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Problems and Definitions Results Bi-Lipschitz extension recipe

-

: : Finding bi-Lipschitz extensions Ingredients:
Metric embeddings + “Onion partition” e \
A (probabilistic) metric embedding of (X, d) Given ac: S =HSTs, we can efficiently sample from a * Bounded diameter embedding
into (Y,dy) isarandommap a: X - Y We Outli beddi > ’ » Perfect merge function
o P& utiier embeaddings A babilistic extension a: K U S —HSTs with at most
write d o (x,y) = dy(a(x), a(y)), and we say o w— N PropapllistiCc extension «': S WITh at mosSt a . .
a has distortion c if: el admlet”cgt’ ), how g multiplicative O(log|K]|) increase in distortion Directions:
« Vx,y € X:d,(x,y) = d(x,y) (forall pon:]s olnhee t;) :jemove rom compared to « 1. Given your metric (X,d) and embedding ag: X \ K — HSTs,
possible a) SO, th € gq.etrlc.em? <5 I [l S partition K into sets K4, K>, ..., K; with the onion partition.
e Vx,y€X:E,|d,(x,y)] <c-d(x,y) with c distortion: Implied using a modified 2. Find a bounded diameter embedding «; on each K; U {q;},
For our purposes, Y will be HSTs K=X\S version of the [MST23] LP where a; is the anchor point of K;
3. Use the perfect merge function to combine each «; with the
height Approximating outlier embeddings initial embedding ars
O ? - . _ -
Bi-Lipschitz Given (X, d), we can efficiently:
i o Correctly decide that (X, d) does not have a (k Key ideas:
Q oS o -
® O 1 extensions ds&/ Oce,ae“xs orr.ec iR e a ( ! ) s S (s & ( ! C) The bounded diameter embedding bounds distortion
)/ : k Given an embedding of a X \ 0 outlier embeddlng into HSTs, or between points in the same cluster
0 subset S € X into HSTs, can you . k . * By the perfect merge function, if x and y are separated and
, “extend” the embedding to the * Find an (0 (z log k) ) (32 + E) C)-OUtller assigned anchor points a;, a;, their distance is at least a
d(a, lzl)(b: Cd)((i, Cz)l ==22 =4 rgst Of.X without too much Guarantees embedding constant factor times d, (x, a;) + dg (¥, q;)
’ distortion? K=X\S$ On S: preserve distances under ag « If x and y are separated, their distance is at most the length
a On X: bound expansion

of the x — a; — a; — y path under a, and all distances on the

_ . path are bounded by the bounded diameter embedding
Onion oF) rtition *  The onion partition ensures the probability x and y are
separated is proportional to d(x, y)

Hierarchically Separated

HEEAGND)

* The distance between two distinct leaf
nodes is 2 raised to the height of their

least common ancestor on all but at most k points of a metric
e [FRTO3]: All n-point metrics embed into

A (k, (;)-outlier embedding is a distortion-c embedding An onion partition of K € X is a probabilistic partition K;, K, ..., K; of K with
assigned anchor points a4, a,, ...,a; € X \ K such that:

1. The probability that x, y € K are separated is small, at most O(logk) -

: : : d(xy) )
HSTs with O(logn) expected distortion Ay}, X\K)’ Perfect merge function
(Note: We use HSTs to refer to 2-HSTs.) 2. The anchor point a of x’s partition is close to x: d(x,a) < 2d(x, X \ K),
and
3. The diameter of each partition is small relative to its distance from its A perfect merge function “merges” two embeddings with one common
anchor point: for any x € K;: d(x, a;) = Ag,/6, where Ay, is the diameter point in their domains, ensuring no distance is too small.
of K; If ay: Xq; = Y and ay: X, = Y with X; N X, = {u}, a perfect merge
Outlier embedding approximations | Serriton ey fun;tlcz; t;f)eS_ tfziem(;o ;;?S;J;e ;E X)l(u X, = Y such that:
ook : : : : ’ " proportional to distance QNI S S ’ 1
source Destination metric thmber of outliers Distortion (c¢') Extra conditions / o dy(x,y) = dg, (x,y) forx,y € X,
(k') ¢ dy(xy) > LWV WY) o e Xy EX
SWW15 ¢4 for constant d, 0 (k) C Requiresc =1 a\ X V) = 2 orx=any &4
ultrametrics, trees This is easy to achieve for HST embeddings!
. 5 13 . . .
CS20 The real line 0(cSk log? n) 0(c*?) Input is an unweighted graph metric - L
CS24 o klog? k (1+e€)c
’ ( © () ®
€ p VY y x xX Y
This work HSTs klogk (32 + €)c Probabilistic embedding 3. Cluster diameter
0 € comparable to _ -
2. Near its anchor point

anchor distance

Bounded diameter embedding

We can construct onion partitions for any metric (X,d) and K € X!
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* How to prevent the probability of separation from getting too large? Use For HST embeddings, we can get ¢ = O(logn),cy, = 0(1)! [FRTO03]
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