D, The Dihedral group D contains all rotations in the cyclic group Cy, plus n reflections through the axes perpendicular to
the main one. The trivial-representation multiplicity is

o (B () B 2 (2o

For any n > 2, odd / makes m?" =0.
Tetrahedral group 7 The conjugation classes are

Rotationangle | 0 2m/3 =
#Elements | 1 8 3

The trivial-representation multiplicity is

1 1 sin((2/+1)%/3
nf = 5 00(0) 80 2/3) 330 ) = g (21 1)+ s ), @)
giving the non-zero coefficients f; =0,3,4,6,7,9,10,---.
Octahedral group O The conjugation classes are
Rotationangle | 0 © 2m/3 m/2
#Elements | 1 6 8 9
The trivial-representation multiplicity is
1
m’ = 57 (01(0) +6:(T) + 8%:(21/3) +9%(7/2)), (43)
giving the non-zero coefficients f; = 0,4,6,8,9,10,12,---.
Icosahedral / The conjugation classes are
Rotationangle | 0 2n/5 4m/5 2m/3 =
#Elements | 1 15 15 20 24
The trivial-representation multiplicity is
1
mp = o5 ((0) + 157, (2/5) + 157, (47/5) + 20 (2m/3) + 241 (), (46)

giving the non-zero coefficients f; = 0,6,10,12,15,16,18,20,---.

Appendix E: Analysis of Weighted L* Norm

We provide an argument on the importance of using non-uniform weights in the presence of vanishing SH coefficients. Although the objective
function employed in relative rotation estimation is non-linear, the local refinement operates in a local regime, in which we can approximate a
rotation using a linear map. In light of this view, we opt to study a simple linear least-square problem, whose behavior offers justification
of using non-uniform weights. Specifically, consider the fitting problem of optimizing x to minimize the following weighted minimization
problem:

mxinwl(alx—bl)z—sz(azx—bz)z. 47)

The first term corresponds to constraints provided by non-vanishing coefficients; a; and b are independent and they satisfy
ay ~U[f —e f+el, by ~U[fc—e, fc+el.
The second term corresponds the constraints provided by vanishing coefficients; a, and b, are independent and they satisfy
ay ~U[—¢, ¢, by ~U[—¢,€].
It is clear that the optimal x in (47) is given by
. wiarby + Wzazbz‘

wla% +w2a%
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The designed value of x* is c. As x* only depends on the ratio between w; and w,, we fix w; = 1 and define a function s(w5)

2
s(wa) = Eg, Jaz,by,by (X* —c)

(43)
ayrby +woazby 2 aiby +waarby 2
=E ( —==) = 2c(—7——5—= +c)
ay,az,bi,by ( a2+w2a% ) ( a%—i—wza% )
_r (‘ﬁ(fzc2 )+Wza%2§ aifc 2)
= Lay,ar 5 > 5 +c
(al +w2a%) ai +waa;
2 2
(ar(ar — f) +waa3)” + (a7 + wra3) %
=Eay.a > : (49)
(af +waa3)
We show that when ¢ # 0
s(0) < s(1). (50)
In fact,
2¢2 1 2 a;—f 2
s(0) = TE“' s +"Eq, %
R, e
=03 (2i+1)7 f2°
Moreover,
2< 2%, f 2.2 2
2 3 1 c“fray
s(1)=c"+E —= "+ — . 51
(1) @ a%Jra% a2 (a%+a%)2 eb
Note that,
Eal ,az 2 Z]Eal T 21 1)iE02a%i
1t+a =0
oo . .
Z Ealarz 21( 1)1621
2i+
i=0
- Qi+1) Qi+1 i 2i
=L 5Giie G (=0 O = (g ) e (52)
Moreover,
Eayar 55— 2 Z]Eal o _l)iEaza%i
+ =
—1-2i i 2i
_Zz—l-lEal "(—1)'e
1 X2 > 1 2 2 ;o
_1 e N2 —2) ()i 33
YR Yo rruyon) (F=a7 = (r+07)(-1)'e (53)
Furthermore,
EdlﬂZ ZEaI 7 21 )(21+1)Ea2a2
(a1+ 3)?
— ZEalarzizi(_l)iEZi
i=0
— f#((fie)f(ziﬁ’l)7(f+€)7(2l'+1)>(71)[62i (54)
= 2¢(2i+1)

Substituting Egs. (52), (53), and (54) into (51), we have

s(1) =~

2 4 2 &
3
This means s(0) < s(1) when ¢ # 0, which ends the analysis.

+sz~
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Appendix F: Local Convergence Analysis

We provide a local convergence analysis of the optimization strategy in a more general setting. Suppose that we have n pairs of vectors f;(x)
and g;, where x is the optimization variable. As the norm of the spherical harmonics coefficient vector is fixed under rotation, we can model
the objective function as

N 2

— Vo a2 () = exp( — M) —&ill”
1) = Ll i) =gl wit) =exp( = HESEL). (55)

We study the convergence of our alternate minimization strategy in the vicinity of a local minimum x*. Introduce
_y s\ Of;
H) = Lm0 310 G0 (56)
e O () — ) 59 (1) — )7 .
(9= Lowito) . ) (5 ) (57
n aZf T
Gl) = Y wil) 55 £ () (8= filx) (58)
i=1
Theorem 3 If H(x*), F(x*), and G(x*) satisfy

|G T )+ IEE T G <1 (59)

then there exists a radius 8, so that starting from xo where ||xg —x*|| < 3, the alternating minimization procedure converges to x* with a linear
convergence rate.

Proof Denote the value of x at the k-th iteration as x 1. Then

o of,
xit = argmin Y wiCw)lLf () + S ) - x0) — g,
X i=1

=xe+H () g(e) (60)

where

Applying Taylor expansion, we have

It follows that

i=1 Oi Oi

n 82 . T )
+;W? ale () (8= fi(x™)) (ke —x*) = H(x") (o — &™) + O([lee — x| 7) (61)
=(—F(¥") +G(x") — H(x")) (xx —x*) + Ol —x*||*). (62)

Therefore,
*y—1
Xept =X = H(x) T (= F(xX") + G(")) (1 — ) + O(Jlxe — " ||*).

This means if Eq. (59) is satisfied, ||x;1 —x*|] < c|jxx —x*|| for ¢ < 1 and in a small neighborhood of x*. This ends the proof. []
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