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Refle
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edures"
(a2 + b2 + c2 + d2 + e2 + f2 + g2 + h2) (m2 + n2 + o2 + p2 + q2 + r2 + s2 + t2) =

(am − bn − co − dp − eq − fr − gs − ht)2+

(bm + an + do − cp + fq − er − hs + gt)2+

(cm − dn + ao + bp + gq + hr − es − ft)2+

(dm + cn − bo + ap + hq − gr + fs − et)2+

(em − fn − go − hp + aq + br + cs + dt)2+

(fm + en − ho + gp − bq + ar − ds + ct)2+

(gm + hn + eo − fp − cq + dr + as − bt)2+

(hm − gn + fo + ep − dq − cr + bs + at)2
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opp: T -> T;
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}
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Definition <|z|>g,env :=
if 0 < z then env z else g.opp (env −z)

Function {|l|}g,env :=
match l with
| [] ⇒ g.zero
| [z] ⇒ <|z|>g,env

| z::l1 ⇒ g.add <|z|>g,env {|l1|}g,env

end

{|[1]|}zGroup,{17→x,27→y}  x

{|[1]|}oGroup,{17→x,27→y}  x
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y(3x + y + 2) < x(3y + 1) + z(x + y)X XNormalisation:
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E1 ≤ E2 E1 < E2 E1 = E2















−2x − y ≥ −1
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TEITP – p.18



ExtensionFarka's Lemma:Exa
tly one of the following statements holds:
∃x,A . x ≥ b

∃y, y ≥ 0 ∧ Ay . y = 0 ∧ bt . y > 0

TEITP – p.19



ExtensionFarka's Lemma:Exa
tly one of the following statements holds:
∃x,A . x ≥ b

∃y, y ≥ 0 ∧ Ay . y = 0 ∧ bt . y > 0















−2x − y ≥ −1

x + y ≥ 2

− y ≥ −1

TEITP – p.19



ExtensionFarka's Lemma:Exa
tly one of the following statements holds:
∃x,A . x ≥ b

∃y, y ≥ 0 ∧ Ay . y = 0 ∧ bt . y > 0















−2x − y ≥ −1 × 1

x + y ≥ 2 × 2

− y ≥ −1 × 1

0 ≥ 2

TEITP – p.19



ExtensionFarka's Lemma:Exa
tly one of the following statements holds:
∃x,A . x ≥ b

∃y, y ≥ 0 ∧ Ay . y = 0 ∧ bt . y > 0















−2x − y ≥ −1 × 1

x + y ≥ 2 × 2

− y ≥ −1 × 1

0 ≥ 2

TEITP – p.19



ExtensionJohn Harrison ('07)�Verifying nonlinear real formulas via sums of square�

TEITP – p.20



ExtensionJohn Harrison ('07)�Verifying nonlinear real formulas via sums of square�
∀x1, . . . , xn,

P1(x1, . . . , xn) ≥ 0 ∧ . . . ∧ Pk(x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) ≥ 0
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ExtensionBasi
 Idea:
P (x1, . . . , xn)2 ≥ 0

P (x1, . . . , xn) ≥ 0 ∧ P (x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) + Q(x1, . . . , xn) ≥ 0

P (x1, . . . , xn) ≥ 0 ∧ Q(x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) Q(x1, . . . , xn) ≥ 0

Example
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 Idea:
P (x1, . . . , xn)2 ≥ 0

P (x1, . . . , xn) ≥ 0 ∧ P (x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) + Q(x1, . . . , xn) ≥ 0

P (x1, . . . , xn) ≥ 0 ∧ Q(x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) Q(x1, . . . , xn) ≥ 0Example
∀a b c x, ax2 + bx + c = 0 ⇒ b2 − 4ac ≥ 0
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ExtensionBasi
 Idea:
P (x1, . . . , xn)2 ≥ 0

P (x1, . . . , xn) ≥ 0 ∧ P (x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) + Q(x1, . . . , xn) ≥ 0

P (x1, . . . , xn) ≥ 0 ∧ Q(x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) Q(x1, . . . , xn) ≥ 0Example
∀a b c x, ax2 + bx + c = 0 ⇒ b2 − 4ac ≥ 0

b2 − 4ac =
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ExtensionBasi
 Idea:
P (x1, . . . , xn)2 ≥ 0

P (x1, . . . , xn) ≥ 0 ∧ P (x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) + Q(x1, . . . , xn) ≥ 0

P (x1, . . . , xn) ≥ 0 ∧ Q(x1, . . . , xn) ≥ 0 ⇒

P (x1, . . . , xn) Q(x1, . . . , xn) ≥ 0Example
∀a b c x, ax2 + bx + c = 0 ⇒ b2 − 4ac ≥ 0

b2 − 4ac = (2ax + b)2 − 4a(ax2 + bx + c)
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Sos-Wrapper
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Extension
Coq

Sos-Wrapper

Csdp

external g

A L U

P

i
pi
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ExtensionRobert S. Boyer, J Strother Moore ('81)�The Me
hani
al Verifi
ation of a Fortran Square RootProgram�
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ExtensionRobert S. Boyer, J Strother Moore ('81)�The Me
hani
al Verifi
ation of a Fortran Square RootProgram�
INTEGER FUNCTION ISQRT(I)

INTEGER I

IF ((I .LT. O)) STOP

IF ((I .GT. 1)) GOTO 100

ISQRT = I

RETURN

100 ISQRT = (I / 2)

200 CONTINUE

IF (((I / ISQRT) .GE. ISQRT)) RETURN

ISQRT = ((ISQRT + (I / ISQRT)) / 2)

GOTO 200

END
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ExtensionMain theorem:
∀i j, 0 ≤ i ∧ 0 < j ⇒ i < ((j + i/j)/2 + 1)2

Redu
tion: and
Sum of Squares:
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ExtensionMain theorem:
∀i j, 0 ≤ i ∧ 0 < j ⇒ i < ((j + i/j)/2 + 1)2Redu
tion: k = i/j and l = (j + k)/2

∀j k l,
0 ≤ j ∧ 0 ≤ k ∧ 0 ≤ l ∧ 2l ≤ j+k ∧ j + k < 2(l + 1)

⇒ jk + j ≤ (l + 1)2

Sum of Squares:
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ExtensionMain theorem:
∀i j, 0 ≤ i ∧ 0 < j ⇒ i < ((j + i/j)/2 + 1)2Redu
tion: k = i/j and l = (j + k)/2

∀j k l,
0 ≤ j ∧ 0 ≤ k ∧ 0 ≤ l ∧ 2l ≤ j+k ∧ j + k < 2(l + 1)

⇒ jk + j ≤ (l + 1)2Sum of Squares:
4((l + 1)2 − (jk + j)) =

(k − j + 1)2 + (2(l + 1) − (j + k + 1))(3 + j + k + 2l))
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ExtensionBenjamin Grégoire, Loï
 Pottier, Laurent Théry ('09)�Proofs Certifi
ates for Algebra and their Appli
ation toAutomati
 Geometry Theorem Proving�

Hilbert's Nullstellensatz
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ExtensionBenjamin Grégoire, Loï
 Pottier, Laurent Théry ('09)�Proofs Certifi
ates for Algebra and their Appli
ation toAutomati
 Geometry Theorem Proving�
∀x1, . . . , xn,

P1(x1, . . . , xn) = 0 ∧ . . . ∧ Pk(x1, . . . , xn) = 0 ⇒

P (x1, . . . , xn) = 0

Hilbert's Nullstellensatz
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ExtensionBenjamin Grégoire, Loï
 Pottier, Laurent Théry ('09)�Proofs Certifi
ates for Algebra and their Appli
ation toAutomati
 Geometry Theorem Proving�
∀x1, . . . , xn,

P1(x1, . . . , xn) = 0 ∧ . . . ∧ Pk(x1, . . . , xn) = 0 ⇒

P (x1, . . . , xn) = 0Hilbert's Nullstellensatz
cP (x1, . . . , xn)r =

∑

i

Qi(x1, . . . , xn)Pi(x1, . . . , xn)
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ExtensionBasi
 Idea

ExampleDivisionSpolynomial
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ExtensionBasi
 Idea

P (x1, . . . , xn)r ∈ {P1(x1, . . . , xn), . . . , Pk(x1, . . . , xn)}

ExampleDivisionSpolynomial
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ExtensionBasi
 Idea

P (x1, . . . , xn)r ∈ {P1(x1, . . . , xn), . . . , Pk(x1, . . . , xn)}Example
x2y2 − y4 ∈ {x2 + 1, xy − 1}Division
x2y2 − y4 x2 + 1

Spolynomial
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ExtensionBasi
 Idea

P (x1, . . . , xn)r ∈ {P1(x1, . . . , xn), . . . , Pk(x1, . . . , xn)}Example
x2y2 − y4 ∈ {x2 + 1, xy − 1}Division
x2y2 − y4 = y2(x2 + 1) − y4 − y2

Spolynomial
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ExtensionBasi
 Idea

P (x1, . . . , xn)r ∈ {P1(x1, . . . , xn), . . . , Pk(x1, . . . , xn)}Example
x2y2 − y4 ∈ {x2 + 1, xy − 1}Division
x2y2 − y4 = y2(x2 + 1) − y4 − y2

x2y2 − y4 = (xy + 1)(xy − 1)−y4 + 1

Spolynomial

TEITP – p.26



ExtensionBasi
 Idea

P (x1, . . . , xn)r ∈ {P1(x1, . . . , xn), . . . , Pk(x1, . . . , xn)}Example
x2y2 − y4 ∈ {x2 + 1, xy − 1}Division
x2y2 − y4 = y2(x2 + 1) − y4 − y2

x2y2 − y4 = (xy + 1)(xy − 1)−y4 + 1Spolynomial
x2y = y(x2 + 1) = x(xy − 1)

spoly(x2 + 1, xy + 1) = y(x2 + 1) − x(xy − 1) = x + y
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ExtensionGröbner basis
{x2 + 1, xy − 1}

spoly(x2 + 1, xy + 1) = x + y
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ExtensionGröbner basis
{x2 + 1, xy − 1}

spoly(x2 + 1, xy + 1) = x + y

{x2 + 1, xy − 1, x + y}
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ExtensionGröbner basis
{x2 + 1, xy − 1}

spoly(x2 + 1, xy + 1) = x + y

{x2 + 1, xy − 1, x + y}

spoly(x2 + 1, x + y) = x2 + 1 − x(x + y) = −(xy − 1)
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ExtensionGröbner basis
{x2 + 1, xy − 1}

spoly(x2 + 1, xy + 1) = x + y

{x2 + 1, xy − 1, x + y}

spoly(x2 + 1, x + y) = x2 + 1 − x(x + y) = −(xy − 1)
spoly(xy − 1, x + y) = xy − 1 − y(x + y) = −y2 − 1
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ExtensionGröbner basis
{x2 + 1, xy − 1}

spoly(x2 + 1, xy + 1) = x + y

{x2 + 1, xy − 1, x + y}

spoly(x2 + 1, x + y) = x2 + 1 − x(x + y) = −(xy − 1)
spoly(xy − 1, x + y) = xy − 1 − y(x + y) = −y2 − 1

{x2 + 1, xy − 1, x + y,−y2 − 1}
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ExtensionGröbner basis
{x2 + 1, xy − 1}

spoly(x2 + 1, xy + 1) = x + y

{x2 + 1, xy − 1, x + y}

spoly(x2 + 1, x + y) = x2 + 1 − x(x + y) = −(xy − 1)
spoly(xy − 1, x + y) = xy − 1 − y(x + y) = −y2 − 1

{x2 + 1, xy − 1, x + y,−y2 − 1}

spoly(xy− 1,−y2 − 1) = y(xy− 1)− (−x)(−y2 − 1) = −(x + y)
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ExtensionCertifi
ate

x2y2 − y4 ∈ {x2 + 1, xy − 1}

TEITP – p.28



ExtensionCertifi
ate

x2y2 − y4 ∈ {x2 + 1, xy − 1}

x2y2 − y4 ∈ {x2 + 1, xy − 1, x + y,−y2 − 1}
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ate

x2y2 − y4 ∈ {x2 + 1, xy − 1}

x2y2 − y4 ∈ {x2 + 1, xy − 1, x + y,−y2 − 1}

x2y2 − y4 = y2(x2 + 1) − y4 − y2
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ExtensionCertifi
ate

x2y2 − y4 ∈ {x2 + 1, xy − 1}

x2y2 − y4 ∈ {x2 + 1, xy − 1, x + y,−y2 − 1}

x2y2 − y4 = y2(x2 + 1) − y4 − y2

−y4 − y2 = y2(−y2 − 1) + 0
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ExtensionCertifi
ate

x2y2 − y4 ∈ {x2 + 1, xy − 1}

x2y2 − y4 ∈ {x2 + 1, xy − 1, x + y,−y2 − 1}

x2y2 − y4 = y2(x2 + 1) − y4 − y2

−y4 − y2 = y2(−y2 − 1) + 0

x2y2 − y4 = y2(x2 + 1) + y2(−y2 − 1)
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ExtensionCertifi
ate

x2y2 − y4 ∈ {x2 + 1, xy − 1}

x2y2 − y4 ∈ {x2 + 1, xy − 1, x + y,−y2 − 1}

x2y2 − y4 = y2(x2 + 1) − y4 − y2

−y4 − y2 = y2(−y2 − 1) + 0

x2y2 − y4 = y2(x2 + 1) + y2(−y2 − 1)

x2y2 − y4 = y2(x2 + 1) + y2(xy − 1 − y(x + y))
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ExtensionCertifi
ate

x2y2 − y4 ∈ {x2 + 1, xy − 1}

x2y2 − y4 ∈ {x2 + 1, xy − 1, x + y,−y2 − 1}

x2y2 − y4 = y2(x2 + 1) − y4 − y2

−y4 − y2 = y2(−y2 − 1) + 0

x2y2 − y4 = y2(x2 + 1) + y2(−y2 − 1)

x2y2 − y4 = y2(x2 + 1) + y2(xy − 1 − y(x + y))

x2y2 − y4 = y2(x2 +1) + y2(xy− 1− y(y(x2 +1)−x(xy− 1)))
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ExtensionCertifi
ate

x2y2 − y4 ∈ {x2 + 1, xy − 1}

x2y2 − y4 ∈ {x2 + 1, xy − 1, x + y,−y2 − 1}

x2y2 − y4 = y2(x2 + 1) − y4 − y2

−y4 − y2 = y2(−y2 − 1) + 0

x2y2 − y4 = y2(x2 + 1) + y2(−y2 − 1)

x2y2 − y4 = y2(x2 + 1) + y2(xy − 1 − y(x + y))

x2y2 − y4 = y2(x2 +1) + y2(xy− 1− y(y(x2 +1)−x(xy− 1)))

x2y2 − y4 = (−y4 + y2)(x2 + 1) + (xy3 + y2)(xy − 1)
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ExtensionStraight­Line Program

where :where :
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ExtensionStraight­Line Program
Xfn+1 − 1 = 0 ∧ Xfn − 1 = 0 ⇒ X − 1 = 0where fn: f0 = 0, f1 = 1, fn+2 = fn+1 + fn

where :
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ExtensionStraight­Line Program
Xfn+1 − 1 = 0 ∧ Xfn − 1 = 0 ⇒ X − 1 = 0where fn: f0 = 0, f1 = 1, fn+2 = fn+1 + fn

X − 1 = Pn−2(X
fn+1 − 1) + Pn−1(X

fn − 1)where Pn: P0 = 0, P1 = 1, Pn = −XfnPn−1 + Pn−2
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ExtensionStraight­Line Program
Xfn+1 − 1 = 0 ∧ Xfn − 1 = 0 ⇒ X − 1 = 0where fn: f0 = 0, f1 = 1, fn+2 = fn+1 + fn

X − 1 = Pn−2(X
fn+1 − 1) + Pn−1(X

fn − 1)where Pn: P0 = 0, P1 = 1, Pn = −XfnPn−1 + Pn−2

C = [[1,−Xfn−1 ]

[0, 1,−Xfn−2 ],

. . .

[0, . . . , 0, 1,−Xf2 ]]

CR = [0, . . . , 0, 1]
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ExtensionStraight­Line Program
Xfn+1 − 1 = 0 ∧ Xfn − 1 = 0 ⇒ X − 1 = 0where fn: f0 = 0, f1 = 1, fn+2 = fn+1 + fn

X − 1 = Pn−2(X
fn+1 − 1) + Pn−1(X

fn − 1)where Pn: P0 = 0, P1 = 1, Pn = −XfnPn−1 + Pn−2

P1 = Xfn+1 − 1 P2 = Xfn − 1

C = [[1,−Xfn−1 ]

[0, 1,−Xfn−2 ],

. . .

[0, . . . , 0, 1,−Xf2 ]]

CR = [0, . . . , 0, 1]
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ExtensionStraight­Line Program
Xfn+1 − 1 = 0 ∧ Xfn − 1 = 0 ⇒ X − 1 = 0where fn: f0 = 0, f1 = 1, fn+2 = fn+1 + fn

X − 1 = Pn−2(X
fn+1 − 1) + Pn−1(X

fn − 1)where Pn: P0 = 0, P1 = 1, Pn = −XfnPn−1 + Pn−2

P1 = Xfn+1 − 1 P2 = Xfn − 1

C = [[1,−Xfn−1 ] P3 = P1 − Xfn−1P2

[0, 1,−Xfn−2 ],

. . .

[0, . . . , 0, 1,−Xf2 ]]

CR = [0, . . . , 0, 1]
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ExtensionStraight­Line Program
Xfn+1 − 1 = 0 ∧ Xfn − 1 = 0 ⇒ X − 1 = 0where fn: f0 = 0, f1 = 1, fn+2 = fn+1 + fn

X − 1 = Pn−2(X
fn+1 − 1) + Pn−1(X

fn − 1)where Pn: P0 = 0, P1 = 1, Pn = −XfnPn−1 + Pn−2

P1 = Xfn+1 − 1 P2 = Xfn − 1

C = [[1,−Xfn−1 ] P3 = P1 − Xfn−1P2

[0, 1,−Xfn−2 ], P4 = P2 − Xfn−2P3

. . .

[0, . . . , 0, 1,−Xf2 ]]

CR = [0, . . . , 0, 1]

TEITP – p.29



ExtensionStraight­Line Program
Xfn+1 − 1 = 0 ∧ Xfn − 1 = 0 ⇒ X − 1 = 0where fn: f0 = 0, f1 = 1, fn+2 = fn+1 + fn

X − 1 = Pn−2(X
fn+1 − 1) + Pn−1(X

fn − 1)where Pn: P0 = 0, P1 = 1, Pn = −XfnPn−1 + Pn−2

P1 = Xfn+1 − 1 P2 = Xfn − 1

C = [[1,−Xfn−1 ] P3 = P1 − Xfn−1P2

[0, 1,−Xfn−2 ], P4 = P2 − Xfn−2P3

. . . . . .

[0, . . . , 0, 1,−Xf2 ]] Pn = Pn−2 − Xf2Pn−1

CR = [0, . . . , 0, 1]
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ExtensionStraight­Line Program
Xfn+1 − 1 = 0 ∧ Xfn − 1 = 0 ⇒ X − 1 = 0where fn: f0 = 0, f1 = 1, fn+2 = fn+1 + fn

X − 1 = Pn−2(X
fn+1 − 1) + Pn−1(X

fn − 1)where Pn: P0 = 0, P1 = 1, Pn = −XfnPn−1 + Pn−2

P1 = Xfn+1 − 1 P2 = Xfn − 1

C = [[1,−Xfn−1 ] P3 = P1 − Xfn−1P2

[0, 1,−Xfn−2 ], P4 = P2 − Xfn−2P3

. . . . . .

[0, . . . , 0, 1,−Xf2 ]] Pn = Pn−2 − Xf2Pn−1

CR = [0, . . . , 0, 1] X − 1 = Pn
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Extension
Coq

Gb+

P , {P1, . . . , P2}
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Extension
Coq

Gb+

P , {P1, . . . , P2} SLP
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Extension
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b
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b
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b
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C1 b

Q

b
P
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Extension
bS

bA

b B

b
C

b
A1

b
B1

b
C1 b

Q

b
P

bR

Record point := {x: R, y: R}.

Definition collinear (A B C:point):=

(A.x - B.x) * (C.y - B.y) - (A.y - B.y) * (C.x - B.x) = 0.

Definition parallel (A B C D:point):=

(A.x - B.x) * (C.y - D.y) = (A.y - B.y) * (C.x - D.x).
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ExtensionTime (se
onds) Size (
hara
ters) Size (nodes)Theorem Computing Verifying Polynomials Certifi
ate SLPCeva 181 2.5 538644 477414 76669Desargues 0.3 0.01 6359 4551 4311Feuerba
h 0.8 0.4 52569 16999 5497Pappus 1.3 0.2 2721 1934 8031Pas
al 397 12 732982 864509 183505Ptolemy 200 2.4 571931 571931 73257Simson 0.3 0.2 1541 1238 4919Thales 0.03 0.1 5422 5169 1323
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Extension
Coq

SAT

A[int℄[int℄
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Extension
Coq

SAT

A[int℄[int℄ A[int℄[int℄
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More Extensions
p cnf 50 80
 16   23   42 0
−16   23   42 0
 26   41  −42 0
−26   41  −42 0
 32  −41  −42 0
  6   15  −41 0
 −6   15  −32 0
  1  −32   46 0
 −1  −32   46 0
−15  −41  −46 0
−15  −21  −46 0
−23   33   38 0
−23  −33   38 0
  8   22   33 0
  8   22  −33 0
−22   37  −38 0
 13   36  −37 0
 13  −22  −36 0
−13  −22  −37 0
 11  −23   47 0
 −8   11  −47 0
 −8  −11   39 0
−11   27  −39 0
 −8  −11  −39 0
 −7   26   29 0
 −7  −26   29 0
−13   20   36 0
−13   17   20 0
  5  −17   20 0
  5  −19  −45 0
 −5  −10  −45 0
  6   25   47 0
 −6  −10   25 0
 −2  −27   37 0
−27  −36   40 0
 18   39  −40 0
 −2  −19   31 0
  5   18  −30 0
−31  −43  −50 0
 10  −30   43 0
 10  −41   43 0
 19   21   29 0
 37   42   45 0
−20   27   40 0
−21  −36   48 0
 31  −36  −48 0
  3   −9  −18 0
 16  −40  −47 0
  1  −18   21 0
  2   28   32 0
 −1  −24  −50 0
−12   35   49 0
 −6  −36   45 0
  7   12  −43 0
  7   30  −43 0
 −5    9  −17 0
  3   14   50 0
−12   17  −49 0
 24   34   49 0
 14  −20   24 0
 −9   35  −49 0
 −4  −47   50 0
  4   44  −44 0
 28  −28  −38 0
  2    4  −48 0
−20   35  −44 0
 30  −31  −43 0
−14  −29   35 0
−20   35  −35 0
 19  −22  −24 0
 25  −28   48 0
−14  −34   44 0
  9   20   44 0
 −3    9  −29 0
 17   34  −34 0
 12   48   48 0
−12  −25  −43 0
−25  −31   48 0
 14  −16   49 0
 −3   −4  −35
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More Extensions
p cnf 50 80
 16   23   42 0
−16   23   42 0
 26   41  −42 0
−26   41  −42 0
 32  −41  −42 0
  6   15  −41 0
 −6   15  −32 0
  1  −32   46 0
 −1  −32   46 0
−15  −41  −46 0
−15  −21  −46 0
−23   33   38 0
−23  −33   38 0
  8   22   33 0
  8   22  −33 0
−22   37  −38 0
 13   36  −37 0
 13  −22  −36 0
−13  −22  −37 0
 11  −23   47 0
 −8   11  −47 0
 −8  −11   39 0
−11   27  −39 0
 −8  −11  −39 0
 −7   26   29 0
 −7  −26   29 0
−13   20   36 0
−13   17   20 0
  5  −17   20 0
  5  −19  −45 0
 −5  −10  −45 0
  6   25   47 0
 −6  −10   25 0
 −2  −27   37 0
−27  −36   40 0
 18   39  −40 0
 −2  −19   31 0
  5   18  −30 0
−31  −43  −50 0
 10  −30   43 0
 10  −41   43 0
 19   21   29 0
 37   42   45 0
−20   27   40 0
−21  −36   48 0
 31  −36  −48 0
  3   −9  −18 0
 16  −40  −47 0
  1  −18   21 0
  2   28   32 0
 −1  −24  −50 0
−12   35   49 0
 −6  −36   45 0
  7   12  −43 0
  7   30  −43 0
 −5    9  −17 0
  3   14   50 0
−12   17  −49 0
 24   34   49 0
 14  −20   24 0
 −9   35  −49 0
 −4  −47   50 0
  4   44  −44 0
 28  −28  −38 0
  2    4  −48 0
−20   35  −44 0
 30  −31  −43 0
−14  −29   35 0
−20   35  −35 0
 19  −22  −24 0
 25  −28   48 0
−14  −34   44 0
  9   20   44 0
 −3    9  −29 0
 17   34  −34 0
 12   48   48 0
−12  −25  −43 0
−25  −31   48 0
 14  −16   49 0
 −3   −4  −35

p cnf 50 80
16 23 42 0
-16 23 42 0
26 41 -42 0
-26 41 -42 0
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More ExtensionsResolution: x ∨ C ¬x ∨ C ′

C ∨ C ′

3 2

1 0

14 13

21 23

20 19 79

12 11

18 16 15 81 78 80

8 7

5 6 9 83 4 76

77 84

80 85

17 88 89

15 87 89

18 91 89 90
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More ExtensionsProblem Vars Clauses zChaff zVerifydubois50 150 400 0.00 0.01barrel5 1407 5383 0.50 0.07barrel6 2306 8931 1.74 0.14barrel7 3523 13765 5.20 0.266pipe 15800 394739 42.21 2.86longmult14 7176 22390 408.55 7.34hole11 132 738 14.82 0.90hole12 156 949 144.49 4.85hole13 182 1197 5048.23 �
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More ExtensionsProblem zVerify Coq Cert Typing Che
kdubois50 0.01 0.04 0.00 0.02 0.02barrel5 0.07 0.47 0.00 0.32 0.15barrel6 0.14 1.15 0.08 0.62 0.45barrel7 0.26 1.45 0.17 0.80 0.486pipe 2.86 24.73 0.98 13.92 9.83longmult14 7.34 73.63 7.72 27.07 38.84hole11 0.90 0.41 2.96 6.14 1.39hole12 4.85 58.28 2.44 18.47 37.38hole13 � 1068.30 88.15 387.44 592.72
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More Extensions
Coq

Hol
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More Extensions
Coq

Hol

DEF
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More Extensions
Number Time MemoryBen
h. Theorems Lemmas Re
. Exp. Comp. H.D.D. Virt. CoqStdlib 1,726 195,317 2 min 30 6 min 30 10h 218 Mb 4.5 GbModel 2,121 322,428 6 min 30 29 min 44h 372 Mb 7.6 GbVe
tors 2,606 338,087 6 min 30 21 min 39h 329 Mb 7.5 Gb

TEITP – p.40
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Key Role of Certifi
ateGranularityClear SeparationRoom for Improvement
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