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Abstract

We introduce a principled approach for simultane-
ous mapping and clustering (SMAC) for establish-
ing consistent maps across heterogeneous object
collections (e.g., 2D images or 3D shapes). Our
approach takes as input a heterogeneous object
collection and a set of maps computed between
some pairs of objects, and outputs a homogeneous
object clustering together with a new set of maps
possessing optimal intra- and inter-cluster con-
sistency. Our approach is based on the spectral
decomposition of a data matrix storing all pair-
wise maps in its blocks. We additionally provide
tight theoretical guarantees for the accuracy of
SMAC under established noise models. We also
demonstrate the usefulness of our approach on
synthetic and real datasets.

1. Introduction

Establishing maps (e.g. pointwise correspondences) across
object collections is a fundamental problem spanning many
scientific domains. High-quality maps facilitating informa-
tion propagation and transformation are key to applications
ranging from 3D reconstruction with partial scans (Huber
& Hebert, 2001), data-driven geometry completion and re-
construction (Pauly et al., 2005), texture transfer (Schreiner
et al., 2004; Kraevoy & Sheffer, 2004), to comparative bi-
ology (Boyer et al., 2011; Gao et al., 2017), joint data-
analysis (Huang et al., 2011; Kim et al., 2012; Wang et al.,
2013; 2014; Huang et al., 2014), and data exploration and
organization (Kim et al., 2012; Huang et al., 2014).

High quality object maps are generally difficult to compute.
Prior work on map computation focused on optimizing maps
between pairs of objects; see (van Kaick et al., 2010) for
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a standard survey and (Kim et al., 2011; Mandad et al.,
2017) for some recent advances. Despite the significant
progress, state-of-the-art techniques tends to hit a barrier on
the quality of maps that are computed in a pairwise manner.
Building upon the availability of big-data, a recent line of
research (Kim et al., 2012; Nguyen et al., 2011; Ovsjanikov
et al., 2012; Huang et al., 2012; Huang & Guibas, 2013;
Huang et al., 2014; Chen et al., 2014; Zhou et al., 2015a;b;
Shen et al., 2016; Leonardos et al., 2017; Huang et al., 2017)
considered computing many pairwise maps jointly among
a collection of objects. The promise of these approaches
hinges upon the observation that one way to obtain a high
quality pairwise map between dissimilar objects is to choose
a path connecting these objects but consisting of consecutive
similar shapes: maps between similar objects are typically
of higher quality, and so is the resulted composed map.
From a regularization perspective, joint map computation
leverages the generic consistency of a network of maps
among multiple objects, in which composition of maps
along cycles are expected to be close to the identity map.

However, the performance of these data-driven approaches
relies predominantly on the homogeneity of the object col-
lection, i.e. the input objects fall into the same category or
sub-category (e.g. Chairs, Cars, and Human models). In
the presence of heterogeneous data, where the input objects
fall into multiple underlying categories, applying existing
data-driven approaches without the category label informa-
tion tend to produce unsatisfactory results. In this setting,
even though existing methods are able to suppress the noise
in intra-cluster maps within a single cluster, jointly com-
puted maps for the entire object collection leads are often
significantly worse. One explanation is that high fraction
of incorrect inter-cluster maps tends to “‘contaminate” the
regularization effect of intra-cluster maps. A natural resolu-
tion is to employ a two-stage cascadic strategy that identi-
fies the underlying clusters before computing the intra- and
inter-cluster maps. Unfortunately, such clustering requires
accurate quantification of the object similarities, which is
a difficult problem in its own right. Meanwhile, the error
produced in the clustering stage is unlikely remedied by the
consistency-based regularization.

In this paper, we propose to solve the mapping and clus-
tering problems simultaneously. Instead of explicitly re-
lying on certain pairwise similarity and/or map distortion
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Figure 1. The pairwise map distortion scores (Left) and the pair-
wise cycle-consistency scores (Right) derived from 3-cycles. The
scores are normalized by the maximum score in each matrix.

scores, we identify the underlying clusters based on the
consistency of intra- and inter-cluster maps, inspired by
the observation that maps tend to be more consistent along
cycles within a cluster than across clusters. This discrep-
ancy has been observed in many different contexts, and
appears to be a consequence of the energy landscape of
almost all optimization-based pairwise matching algorithms.
The matching energy functional between objects in the same
underlying cluster tends to have simple energy landscapes
with easily identifiable global optimums, resulting in fairly
cycle-consistent intra-cluster maps; in contrast, the highly
non-convex energy landscape for dissimilar objects from
different clusters leads to more “random” maps due to ran-
dom initialization and/or multiple strong local minimums,
for which cycle-consistency is much less often observed.
This map consistency argument is the foundation of our
simultaneous mapping and clustering (SMAC) algorithm.

1.1. Motivating Example

We validate the map consistency argument through a mo-
tivating example (see Figure 1) on a real dataset from
SHRECO07 Watertight benchmark (Giorgi et al., 2007). This
dataset consists of 38 shapes: the first 18 are Human models
and the remaining 20 are Fourleg models (e.g., Horses and
Dogs). Each shape is represented as a discrete metric space
with 1024 sample points generated from farthest-point sam-
pling (Eldar et al., 1997). We compute pairwise blended
intrinsic maps (Kim et al., 2011) for all objects in this col-
lection and use these maps to compute two similarity scores
for each object pair: a map distortion score that measures
the squared sum of geodesic distortions across all point-
pairs (c.f. (Bronstein et al., 2006)), and a cycle-consistency
score that is the median value (among other options) of the
distortion scores of all 3-cycles to which the pair belongs,
where the distortion of a 3-cycle is defined as the squared
sum of the geodesic distances between each point and its
image propagated along the 3-cycle.

Figure 1 illustrates the distributions of the map distortion
scores (Left) and the cycle-consistency scores (Right) on the
38 models. The cycle-consistency scores clearly reveal the

underlying cluster structure and in fact better separates the
two clusters of models (Human vs. Fourleg) than the map-
distortion scores (intra-cluster blocks in the right figure are
darker in blue). The superior cluster separation is verified
by comparing the results of spectral clustering (Ng et al.,
2002; Lei & Rinaldo, 2015) using the two similarity scores:
spectral clustering based on the cycle-consistency scores
recovers the two underlying clusters perfectly, whereas the
same procedure using the map distortion scores incorrectly
puts two Fourleg models in the cluster of Human models.
This motivating example illustrates the effectiveness and
superiority of the map consistency score as a quantification
of object similarity.

1.2. Approach Overview

Motivated by the example above, we propose an algorithm
for simultaneous mapping and clustering (SMAC). Our
SMAC algorithm takes as input (i) an object collection that
falls into multiple clusters, and (ii) some noisy maps pre-
computed between object pairs, and outputs the underlying
clusters together with improved maps between all pairs of
objects. Our SMAC algorithm builds upon the equivalence
between map consistency and the low-rank property of a
data matrix with consistent maps in its blocks (c.f. (Huang
& Guibas, 2013)). We show that this low-rank property still
holds in the setting of multiple disjoint collections of con-
sistent intra-cluster maps, though the rank is expected to be
higher due to multiple clusters. Based on this observation,
the first step of our approach simultaneously recovers the un-
derlying clusters and intra-cluster maps by spectral decom-
position. We show that properly “rounding off” the leading
eigenvectors recovers the ground-truth clusters and intra-
cluster maps in a single pass. We then construct inter-cluster
maps from the recovered intra-cluster maps. Our theoreti-
cal analysis establishes sharp exact recovery conditions for
both steps under a fairly general noise model, using some
novel tight L°°-stability bounds for eigen-decompositions.

1.3. Related Works

Joint object matching, i.e., simultaneously estimating maps
among a collection of objects, is an emerging field across
many scientific problems. Earlier works use combinato-
rial optimizations (Nguyen et al., 2011; Kim et al., 2012;
Huang et al., 2012). More recent works (Huang & Guibas,
2013; Huang et al., 2014; Chen et al., 2014; Wang & Singer,
2013) rely on convex or non-convex optimization tech-
niques.However, all these methods assume that the under-
lying object collection is homogeneous (all objects belong
to a single category). For a heterogeneous object collec-
tion where the objects fall into multiple distinctive clusters,
existing methods usually rarely succeed in producing both
high-quality intra- and inter-cluster maps.
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Clustering and in particular spectral clustering is another
well-studied topic. We refer to (Lei & Rinaldo, 2015; Rohe
et al., 2011) for some recent advances and to (Filippone
et al., 2008; Luxburg, 2007; Fortunato, 2010) for surveys.
Our approach falls into the general category of graph-based
clustering, but the pairwise information we utilize is of
“functional” rather than “scalar” nature. Instead of the more
common approach that derives affinity scores from the pair-
wise maps for clustering, our SMAC algorithm discovers the
cluster structure based purely on the consistency of pairwise
maps and demonstrates improved empirical performance.
This strategy is reminiscent of heterogeneous multirefer-
ence alignment (Boumal et al., 2017) and simultaneous
alignment and classification (Lederman & Singer, 2016) for
synchronization problems in Cryo-Electron Microscopy; in
this context, our residue-based clustering strategy is closest
in nature to learning group actions (Gao et al., 2016).

Our approach relies on tight L°°-type bounds on leading
eigenvectors of perturbed matrices. Though the stability of
eigenvalues and eigenspaces are well-studied, element-wise
eigenvector stability appears to be a much harder problem;
see recent survey (O’Rourke et al., 2016). We introduce
new stability bounds to tackle this technical difficulty.

1.4. Mathematical Notation

We use lower bold letters a, b, ¢, u, v, w, - - - to denote vec-
tors, and upper letters A, B, C, - - - for matrices. For a block
matrix X € R™71xn2m2 tywe use X;; € R™X™2 to de-
note its 7j-th block; the ij-th element of a matrix A is de-
noted as a;;. With @ we denote the Kronecker product. For
a symmetric matrix A € R™*", we always sort the eigen-
values in non-increasing order, i.e., A1 (4) > --- > A\, (A).
Matrix norms || - || =, || - ||1, || - |2, and || - ||oc Will be used
for a matrix A € R™*"2, of which || - |2 = omax(A) is the
maximum singular value of A, and the spectral norm || - ||2
is sometimes simplified as || - ||. We denote P,,, for the set
of permutation matrices of dimension m x m.

2. Algorithm

For simplicity, we focus on describing and analyzing our
algorithm under the setting where pair-wise maps are given
by permutations. In Section 4, we show how to modify the
algorithm for partially similar objects.

We first describe the problem setup. Consider n objects
S = {S1,--,S,} each represented by m points. With
G = (S8,€) we denote an observation graph among S.

An initial map X7 € Py, is pre-computed on each edge
(i,7) € & using an off-the-shelf pairwise object matching
algorithm from S; to S;. We also assume the objects in S
are partitioned into k > 2 clusters, but k is unknown. Our

goal is to identify the underlying clusters, and in the mean-

Algorithm 1 PermSMAC: Simultaneously mapping and
clustering

Input: Observation graph G = (S, £) and initial pairwise
maps X1, (i, ) € £
Output: Underlying clusters S = ¢; U - - - U ¢, and opti-
mized pairwise maps X;;,1 <17,5 <n
1: {Step 1} Simultaneously compute the intra-cluster
maps and extract the underlying clusters:
2:  {Step 1.1} Form data matrix based on (1).
3:  {Step 1.2} Compute the critical value r =
Ai— it
4:  {Step 1.3} Let U € R™™*" store the leading r eigen-
vectors of X. Compute pair-wise maps X7; by solving
(2)
5. {Step 1.4} Use f;;(X};) as the affinity score and
apply single-linkage clustering to obtain the underlying
clusters

6: {Step 2} compute the inter-cluster maps by solving (6)

while improve all pairwise maps between objects in S. As
a basis for identifying the underlying clusters, we assume
that the intra-cluster maps are more accurate (in terms of
cycle-consistency) than inter-cluster maps.

Our algorithm proceeds in two major steps. The first step
simultaneously extracts the underlying clusters and com-
putes intra-cluster maps. The second step then computes
inter-cluster maps. Now we introduce these two steps in
details. Algorithm 1 provides the pseudo code.

2.1. Step I: Extract underlying clusters and compute
intra-cluster maps.

Motivated from prior works for map synchroniza-
tion (Pachauri et al., 2013; Shen et al., 2016), we use a
block data matrix X € R™™*™™ to encode the input maps:

.o ] XG-qnh) ) eé
E 0 otherwise

(D

Our approach is motivated by the empirical observation
that the leading eigen-vectors of X reveal the underlying
clusters and simultaneously denoise intra-cluster maps if
intra-cluster maps are more accurate than inter-cluster maps.
We provide the algorithmic details below; an analysis is
provided in Section 3.

Given the data matrix, we first estimates the number of
stable eigen-vectors as
Ai — A1

T = argmax .
m<i<nm |Ail +[Xiy1]

Here we search within the range of [m, nm], as we expect
multiple underlying clusters. Let U € R™™*" store the
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top r eigen-vectors of X, and divide U into n matrices
Ui,...,U, of shape m x r such that U = (U{,--- ,UNT.
We then compute the estimated map X; along each edge
(z,7) € € by solving a linear assignment problem, i.e.,

Xi5 = ng;,mme), fii(X) =X -U; = Uil|% ()

forall 1 <4,5 < n. Note that (2) admits an exact solution
via linear assignment. In fact,

X} = argmin | XU; — U;||% 3)
XEPm

= al”gel;lin (IUil% + 1U;11F - 20XU;, U)) 4

= argmax (X, U;U7). (5)
XEPm

Intuitively, U; U provides an approximation of the underly-
ing map X;;, and the linear assignment procedure projects
this approximation onto the space of permutations.

For clustering, we treat the residual score f;; (ij)y 1<
i,7 < n as the distance measure between S; and S;, and
apply single-linkage clustering (Gower & Ross, 1969) to
obtain the underlying clusters. We set & = [—<] as the
number of desired clusters.

Empirically, we found that when the input inter-cluster maps
are inaccurate, the quality of estimated inter-cluster maps
appear to be much more noisy than estimated intra-cluster
maps. This motivates us to re-estimate inter-cluster maps as
a second step, described in Section 2.2 below.

2.2. Step II: Estimate inter-cluster maps.

We estimate the inter-cluster maps between each pair of
clusters independently. Specifically, consider two clusters
csand ¢; . Let S;, € ¢s and S;, € ¢; be a pair of objects
selected from each cluster, respectively. We optimize the
inter-cluster map X", represented as a pairwise object

map X;_;,, by solving the following linear assignment:

XM = argmin g

X — X0 X X
XEPm i€cs,jEct,(1,))EE

— argmax Z (X, X0, X" X1,). (6)

XEPm iec, j€cr,(irf)€E
Note that it is possible to jointly optimize X' among all
pairs of clusters. However, since the number of clusters is
usually significantly smaller than the size of each cluster,
we found the gain of doing so is insignificant.

3. Analysis

We first describe our noise model in Section 3.1. We then
analyze our method under this model and present the exact

recovery conditions for both underlying clusters and the
pairwise maps in Section 3.2. Our analysis is based on a
set of new stability bounds of eigen-decompositions. The
proofs of all Lemma’s and Theorem’s with technical details
can be referred to in the supplemental material.

3.1. Model for Analysis

We consider two models, one for the pairwise map and
the other one for the observation graph and the underlying
cluster structure.

Map model. We generalize the map model described
in (Shen et al., 2016) to multiple clusters: Suppose there
are k underlying clusters. With cs,1 < s < k we denote
the vertex indices of the s-th cluster. In other words, we
have {1,--- ,n} = ¢;UcaU---Ucg. Given an observation
graph, the input pairwise maps are independent, and they
follow

xin _ Iy with probability 7;;
4 | Up, withprobability 1 —n;;

where Up, denotes a random permutation matrix satisfying

E[Up,] = %11? (7)

7n;; depends on the edge type: n;; = p if (4,7) is an
intra-cluster edge, i.e., (i,7) € €N (Ur<s<iCs X ¢s), and
n;; = ¢ if (4,7) is an inter-cluster edge, ie., (i,j) €
E N (Ur<st<iCs X ¢). We assume p > q.

Remark 1. Note that one can also generalize the model by
assuming there exist underlying permutations P;, 1 < i < n,
so that the ground-truth map X;; = PjPZ-T. Nevertheless,
it turns out that the two models are identical (Shen et al.,
2016) . Hence we adopt the simpler form for convenience.

Model for the observation graph and clusters. To obtain
concise and interpretable exact recovery conditions, we
are particularly interested in analyzing our algorithm when
the observation graph and underlying clusters are generated
from the following established model: assume n = ngk, and
the size of each underlying cluster |cs| = ng,1 < s < k;
the observation graph is generated from the Erdds-Rényi
G(n,t) with edge selection probability ¢t. However, the
stability bounds we introduce in the supplemental material
can be used for analyzing more general noisy models, e.g.,
sizes of the underlying clusters are different.

3.2. Map and Cluster Recovery

We begin by analyzing the leading eigenvalues and eigen-
vectors of E[X] to gain insights on the necessary conditions
for map and cluster recovery. To make our discussion more
general, we first assume the underlying cluster and the obser-
vation graph are fixed. Consider then the following (p, q)-
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reweighted normalized adjacency matrix A(p,q) € R**":

o P (Z,]) eén Ulgsgm,(cs X CS))
(AP @) = ¢ (i) € ENUicszzm(es x ).
0 otherwise

®)

It is clear that
— 1
E[X] = A(p.q) ® (I, — —117)

and thus the non-zero eigenvalues of F[X] are non-zero
eigenvalues of A(p, ¢) with multiplicity m — 1. Furthermore,

let (ﬁl,Hm) be an orthonormal basis for R™. Then

the leading k(m — 1) eigenvectors of E[X] are given by
S ® H,,. This ljads two conditions on the eigenvalues and
eigenvectors of A(p, q) for map and cluster recovery:

¢ Eigenvalue separation. Since our method leverages

the largest eigengap, we assume that Ax(A(p,q)) —

Ae+1(A(p, ¢)) has the largest eigengap. Define
max

(max (AP, ) — i (Alp,9)

T T NER ) - (A, )

Then a necessary condition for map recovery is v < 1.

¢ Eigenvector separation. We further assume that the
underlying clusters can be recovered by reading off
the rows of S;. Formally, consider rows of Sy as
coordinates of the corresponding objects, and define

. — Jp— . T
dintra félgagk z{rjlgi ” (el e]) Sk ”7 9)

dinter = _ min __min ||(€1 - ej)TSkH' (10)
1<s<t<ki€cs,jEce
dingra and diqeer €ssentially measure the maximum dis-
tance within each cluster and the minimum distance be-
tween different clusters, respectively. Thus, a necessary
condition for cluster recovery is that diy < £t - diner
for some small constant .

Under these two conditions, it is easy to see that when
X ~ E[X], we have U; ~ (el'Sy) ® H,, and U;U}" ~
(ejTS;C SFe;) (I, — 2117, It follows that both the underly-
ing clusters and intra-cluster maps can be exactly recovered.

These two separation conditions are quite general. In fact,
they hold for the noisy model described in Section 3.1. To
gain some further insight, one can show that (c.f. (Le et al.,
2017)) with high probability

B ¢+ 51+ 0(7) i=1
M(A(p,q) =4 T +0(5) 2<i<k
O(—+) k+1<i<n

indicating that v = o(1). Moreover, under this model
A(p.g) = (p— @)1 ® (117) + ¢(117).

If p and g are well-separated, the top k eigenvectors of
A(p, q) approximate I}, ® 1, meaning djpy, = 0 and diger ~
1. Now we formally state the exact recovery conditions:

Theorem 3.1. (Intra-Cluster and Map Recovery) Assume
t = Q(%) Consider the noise model described in
Section 3.1. There exists an absolute constant Ciyy, Such
that PermSMAC recovers the underlying intra-cluster maps
and the underlying clusters with high probability if

log(n)
nt

P —q > Cinak (11)

Remark 2. Note that the gap between p and ¢ is used to
ensure the recovery of the underlying clusters. Moreover,
the recovery rate matches the information theoretic lower
bound established in (Chen et al., 2016) up to O(+/log(n),
indicating the tightness of our condition for PermSMAC.

The following theorem provides an exact recovery condition
for the inter-cluster maps. Compared with the previous
lower bound, the lower bound on ¢ for inter-cluster map
recovery is significantly cruder. This shows the advantage
of recovering inter-cluster maps as a separate step.

Theorem 3.2. There exists an absolute constant Cipeer > 0,
so that when

log(n)

n2t ’
PermSMAC recovers the underlying inter-cluster maps with
high probability.

q Z Cinterk

4. Partial Matching

In this section we extend the algorithm to handle partially
(as opposed to fully) similar objects. Each input object S;
(1 €7 < n)in this setting has m; € N, points, where the
m;’s vary across the collection. Consequently, the pairwise
maps ij” € {0,1}™i*™i are no longer permutation ma-
trices since some rows and columns may only contain zero
elements. We propose the following modified algorithm for
SMAC in this partial matching setting.

Step I: Extract underlying clusters and compute intra-
cluster maps. Forming the data matrix and leading eigen-
vector computation stay the same as in the full matching
setting, except we replace X;” — L117 by X7 in (1).
The first difference occurring in the partial matching set-
ting is that we cannot apply (2) to obtain pair-wise maps
and affinity scores for clustering. Our strategy is to apply
single linkage clustering on the rows of U. Specifically,
the distance measure between two points p, p’ is given by
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lw, — w, ||?, where w,, is the corresponding row of p in U.
The number of output clusters is set as r. Each output clus-
ter of this single-linkage procedure collects a set of matched
points among the input objects. We merge two clusters if the
objects they belong to overlap. Suppose we finally obtain
k clusters cq, - - - , ¢i. For each cluster ¢;, we introduce a
binary matrix Y; € {0, 1}"*", whose columns encode the
enclosed point clusters. Then it is easy to see that the blocks
of Y;Y;T' describe intra-cluster maps. Note that 7; = m in
the full setting, but in the partial setting r; is usually larger
than max; <;<, m;, due to partial similarity.

Step II: Compute inter-cluster maps. In the partial set-
ting, we encode the inter-cluster map from cluster cs to
cluster ¢; as a matrix X; € {0,1}"t*"=. Consider a object
pair (4,7) € £, where i € ¢, and j € ¢;. With E;  and E; ;
we denote the index matrices that extract the correspond-
ing blocks in Y and Y;. It is easy to see that the entries
YIE; 1 X fj”EZT <Y, provide cues for the inter-cluster map
Xs¢. Similar to the full map setting, we compute

Cst = Z

i€cs,j€cy,(i,5)€E

YV E;j XPELY,.

Since the inter-cluster maps may not be permutation ma-
trices either, we apply a simple thresholding to obtain the
inter-cluster maps:

Xst = Cst > 651&7

where [, is set as 0.9 times the maximum element of Cly;
in our experiments.

5. Experimental Results

In this section, we evaluate our approach on both synthetic
(Section 5.1) and real datasets (Section 5.2 and Section 5.3).
For baseline comparison, we consider state-of-the-art ap-
proaches for clustering and joint mapping in each domain.

5.1. Experimental Results on Synthetic Instances

We apply the model described in Section 3 to generate the
synthetic data sets for our experiments. Below we summa-
rize how the procedure depends on the model parameters:

e The observation graph G. We employ a standard two-
community stochastic block model (Abbe et al., 2016)
which enables us to fully control the vertex degree
and the spectral gap. We use this model to generate
three observation graphs Gi, G2, G3. All of them have
n = 300 vertices, but the vertex degrees and spectral
gaps vary. Specifically, G; is the clique graph. Go
is a sparse graph, whose average vertex degree is 50
and the spectral gap is 0.1. The average vertex degree
and spectral gap of Gs are 50 and 0.5, respectively. In

our experiment, we treat G; as the default observation
graph. We also study the influence of the observation
graphs on the performance of our algorithm.

e Number of clusters k. Without loss of generality, we
allocate each object into a underlying cluster with prob-
ability % For each observation graph, we generate and
fix one underlying cluster throughout our experiments.

e Other parameters m, vy, p,q. We fix the number of
points on each object as m = 30. In the partial match-
ing setting, we follow the protocol (Chen et al., 2014)
to generate the input objects so that the expected size
of each object is my. We sample the ratio of correct
inter-cluster maps g = exp(—15), 15 < i < 50. Since
p > g, we sample the ratio of correct intra-cluster maps

sothatp — ¢ = 45,1 < < 30.

We now study the empirical phase transition curves when
varying p and ¢ under different &, v and observation graphs.

Varying k. The first two rows of Figure 2 show the phase
transition curves of map and cluster recovery for k = 2,4, 6.
Across all configurations, our approach tolerates a signif-
icant portion of noise in the input maps. The fraction of
noise that our approach can handle reduces as k increases,
which is consistent with the exact recovery conditions in
Section 3. In addition, phase transitions with respect to map-
ping recovery and cluster recovery roughly align. The subtle
differences are two-fold: when p and q are close, cluster
recovery breaks as there is no cue for clustering; likewise,
map recovery breaks when ¢ approaches 0.

Versus mapping only. Figure 2 compares our approach to
state-of-the-art map recovery technique (Huang & Guibas,
2013). SMAC clearly exhibits a clear advantage in the
regime, where ¢ is small and p is significantly larger than q.
This is expected through our exact recovery condition.

Varying observation graph. Figure 3 shows phase transi-
tion curves of map and cluster recovery when varying the
observation graphs (k = 2, = 1). Our approach tolerates
a larger fraction of incorrect maps for larger vertex degrees.
Moreover, when vertex degrees are comparable, a small
spectral gap means higher recovery rate.

Varying . Figure 4 shows the phase transition curves
when varying the overlapping ratio . We again show three
configurations, i.e., v = 1,y = 0.8 and v = 0.6. Still, our
approach can tolerate a large rate of noise in the input maps.
Moreover, the rate reduces as v becomes smaller. This is
expected, as low overlapping ratio introduces weak signal
for mapping and cluster recovery.
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Figure 2. Phase transition curves when varying g and p — ¢ under
different configurations of k. The first and second rows show
mapping and cluster recovery of PermSMAC, respectively. The
third row shows mapping recovery of (Huang & Guibas, 2013). (a)
k = 2. (b) k = 4. (c¢) k = 6. Red means more success.

5.2. Experimental Results on 3D Shapes

We proceed to evaluate SMAC on 3D shapes. We consider
two datasets for this task. The first dataset collects four cate-
gories of 3D shapes from SHRECO07-Watertight (Giorgi
et al., 2007), namely, Human, Fourleg, Armadillo and
Teddy. These categories appear to have both similar global
structures and local geometric details. However, the inter-
category variability is salient. The second dataset is more
fine-grained. It has 10 underlying shape collections from
FAUST training dataset (Bogo et al., 2014), where each col-
lection consists of different poses of the same human subject
(10 poses per collection). For evaluating shape maps, we
follow the protocol of (Kim et al., 2011) by collecting statis-
tics on the geodesic distortion of predicted correspondences
with respect to human annotated feature correspondences.

Mapping performance. Figure 5(c) plots the accuracy of
predicted correspondences of our approach versus the in-
put. For a detailed assessment, we separate the statistics of
intra-cluster maps and inter-cluster maps. We consider two
approaches for baseline comparison: the first applies (Huang
& Guibas, 2013) to the entire dataset, and the second ap-
plies (Huang & Guibas, 2013) to each category in isolation
then applies the third step of our approach to compute inter-
cluster maps. The second baseline may be considered as
a performance upper bound. Our proposed SMAC is sig-
nificantly better than mapping without clustering (which is
seriously affected by the noise in inter-cluster maps) and
competitive against the second baseline.
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Figure 3. Phase transition curves of map recovery and cluster re-
covery when varying the observation graph. The top row shows
mapping recovery, and the bottom row shows cluster recovery.
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Figure 4. Phase transition curves of map recovery and cluster re-
covery when varying the overlapping ratio. The top row shows
mapping recovery, and the bottom row shows cluster recovery.
(a)y=1. (b)y =0.8. (c)y = 0.6.
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Clustering performance. As shown in Table 1, our
approach correctly identifies all underlying clusters in
SHRECO07 and FAUST. We also applied two baseline clus-
tering approaches on the same dataset. The first approach
performs k-means on the spectral shape descriptors (Rusta-
mov, 2007). This approach only yields 84.6% and 72.0%,
respectively. The second approach utilizes the mapping
distortion as an affinity measure and applies spectral cluster-
ing. This approach yields 94.9% and 74.0%, respectively,
which are better than the first baseline. However, our ap-
proach is still better, which shows the advantage of using
the cycle-consistency constraint for clustering.

5.3. Experimental Results on 2D Images

Finally, we evaluate our approach on two datasets of 2D
images. The first dataset (Figure 6(Left)) consists of 600
internet images of Notre Dame. These images naturally
fall into 3 categories, each of which collects images from
a similar camera pose (Snavely et al., 2006). The second
dataset (Figure 6(Right)) collects 600 internet images of 4
landmark churches in Europe (Amiens Cathedral (200 im-
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Figure 5. Experimental results on 3D shapes. We consider two
datasets: (left) Human/Fourleg/Armadillo/Teddy, and (right) Dif-
ferent poses of xxx human subjects. For each dataset, we show
(top) snapshots of each dataset, and (bottom) error distribution of
predicted intra-cluster and inter-cluster shape maps.

| SHRECO7 | FAUST | Notre Dame | Church
SMAC | 100% | 940% | 993% | 96.1%
Distort. | 94.9% | 74.0% | 943% | 91.9%
Descrip. | 84.6% | 72.0% | 843% | 86.7%

Table 1. Classification accuracy of our method and baseline ap-
proaches on the four datasets show in Figure 5 and Figure 6. Dis-
tort. and Descrip. stand for using the pairwise mapping distortion
score and global object descriptor for clustering, respectively.

ages), York Minster (200 images), Duomo (100 images) and
Westminster Abbey (100 images)). As inter-cluster maps
do not make much sense here, we only evaluate clustering
results and intra-cluster maps in this experiment. We sample
400 SIFT features (Lowe, 2004) for each image and apply
SIFT flow (Liu et al., 2011) to establish pairwise correspon-
dences between the features. We manually mark feature
correspondences for evaluation.

Mapping performance. Figure 6 compares our approach
with the two baseline approaches introduced in Section 5.2.
The relative performance is consistent. Specifically, due to
the small-overlapping region across different clusters, inter-
cluster maps are rather noisy, so applying joint-mapping
directly leads to sub-optimal results. In addition, our ap-
proach is competitive against the approach of computing
intra-cluster and inter-cluster maps in a sequential manner.

Clustering performance. Finally, we evaluate our ap-
proach in terms of clustering accuracy. We choose two base-

York Minster
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Figure 6. Experimental results on 2D images. We consider two
datasets: (Left) Internet images of Norte Dame from three diverse
camera poses, and (Right) Internet images of five churches from
similar view points. Visualization is the same as Figure 5.

0.025 0.05 0.075 0.1
Euclidean error

line approaches, where the first baseline approach performs
k-means on image descriptors. In this case, we employ
GIST (Oliva & Torralba, 2001). The second baseline uses
the residual of SIFT flow as the affinity score for clustering.
As shown in Table 1, our approach leads to a clustering
accuracy of 99.3% and 96.1% on Notre Dame and Church,
respectively. They are higher than those of the top perform-
ing baselines, i.e., 94.5% and 92.1%, respectively.

6. Conclusions

We have introduced SMAC for simultaneously computing
consistent maps across a heterogeneous data collection and
identifying the underlying clusters. The key idea is to lever-
age the higher self-consistency within intra-cluster maps
than inter-cluster maps. Enforcing this variation of consis-
tency allows us to denoise the input maps in a sequential
manner while simultaneously identifying the underlying
cluster structures. The approach is based on spectral de-
composition, for which we provided tight exact recovery
conditions for both the input maps and the underling clus-
ters. Experimental results on synthetic data sets justify our
exact recovery conditions, and experimental results on real
data sets demonstrate the efficacy of our approach.
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Abstract

This document contains all the proofs to the main paper on SMAC: Simultaneous Mapping and
Clustering Using Spectral Decomposition.

1 Organization of the Supplemental Material

We organize our paper’s supplemental material as follows. In Section[2} we present a set of tools for analyzing
the stability of leading eigen-vectors of a perturbed data matrix. These stability bounds are expressed with
respect to the algebraic constants of the original matrix and the perturbation matrix. In Section [3] we study
how these stability bounds shape out under different noise models of the perturbation matrix. We then use
these results to analyze the exact recovery conditions of PermSMAC in Section [4]

2 Stability of Eigen-decomposition in the Deterministic Setting

In this Section, we present our framework for analyzing the stability of eigen-decompositions. The framework
is based on a few key lemmas regarding the stability of eigenvalues and eigenvectors (Section [2.1)). Their
proofs are deferred to Sections

2.1 Key Lemmas

Given a symmetric matrix A € R"*"  we are interested in controlling the stability of the leading eigenvectors
of a symmetric block matrix A®( m—illT) € R"™*"™ ynder a symmetric block noise matrix N € R™»™*"™m,

To state the eigen-decomposition stability problem. Let A\;;1 < i < n and s;,1 < i < n be the eigenvalues
and corresponding eignevectors of A, respectively. Similarly, let u;,1 < i < nm and u;,1 < i < nm be the
eigenvalues and corresponding eigenvectors of A = A ® (I, — %llT) + N, respectively. We are interested
in bounding the difference between \;,;1 < ¢ < k and Plim1ym+j, I <@ < k,1 < 7 < m as well as the

difference between the column space (s1,---,8x) ® Hy, and that of U1y = (w1, , Ug(m-1)), Where
H,, € R™*(m=1) ig 4 basis matrix of I — %11T. For convenience, we use Sy = (81, -, Sg) to denote the
leading k eigenvectors of A, and use Sy = (841, - ,8,) to collect its remaining eigenvectors. First, we

present the following result regarding eigenvalue stability:

*huangqx@cs.utexas.edu
fliangzx96@gmail.com



Lemma 2.1. (Eigenvalue Stability.) Denote E1; = (Sk @ Hy)T N (S ® H,y,). Suppose
INI+ Bl < Ak = Akt
then we have for every 1 <i<k,1<j<m-1,p=(G—-1)(m—1)+7,

V]| + [| B |

—||E < -\ <||E
Bl < op — X < [|[En| + Vv

IV = 1B l)- (1)

Proof: See Section 2.2 O
Remark 1. Note that is tighter than the well-known Weyl’s inequality |A; — o;| < || V]|, as

[V + (1|

E
Bl + N — s

NI = 1) < 1Bl + (N = B ) = [1V]]-

In particular, as ||E11]| < || V|| in most cases, so our bound is significantly better than the Weyl’s inequality
when ||NH + ||E11H < /\k - >‘k+l~
Moreover, our result is also tighter than that of [Eldridge et al., 2018], which introduces a similar stability
bound:
IV
N — et — INT+ Bl
is tighter as Ay — Ayt — [IN ]|+ [ Erll € A = Ayr and [N[2 = [ B[ < IN]

Remark 2. To gain additional intuitions on , let us consider the special case where k = m = 1, and
let A;(A) be the i-th greatest eigenvalues of symmetric matrix A. For the matrix function A(t) = A +tN
depending on the parameter ¢ with 0 < ¢ < 1, let A;(¢t) = A\;(A(¢)), and wu;(t) corresponds to eigenvalue
Ai(t). First of all, it is easy to show that (e.g., through differentiating A(t)uy(t) = A1 (t)u1(t) and utilizing
[w(®)[l = 1)

—Bull < 0p = Xi < ||Bu| +

N(t) = uy ()T A (D) () = ui (1) Nuy (2). (2)

Recall that B3 = S{ NSk = w1 (t)" Nuy(t) is a scalar in this special case. Hence the first order expansion
of A1(t) is A1 (t) &~ A(A) + tE11. We now proceed to differentiate (2)), which gives

N (1) = uy ()T Nuy(t) + wy ()T Nul(t) = 2uq (1) N (2). (3)

Note that the expression of ) (¢) is given by

n T
() Nug(t
— Y wlh N, ).
i=2 t - z(t)
Substituting it into formula yields the second order approximation of A(¢) would be

Ar(t) = Ai( +E11t+z|mw27

or loosely speaking,
~ Jui ()" Nua (),
A1(t) = M (A) + Enqt —_——t
0= M)+ Pt 2, S
in which

Z lus (8)T Ny (t Z |uz Nu1 (t)) |2 — ('u,l(t)TNul(t))2

= |N“1( )| - E11
<IN = 1B ?.



Thus the second-order Taylor expansion of A(¢) implies

INI? = [l B 12

N WY

is a good approximation for |\ (A + N) — A (A)|, which is exactly what we proposed in formula .

However, it must be pointed out that this expansion is just an approximation rather than a real bound
but it provides a good insight why comes out. Besides, it would also be hard to generalize this expansion
idea to k > 1 since || E11]| will no longer be a scalar if & > 1.

To characterize the difference between Sy ® H., and Up(m—1) = (U1, , Ug(m—1)), We consider the
following decomposition of Uy, (y,—1):
Ur(m=1) = (Sk @ Hp) X +Y,
where
X e RFm=Dxk(m=1) = Ty _

In other words, (S ® H,,)X is the projection of Uy m,—1y onto the column space of Sy ® H,y,, and Y is the
projection of Uy(,,—1) onto the dual space S ® H,,. Intuitively, we say Uk(m—1) 1s stable if Y is small and
X is close to a unitary matrix (which defines all orthogonal basis of a linear space). The following Lemma
provides a bound on the difference between X and a unitary matrix:

Lemma 2.2. (Controlling X.) Denote Ey; = (Sy @ H, )T N(S,.® H,,). Suppose A, —Agr1 > || N ||+ || E11]]-
Then there exists a unitary matriz R € O(k(m — 1)) so that

IV )
X-R|<1—4/1- ’ '
|| ” = \/ <>\k — )\k+1 - ||E11H ( )

| N2 '
Ak = Aeg1 — [[E1a]])?

In particular,

IX = R|| <

(5)

Proof: See Appendix [2.3] O

Tt is easy to derive an upper bound on ||Y|| using Lemma However, our analysis requires bounding
individual blocks Y;,1 < ¢ < n, making such bounds insufficient for our purpose. To this end, we introduce
the following expression of Y, from which we will derive block-wise bounds.

Lemma 2.3. (ControllingY.) Denote ¥; = diag(o(i—1)(m—1)+1, " > Ti(m—1)), 1 <@ <k, A = diag(Agr1, -

and Sy = (8k+1,-++ ,8n). Let
B; = (S ® Hp)MNI —A® Lno1) (S @ Hy)', 1<i<k (6)
Suppose |N|| + || E11]| < Ak — Aga1, then
> _ I+1
1=0

Proof: See Appendix [2:4] O

We now present the last lemma which applies @) to obtain a L*°-type bound on blocks of Y;. Specifically,
let By, = ey ® H,, € RMm=Dx(m=1) The following Lemma provides a way to bound ||E{ Y|:

Lemma 2.4. (Bounding L>-norm of Y) Giveni € {1,--- ,k}. Let B; be defined by (6)). Suppose there
are small constants €1, €9, €3, < 1 such that the following four conditions are satisfied:

o [BillllN]] < e



o [|Bil[l|Ailm — Xl < ea.

e 350>0, mp>0,st.,V0<j<jg, 44 >0,1<1I<j5+1, whereogzgillilgmo,

max | E] (BiN)" By (BiN)'# BiN(Si @ Hy)| < ea| By - 6312 1, (8)
® o+ 6 < 1.
Then 5
BV < 1 (e () ),
max || B, Yil| < [1X] (1_61_62 (1_61) +(1_62) i (9)
Proof: See Appendix 2.5 O

Remark 3. As we will see later, the dominant term in is ||EY BNS||, which can be controlled using
standard concentration bound. The technical difficulty is how to extend it to high order moments. Later
we will show how to achieve this goal by controlling power moments. Note that does not incur a strong
1

m) . However,
og(n

bound. For example, in randomized models we consider in this paper, | BJ|||N| = O(

the right-hand side of only decays at a geometric rate.

Remark 4. It turns out the major task in terms of controlling eigen-decomposition stability is to provide
bounds on E1;, N and the left-hand sides in . This is the goal of the next two sections.

2.2 Proof of Lemma [2.1]

Denote A = (A, ,Ax) and A, = (Ags1,- -+, An). It is clear that we can decompose A as
— — =T
A= SpASE +SpAx S,

For convenience we set p = (i—1)(m—1)+j and define L,, = I, — 2117 To control |A\;—o(;—1)(m—1)4;: 1 <
i<k, 1<j<m-—1, we consider an eigen-decomposition of A ® L, + N with respect to basis spanned by
S, ® H,,, and Sy ® H,,. Introduce matrices

Ell = (Sk ® Hm)TN(Sk ® Hm)a
By = (Sk ® Hp) ' N(S), © Hp),
FEop = (Sk @ Hy)'N(Sk @ Hyy).
Using unitary matrix S ® H,, to change the basis for matrices A ® L, and N, respectively, we obtain that

(S® Hp) (A® Lin)(S @ Hp,) = ﬁ)’“ Aok] ® L1

E.  FEf
S®Hp) ' N(S @ Hpy) = |0 22
(58 H) NS ® ) = |t P
Observe that the matrix A ® L,, + N — ul is congruent to

B(u) = A ® Ly + Bu — pl 4+ B3y (I — A, — E2) " 'Eay 0
H 0 Ak: @ Im—1+ Eao — MI

and has the same inertia as well, which can be verified from the identity

(S® Hp)"(A® Ly + N — plI)(S ® Hp,)

(A ® I+ B —pl E3

n Ey Ay @ Iny—1 + Eog — il

L P A @ Ly + Bry — pl + B3 (ul = A @ Iy — Eag) "B 0 1 o]!
0 I 0 Ak & I77L—1 + E22 - :U’I PT I

)



in which P = EJ, (ul — Ay ® I,,—1 — E22)~!. Hence by letting u = o, we have \y(A® Ly, + N —a,1) =0
and then A,(B(o,)) = 0, and further more

o =\ A ®Ipor 0 n Eu+ EL(op] — A @ Ly—1 — Eo2) 1By 0
p p 0 A @ Iy,_1 + Eos 0 o/

However, the Weyl’s inequality told that

T vy _ 1
o)M= 0y = Ap(A® Im1) > A ({Eu + Eyi(0p] —Ap @ Lyy—1 — Ea2) ' Eoy O})

0 0
> min{Amin (E11 + Egy (0p] — A ® L1 — Eo2) ' E2y), 0}
> —[[Enl (10)

in which we used the fact that o, — Ay ® I,_1 — Fa9 is positive definite, and

T N _ -1
A0y (4 ) s ([B 4 RO e s B B 0]

0 0
S ||E11 + Egl(O'pI - Kk ® Imfl - E22)_1E21||
<||Ei1 + E3 (0 — Mesr)I — Eaa) ™ Ea| (11)

It remains to bound Egl (op] — Ay ® L1 — E22)_1E21. Towards this end, we consider an arbitrary value
1> Amaz (V). Tt is clear that

Enn EL
I— 12
a [Em E (12)
is a positive definite matrix, and pul — Fss is also positive definite. From the identity
-1 _ -1
I . E11 Egl _ I Q /,LI — E11 — Egl(/J/I — E22) 1E21 0 I 0
H Ey Eao 0 I 0 pl — Ean| |QT T

in which Q = EZ} (B — pI)~!, we can see that ul — Eyy — E (ul — Eq2) "1 Ey; is positive definite as well.
Applying it to , we obtain that

pl — vy — E3y (u — Eag) ™ "By = 0,

or equivalently,
E11 + Egl(ﬂj — E22)71E21 j ‘uI (13)

Similarly, for g < Amin(N), we have
E11 + Egl(‘uI — E22)71E21 t ,uI (14)
Letting u — || N|| and u — —|| V|| respectively, we obtain that

EL(|IN||I — Eag)"*Es1 < |N||I — Enn,
EL(IN|I + Ess) 'Egy < |N|I + Exy.

Here the second inequality arise by taking negative of .
As thus for any non-negative number «, 3, we have

Ev + E3) (a(||N|I — Ex) ™" + B(IN|I + E22)71)71E21 S (a+ BN+ 1+ 8 —a)Er;.
If we in addition have

—1 _ _ —1
E3 ((0p = Mg1)I — Exz) " Eay = E3y (a(|[N|I — Ez) ™' + B(IN|I + Ex)~')  Ea, (15)



for some «, 8 > 0, then we reach an upper bound
-1
Amax (Er + B3, (0 = Mew)L = Exz) ™ Enn ) < (a+ B)INI| + 1+ 8 — | Eu| (16)

To ensure inequality , we need to show that the following inequality

1 < Q@ n B
op—Xe+1—2 ~ ||[N||—z ||[N|+z

holds for every eigenvalue x of Fs, or in a stronger sense, for all —||N|| < z < ||N||. Define
0 =pB/ae=|[IN|,a=|Ewnl

and then the above condition changes to

. e2 _ g2
= (0p— Mesr—2) (1 + 0)e+ (1 - 0)z)

for all —e < x < e. Hence we can take « as

g2 — g2
M e (op = M1 — ) (L )+ (1— O)a)
€ 1 — 22
T (o M) (14 0) 1551 (1 - 5 —0)(1 + 159a)

and substitute it into inequality we obtain

Amax (E11 + EL (0 — Aeg)T — EQQ)*IEm) < (14 0)age + |1+ (0 — 1)agla.

But it is easy to see that ay < ap < — 2¢ < fs < 1, so the absolute value sign can be removed
Op—Akt1t€ Ak —Akf1

from the inequality above, and substitute the expression of ay into it:
Amax (E11 + BT (0 — Mpa)] — Egg)_lEgl) < (14 0)age + (0 — Daga + a (17)

To simplify our computation, we introduce the following trigonometric function notations:

1-6

™ ™
i = — —— << —;
sin ¢ 1510’ 2,¢,27
€ T
siny = ————, 0<y < —;
O-p_)\k;Jrl w 6
a T

inw = — 0<w< — 18

sin w ) _W_2 ( )

Applying proposition 1 under these notations, we can rewrite oy as

sin Y 1

T8 o 1)
and substitute it into to obtain
Amax (Eu + B3 ((op — A1) — E22)71E21> <(140)ape+ (0 —1)aya+a
=a+ %(1 — sinw sin @) (20)
cos? &5+



By optimizing over 6, namely over ¢, and applying proposition 2, we have

-1
Amax (En + E3 ((0p — A1) — En2) E21>

. . 1 —sinwsin ¢
<a+esiny min — 0
—7/25¢<m/2  cos? F5E

n sin v cos® w
=a+e———
1+ sinwsiny

NI = [ B |
op = Aeg1 + | Bl
INI? = 1Bl

Ai = Akt

=[|Ewn +
<||Ex1]| +

where in the last step we used the fact o, — A\; > —||E11]| that has been proved before. O

Proposition 1. Given two real number o, 3 with —5 < o, < 5§, we have

1 — 22 1

15 (1+zsina)(l+asinf)  cos2 &2

Proof. 1t is trivial when = +1 so we always assume —1 < z < 1 in the following. Taking transformation

—p p € R\{0}, we have

_1-p
x_1+p2’

(14 zsina)(1 + xsin 5)
1— a2

[(1—sina)p+ (1 +sina)p™'] [(1 —sinB)p+ (1 +sin B)p ]

[(1—sina)(l —sinB)p® +2(1 —sinasin B) + (1 + sina)(1 + sin B)p~?]

(1 — sinasin 8 + cos «cos )

[NCH I NN N T N

(1 + cos(a+ B))

o2 &8
=

The proposition follows immediately. O

Proposition 2. Given ¢,v¢,w as define in (@, we claim that

1 —sinwsin ¢ cos? w

min =
—x/2<¢<n/2  cos2 % 1+ sinwsin

Proof. Note that
1 —sinwsin¢

= 1 —sinwsin(¢ — ¥ + )
=1 —sinw (sin cos(¢ — ¥) 4 cost sin(¢ — 1))

=1-—sinw (sin1/1(cosz¢;w 2¢;w)+20051/)sin

— sin

COS

o—% o9
2 2 )7

Define p = tan % p can be taken over interval [tan(—m/4 — ¢/2),tan(w/4 — 1/2)] as taking ¢ over
[-7/2,7/2]. Some trigonometric calculation shows that [tan(—m/4 — 1 /2),tan(w/4 — 1/2)] is equal to



[_ cos cos
1—sint’ 14siny

]. Using the identity we just proved, we have
1 —sinwsing
2 =Y
cos? F5F
=p>+1-— sinw((l — p?)siny + 2pcosz/;)
=(1 4 sinwsin)p* — 2psinw cosh 4 (1 — sinwsin )

We can see it is a quadratic function about p, so it has a minimum at pg = % It is clear that

_130551;1; 5 S po < liossl:f’ 5+ hence py can be certainly taken. Further more, this quadratic function has a
2 S .

minimum value H_;‘fiw:w on this point, which completes our proof. O

2.3 Proof of Lemma [2.2]

Also denote I — %11T as L,,. We only prove the first inequality, since the second inequality can be inferred

from
1—-vV1—-u?<u, -1<u<l.

Multiply both sides of
(AR Ly +N)((Sk®@ Hpn)X +Y) = ((Sk © Hp)X +Y)X
by (Sk ® L), yielding

(Sk ® Hn)"(A® Ly + N)((Sk @ Hpn )X +Y) = (5, © Hy,)'Y - 5

& (Sp® Hp) 'N((Sk © Hp)X +Y) = (S5 @ Hp)"Y -5 — ((Sh) @ Hy) ' Y- (22)
Now we prove the following proposition, which will be used later:
Proposition 3. Denote A = diag(A1, -+, A\x) and ¥ = diag(o1,- - ,04). Suppose Ay > -+ Ay > 01 > -+ >

On, then for any Y € R™** we have

YA =Y = (A — o) [[Y]-

Proof: Without losing generality, we can assume o, > 0, since we can always shift \;;1 < ¢ < k and
0,1 < j < n by the same amount without changing the value of YA — XY and Ay — o;. With this
assumption, the proof directly follows from triangle inequality:

YA =XV > YA = [[ZY] = Y OwZi)]| = l[(021L)Y ]| = (A — o) [Y]-

O
Now let us come back to the proof of Lemma Since the columns of Uy(y—1) = (Sk ® Hp) X +Y are
orthogonal, we have

INI = [|(Sk @ Hpn) "N > [|(Sk ® Hin) " N((Sk © Hp) X 4+ Y)||
1(Sk ® Hy)TY S = (A@ Inn_1) - (Sk ® Hy) Y|

. — T . -
> R
> 1§I§1§12m lo: — Mgl (S;C ® Hm) Y| (Applying Prop051t10n
. o v
= Join o = e[
> (A = A1 = [[Bu DY (23)

where the last equality is due to Lemma [2.1



As VIV = XTX +YTY = Ij(pm—1). It follows that

N 2
- ( [l > < VT V[P = omin(X) < Omax(X) < 1.
A — Agr1 — || Bl

Let X = VXEXW}; be the SVD of X. Define R = VXW}S. We have

|X — R|| = [|[VxZx W3 — VxWE|
<|Ex =1

2
1.1 ( | V]| )
= Me = M1 — [[Buall ) 7

which ends the proof. O

2.4 Proof of Lemma 2.3

First, we have

(Sk ® Hp)MI = A® Iy — Egy) " (S © Hyp)T

:(§k®Hm)(A¢I—(K®Im71))—%(l—(AiI—(K@Imfl)) 7(Sp ® Hy)TN (§k®Hm)(AiI_(K@Im,l))—%)_l.

AT = (A® L))" 2 (S @ Hy,)"

= 3 (e H) AT~ (K8 L) (8 @ Ha)'N) (S50 Hy )L — (R L)) ™ (S © Hy)"
k=0
=(—-B,N)'B,,

in which - B B
=(SrL®Hp) NI =A@ 1) (S ® Hp)"
In the above argument, since

V]

[T = (R In_1)) "2 (Sk & Hyn) "N (S @ Hp)MI — (A® Ip_y)) 3| < ———
Ak — A1

<1,

we can safely apply Taylor expansion.
Now let us consider each column of Y. Denote p = (i — 1) - (m — 1) + j. By solving linear system for
X,Y, we have

Yy, =(5k ® Hyp) (00T = (A @ L1 + E)) " (S5 ® Hy) "N (S, ® Hy),
Sk @ Hp) (NI — (A® Iy 1 + Ez) — (Ai — 0)1) " (S ® Hyn)"N(Sk ® Hyn),

92

_ k+1 _
(Sk Y Hm) ((/\z‘I - (A & Im—1+ E22))71) (Sk ® Hm)TN(Sk ® Hm)mp()‘i - Up)k

t”qg

o~
Il
=}

((?k ® Hp) (ANl — (A® Ip—q) + E22))_1(S ® Hm)T)kH N(Sk @ Hp)xzp(N\i — 0p)" (24)

M

=~
Il
=]

M

k+1
((I — BiN)_lBi) NSk ® Hm)wp()‘i - op)k

E
I
=



Like before, from | N|| 4 ||E11]] < Ak — Ak+1 it is easy to check that

(At — )| (St @ Ho) (M = (K@ Ly + E22)) ™ (S ® Hy)T |
<Ai—op) (NI —(A® Ly + Ezz))ilﬂ

1
<||F X
S W v
E
< | Bl -1,
Ak — Aeg1 — ||V

which shows that the power series above would be surely convergent.
Putting this in the matrix form leads to

+1 ON!
(1= BiN)'By) N(Sk @ Hp)X s\l = 0.

Mg

1=0
O
2.5 Proof of Lemma [2.4]
First of all, since || B;N|| < ||Bi| - | N|| < 1, it is clear that
(I — BiN)™'B; = Z(BiN)jBi. (25)
Jj=0
Consider the following three terms:
5= ((I=BiN)"'B;)’ "' N(Sk @ Hp) Xi(Ailn — 3i)’.
Jj>jo+1
Jo Jj+1 A _
=YY 3 (H(BiN)“B)N(Sk ® Hy) Xi (NiLm — 53)7.
J=0mEmo+l sty 1=1
Jjo mo j+1 )
55:=3"%" (H BN“B) (S ® Hn) Xi (NI — 55)7. (26)
j=0m= Oz7+11 i1=m
It is clear that
Y, =61 + 62+ Js.
Now we bound E 0x,1 < k < 3. First of all, we have
IES sl < 60 < D7 (= BiN) " Bil P IN|[Sk @ Ho [[1Xll [ As T — Sl
Jj=jo+1
| Bill j+1 ;
< —myiar) NSk © He [ Xl[[|AiLm — sl
2 T
_ IBAIINVIIX Z (IIBillH/\z'Im—EiH)J
T BN 2=, 1= BTN
€1 €9 jo+1
= . Xl . 27
1—61—62 (1—61) ” ” ( )

10



Similarly,
J+1

Jo
IEFal < o0 <> > >0 (TTUBMINI B ) INUIXIA L — =l

F=0mEmo+1 sty 1=1

Jo
=S 3 X UBAmE N X AL — S

=0 m>mo+1 ZJ‘_Fll ii=m

—Z SO UBm N X AL — S

7j=0m>mo+1

Jo
m—+1
=D BN = =il Y- s (BN ™ Xl
7=0 m>mo+1
<Xl > mHZEJCfnﬂ (28)

m>mo+1

Since when —1 < x < 1,

m m
1 —a)itt Z L A

It follows that

jo
1B Sl < IXll > et Zejcr]n—i-j

m>mo+1
1
. m+1_ -
S ||XZ|| Z € (1 _ 62)m+1
m>mo+1
€1 mo €1
=||X; . 29
IX(2)™ =2 (29)
We use a similar stratogy to bound d3. In fact,
mo Jj+1 '
|EL o] < Z S B (TT®BN) B NSk @ Ha)lIXlllAim — Sl
=0m=0yitl; —pm =1
=1
<SIOTD IBilPesd™ XA L — Bl
j=0m= 027 1il_m

< ||X ||€3Z€2 Z m+j5m+1
= [|Xilles Z gt Z KNG

m=0
< || X €3 Z 5m+1;
m=0 (1 —ex)m*?
1
<1 s o Il (30)

Combing (27), (29) and (30]), we have
- 5
e BT < 0 (T (2 + (2 0™) + ).
€2

1<b<n — €1 — 1—61 1—62 1—62—(5

which ends the proof. O
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3 Stability of Eigen-decomposition in Randomized Noise Models

3.1 Key Lemmas

The next Lemma provides various bounds regarding the random matrix model discussed above: Given a
constant ¢ > 1. Suppose dmin > 2clog(n) and n > 10. Consider a random matrix N € R™*"™ whose
blocks are given by

N2 yan X Gee
’ 0 otherwise

where X;;, (i,7) € € are independent random matrices that satisfy

E[Xy;] =0, |1l < Ky,
where K;j, (4,j) € £ are positive constants. Let K = (m?x K;;, then
i,j)EE
Lemma 3.1. With probability at least 1 — 15,
CK
V] <

V dmin
for some absolute constant C'.
Lemma 3.2.

logn
loglogn’

1 Z 1
\/CT’:JE/\/(Z’)\/CTJ‘7

and setting a constant ||Bl|., associated to B and w as

Given | positive integer t1,...,t;, and suppose | <

dmin > logn, define a vector w as

w; =

1Bllw = llabs(B) - @]l

in which abs(B) is obtained by taking absolute values elementwisely from B, then we have

l
) IOg n —1/2— mln
(ef © L) [T ((BY @ L)N) Sl < ( CK) - Bl 1BISY - 1B Ao
]=1 min
I l d
ogn _ max
< ( 8 CU¥) 1B 2 1Bl | T 10l (31)

with probability exceeding 1 — n~'/'. Recall that in our random model we have Sy, = s @ Uy,. Note that we
put no special assumption on B here. Namely, B could be different from B; defined in Section ,

Lemma 3.3. Given noise matriz N under the model in , and

‘CVWIHBml%n
then we have the block-wise bound on Y;

|B ||Ld mln max
I,)Yi
g, Mew @ V< 24 Ter <\ le)

with probability exceeding 1 — n% for some absolute constant C' depending on c. Recall that B; and Y; were
given by

B; = (?k(m - K)*lﬁf) ®I

12



= — I+1
Yi:= (y(i71)m+1a L Yim) = Z ((I — B;N) 1Bi) i N(Sk ® L) Xi(Aidym — Ei)lv
=0

in Section respectively, where 1 < i < k.

3.2 Proof of Lemma [3.1]

We provide a bound for || N|| by giving an estimation of E[tr(N®)] for even positive integers b.

Proposition 4. Given two positive integer b, w such that 1 < w < % + 1, let G be a undirected complete
graph of w wvertices then the number of cycles of length b in G satisfying the following properties can be
bounded above by C*b*/? (or equivalently C'b*/*t1="w! for some slightly different absolute constant C') for
some absolute constant C':

e No self-loop in the cycle;

e Fach vertex of G appears;

e Fach edge appearing in the cycle would appear at least two times.
Proof. Define the following variables associated to w vertices:

e The degrees (not consider the multiplicity of edge) of w vertices dy, . .., d,, in the cycle, which is actually
the degree of some vertex in the induced undirected graph by the cycle;

e The multi-degrees of w vertices D1, ..., D,, in the cycle, which is actually the number of times some
vertex appears in the cycle sequence.

We say a leg in the cycle is innovative if the undirected edge of that leg didn’t arose before when traversing
the cycle, and non-innovative if otherwise. It is clear that

di+--+dy=2j, Di+---+Dy,=b, d <D,

Thus the number of the possibilities of {D;} could be bounded by 2, so it suffices to consider only fixed
{D,}. Define T, such that T,/p is the number of vertices with multi-degree p, or equivalently, the number
of vertices in the cycle having multi-degree p. It is clear that E;O:l T, =0.

We try to show that it is possible to reconstruct the cycle by recording a group of arrays. In detail,
supposing some valid cycle is i1 — i9 — -+ — i, — 11, define an array a of length b such that a; := 1 if
4it4+1 (ip41 = 41 here) is innovative while oy := 0 if otherwise, then the following arrays would be recorded:

e A non-negative integer array ¢ of length w such that ¢ = ¢1 + -+ - + ¢, < b (to be modified);

e A bit array v = vy ... v of length b, in which there are exactly ¢ ones and b — ¢ zeros. v; will be forced
tobe 1if oy = 1.

e Non-negative integer E, which is in fact an encoding of the cycle using some method we would show
in the following.

We define E by
E=L+ LypaM

in which L4z := (C1 _q ), and L and M are non-integer numbers which will be defined next.

<y Cuw

To define L, an integer array w would be introduced which is of length ¢ with ¢ appearing exactly c;
times for 1 < ¢ < w. L is simply the encoding of u, thus it could be bounded by

q
OSL<Lma$::( e >§C§)C1q
5

C.
Cly...yCy Ly

for some absolute constant Cy from the Stirling’s formula and the condition g < b.

13



Now we would describe how to calculate the number M from the known cycle and all other information
stored. First decode w from L and ci,...,c,. Let my =141 — 1, My ymee = w. Consider 1 <¢ <b—1 and
suppose iy — --- — 43 is known. If v; = 1 is the I-th one in v (I < ¢), w; will be used to indicated the
multi-degree of vertex i;11, thus a integer m41 such that 0 < myq < T, /u; can uniquely determine iz ;.
In this case let Myt1,maz = T, /w. If v, = 0, from the definition of v the leg 4;4;11 must be a non-innovative
leg. Thus an integer myy1 such that 0 < my41 < d;, < D;, can uniquely determine i;y;. In this case let
Mi41,maz = Di,. In the end, encode M as

M = my + mami max + -+ mpMmp—1,mazx - - - M1,max-

From the construction of M, clearly we can reconstruct the original cycle from M together with all other
stored information D, v, ¢, L. On the contrary, given one cycle, for each valid v we can find such a (unique)
M (v) and E(v) depending on v since u can be completely determined by v and the cycle.

Here we would construct a special v and show that E(v) is small enough to carry our proof forward. Let
v be all blanks except on the position v; such that a; = 1 (v; will be forced to set as 1 in such case). As for

all other non-innovative legs i;i;11, we set vy := 1 if b/D;, ., < D;, while v; := 0 if otherwise. Clearly

M < Mmam = M1,mazx - - - Mbmax-
For each degree value p, the term T, /p will appear ¢, times in the sequence my mq, from the definition, and

further more we denote by f, the number of times that the degree p appears in the sequence My ;mqz. By
such a construction, we have

E(v) < Lmameaa:

q Tp,
< Cqui X W it H min{Diub/Diurl}

Cw .

Ci ... Cw L DZtJrl -
Tttt 41 Ttlt4+1

innovative non-innovative

= Cfc?.q.iq.czjw xXw (ﬁ(T /p) ) (pr">

o) (o) ()
(i) (1)

p=1
— ;
=c5 ] D [l win{Di.b/D;,.}
Gtlt41 Gtlt41
innovative non-innovative

b bD;, . b D;, D, ,,
=Cj5 I | min DD 2
z’Hrl ltlt+1 lt Zt+1 Ztlt+1 141

innovative non-innovative

b 1 lt 1
o™ 11 5o {\/ 'V i } )
A 1t H 'Lt+1

UElt41 Z11t+ 1
innovative non-innovative

Tr41

S Cgbb/z

for some slightly different absolute constants C'5, C3, in which comes from the fact that (T}, /c,)% < eTr/e
and 71 + ...T,, = ¢ < b. To explain the last step in the transformation above, consider each edge {r, s} in
the cycle. It have been given that {r, s} will appear at least 2 times in the cycle, supposing it appears exact
k > 2 times, then it will contribute a factor

k—1
b b Dy D,
Vo, 0. "™ \YV DDV b =

14




to the formula .

In this way, we can always encode the cycle into a tuple (D, v, ¢, E) for some v such that E < C’gbb/2
for some absolute constant Ci3. The total number of such tuples can be clearly bounded by C?b%/? for some
slightly different absolute constant C.

In the end, by Stirling’s formula we can write the ratio between %2 and b¥/2+t1=wq! as

bv/2 s (0N
pb/2+1—wqy) <y (w>

for some absolute constant Cy. However simple calculus gives that (b/w)® < e®/¢ < e?/¢. Hence the number
of valid cycles can be also bounded by C'b*/2+1=4! for some slightly different constant C.
O

Proposition 5. Suppose S(n) is the set consisting of all permutations on {1,...,n}. Let (i1,i2),..., (ip,11)
be a cycle of length b in the graph. Let e1,...,e; are the j distinct undirected edges appearing in the cycle,
with occurrence times ai,...,a;, and fi ..., f, are the w distinct vertices appearing in the cycle, with
occurrence times 31, ..., Bw. Suppose all o are at least 2, then we have

Kb—?j
E NUio’i --~Naiai S
sty Votiota) (ioin)] =~ 1), (n—w+1)

Proof. Define G as a graph such that (s,t) is an edge of G if and only if (fs, f;) appears in the cycle
(i1,...,1p,71). We have

E  [No(i)o(is) - - - No(ip)o(ir))

0€Us(n)
< E (INotyotin) - - - Notiy)oti
= UGUS(,L)H o(i1)o(i2) U(Zb)o’(zl)H
< E ;LX |a1 ‘X |aj
T 0€Us(n),X dftfl) o dfl(ufw) o(er) - [ Aa(ey)

1 2 2
T TV .Xg(ej)]]
U(fl) o‘(fw)

1

IN

Kaitte; =27 |
O’GUs(n) d

S Ka1+"‘+aj_2j E (5(0’7177@0) ’
o€Us(n) dﬁl

o)

Buw
o (fw)

in which 6(o; p1,...,p1) := 1if corresponding Xo(fp.).0(f,,) are non-zero for all (ps,pt) € Gyand 6(o;p1,...,p1) i=

0 otherwise. It is easy to see that if 6(o; P) = 1 for some o then all subset P’ C P also satisfy 6(o; P') = 1. It
suffices to bound Eocvs,, d;(ﬁfll) . d;@w )6(0; 1,... ,w)} . To use induction to achieve this end, we relax our
assumption such that now we have not a cycle but just a connected graph consisting of w vertices f1,..., fu
with degrees fS1,...,8,. We can find a vertex such that the graph is still connected after removing this
vertex. Without loss of generality, suppose it is f,,, and one of its adjacent vertices is f,,—1. Fixing o(fy,—1),
there are at most d, (s, ,) choices for o(f,) to make 6(o;1,...,w) not vanish. Thus we have

1
E [5(0' 1,... w)]
o B Buw P 5
datfl) .. do(fw)
d;(ﬁfll) o 'diﬁw*l)‘s(‘ﬂ L...,wu—=1) E [d;ﬁr )(5(0;11) — Lw)H

< E
o o'(fl)a“-vo'(f'wfl) |: U<fw*1 U(fw) (fw

d
—Buw ”(fw—l) —B1 —Bw—1 . o
< min G (f1)seens0 (Fuo—1) [n “w 100t do(fun2(O3 Lo 1)]
1 —B1 —Bw-2 j=PBw-1+1 X
S P a— E [dg(m cedy [ AP o 1)] .
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Observe that the last line has the form of recursion in the sense that we now have a connected graph
consisting of f1,..., f,—1 with degrees B1,..., Bw—2,Bw—1 + 1, hence we obtain that

1 1
E| ——6(;1,...,w)| < —
o df%fl) . ..dfl(”fw) Qi TPe=0 (1) (n— w4+ 1)
B 1
do i (p — 1) (n— w4 1)
O
Proposition 6.
n
E[tr(N?)] < C? Pk
for some absolute constant C'.
Proof. We have
E[tr(Nb)] = Z E[Niﬂz s Nibil]’ (34)

1<y, ., ip<n

which is a sum over all cycles iy — --- — 4, — i1 of length b. According to the independence of N;;, all
terms are zero but those terms in which every {is, 4511} appears at least two times. Consider cycles with w
distinct vertices and j distinct edges appearing. Let V(b, w, j) be the set of all such cycles. Using Proposition
[ [V(b,w,j)| will be bounded by

COpP/2 =Wl (Z)) = O (n — 1) ... (n —w + 1)

where C is an absolute constant. While Proposition [5| gives the expected contribution to sum over
cycles of the certain shape, which means

> E[Niyig, - - - Niyiy ]
(i1,-.,%) €V (b,w,j)

= E > ENo(i1)o(iz) - - - No(iv)o(in)]
g S(n) . . .
(415.-es ip)EV(b,w,j)
= ‘ Z 4 UEIE(W,)[NU(il)J(iZ) - 'Na(ib)a(i1)]
(i1,...,35) EV(b,w,5)
brb/2+1 K2
< C7b “nn—1)...n—w+1) x
-t ( ) ) do i (p — 1) (n— w4 1)
b/2—w+1
—b/2 K3?b
b n
<C 7

for some absolute constant C' in which we used the fact that j > w — 1 and b = O(logn), K = O ( i;’g;; )

Theorem 3.1. Suppose K = O ( d"“'"), then

logn

C
\ dmzn

holds with high probability for some absolute constant C'.

[
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Proof. Setting b = 4[logn| which is an even number, we write the constant in Proposition @ as C1 here,
then the Proposition [f] together with the Markov’s inequality gives

bb
Pr [||N|| > 3¢ } = Pr l||N||b 3 Cl]

\% dmln b/2
n 1
=3 S
Hence \/7 with high probability in which C' = 3C'; is an absolute constant. O

3.3 Proof of Lemma [3.2]

Proof. First we have

dmax
1Bllw = llabs(B) - wlloo < llwlllsollBlloc < 4/ 5= 1IBlloo

min

Hence it suffices to prove by showing that

logn
dmin

l
K) 1Bl - 1BISS2 7 IBllha - 1Tkl (35)

l
61 ®I 1;[ Bt] ®I )SkHoo < ( max |g|

holds with probability exceeding 1 — # Denote by a;{) the element of matrix B% in p-th row and ¢-th

column. In this way, we can expand the left side of as

(2) O]

1
& No a1B19g ay - Qg lalNalﬂl(sBlUk) (36)

in which we used the fact that Sy = s ® Uy. Here the summation is taken over all possible integer arrays o
and B which are both of length {. Recall that sg, = \/% and Ny 4 = \/ﬁXp,q if (p,q) € € while N, ; =0

otherwise. We thereby denote by #H as the set consisting of all pairs (e, 8) such that (o, ;) € € for all j.
Hence it suffices to prove that

W @ L0

41,0098, 00 " 2811,
T rar : : Xa B Xa B Uk
V |5‘ (a,B)EH \/daldﬁl i 'dazf1ﬁlf1daz o o
IOgTL _ _ mln
HBHw B2 Bl - H U, (37)

or in a stronger sense,

m @ 0
Z DBy oven | B+ Xayp
By - Xa
a,B)eEH \/daldﬁl to dal71d5171dal T L
§01(10gn)z/2 N Bllw - IBISY2 - ||B|Y2, (38)

max

since || X,q|| < K for all p,g. To this end, we employ the power moment method, which needs us to show

T .
E aq 1,02 1—1,0% . X (r) a(r) - - X () a(r)
(O‘HZGH H \/daldﬁl ooy dp, do, o b By
<(logn)* - | B||2t - || B||2kt—+=2k . | B||L - -
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holds for all integer k such that kI < O(logn). The left side of can be furthermore relaxed and expanded
to

( ) (2) (l)
NQ 5(7 O 5(7 o)

\/d dy - d o) d md »

ZH

(a,lg)e’Hmc r=1

HX (") g () - - X#r)@r)] ’ (40)

r=1

where & = (a®, ..., a@®) 3= (8Y ... B3"). Here H2* is defined such that (é&,3) € H2* if and only if
(@, 8" € #. An important observation is that E[X, g, ... Xa,s] is non-zero if and only if all unordered
pairs {a;, 5;} will appear at least two times among these 2k pairs since all X, are independent for distinct
{p,q} and E[X,,] = 0. Let Jor C H?* be the set consisting of all (&, 3) such that every (ag»r),ﬁj(r)) would
appear at least two times among these 2kl unordered pairs, which means it suffices to prove that

@ a®
o ﬂ(m ﬁ<r> (r)

=L < (logn)M - || Bl - || B 2R B2 (41)
\/d <r>d5<v> d ol dﬁm d af®

ko)

> I

(6,B)€Tay, T=1

To estimate the sum in the left side of , we introduce the concept of summing graph.
Definition 1. A summing graph Gs = (Vs, &1, E2) is formally defined as following:

1. Vs contains 1 + n nodes, in which one node is special and called the root node while the remaining n
nodes are used to represent n variables that we are summing over. In fact, the root node represents the
fixed index 1 in ail)m mn .

ey

2. &1 is a undirected edge set on verter set Vy. If (u,v) € &1, then the variables represented by u,v are
adjacent in G.

3. & is an undirected labeled edge set on vertex set Vs and £y can contain multiple edges. Fach edge in
Es has the form (p,q,n) where p,q is the end node while n is an integer label.

A summing graph G, combined with a vector 8 can induce a sum (G, 0) as defined below:

56.0)= Y I 1B, /F(0.0)

veU(Gs) (p,q,n)€EE2

in which we define

UG,) = {ve{l,....,n}Y: : for every (p,q) € &1, Up, Vg are adjacent in G},

F(gsavae): H d,]/Z H p/2

PEVs pEVs mm

Return to the original problem. For some (é&, 3) € Jai, we can divide all 2kl terms of form {ay), ﬂj(.r)}
into a number of groups such that each group includes the same unordered pairs. By the definition of 75
each group has a size of at least 2. Without loss of generality we could assume all groups are of size 2 or 3.
For example, if some {p, ¢} occurs 7 times among 2kl unordered pairs, we can divide these 7 terms into 3
groups of size 2, 2, 3 respectively. Let the number of groups with size 2 be kl — 3u, then the number of groups
with size 3 would be 2u since there are 2kl terms in total. To obtain identical relations between ordered
pairs (ay), BJ(T ), we can use a bit string of length 2kl to indicate whether the corresponding ( - ,[3 ) has
the same order as its first appearance. Fixing u, the number of possible groupings would be

(2k1)! N (2k1)!
oM =3ug2u (k] — 3u)!(2u)!  2%4.5%(kl — 3u)!(2u)!”

For some grouping configuration with kl — w groups together with a 2kl bit string like mentioned above, a
summing group G; could be constructed as below:
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e V(G1) has 2(kl—u)+1 nodes. In particular, one of them represents 1, which is the root node, while each
of others represents exactly one element in kI — u groups. More precisely, each node can be regarded

as a set of variables of form agr) or Bi(r) so that all variables in the same node are forced to have the
same value.

e The edge joining nodes representing azm, ﬂi(r) would be in & (G;) for all possible i, 7. Thus each node
except the root node is associated with exact one edge in & (G).

e Starting from an empty & (G1), add a labeled edge (5(7 l+)17 i+ 1) for all possible 5( ") l+)17 and add
(r) r)
1

a labeled edge (root, o ’, 1) for all possible a; ’. Recall that £3(G1) is a unordered edge set containing
multiple edges.

e 0, is defined as an integer vector of the same length as the number of nodes in G;. Let 6, be 0 for
root node 0, and 6; , be the number of times that variable represented by node p appears in a( ") and
Bf ") except ﬁ( ") It is clear that 01, > 2 for node p where p is not the root node and does not contain
variable of form ﬁl "), Hence there are at most 2k indices p such that 6, = 1.

In this way, we can easily verify that

OBNC) o

2 ]a a9 g D) o)

_ZE Gi1,61)

ah) EJMT ] \/d g - dyo dgon doon G

in which G, is taken over all possible configurations of grouping.
Next, we will provide an estimation on 3(Gy, 01) by induction where G; contains 2(kl — u) + 1 nodes.
Claim:

I—1)k—
$(G1,01) < || B|2F - ||B|2 M2k BIIEL - d DR

min
Proposition 7. We can remove some edges from E2(Gy) to obtain a graph Gs satisfying

e Gy is a tree with edge set £1(G2) U E2(Ga).

e &(Gy) does not contain multiple edges any more.

e Fxcept the root node, each node in Gy is associated with exactly one edge in ;.

Define the difference between two graphs G and G’ as

A(G,G) = Z n
(P,q;n)€E2(G")\E2(G)

for graph G C G’, then we have

Y(G1,01) < ||B||29192)5(G,, 05).

max

Since there are 2kl edges in £3(G1) but only kI — u edges in £3(Gs), we have
A(Gy,G2) > Kkl 4 u.

In the following, we will construct a sequence of summing graphs Gs,...,G,, in a inductive way, where
G, is a summing graph with only one node, the root node. Specifically, we impose an inductive assumption
which holds for G; and Ga: G, is a tree over edge set £1(G.) U&(G,) for z=2,...,m

Suppose G, (z > 2) is given and has more than one nodes, then we can choose from tree G, a leaf node 7,
which is not the root node. By inductive assumption there exists some 7, with (7,,7.) € £1(G.) and some
v, with (7.,v,) € £(G.), and G.41 is still a tree where G, is obtained by removing {7,,7,} and their
associated edges from G,. There are two possible bounds:
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1. 0. -, > 2. In this case, let 8., be the same as 8, on all components except 0,11 ,, =6, —2. Then
we have

20,0 = Y I 1Bl [F(G:v.6.)

velU(G:) (p,q,n)€E2(Gz)

< D> > T 1B e B

VEU(G41) V7o Vi, €N (vr,) (P, q7n)€52(gz+1)

H(p q,n)€EE2(G241) | vp vq 1 n(ras)
S Z (gz+lyv,02+1 Z Z d7|[B ]Uﬂ-z ;U

vEU(G241) Vr, Un, EN(vry) Tz

=y Toamceen B gy puy,

(gz+17 v 02+1)

/(F(gz+1,v,92+1)dvrz)

vEU(G241) VUry
< Z H(p,q,n)esg(gzﬂ) HB”]UP,vq’ ||B|‘A(gz’gz+l)
o) F(G.41,v,0.41)

S(Gai1,v,0,11)|| B 299+

2. Ttis trivial that 0, ., > 1 and 6, ., > 1. So we can always let 6, be the same as 6, on all components
except 0,417, =0, . —1land 0,41, =6,, — 1. Then we have

200 = > I 1Bl [F(G:v.0.)

vel(G:) (p,q,n)€E2(Gz2)

S Z Z Z H HBn}prvq‘ HBn(TZWz)]UTszvz

VEU(Gz41) Yz Vn, €N (vr,) (Pygs n)€52(gz+1)

E H(P q,n)€E2(G241) UP7U11 1
= - — B"(Tzﬂfz) . .
S (gz+1av 02+1 Z Z dedﬂ'z |[ } 7y Uty

(F(Gir,0.0.00) V)

veEU(Gz41) Vr, Un, €N (vr,)
H Bn ’
_ (p,g,n)EE2(G2+1) vqu [B" Tz,uz)]
— E E Ve, Vg
F(G.41,v, 92+1
vEU(G241) Vry

< > H(m,n)e&(gzmHBH]”’”’MIIBHA(Q“Q”IHHBII
- F(gz+17v7ez+l) o «
veU(G241)

= 2(Ga+1,0:41) | B 21997 Bl

Since at first 85, > 1 for all non-root nodes p and 0.1, < 0., happens only if node p is removed from
G, the second bound always works. Besides, we have bounds

2(Gz,0:) < (a1, 0:40)[| Bl 9+~ min{ || Blloc, || Blw } (42)

if 0., >2.

Z(gﬂh am) = dmin7 Zt em,i/2.

Now let’s calculate >, 6, ;. Initially we have
D 3= 01;=2k(2l 1),

The inductive steps give >, 60.41,; =>_,0.; — 2 and there are kl — v inductive steps in total. Hence

> O = 2k(20 — 1) — 2(kl — u) = 2kl — 2k + 2u,
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which means (G, 0,,) = dFHF
Note that there are at most 2k nodes p with 65, = 1, which means the bound holds for all inducative

steps except 2k steps. In this way, together with the fact || B|lmax < ||Blleo and A(G1,Gn) = t, 2(G1,01)
could be expressed as

EI ,
561,00 < (12e )" a0 12162656, 0,

1Bl \* )
< ([B12) I1BILLBIAE St frskse

min
< |IBIIZ| Bl Bl i =0
For G,,, which contains a single root node, we have
(G ) = i ™ 00412 = g TR

where the last equation comes from the fact Y, 60;; =2k(20 —1) and >_,0.41,;, =), 0., — 2 if and only an
edge in £(G,) was removed, but there are exact kI — u edges in E3(G;) so that

Zamfzg“ 2(kl — ) = 2kl — 2k + 2u.

Note that the third cases would appear at most 2k times and the second cases appear exactly kl times
which means

5(G1,01) < ||Blhns || BIIZF || BI 299 M =2k 53(Gn, 0,
Return to calculate . We have

e a®,a® ) a®
Y) B(T) (T) B(T)17 (r)

> I

e \/d dgr - dyo dyo doo

< 22(91791
G1
:Z Z X(6G1,61)

u>0[V(G1)|=kl—u+1

ok k(1 (2kI)! —u
< || BII2F|B||EL | Bl =2k K

S 2845 (Kl — 3u)!(2u)! min

For the last line above, we have

(2kl) (2k1)!
(kl — 3u)!(2u)!d“ < (ol = 3u) ) (k) = (Ckl)

min

for some absolute constant C'. Thus

o @ 0
‘ oM g A 0

> 11

(6.B)€ Tk "=1 \/d (dg(rr - Ao dg Ao

k(l—1
< (Clogn)*!(|B||2¥|| B|| KL | B b2k

max | min

for some absolute constant C.

21



3.3.1 A Lower Bound on ||B|«

In the simple case, it is clear that B = L, BL = I — ss”, Bs = 0. In the following I will explore the
relationship between ||B|loo and dimax/dmin. Without loss of generality, suppose di = dmax and da = dpin,
then consider the vector which is a linear combination of the first column of L denoted as col; (L) and s:

—1/+/
v = coly (L) — / d1d2
\F V&
In this way, it can be easily verified that
Joll = Y2 X1V
T VA +Vdy
and
Bv = Beol (L) = coly (I — ssT),

S0

d
|BUf|oo > 1— — >

1
€]~ 2

since |€] > 2d;. Hence we have

\/a"i'\/d»? 1 /d7>1 dmax
d .

1Bl 2 5 >

(Vds +1/v/dy) ~ 4

3.4 Proof of Lemma [3.3
Suppose

\/IIB B Togn

the inequality (31) turns into

l
I(e5 @ L) [T((BY @ Ln)N)Silloe < €111 fg‘f’uUkn.
Jj=1

Thus we have

i i Amin i ity
(€5 © Ln)(BiN)" By ... (B;N)"** BiN (S ® In)|| < UKl | Bill (Cr.O) 1= .

€]

On the other hand, by choosing small enough absolute constant C', we have

CoK 1
IBil[IN]] < [|Bil| 5= < -,
dmin 10

1
1BillllAilm = Zill < | BillINIl < 15-

Thus applying Lemma [2.4] provides the desired conclusion.

4 Proof of Exact Recovery Conditions Under the Full Setting

4.1 Proof of Theorem 3.1

We prove Theorem 3.1 by establishing the concentration under the un-normalized data, i.e., which is identical
to set d; = nt. To begin with, let us rewrite the data matrix under the proposed model of mapping and
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observation graph. Since we assume the observation graph and the input pair-wise maps are generated

through independent procedures, it follows that

B ] I, — 1117 with probability n;;t
Xij = il Up, — -£11"7  with probability (1 —n;;)t
n 0 with probability (1 —t)
Here 7,1 < i,5 < n form a matrix (p — ¢)(I; ® (117)) + q117.
gives rise to
< Mij LT
E[X] =2, — —11"),
Xyl = 22 (1 — 117
and
B B 1 (1 —nijt) (I, — L117) with probability n;;t
Ny = Xij — E[X;j] = —q Ur.— L3117 — (L, — £117)  with probability (1 — ;)¢
n —0it (I — %llT) with probability (1 — ¢)

It is obvious that N;;1 = 0 and Nigl = 0. Moreover,

1+mit 2

Nl < .
IVl < =20 < =

Decompose X = E[X]|+ N, it follows that

BIX] =+ ((p— 0)(Tx ® (117)) +q(117)) @ (I, — - 117)

Following the convention of notation, let
1
A=—((p— g (117)) + ¢(117)).
It is easy to check that the rank of A is k, and its top k eigenvalues are given by

A1(1‘1):11+1T)%q, Ai(A):]%ﬂgz‘gk.

(43)

(46)

(47)

Let (=1, Hy) be an orthonormal basis for R, then it is easy to see that the corresponding top k eigenvectors

vk
of A are given by

k 1
Sy = \/;1 ® (ﬁLHk).

[ — 1
5.5y = (I, — —117) ® I;,.
no

Moreover,

To apply Lemma |3.3] it is easy to see that

1 1__7
By = qu%(Ino—n—oll ) ® I,
and L .
Bi=—I,, ——11" oL, 2<i<k.
p—q no
Denote

1
T = (I, — ;011T) ® I.

It is easy to check that
HTHW = 2a ||T||oo = 27 ||THmax =1

Applying Lemma we obtain the following stability bound on the top k(m — 1) eigen-vectors of X:
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Lemma 4.1. Let U = (UlT, - ,UZ)T be the top k(m — 1) eigen-vectors of X. Then there exists a rotation
matriz R € O(k(m — 1)) and a universal constant ¢, so that when

1
p—q>ck og(n).
nt
we have w.h.p,
— 1 1
T
(e . < ..
Zax U = (e Sk © Hin) - B < & = (48)

Complete the proof of Theorem 3.1. Since the spectral norm bounds the difference between the
corresponding rows, it follows from Lemma that (1) the distance between the corresponding elements
between each pair of objects in the embedding space is upper bounded by 1/3, (2) dintra < 1/3, and (3)
dinter > 2/3. This means both the intra-cluster maps and the underlying clusters can be recovered, which
ends the proof.

4.2 Proof of Theorem 3.2

We prove a stronger recovery condition for inter-cluster maps. Note that inter-cluster map recovery solves
the following linear assignment:

Xst = argmax(X,Cy), Cg = E intXii;LXisi' (49)
(i,§)€EE i€cs,jECt

We prove a stronger exact recovery condition as follows. To begin with, we define the minimum number
of inter-cluster edges between one pair of clusters as.

Nin er — i Ns ) Ns = 'a j 'a j 57 ; S5 ] . 50
= i Ny Noo= {6 )[60) €86 € i€ el (50)

Lemma 4.2. Given an absolute constant cinter > 0. Suppose the intra-cluster rate ¢ and Nipter satisfy the
following constraint:

Cinter log(n)

q=
Ninter
Then we have with probability at least 1 — %,
n 8
i 1< < k. 1
1glgnm03t(a,a) > 1§g;3>x§m08t(a’b)’ <s#t<k (51)

Proof: First of all, it is easy to check that

BlCu(an] ={ ™

m2k?

We apply union bounds by showing that with probability at least 1 — 2=, we have
8
Cula,a) > —(1— ) + 2 (52)
min se(a,a) > —(1 — =,
1<s#t<k,1<a<m t m 1 2
1 q
Cst(a,b) < —(1 — =. 53
1§s;ét§11?,21t}§<a;éb§m t(a,b) < m( a9+ 2 (53)

Note that each diagonal element X;;, X ;]" X;.i(a,a) is a random Bernoulli random variable with probability
1—;’ + g, we can apply lower Chernoff bound to obtain a lower tail bound on Cy(a, a), which is
l—q

q Ns q2 Nin erq2
Pr(Csi(a,a) < NSt(T +q- 5)] < eXp(—S(Ttl;q)) < eXp(—m) (54)

m m
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Similarly, each off-diagonal element X jitXZ;’Xisi(a, b) is a random Bernoulli random variable with probability

—1;‘1, we can apply upper Chernoff bound to obtain a upper tail bound on Cy(a,b), which is
Pr[Cst(a,b) < N, (1 — 4 + q)] < exp( 751&(12 ) < exp( 7interq2 ) (55)
st\W, = st al = - — = - — -
m s+ 50 =R T

Since ¢ = 1/ Cinter lj?lg(t”) It follows that combing and lead to

1—q q

in r1 1
PriCu(a,a) < Nu(2o9 4 g — 9] < oxp(~ Gnter 08()y 1 (56)
m 2 8 n- 8
1— 1
Pr(Ca(a,b) > Ny(—2 + ) < —— (57)
m 2 8

Applying union bounds and , we have that the inter-cluster maps can be recovered with probability
2

at least 1 — "Z'ii’fer . O
n 8

Since the observation graph is generated from the Erdds-Rényi model G(n,t). It is easy to check that

the number of inter-cluster edges between a pair of clusters concentrates at [;—25, QZ—?] with overwhelming

probability (for example using Chernoff bound), which ends the proof. O
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