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Abstract—The correctness of some arithmetic functions can taking advantage of internal equivalent points. However, such
be expressed in terms of the magnitude of errors. A reciprocal internal equivalent points do not exist in general between the
es;imatt_e f“tr;]Ct,i[o.” t_hatlreturnts (;"r.' approximation of erh_is such  hargware execution of micro-code and its reference model.

a function that is implemented in microprocessors. This paper : . o

describes an algorithen to prove that theperror of an arithrﬁe?ic One appfoa‘?h .to solve this problem 'S_ W““”G‘@h"e‘_’e'
function is less than its requirement. It divides the input domain mModelwhich mimics the hardware behavior and using it as a
into tiny segments, and for each segment we evaluate a require- stepping stone for the verification. Since the high-level model
ment formula. The evaluation is carried out by converting an s specifically built to have the same intermediate results as
arithmetic function to what we call a polynomial of bounded nharquare, the equivalence checking becomes more tractable.

functions, and then its upper bound is calculated and checked if o t al that the high-I | del | t Since
it meets the requirement. The algorithm is implemented as a set of ne must also prove that the high-level model IS correct.

rewriting rules and computed-hints of the ACL2 theorem prover.  the high-level model is built to mimic the behavior of the
It has been used to verify reciprocal estimate and reciprocal hardware, both may contain the identical algorithmic defects.
square root estimate instructions of one of the IBM POWER" The proof of a high-level model usually requires theorem
processors. proving or similar techniques. In the past, theorem provers
have been used to verify divide and square root algorithms
[71, [8], [9], [10]. However, the verification of a high-level
Formal verification has been used to verify floating-poinhodel using mechanical theorem proving takes a lot of time
arithmetic logic in the past. Especially, verifying primitiveand expertise, and it has not been used widely in the industrial
floating-point arithmetic operations, such as multiply or adsktting. Some early work used mathematical analysis such as
operations, can be handled by automatic equivalence checkiiggivatives [11] or series approximations [12] to verify the
[1]. The results of floating-point addition or multiplicationalgorithms, but the use of analysis further complicates the
are well-defined in the IEEE 754 floating-point standard [2proof. It would be desirable if one can automatically verify
and it is not hard to define their reference model. Runnirghigh-level model.
equivalence checking between a hardware implementation andéh this paper, we will consider reciprocal and reciprocal
its reference model may require a number of tricks [3], [4kguare root estimate instructions in order to study the automa-
such as using proper case-splitting and variable ordering t@n of high-level model validation. Floating-point instructions
BDD [5] representations, but today’s formal verification toolfre andfrsgrte  in the POWER architecture [13] are exam-
can handle it pretty well. Because the equivalence checkiples of such instructions. Estimate instructions are somewhat
of these operations does not rely on the equivalence of thienilar to micro-coded instructions from the perspective of
intermediate results, the reference model can be developedification. An estimate instruction returns a number close
independently of hardware implementations, making it less the actual reciprocal or the reciprocal of a square root,
likely to have the same defects in both. The reference modelt not exact one. Their correctness is given as a relative
can be reused over and over for different projects, which makasor being less than a certain value. Therefore, there is no
the reference model even more trustworthy. Furthermore, thiegle reference model that could be used for the equivalence
reference model itself can be formally checked by theoregchecking against any implementations. The verification needs
proving technology, which can be done once and for all [6]to be carried out by first creating a high-level model, verifying
On the other hand, verifying micro-coded floating-poinits correctness, and then checking the equivalence against
operations, such as divide and square-root, is not as easy. Rhsthardware. The equivalence part is relatively easy because
of all, applying the same equivalence checking approach festimate instructions are much simpler than that of divide or
primitive floating-point operations does not work well. Microsquare root. The high-level model verification is a key for
coded operations are far more complex, and it is intractaldaccessful verification.
to symbolically simulate an entire microcode sequence andWe developed a new algorithm to verify the high-level mod-
perform equivalence checking. Industrial equivalence checkiets of estimate instructions. This algorithm runs automatically
tools are very good at comparing two similar net-lists, bwith no human guidance. We used the new algorithm to verify

I. INTRODUCTION



the estimate instructions implemented in an industrial procd3UT to obtain the symbolic result of the arithmetic operation,

sor. In theory, this algorithm can be applied to other arithmetighich is then compared to the net-list representation of the

operations whose correctness is expressed in terms of relatiigh-level model. Equivalence checking tools are widely used

error size. For example, the correctness of divide and squaréhardware verification in industry [14], [15].

root algorithms using the Newton-Raphson procedure can bdf one is only interested in checking the algorithm, not

represented by a relative error requirement. hardware, we can only use the algorithm evaluation process
In Section I, we describe our evaluation algorithm usealone, and skip the equivalence checking path altogether. In

to verify the high-level model of estimate instructions, anthe rest of the paper, we will focus on the algorithm evaluation

in Section Ill, we describe its ACL2 implementation. Inprocess to check the high-level model.

Section 1V, we apply the verification algorithm to instruction%

of an industrial processor. In Section V, we discuss future Formal Specification of Mathematical Operations

improvements of our algorithm and its implementation. In a high-level model, an arithmetic operation is represented
as a function of rational numbers. It should be specified in
[I. VERIFICATION ALGORITHM a polynomial of bounded function®®BF) as defined below
A. Overall Verification Scheme using a Backus-Nauer form:
The overall verification framework is as shown in Fig. 1.  PBF ::= Constant | Variable | PBF+ PBF
The design under testDUT) is typically a hardware imple- | PBF x PBF| ERR_FUNC(PBF,....,PBF)

mentation of an grithmetic function, and it is writFen in a | USR FUNC(PBF, . . ., PBF)
hardware description language such as VHDL or Verilog. DUT
may be implemented as microcode or firmware, essentially aHere, the ERRFUNC is a set of functions such that, for
piece of software working with the hardware. any functione € ERR_FUNC, there is a polynomial function
In order to verify DUT, one has to provide a high-leveB(z1,...,z,) and:
model of the algorithm. It should precisely define arithmetic .
operations performed by DUT, but it may not capture imple- Virlwil < A => (@, wn)| < B(A1, -, An).
mentation details such as what type of adder or multipli@ince functions in ERRFUNC are used to represent the
implementations are used. errors of primitive arithmetic operations, we call thenror
There are two paths to check the correctness of the arifanctions We restrict the bounding functio®(z) to be a
metic operation. The first path employs an algorithm evagbolynomial function in order to make it easy to compute
uation process to check that a high-level model satisfiestree upper bound of an error function when its argument
desired mathematical property. Then, the second path udesnains are also bounded. The error function will be treated
an equivalence checker to compare the high-level model aasl an uninterpreted function during the evaluation process.
the DUT. If both paths succeed, the operation of the DUT ISR FUNC is the set of user-defined functions. One can
guaranteed to meet the mathematical property. We assumeléfine a new functionf to be f(z1,...,z,) = g, where g
this paper that a verified mathematical property is written is a PBF with variables, ..., z,.
an inequality like the maximum relative error requirement for PBF is used to model mathematical operations that can be
an estimate instruction. approximated with a polynomial, and we found that many
The second path operation of verification is the well-studieatithmetic operations used in hardware designs can be nicely
equivalence checking problem that is straightforward to skilledpresented as a PBF.
engineers. The high-level model must be translated into a bit-For example, the nearest mode rounding defined in the
level net-list so that a bit-level equivalence checker can BEEE 754 standard rounds a value to the closest representable
used. We may need to perform symbolic simulation on thHating-point number. For 53-bit double-precision numbers,
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y y = FldFrag, (x) Simplify(P(z), [, z;))
,,,,,,,, y=(x-x)*2' 1) fgbs;itutexi + 6 for z in P(x). Variable § satisfies|d| <
Jj — L
2) Replace user defined functions with the corresponding PBF,
3) Expand and simplify to normalize the the polynomial.
4) Move the constant term to the right ef and non-constant
terms to the left. Return the resulting inequati@n(d) < C;.

Fig. 3. PBF Simplification Algorithm

’—,I Where Etruncate\ (l') SatISerS

X Xis
: "1 Etruncateh (fE) <1

Fig. 2. Fraction field value and its approximation.

We can represent a number of operations used in the
implementation of numerical operations as functions of PBF.
the nearest mode rounding can be defined as a user-defiBethetimes restricting the domain of input variables is a key.
function; For example, floating-point divide and square root operations
neagp(z) = = + Fnearsi) using the Newton-Raphson algorithm is usually implemented

by combining an initial table look-up, floating-point multiply-
with an associated bounding conditifffvears{)| <2 % xA  and-add operations, and a final rounding operation. If we

for any |z| < A. o ' . _ “narrow the input range so that the table look-up value is
Next, the double-precision floating-point add operation with constant, the entire algorithm except the final rounding is
the nearest mode rounding can be defined as: represented by PBF. Then the correctness of the algorithm

can be given by a formula bounding the error of the final

addz, y) = neap(z +y), approximation before rounding.

and similarly the multiply operation is: Some arithmetic operations are hard to be represented as a
PBF. For example, representing the SRT division algorithm
mult(z,y) = neagp(z x y). as a PBF is difficult. The SRT division algorithm guesses

g1e next quotient digit by table look-up using some bits of
n intermediate remainder as an index. Depending the guess,
he next intermediate remainder can be completely different,
making it hard to approximate using a polynomial.

Another example is an operation to extract a bit-fiel
from the fraction of a floating-point number. A floating-poin
numberz is typically represented with sign bsgn exponent
expo and fractionfrac, wherexz = (—1)%9" x 28 x frac.
We assumer is normalized, which means thétc satisfies C. Algorithm to Verify a Property of Formal Specification
1 < frac < 2. Thus the binary representation i looks |n this subsection, we consider an algorithm to verify a PBF
like 1.b1bob3 - - -, whereb; is 1 or 0. Let us consider a functiongrmula of the form:

FracFld, ,.(x) that returns binary integéfb; 41 - - - b,_1b,. In
Fig. 2, theFracFId, . function is represented as a solid line. Formula::= PBF < PBF.

We can approximate théracFld; , with (z — ;) X 2"  This type of formula can be used to represent relative error
represented as a dashed line in a domajnz;1) such that yeqirements such as the correctness statement of an estimate
7 = 270 xi, and1 < x; < 2. Thus FracFld,, can be fynction. Let us consider verifying formul®(z), with the
represented as: assumption that the input variable satisfieszq < = < ,,,

FracFld, , (z) = (z — ;) % 2" + Erracria, (@), (1) and the error funct|(_)ns appearmg_]ﬁ(x) may ta_ke any vgl_ues
as long as they satisfy the associated bounding condition. We

with an error functionEeacria,, () satisfying: assumer is the only free variable iP(z), but we can easily
extend the algorithm to a multiple-variable formula.
Efracrd,, () < 1. The evaluation algorithm is carried out by splitting
Note that FracFld, . (z) is a user-defined function of PBFS€gment [zo,z,) into  non-overlapping ~ segments,
because2” is a constant, and: — «; is a shorthand of [%0,%1),[x1,%2),...,[&n—1,2,), and  simplifying and
x4 (=1) x zi. evaluating P(x) in each sub-segment. The algorithm

Similarly, we can consider truncating lower bits of ar?i_mP"MP(x)’[xi’xi))_ in Fig. 3 is used to simplify the
integer as yet another example. Let us suppese anm- °fginal formulaP(z) in segmentz;, z;). ,
bit binary integer and truncatér) removes the lowen-bit The first step of the simplification algorithm produces

of  and returng(m — n) bit integer. This truncation can bel (% +9), a formula of variable) where o] < z; — z;.
represented as: Let us defineA;; = z; — x;. After expanding user-defined

functions, Step 3 normalizes the polynomial by applying the
truncate,(x) = x X 27" + Euncate (T) associativity, commutativity and distributivity laws of and



U(c, A) = |¢| wherec is a constant. compete the proof or refute it. In general, we should define
U(d,A) = A whered is a variable. error functions appearing if?(z) so that error functions take
ngl + 82, ﬁg = 8%81 ﬁg + ngz ﬁg- relatively small magnitude compared to the main computation.
1 X L2, 8) = Ulk1, B) X D2, 2). If it is done properly, the smaller the segment gets, the more
U(e(@1), A) = P(U(Q1. A)) prope! Y. e

where|z| < b = |e(z)| < P(b) holds for error functiore. likely the evaluation succeeds or reports a failure point.

D. An Example of Verifying a Reciprocal Estimate Function

Fig. 4. Rules to calculate Upper Bound ®(5), A) . . ; . .
In this Section, we discuss a simple example of reciprocal

EvaluateP(z),[zo, zn)) { estimate functions that illustrates the use of our algorithm.
\7Vh:| {Eﬂﬁg,;lé,)[a?, T2),. ., [Tn—1,2n)} Instructionsfre in the POWER processor returns a reciprocal
ne im f a given number. Precisel king, for a given
Pick a segmentz:, z,) € S, and s - §/[zr, ;). sst blate ofag fEIE u be_ eciey_spea 9. (;) %Ig e
(Qi < C1) == SImplity P(2), [1, 25)). ouble-precision floating point number it returns a double-
If C; < 0, then return fail withz; as a failure point. precision number frier) that is an approximation af/z. The
If U(Qi,z; — ;) > Cy, thenS := S U {[z;, zx), [Tk, 7;)} architectural definition of the POWER processor requires the
, for some newk. following formula to be met:
1/x —fre
return success Yz — fre(z) < 1/256. 3
} 1/x

Similarly thefrsqrte  instruction returns a reciprocal square
root estimate frsgrig:), an approximation ofl//x. It must
satisfy the following relative error requirement.

+, and combining monomials of the same kind. Finally, 1/y/x — frsqrtg(x)
constants are moved to the right &f symbol, and non- 1/Vz

constant monomials are moved to the left. The simplificatiolg di th imol ati it b
algorithm Simplify P(z), [z;, z;)) preserves the semantics in epending on the processor implementation, It may be re-

the sense that the original formulB(z) holds if the final quired that the upper bound of the relative errors should be

formula Q;(6) < C; does 214, not 1/256 or 1/32.

In the filnal arodzuct of 'simpnﬁcaﬁonQ,((g) < O, the left- The result of the estimate instructions are considered correct
hand side is a PBF without any constant terms or duplics#§ '0"d as it satisfies the formula above, and there is no
monomials. Note that;(0) = 0 if we assume all error single correct answer. The idea is that these numbers are later

functions appearing inQ; take zero values. Thus the prooiused for software divide and square root routines based on an
i .

of P(z) fails if C; < 0. For Q;(5) < C; to hold regardless of iterative algorithm. Such an algorithm is self-correcting and is
the values of the error functzioné? must be a non-negative "%t sensitive to minor differences of the initial estimate values.

number Let us consider a reciprocal estimate function(dfethat

If C; is indeed a non-negative number, we compute an |mtp1IeLnented2 bfy a pltfe_cetvwse Imt:ar app_roglmabtmtn.k!:or the
upper bound WQ;, A;;) of Q;(6) for 5| < A;;, and compare "PY S T < o ret(:c) Irs lcETpufefhanfln tgx yf? 'Eg
it againstC;. Fig. 4 shows the recursive rules to computg1e most signilicant several bits of the Traction xf l00ks

U(Qs. A, IF U(Qy. Ay < Cy, Qi(5) < C; holds for all 6 up tables to obtaimi. and bl and returnsa;x + b; as the
su(tfi ’tha&|)5| < A(Q Big) < @i(0) = answer. Once fre(x) is defined far< = < 2, then we can
17"

The entire algorithm to verifyP(z) over the domain extend it to the entire non-zero domain by using equations

S - fre(x x 2) = fre(x)/2 and fr§—z) = —fre(z). Furthermore,
[0, zy) is given in Fig. 5. Evaluaté{(z),[zo, x,)) Starts by . .
splitting the entire domain inta segmentsz,. ). We require these equations can be used to extend the proof of Equation 2

that P(z) is a PBF in each segment. For each segmelfw ra e [1,2) to the the entire domain of. Thus, we focus

it applies the simplification algorithm in Fig. 3 t®(z), on’\'lthe cliotmalrw < ['loi 2) in the fol]ownng d'SCUSS'Or.]' tion that
obtaining Q; < Ci. If C; < 0, it fails and returnsz; as a ow let us consider a piecewise linear approximation tha

failure point. Otherwise it computes the upper boundJof uses eight linear functions for segment [1,2):

Fig. 5. Algorithm to verify P(z) over [zo, zr]

<1/32.

If the upper bound is less than or equaldg P(z) holds for %7 455 5 forx € [1,9)
. . . f 512 512 78

the segment and we continue. Otherwise, it splits the segment 1729 91 o o for m e [9 m)

[zi, ;) into [z;, zx) and[zg, x;), adds them to S, and repeats F(z)= 1024 ~ 128 * 7 R L

the analysis on the refined segments. The choice;ofis :

arbitrary, but we thinke, = («; + x;)/2 would work in most 8463 273

15
cases. 8105 — 1001 X * for z € [,2)

If the algorithm returns withS = (), then all segments arelt is easy to prove by analysis that the relative error of
verified, thus P(z) holds for [zg,z,). There is no general F(z) is less than 1/256. HoweveF(x) is not what can be
guarantee that the algorithm terminates because the boimglemented as hardware, because hardware can implement
of the error functions may not be strong enough to eithenly finite precision operations. A realistic implementation



of fre(z) should take the finite bits of and compute the Similarly we can apply the same simplification and upper-

approximation of the linear function. Following definitionbound calculation to other sub-segments. It turns out that, for

fre(x) is one such example: the segment [33/32,133/128), the upper bound is larger than
o6r 4 FracFld . 1o (x) the right-hand side constant. However, in this case, dividing

513512 1*2%0’) forz € [1,5)  the segment into 4 sub-segments of size 1/512 and repeating
%—%x <%+FracF2I?04,1o(x)) for z € [%7 §0) the process Wi!| successfully prove 'Fhe inequation.

The evaluation attempt also fails for the sub-segment
: [133/128,67/64). However, this time, further refining the sub-
8463 273 <E+FraCF|d4,1o(I)) for = € [Q 2) segment to smaller segments does not work. The proof attempt
8192 10247\ 8 210 87 of a refined segment [4283/4096,1071/1024) will produce a
Whenz is in [1,9/8), the binary representation oflooks like ~Ci less than 0. In fact, the relative error of (#@83/4096) is
1.000b4bs - - -. FunctionFracFIld 4 10 () returnsbybs - - - by as !arger than 1/256. In order to correct it, ({2] must use 9 plts
a 7-bit integer. This frex) function can be implemented usinginstead of 7 bits of the fraction of for the linear function
a tiny multiply-adder. Mathematical analysis cannot be usé&dlculation. With this fix, our algorithm can successfully verify
for fre(x) because frer) is not a continuous function with that fre(x)’s relative error is less than 1/256 over the entire
a derivative. We illustrate how our algorithm can prove thdomain.
relative error requirement of fe).

First, we convert the requirement formuldfre(z) — ) o )
1/z)/1/z| < 1/256 to its equivalent formula255/256 < We implemented our verification algorithm on the ACLZ
F(z)xz < 257/256, as our algorithm can take only a formuldheorem prover [16]. The ACL2 theorem prover is a widely-
of PBF. SinceF(z) is almost always larger tham/z, we used open-source theorem.prov_er, Fhat has been gsed for
will focus on the second comparison for the rest of the hardware and software verification in both academia and
arguments. industry [17]. This section assumes some knowledge of the

Our algorithm first divides the target domain ofinto sub- ACL2 theorem prover. Readers who are not interested in
segments. Let us assume that the domainzof divided implementation details may skip to the next sectlon_.
into the segment of size 1/128, and we will explain how the There are a number of advantages for us to implement

— ool

fre(z)=

I1l. ACL2 | MPLEMENTATION OF ALGORITHM

algorithm works for the sub-segment [1,129/128). the algorithr_n on the ACI__Z theorem prover. First, th_e results
The Simplify algorithm in Fig. 3 first substitutds+ § for of our venﬂcanoq algorithm of th(_a high-level design can
2 in the original formula: be aug_men.ted with oth.er mechamcal proo_fs. l_:or example,
the verification of fré¢x) in the previous section in segment
fre(x) x x < 257/256 (3) [1,2) can be extended to all non-zero domain mofwith

interactive theorem proving. Second, we can use the theorem
prover’s rewriting engine to manipulate polynomials, instead
fre(1+6) x (1+6) < 257/256 of writing a polynomial simplifier from scratch. Third, the
ACL2 theorem prover provides an interface named clause-
Second, it replaces fre arflacFld 4,19 using the definition of processor [18] to call external formal verification tools such
fre and Equation 1. as a bit-level equivalence checker. We can use this feature to
455 967 957 run an equivalence checker between the high-level model of
(= 59 X (1404 Errackid0(0) X2_10)+5@) x(1+0) < 5= an algorithm and its hardware implementation.
One disadvantage of the implementation using ACL2 is

Now we expand, combine same monomials, and move con- . : : e
speed. Especially, our implementation of the verification algo-

stants to the right oK and non-constant monomials to the. . O . : .

L rithm is not optimized for speed. It is possible to implement
left, putting into the format of); < C; : ) . )

our algorithm in a typical programming language, and call

o7 . 455 455 o 455 1 it from the ACL2 theorem prover using the clause-processor
—0——=F §)———=02——=0F 0) < — . )
512 219 FracFid 10(0) 5120 219 FracFid10(0) < 256 mechanism. However, the clause-processor mechanism does
Since the right-hand side is a positive number, we compulet guarantee the soundness of the newly integrated system,
the upper bound of the left-hand side, by the rules in Fig. 4because the called program may contain flaws.

We used an approach to implement the algorithm using

resulting in:

U (5%5 - %EFracFld4,1o(5) - %52 - %MHMFIMJO@)) computed-hints [19] and a set of rewriting rules. A computed-
_57 o 1 n 455 W14 455 N 1 n 455 " 1 ‘1 h!nt s a user-defined functions _that is use.d to steer the
512 © 128 = 219 512 7 1282 © 219 7 128 direction of a proof, but the proof itself is carried out by the
_ 120703 _ 1 pure ACL2 proof engine. It is somewhat like “strategy” [20] in

2% 256 the PVS theorem prover [21], or “tactics” in the HOL theorem

This shows that the upper bound of the left-hand side jgover [22], although ACL2 computed-hints may not be able
less than 1/256, finishing the proof the original equation 3 féo specify the proof step-by-step. Unlike clause processors,
[1,129/128). computed-hints do not introduce unsoundness to the ACL2



(defthm fre-error-1-2

(implies (and (rationalp b) (<= 1 b) (< b 2)) same effect as replacingwith z;+4, with term(xd x x0)
(and (<= 255/256 (* b (fre b)) serving the role of variablé.

hints (<= (* b (fre b)) 257/256)) Thewhen-pattern  hint also calls anin-theory ~  hint,
((case-split-segment 'b 1 2 (expt 2 -7)) which opens up the definition dfe . By setting up proper
(when-pattern ‘ - rewriting rules, the ACL2 term rewriter applies the same

(if (not (< B (@ low)) (< B (@ high)) il simplification as the simplification algorithm in Fig. 3. For

:use (cinstance xd-decomp (x b) (xO (@ low))) . . s ;

in-theory (enable fre)) this purpose, we need to disable all the built-in rewrite rules of
(bound-poly-prover id clause world))) ACL2, and enable specific rules that mimic the simplification

algorithm, using a script that is not shown here.
Fig. 6. An ACL2 command to verify frex). There are two sets of rewriting rules needed for the task.

First is to normalize polynomials. This includes typical rewrite

L _ rules for the commutativity, associativity, and distributivity
prover. If a computed-hint is not implemented correctly, thg; + and x, unicity, and rules to combine coefficients. For

proof using the hint may fail, but it never proves an untr”@xample we need a rewriting rule (* cO x) (* cl
statement as a theorem. _ x)) — (* (+ cO cl) x)) thatis applied only it0 and
In our implementation, a single ACL2 command ShowRy 416 constants. In addition to that, we need a few tricky

in Fig. 6 proves the error requirement for (¢ from the o\ iiting rules which combine monomial of the same kind
previous section. A typical ACL2 commar{defthm = name |,cated far apart in a polynomial. Such rewriting rules can be

expr :hints_ hin'Fs) a“emF_’tS to provexpr with the guid- written using thesyntaxp heuristic filter of ACL2.
ance provided byiints and, if successful, stores the theorem .o oiher set of rules are used to bring constants to the

with the name In Fig. 6, three computational hints argigne of < and non-constant terms to the left. All rules have

provided afterhints . Briefly speaking, the first computed-i' 1o carefully coded and ordered so that it works well with
hint starting with case-split-segment splits the do- the ACL2's rewriting algorithm.

main of z into tiny segments. The second computed-hint 114 final computed-hinbound-poly-prover in Fig. 6

_namedwhen-pattern applies the simplification algorithm computes WQ) of the left-hand side of after the previous
in Fig. 3, and the last computed-hinbund-poly-prover  gion produces) < C. If the U(Q) is less than the right-
builds a proof based on the upper bound computed as in F'ghénd side constant C, then it constructs a proof)of C.

The first computed-hints usingase-split-segment __This is done by instantiating theorems statjng< b| = |al|b),
splits th_e domain [1, 2) ob_ into small sub-segments of S|ze|a b| < |a| + |b], and the inequality bounding error functions,
277, This generates 128 independent sub-goals. The restQf aach step of the bounding proof.

the ﬁomputeddhints are 3pﬁliedhto each sub-goal. For example, supposd’s(z) is an error function that
The second computed-hirfwhen-pattern pattern . satisfies| Ey(x)| <14 A for |z| < A, and we want to prove

hintg) attempts to pattern match sub-terms of the target to _ 1 => &+ 8E+(8) < 3. The proof can be given by the
pattern and if there is a matchhints are applied to the ACL2 @IIO_Wing thre: ine](;EJaztigns.' P g y

proof. This computed-hint is an extension described in [23].
Expressions starting with a@sign is a pattern variable, and 0] <1=>|Es(d) <2

can be matched to any expression. Then the pattern variables

e : i < < 2= <
in hints are substituted accordingly. Ol < TATEF(O)] < 2=>[0E((9)] <2

In our example in Fig. 6, computed-hinthen-pattern 0] <IABEf()] <2=>1[6+dE¢()| <3
looks for anif -expression that matches the pattern. Th\?Vh bound-nol . led. it adds th h
previous case-splitting hint must have produced a téand €n bound-poly-prover Is called, it adds these three

(<= 2; X) (< x ), and its internal representation iSmstantlated theorems to the target goal as assumptions. In

an if -expression that looks exactly like the pattern. As g§Ssence, bound-poly-prover elaborately provides the prqof
result, (@ low) and(@ high) are matched ta:; and z; s_teps to AC_L2, so that A.CI._2 only needs to perform proposi-
respectively. tional qulc mfgrence to finish. . .

Then the :use hint instantiates a theorem namedWe did not implement dynamic adjustment of the segment
xd-decomp given as follows: size. Currently we manually adjust the segment size as an

(defthmd xd-decomp argument to thease-split-segment computed-hint.

(implies (and (rationalp x)

(rationalp x0)) IV. APPLICATIONS

(and (rationalp (xd x x0)) We applied the ACL2 implementation of our verification
(equal x (+ x0 (xd x x0)))))) algorithm to a couple of industrial examples. The first example
wherexd is a function defined as: is a reciprocal estimate instruction of one of the POWER

processors. This particular algorithm uses a piecewise linear
approximation with segment size ®f° for the input between
The definition ofxd is disabled and the ACL2 theorem proved and 2. It uses 22 bits of the fraction of an input to
treats it as an uninterpreted function. This effectively has tltempute a reciprocal estimate. The relative error must be

(defund xd (x x0) (rfix (- x x0)))



less than2—'. It is implemented using a look-up table, aSuch improvements will certainly speed up the verification
small multiplier, adders, bit field extractions, and shifters. Hlgorithm.
is more complicated than our toy example in Subsection 1I-D,

but the principle remains the same and it can be modeled

as a PBF function. One notable point is that the algorithm Our verification algorithm has been successfully applied
uses one's complement to negate intermediate results, nott@'verify two estimate instructions in an industrial processor.
complement. Since this is just an estimate instruction, thénlike many theorem-proving based methods, our algorithm
difference in the last 1 bit should not matter, but our highuns automatic and can be applied to different examples with
level description models precisely such behavior. minimum human effort.

Our algorithm successfully verifies this high-level model of The current implementation of the verification algorithm
the reciprocal estimate function in the segment [1,2), dividirig given as a set of ACL2 computed hints, and it has not
it to 4048 sub-segments of sizz'2. If the segment size been optimized for performance. Especially the segment size
gets bigger thar2—!!, proof failed for some segments. Thes fixed at the beginning of the verification, and it does not
verification took 3652 seconds using a 2.93GHz processautomatically adjust the size. Our investigation shows that
with the ACL2 version 3.6 running on Clozure Common Lispadjusting the sub-segment size is likely to improve the verifi-
We minimized printing by ACL2 intermediate proof goals, asation speed significantly. For example, the frsqrte verification
it would have printed out huge expressions and consumedised the segments Bf ' for the entire domain of inputs, but
sizable amount of CPU time. No interactive human inputs asegment size af~# is sufficient to verify most of the segments

V. DISCUSSION

required during this proof. except a few.
After proving that the estimate function meets its require- More improvements can be implemented for the
ment in [1,2), an interactive theorem proving extends ”lﬁ)und—poly—prover computed hint. The current

domain from [1,2) to the entire non-zero values, by provm?nplementation adds a

the theorem: large number of irrelevant and

duplicated inequalities to the target, by instantiating lemmas
(defthm fre-correct for each proof step. A smarter implementation can, for

(implies (and (rati?r?cz)itlp(etgual b 0)) example, avoid repeating the same proof steps for common

(<= (abs (/ (- (fre b) (/ 1 b)) (/ 1 b)) sub-expressions.
1/16384))) We relied on the ACL2 theorem prover for most of the

. . ) heavy work. Majority of the time is spent on the simplification
In this theorem,fre represents the verified reciprocalyt ,oynomials and propositional reasoning of the bounding

estimate instruction. Also we used oACL2SIXframework .ot “"hoth of which are performed by ACL2. It is possible to
[24] and IBM verification toolSixthSensg25] to check that ;o nlement a standalone program to accelerate our verification
the algorithm matches the hardware implementation. B”efgfgorithm.

speaking, ACL2SIX translates an ACL2 expression to VHDL, It is interesting to compare our approach to MetiTarski

and runs SixthSense to verify whether the property holds f&r6], which applied series’s of upper and lower bounds of
DUT. If the verification fails, a waveform is produced to aSSi%OIynomials given by Daumas et. al. [27] to a resolution

debugging. If successful, the ACL2 theorem prover continu§gssrem prover, and proved many inequalities with analytical
the proof with the fact that the expression is true. functions such as trigonometric functions and logarithm. It

We also applied the same algorithm to the reciprocal squ[§es not split input domains to smaller segments explicitly
_root estlmate_ instruction of the same proc4essor._Th|s partlcuf% our algorithm. We think their system is more suitable
implementation should have less than'* relative errors, for \erifying inequalities used for the control system of, for
meaning reciprocal estimatgz) should satisfy: example, avionics, than hardware implementation of arithmetic
s(z) — 1//x wu circuits. One reason is that it may not handle non-continuous
W <27 functions such as rounding and bit-extractions. However, we

can combined their techniques to ours for the verification of

This is equivalent to provingl — 271%)2 < s(z)? x 2 < trigonometric functions.
(142714)2, One may ask whether our automatic verification algorithm

The verification required the input domain [1,4) dividedcales to other problems. Next natural targets of our algorithm
into 3072 segments of siz& 1. The algorithm successfully are divide and square root algorithms using an iterative algo-
verified this algorithm, taking 13953 seconds to completdthm such as Newton-Raphson procedure. Their correctness
Although the number of sub-segments are smaller than thatoaih be stated that the error of the final approximation before
the reciprocal estimate instruction, evaluation of each segmeadinding is less than a quarter or a half of thet of the last
generates far more complex polynomials, thus taking maopesition(ULP), especially if the algorithm uses a special hard-
time to finish. ware rounding mechanism. The ULP of 12523 for single

In the verification of both estimate instructions, the segmeptecision and2~>2 for double precision operations. Since our
has been split into a fixed size at the beginning of theciprocal estimate verification requir@d® or 2'2 segment-
evaluation, and we did not dynamically sub-divide segmentsise analysis to prove the~'* relative error requirement,




one may wonder that our procedure never scales for doublsj
precision algorithms. Certainly, if we need to analyze, for
example,2°° individual segments, the verification algorithm
never finishes in a reasonable amount of time.

Fortunately, our preliminary analysis shows that we do nof!

need that many segments to be evaluated. In this analysis,

we plugged in our reciprocal square root estimate function in
Section IV to double-precision Goldschmidt's algorithm[28](0]
and saw what kind of polynomia)(d) < C is generated [11]
from ((zg+9) — s(zo +6)?) < 2753 atxg = 1, wheres(z) is
the square root approximation before the final rounding. We
found thatQ(0) is a polynomial with very small coefficients ;]
for low-degree monomials. For example, the coefficient of
in Q is close t02~%® and that of5? is close to2~4°, while C
is about2~°3. This suggests that we need to evaluate at least;
27 segments, but a similar number of segmentation used for
the estimate instructions is likely to be sufficient to complel[é“]
the square root verification.

The real challenge in verifying the square root algorithrid5]
is the size of the polynomial. If we naively expand all the

terms to obtain simplified inequatiad < C, then@ will be a

(16]

polynomial with millions or more monomials. This is because

the algorithm uses about 10 instructions, and each instructi

inserts an error function, which is essentially a new variable of
the polynomial. As a result, the size @f grows exponentially

as the number of instruction increases.

(18]

In order to mitigate the growth of polynomial), we
must implement a better polynomial simplification approach-°l

One approach is using sub-expression sharing using uniqﬂg

pointers. Another approach is improving our polynomial sim-
plification and evaluation process, so that we do not require

full expansion of the polynomial. If none of these approach

work, we can still use theorem proving to finish the proof while
using our verification algorithm to check intermediate results.
In any case, full or semi-automatic validation of the high—IeV%Z]
model is critical to enhance the use of formal techniques in

the industrial setting.

(1]

(2]

(3]

(4]

(5]
(6]

(7]

(23]
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